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SUT/VXWZYX[\Y
]�^K_a`cbedgfihj`k^ml)nodqpofrd>srdgtubv`w_yxzs{frdg|>xz}zd~notP`�srdg^�dg|>|gh��zt��odq|gxwt)brdgtoh��oxzs{�od���`cbedg_��c�
brh�|g`��~h�sr|>frd>be`�`w�od>|gnP`k�P`�pP`wfr`�d>^Ksidg}zn�h�_yh�d>t)bex\�od~dgs�bv`��oh�sr|>h�po^�h�tP`�dgt��Hdgtubefid~xwbefixzsg�
^�xzs�d>sibrno�oh�xws��od���to}wdgtoh�dgfr��`9���g|>toh�|g`1d>t���t���xzfi_a�kbrh�|g`9��dN�Hh�s�bed>_a`ws>����to}zd>toh�d>fr�j`
���>|gtoh�|4`yd>t���t���xzfr_��kbrh�|g`��od���dgsibrh��zt�d\��t�}zdgtoh�dgfi�j`3��t���xwfr_��kbeh�|4`� ¡�Hd\¢P`'n�brh�^�h¤£4`w�ox
|>xz_yx'_a`kbrdgfihj`w^K�ox<|gd>t)brdXd>t�^�`']�sr|>nodg^�`a�Hnop�d>frh�xwf��odX¥{h�dgto|>hj`ws�]§¦Hp�d>frh�_ydgtubv`k^�dgs©¨
�
d>|gtoxz^�xz}z��`'�od\^j`'ª�toh¤«zdgfrsih��P`k��¬­dZ¨�®wno`wt ¥©`wfr^�xzs��odgsi�od�dg^¯|>nofrsix Rw°z°z°z±zRw°z°H² �odgt^�`ws�brh�ben�^j`w|>h�xztod>s3`kt)bed>frh�xzfr_ydgtubed�sidg³P`k^j`w�o`wsg 9]�t´dg^{brfe`wtosi|gnofisrxµ�od�d>sibed�pKd>fr��x<�ox
��dqbeh�d>_�p�x�sid�¢P`wt�h��ox3h�to|gxwfrp�xzfr`wto�ox�^j`ws{frd>¶odZ¦Hh�xwtodgs���d�t<no_ydgfixzsrxzs©pofrxw��d>srxzfidgs©¨
`k^�no_ytoxzs­l)nod�^�x�¢P`wt n�beh�^�h�£g`w�ox� �]¡s�bed�bed·¦<bex�|>xztos�beh¤ben�¨zdk��pon�dgsg��^�`�si��t)brdgsih�s~�od�not
_�`kbrdgfrh�`w^�befe`k¸P`º¹r`w�ox3¨��odgsr`wfrfrxw^�^�`w�ox3�od>sr�od\�oh�sibeh�t)be`ws�h�t�¶Pnod>to|gh�`ws©¨�frdZ¶PdZ¦Hh�xwtodgs> 
�<dg³P`w^�`w_yxzs�sinos­pofih�to|>h�pP`k^�d>s�|g`wfe`k|>bed>fr��sibeh�|4`ksg 

• ]¡s»notP`1sidg^�d>|g|>h��zt:��dN|>xzt)brdgtoh��oxzs»¼º½)¾P¿-À6Á>Â4¾ÄÃ��odµ¢odg|v¢oxÅsidN¢P`´h�_ypP`wfibrh��oxdgt$dgsibrxzs�|>nofrsixzsvÆ�¨Å¾oÇ
½<ÈuÉ¯¾PÇ
¾ÄÃ-d>tCd>^~|gxwt)bed·¦<bex´�od ^�`ws�beh¤beno^�`w|gh¤xztod>sasrd·�
³P`w^�`w�P`wseÆ�ponod>s�sinosy|gxztubed>toh��oxwsysid�`º¹inosibe`wt��Êd>tJdgs�bed»toh¤«zdg^6�Ê`�^j`ks3Ëo^�brh�_�`ks
frdg|>xz_ydgto�o`w|gh�xztod>s��od�`w^�}znotP`wsX�od�^�`ws�p�frh�t�|gh�pP`w^�d>sXh�t�sibeh¤beno|>h�xzt�dgs\¨9`ksrx<|gh�`c�
|gh�xztodgsÌpofrxk��dgsih�xztP`k^�dgs¡�od­h�t���xzfi_a�cbeh¤|4`q¨'|gh�dgto|>hj`ws¡�od�^j`�|>xz_ypon�be`w|gh��zt�ÃÎÍ�Ï/Ð
dXÑvÒ¡Ò¡Ò{Ó·Ï�ÔHÆ· 

• ]¡s�notC_a`kbrdgfihj`w^­}z^�xw¸P`w^�_yd>t)brd ¾oÉ¯Â?Õ
ÈzÕ�ÖKÂ4½HÖ
À6Ç¯Õ�¨Asi�z^�x9todg|>dgsih�bv`L|gxzt�x<|gh¤�_�h�dgtubexzs©¨�¢od>frfe`w_yh�dgt)be`ws�d>^�d>_�d>t)bv`k^�dgs�pofrxwpKxwfr|gh�xztP`k�oxzs�p�xzf�^j`ws�_a`kbrdg_��kbeh×�
|4`ws��od>^¯¸o`w|v¢oh�^�^�d>fe`kbrxo 

• ]¡s�not$_a`kbrdgfihj`w^­Ö
ÕØ½uÙ¯Ú¯¾PÉ
Á>ÂºÀÜÛ�Õ:dgt$dg^~srd>t)brh��oxL��dÝl)nodÝ^�xzsa|gxwt)bed>toh���xzs`w¸�xzfr�o`w�oxzs�tox»srdy�odgsr`wfrfixz^�^�`wt�dgtNsinNbrxwbv`w^�h��P`w�+ yÞ�nod>sibrfrx�xz¸H¹idZbeh¤«zx»dgs\�P`wf
��noto�P`w_yd>t)bexws­`w�od>|gnP`k�oxzs­�oxzt��od\sinosibrdgtubv`wf­p�xzs�bed>frh�xwfrdgs�pofrxw��n�to�oh�£g`w|gh�xztod>sg 

• ¥{xzt)brh�d>todÌnoto`­^�h�sibv`©�odÌ½Zßg½)¼cÈuÀ6ÈuÀ�Õ�Á{¼º½<Á4É¯½H¿ÜÂ?Õ�Á¡|>xztX^j`ks¯sixz^�no|>h�xzt�dgs¯dgsi|gfih�bv`ks/`w^à tP`w^u�od¡|4`w�P`�|g`wpo��brno^�x��º^�x�l<n�dÊ|>xztos�beh�brn�¨zdÌnoto`­¢od>frfe`k_�h�dgtubv`�h�_�p�frdgsi|gh�to�oh�¸�^�d
dgt»dg^¯`wp�frdgt��oh�£g`c¹id��od�_a`cbedg_��kbrh�|4`ws> 

• á `©_�`?¨zxzfi�j`Ê�od¡^�xzs�fidgsrn�^�bv`k�oxzs
p�frdgsidgtubv`w�oxws¯«k`ktX`w|>xz_ypP`w³P`k�oxzs��od�srn�|gxzfifrdgsâ�p�xzto�oh�dgtubed�Ç
½<ãäÕ�Á>Â?¼º¾PÈuÀ�å�ÖÌ�­d>sr|>frh�be`Ldgt�n�tP`L��xwfr_�`9|>^j`wfr`ä¨$sidgto|>h�^�^j`����od
_�x<�ox l)nod�dg^©d>t���x<l)nod»`k�oxzp�be`w�oxÝdgt´d>^{bed·¦<bex�toxÝsrd�^�h�_yhæbv`�` _yxzsibefr`wf�^j`
_a`cbedg_��kbrh�|4`»�od>sr�od�n�tP` p�d>frsrp�d>|>brh�«k` Ëotoh�|4`w_ydgtubedah�tosibrfrno_ydgtubv`w^Ìsih�tox�l<n�d
^j`�|gxztosih��od>fe`'h�_�p�xwfibv`kt)bed~p�xzf�sin�|g`wpP`w|>h��P`k����xzfi_a`kbrh¤«k`� 



ç

• dg^)brdZ¦<bexq`wp�xzf�bv`­d�¹idg_ypo^�xws
�oh�sidg³P`w��xzs/|gxzt�dg^<p�frxz}zfr`w_�`��odÊ|4�w^�|gno^�x­srh�_�¸��z^�h�|>xè#¾oé/¿-½m 
• ]�t dg^
_�`kbed>frh�`w^
sid�_�nodgs�befe`�n�tP`�p�xzsrh�¸o^�dXÁg½<ÈuÉ¯½<Ö/ÈuÀ�¾äÂ4½HãNé¡Õm¼º¾P¿§pP`kfe`�h�_'�pP`wf�beh�f�srnos�|gxztubed>toh��oxwsg �]�sibrxafrdgsino^�be`yË�beh�^
be`wt)brxa`w^¯�ox<|>dgtubed�`c�-`wtP`w��x�dgt�^�`
pofidgpP`wfr`w|gh��zt��odX|4`w�P`y|g^j`ksrdX|>xz_�x�`w^
d>sibrno�ohj`kt)bedXp�frdgsidgto|>hj`w^
xo��d>t sin |4`ksrxo�
srd>}znoh��oxzf/`­�oh�s�bv`wto|>hj`��od>^<|gnofisrxo §]�sibe`�srdg|>nodgt�|ghj`~sidÊ¢P`�^�^�d>«c`w�ox�`­^j`�pofe�k|>beh�|4`
dgt»|gn�frsrxws­srno|>dgsrh¤«zxzsg 

• á `�srd>|gnod>to|gh�`�bedg_yp�xzfr`w^P`w�oxwp�bv`w�o`�srd�|gxz_ypo^�dg_ydgt)be`�|>xztynotP`�pofrxwponodgs�bv`\�od`w�od>|gno`w|gh��ztX`w^zê�Á>é/¾PÈuÀ�Õ'ê�Ç/É
Èz¾�ÂºÀÜÛ�ÕyÇ¯½Xê�Ç
É/Èz¾oÈuÀ-å�Ö ë
É¯é¡½)¼cÀ�Õ�¼Ê_ydg�oh�`wt)brd
srn�befr`wsr^�`w|gh��zt�`'|>fr�>�oh�brxzsqÒ~Ï~ì
Ôm 

• ]�^Pbed·¦<bexXsrd­|gxw_�po^�dg_ydgtubv`�|>xzt�notP`\ÈzÕK¿�½<ÈuÈuÀ�å�ÖäÇ¯½a½)Ù�íPãä½<Ö
½<Á­pofrxzp�nodgs�bexzsdgt'`w³�xzs�`wtubedgfih�xzfidgsm¹inotubexq|gxzt3sin'fidgsrxw^�no|>h��zt+�z|>xz_ypo^�d>_�d>t)brx~l<n�d�dgsip�dgfr`w_�xws
l)nod3sih�f�«k`a|gxz_yx�notÝh�tosibrfrno_ydgtubex���d�_�d>�oh��P`��od�^�`apofidgpP`kfe`w|>h��zt xw¸�bed>toh��P`
dgt»dg^
p�frx<|gd>srx���dX`kpofrd>to�oh�£g`º¹idw 

• ]�t�^�`3é
íoî�À6Ö¯¾�ï�½)ðL��d\^�`'`wsih�}zto`kbenofr`ÚKÂgÂ?éÊñjòmò<ïyï'ï»óæ½<Á4Èz½uÂuó¤É
¼�ß4Èoóæ½<Ácò ∼ ãä¾�Â4½HãN¾�ÂºÀ�ò�ãäÇ − À�ÂºÀôò�ãäÇ¡ó¤ÚKÂºãä¿
srd�dgto|>nodgtubefr`wta_�`kbed>frh�`w^�d>s¡`w��h�|gh�xztP`k^�dgsg�zdZ¦��w_ydgt�dgsÌfrd>|gh�d>t)brdgs¡¨3pofr�w|>brh�|g`ws¡�od
��`wp�^�d�|gxz_ypo^�dg_ydgtubv`wfihj`ksg 

õ/x<�od>_�xws¡�od>|gh�f�l)nodk�<dgty^�`qdZ¦Hp�dgfrh�dgt�|ghj`��od�dgs�bexzsÌ`w³oxzs>�)d>sibv`�_yxztoxw}zfe`k����`~srd�¢P`
frd>«zd>^j`k�ox�|>xz_yx�n�t�h�tos�befrn�_�d>t)brx�Ë�brh�^mdgt�^�`\pofrd>pP`wfe`k|gh��zta�od~^�xzs¡bedg_�`ws{`w¸�xwfr�P`w��xzs
dgt'^j`~_�h�sr_�`­¨�ponod>�od�frd>srno^¤bv`wf�`w��dg|>nP`w�P`�pP`wfr`�d>siben��ohj`wtubed>s�¨�p�frxw��d>srxzfidgs¡��d�xkbefe`ks
beh�brno^j`k|gh�xwtodgs©l)nod�bv`k_�¸oh��>t�tod>|gd>srh�be`wt���d\d>sibexws­|gxwt)bed>toh���xzsg 
ö nodgfidg_yxzs�`w}zfr`w�od>|gdgf�`y^�xws­p�frxw��d>srxzfidgs�l)nodX¢P`wt�h�_ypP`wf�beh���x'^j`y`ksrh�}wtP`kbrnofe`'d>t

dgsibrxzs�`k³oxzs�sinos»|gxwtosibe`wt)brdgs�`wp�xzf�bv`w|>h�xztod>sg ÷�/`w_�¸oh��gt�`L^�xws�`w^�n�_�toxws�l)n�dµ¢P`wt
srdg³o`w^j`k�oxyd>frfr`kbv`ws>�Pdgfifrxzfidgs�¨�¢P`wt�¢odg|v¢oxa`w|>xwbv`k|gh�xwtodgs�l)nod\_ydâ¹ixzfr`wt�d>^�bedZ¦<brxo 
]�^+srd>}znoto�oxy`kn�bexzf�Ã6¬� o�N øÆ{l)noh�dgfid�`k}zfe`w��dg|>dgf�`'�N �ùX oúPxzt)brdg^�xzs{srn�|gxz^�`w¸�xzfe`º�

|gh��wt�dgt»^j`3fidgsixz^�no|>h��wt��od\`w^�}wnotoxzs���d\^�xzs�d�¹idgfr|>h�|>h�xzs��od>^�bedZ¦<brxo 
]�^~bed·¦Hbrx1|>xz_ypo^�dZbexLd>t�sinC«zdgfisrh��zt:`k|>beno`w^�h�£4`w�o`äsrd�pon�dg�od�dgt�|gxztubefe`kf�d>t�^�`

pP�w}zh�tP`�û{dg¸
ÚKÂ4Â4éÊñjòmò<ïyï'ï»óæ½<Á4Èz½uÂuó¤É
¼�ß4Èoóæ½<Ácò ∼ ãä¾�Â?½<ãä¾HÂºÀ�ò�ãN¾�Â?½)¼cÀÜ¾P¿�½<Áwó¤ÚKÂºãä¿

¨�dgs­h�tubed>to|gh��zt»��dXsinos~`wnHbexzfidgs­l)nod\srd4`ynot»brdZ¦<bexy«<h�«zxyl)nodXsidXsixz_�dZbv`y`y`w|>brnP`w^�h¤�
£4`w|>h�xzt�dgs�|gxwtosibv`kt)brdgsg 
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¥{xz_ydgto£g`w_�xws�dgs�bv`'h�t)brfrx<�on�|g|gh��zt�befr`kbv`kto�ox'�od\fidgsrp�xwto�odgf�`'^�`3pofrd>}znotubv`'�od
��É��
½HÁN¿�¾ è#¾�Â?½<ãäíHÂºÀ6Èz¾:Ç
À6Á4Èz¼º½uÂ?¾�  á `Ýpofrh�_�d>fe` fidgsrp�nodgs�bv`µxz¸)«<hj` dgs'srd>³P`w^�`wf3l)nod^j`'_�`kbed>_a�kbrh�|4`3�oh�sr|gfid>be`�d>s~^�`'pP`wfibrdX��dX^j`'_a`cbed>_a�kbrh�|4`3l)nodXdgsibrno�oh�`�^�xzs­xz¸<¹idZbexzs
�oh�si|gfrdZbexzs>  ]¡s�bv`1frd>srpon�dgsibe`Åt�xJfrd>srno^¤bv`´_�n�¨$sr`kbeh�si�-`w|Zbexzfihj`9ponod>s�srd>}znoh�_�xws�srh�t
|gxztox<|>dgf�d>^
srh�}ztoh à |4`k�ox3�odg^
|g`w^�h à |g`kbeh¤«zx����������������c ¡Þ­x'frdgsino^�be`��-�w|gh�^Î�Hsih�t�frd>|gnofifrh�f�`
�od à t�h�|>h�xztod>s���xwfr_�`w^�dgs­l)nod�dgt d>sibrd�|>xzt)brdZ¦<bex�frd>srno^¤bv`wfi�j`wt»_3nH¨»xzsi|gnofr`wsg�+�o`wf�notP`
�od à t�h�|>h��zta�od~^�xXl)nodqd>s©sidgf���������� ���!�c�H`wsi�Kl)nod�«k`w_yxzs{`Xn�beh�^�h�£g`wfÌ`w^�}wnotoxzsÌdâ¹id>_�po^�xzs
�-`w_�h�^¤h�`wfidgs©pP`kfe`'d>^
^�d>|>brxzfg 
¥{xz_ydgt�£4`w_yxzsÊ|>xzt�^�xzsÌt<Ëo_yd>frxzsÊtP`kbrnofe`k^�dgs>�<not�xz¸<¹idZbex�l)nodw��`wnotol)nod~_a`cbedg_��c�

beh�|g`w_ydgtubedÊpofidg|>h�se`~�od{|>h�dgf�bex~dgs���nodgfi£gx�pP`wfr`~sin3pofrd>srd>t)bv`k|gh��zt��zp�dgf�bedgt�dg|gd�`�t<nod>sibrfrx
¸P`w}u`º¹id�|gno^¤benofr`w^�|>xz_�Ëot�"

N = {1, 2, 3, 4, 5, . . . }.
�/x<��xzsXd>t)brdgto��dg_yxzsX^�x�l)nod�d>s\brdgtod>f$#�srh�^�^�`ws�x»l)nod�d>tä|>^j`wsidy¢P`4¨u`&% ° `w^�no_�t�xzsg ¥{nP`wto�ox�^�xzs�fidgpofidgsrd>t)be`w_yxzs¯srxz^�dg_yxzs�nosr`wf
notP`�srd>_�h�frfrd>|>be`�|>xz^�x<|g`wto�ox�`�^�`©�od>frdg|v¢P`
^�xzs�t)Ëo_ydgfrxws�_�`?¨zxzfidgs'"

1 2 3 4 ...
• − −−− • − −−− • −−−− • −−−− ...ª�to`�«zd>£�l)nodqbrdgtod>_yxzs©^�xws{t)Ëo_�d>frxzs{tP`kbrnofe`k^�dgs>�Hfrdg|>nofrfr`w_yxzs©`�n�t�xz¸<¹id>bex�_�`c�

bedg_��kbrh�|>xynot�p�x<|>xa_��ws�|gxz_ypo^�dâ¹ixo�P^�xzs�t<Ëo_ydgfixzs­frd4`k^�dgs­p�xwsrh�brh�«zxzs
R+  ��~dXt)nod>«zx�gsibrd�dgs�not'|gxztc¹in�t)bex�|>xztox<|>h��ox�l)nod�|gxwt)beh�dgt�d�`w^o|>xztc¹inotubex���d�^�xzs§t<Ë�_�d>frxzs�to`kbenofr`c�

^�dgs>�
N ⊂ R+ �H¨�dgs�dgs�befrh�|>be`w_�d>t)brd�_��ws©}zfr`wto�odk� N 6= R

 �ù~¢oxwfe`3|>xztubeh�d>tod�`w^+|>dgfrx��
`�^�`ws\��fe`k|g|>h��ztod>sX¨µbe`w_�¸oh��gtä`�d>srxzs�t)Ëo_ydgfixzs�����()�����+*�,�����l)nod�tox�srxztä��fr`w|g|>h�xzt�dgs
Ã-dgsy�odg|>h�fyl)nod�toxNsrd�pon�dg�od>tAdgsr|>frh�¸oh�f'_ydg�oh�`wt)brd�notÅt)Ëo_�d>frxN�od>|gh�_a`k^�|gxztJnotP`
|4`wtubeh��P`w� à toh¤bv`y�od�|gh¤��fe`ws�xa|gxwt not p�dgfr��x<�ox)Æ�|gxz_yxap�xzf�d�¹idg_ypo^�x�dg^
t<Ëo_ydgfix √

2xyd>^
t<Ëo_ydgfix
e
 

#



-
��`k_�¸oh��>t'srxz^�dg_yxzs�frd>pofrd>srd>t)bv`kf{`�^�xws�t<Ëo_ydgfixzs¡frdg`w^�d>s¡p�xzsih�brh�«zxzs�_ydg��hj`wtubed�n�tP`

sidg_yh�fifrdg|Zbv`­�oxzto��d{|4`w�o`~n�tox~�od{sinos�ponot)brxzs�d>s�not�t)Ëo_ydgfix~frdg`w^)¨\¢P`w|>hj`­^�`­�odgfidg|v¢P`
l)nod>�P`wt�xzfi�odgtP`k�oxzs��od�_�d>toxzf�`'_�`4¨zxzf'"

0 1 2 3 4 ...

��h�fidg_yxzs/|gxzt��od>brdgtoh�_�h�dgtubex~not3|>xztc¹inotubex~¨�xkbefrx� /.~`?¨X|>nP`wt)brh�xwse`ws��oh¤��dgfrd>to|gh�`ws
d>t)brfrdÌdg^�^�xws
p�dgfix~`wl)no�z«k`w_yxzs
`�|>dgtubefe`kfrtoxws/d>tX^j`ks¯l)nodÌdgs�bv`w¸�^�dg|>dgtX^�xzs
|>xzto|gd>p�bexws/�od��������� �����\Ã-l)nod�srd~`wpo^�h�|4`�`\^�xzs¡t<Ëo_ydgfixzsÊto`kbenofr`w^�d>svÆ§¨'�od0���21)�+�31)45�\Ã-`X^�xzsÌt)Ëo_ydgfrxws
fid4`w^�dgseÆZ 
á xzs/t<Ëo_ydgfixzs/tP`kben�fe`w^�dgs/sixzt���h�sr|>frdZbexzs>�zdgs���dg|>h�fg�ksrd{�oh�srp�xztod>t�dgt�^j`­sidg_yh�frfidg|Zbv`l)noda^�xzsXfidgpofidgsidgtubv`6����(7*��8*9�:���;��1)�<� �=��>Ü ���dg^ÊnotoxÝ`w^Ì�oxws�¢P`?¨µnot9se`w^¤bex���d�n�tP`

n�toh��P`k�� �Þ­x»¢P`?¨Ýtoh�to}zËotµt)Ëo_ydgfrx»to`kbenofr`w^�d>t)brfrdydg^�^�xwsg�
dgs\�od>|gh�f>�
tox»d·¦�h�sibrd
n ∈

N
bv`w^�l<n�d

1 < n < 2
  á xJ_yh�sr_yx´x<|>nofrfidNd>t)befidNdg^��oxzs�¨Cdg^�befrd>s�xJd>t)befid��xzs�|>nP`w^�d>srl)noh�dgfe`3t<Ë�_�d>frxzs�tP`cbenofe`k^�d>s�|gxzt�srdg|>n�beh¤«zxzsg  á xzs�|>xztc¹inotubexzs à toh�brxzs�x'^�xzst)Ëo_ydgfrxwsyd>t)bed>frxzs
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t�x�l)nod>�P`wt�¢<nod>|gxzs{dgt)brfrd~d>^�^�xzsg�)^j`\fidg|Zbv`�l)nod~^�xzsÊfidgpofidgsidgtubv`�dgs�bv��|>xz_ypo^�dZbv`w_ydgtubed
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1.5
d>t _�d>�oh�x� ­]�t)brfrd�d>^ ² ¨»dg^

1.5
dgs�bv�ap�xwf�dâ¹idg_ypo^�x

d>^
1.2
 HG�d>t)brfrd\d>^
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¨�not»t<Ë�_�d>frxy_�n�¨�|gd>fr|4`ktoxa` ² �Pp�xwto}u`w_yxzs�p�xzf�d�¹idg_ypo^�x'dg^

1+10−10
7 ÃÜ«zdgfi�P`w�od>fe`w_ydgtubedÊ|>dgfi|4`wtox­¨u`�l)nodÊ^�`��oh�sibv`kto|gh�`�d>s/|gd>frx�|gxz_�`�not�_yh�^�^��wt��d�|>dgfixzs©¨�^�nod>}zx�n�t�notox)Æ·��¢P`?¨�t<Ëo_yd>frxzs©p�xwf©_ydg��h�xo�<p�xzf{dâ¹id>_�p�^�x�dg^

1+ 10−10
8  IÌ`k^�}u`­dgs�bv`�`wpofix?¦Hh�_�`w|>h��wt�`~^j`�tox<|gh��zt���d©srd>fJ�D�21)�+�31)4)�2"
|gxw_�po^�d>be`w_ydgt)brdÊp�dg}z`w�oxzs

d>t)brfrd­sr�6�)sih�tyd>srpP`w|>h�xwsÌl)nod­^�xzs�sidgpP`wfr`wt� ��~d­^j`~��xzfr_�`w^�h�£g`w|gh��wt3�od­d>sibed­|>xzto|gd>p�bexXdgs
��d��oxwto�odqpP`wfibrdq^j`Xh��odg`��od�^���_'h¤bed�¨ap�xzf{be`wtubex3^�xzs{|>xzto|>dgp�brxzs���d�|>xzt)brh�t)noh��P`k���od
��n�to|gh�xztodgs>�m��dgfrh¤«k`w�o`��Ph�t)bed>}zfe`k^+¨z�Pd>t à t��obex<�oxws�^�xzs�l)nod\|gxwtosibrh�benH¨zdgt�not�|>nofrsix��od
¥©�k^�|gn�^�x3x'ù�tP�w^�h�srh�s���`kbrdg_��kbeh�|gxo�H|gxw_�po^�dg_ydgtubv`wfih�x3`3�gs�bed�|gn�frsrxy�od\��`kbrdg_��kbeh�|4`
��h�sr|>frdZbv`'dgt»^j`���xzfr_�`w|gh��zt��od�not»h�to}wdgtoh�dgfrx� 
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��d\|>xzt)brdgtoh��oxzs��od>^
|gnofisrx�t�xzs­`w|g^�`wfe`�not»p�x<|gxy_��wsK"
• á �w}zh�|g`
• ù~^�}wxzfrh¤be_'xzs
• ù~frh¤be_y�>brh�|g`�¨�ù~frh¤be_y�>brh�|g`�_yx<�ono^�`wf
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• ¥{xz_�¸oh�tP`kbrxzfrh�`
• ��fe`k��xzs
• ¬�dg^j`k|gh�xztodgs]�sibrx­d>sg�º��xzfi_a`w^�h¤£4`wf>�4�oh�srdg³o`wf
pofix<|gd>srxzs à toh¤bexzs�pP`kfe`©frdgsixz^�«wdgf
pofrxw¸o^�d>_a`ksg�º`wtP`k^�hæ�

£4`wfÌ^�`wsÌp�frxzpoh�dg�o`w�odgs¡��noto�P`w_yd>t)bv`k^�dgs¡�od�^�xzs¡t<Ëo_ydgfixzsÌdgtubedgfixzsg�H|>xzt)be`wfg�)dgt)no_�d>fe`wf>�
frdg^�`w|>h�xztP`kf©|gxwtc¹inot)brxzs à toh¤bexzsg�ofidgpofidgsidgtubv`wf­dgs�bv`ws�frdg^�`w|gh�xztod>sg ¤ � 
ª�to`�«zd>£'l)nod3¢odg_yxzsqfrdgsip�xzto�oh��oxµÃ-�od���xwfr_�`ah�tubenoh¤beh¤«c`uÆ­`�^j`apofrd>}znotubv`�sixz¸ofid

dg^�|>xzto|gd>p�bex���d~_�`kbrdg_��kbeh�|g`��oh�sr|>frd>be`Xsrd­befe`cbv`\�od�frd>srp�xzto��dgf©`w¢oxzfr`X`X^j`�|gn�dgsibrh��zt
�od�é¡Õm¼M��É�� ½<Á>ÂºÉ
Ç
À-¾o¼aãä¾�Â?½<ãäíHÂºÀ6Èw¾�Ç/À-Á4Èz¼º½uÂ?¾� 
]�tLpofih�_ydgf\^�no}z`wfX^�`�_�`kbed>_a�kbrh�|4`»d>tL}zd>todgfr`w^Ì¨N^j`�_�`kbrdg_��kbeh�|g`»�oh�si|gfid>bv`�d>t

pP`wfibrh�|>no^j`kf�beh�dgtod­nota|4`wfr�w|>brdgf{À6Ö
Á>Â?¼cÉ
ãä½<ÖKÂ?¾P¿â /�
x<�P`wsÊ^j`ksÌ|gh�d>to|>hj`wsÌnose`kt�^j`�_a`cbedZ�
_a�kbrh�|g`�|>xz_yxXh�tosibrfrno_ydgtubexaÃ-pP`wfr`=NO�P���3� QR�P*�,���4:,S*���QT�����<�3N=*�� QH�:�VUT1)�3�· ¤ � øÆXd�h�t�|g^�n�srx
|gxz_yx�^�dgt�}znP`º¹idq�odqdZ¦Hpofrd>srh��ztNÃ-p�xzf©d�¹idg_ypo^�x�^�`ws{dg|>nP`w|gh�xztod>s���h���d>frdgt�|ghj`k^�dgs{pP`kfe`�^�`
����srh�|4`zÆZ §]�t�|gxwto|gfid>bex��o^j`X_a`kbrdg_��kbeh¤|4`X�oh�sr|>frd>be`�dgsibe�3^�h�}u`k�P`Xp�frxw��not��P`w_ydgtubed�`�^�`ws
¥{h�d>to|gh�`ws©�od�^�`3¥{xz_ypon�be`w|gh��zt�ponod>s�^�xzs{xz¸<¹id>bexws�|>xzt�^�xzs{l<n�d�brfe`kbe`�n�t�xzfr��dgtP`k�oxzf
srxztµxz¸<¹idZbexzs à toh�brxzsyÃ6`wn�tol)nodypon�dg�od>täsidgf�_�n�¨ }zfe`kto�odgseÆ~¨Ýp�xzf�dg^�befrh�not���x��od'^�`
bedg|>toxz^�xz}z��`��oh�}zh�be`w^-�Hl)nod�d>t»_�no|v¢oxzs�`wsrp�d>|>bexws­d>s�noto`3frdgp�frdgsidgtubv`w|>h��zt»��h�sr|>frdZbv`3�od
^j`�frdg`w^�h��P`w�� �ùÄ^�xzs­«zdgfi¸�xzs�`kt)bed>frh�xzfrd>s~xz¸<¹id>bex��od�^j`�_�`kbed>_a�kbrh�|4`y�oh�sr|>frd>be`�p�x<�od·�
_�xzs\`wsrx<|>hj`wf\`w^�}wËotN|>xzto|>dgp�brx frd>^j`k|gh�xwtP`w�ox�|gxztä^�`»h�t���xzfi_a�cbeh¤|4`7"XWE�2�DN=*�,Y�SZ�*��~|gxzt,���1:@�4[*8CE���\�:�](^� � @��8*�N=*:���A_21P�`(^� �����������HUT1)�3�!���©|gxzta*�,b@:�2���3�+NO���Z�c1)d:NO�������e��1)����� ���
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õ/xzf/xwbefix~^j`k�ox~^�`­_a`kbrdg_��kbrh�|4`�beh�d>todÊnot�|4`kfe�w|Zbedgf/pÎÕ�¼cãN¾�ÂºÀ�Û�Õ�pP`wfr`~n�t�|gh�d>t)br� à �

|gxX|gno`w^�l)noh�dgfe`�¨3be`w_�¸oh��>typP`kfe`\n�tah�to}zd>toh�d>frxo �]�sr|gfih�¸oh�f¡|gxzt�|g^�`wfrh��P`w���w��xzfr_�`w^�h�£g`wfg�
`w�ol)noh�fih�f­�odgs�befrd>£4`ks�pP`kfe`adgtH��frdgtubv`wf~srh¤benP`w|>h�xwtodgs~t)nod>«c`wsg�
|g`w^�|gno^�`wf­¨�fe`k£gxztP`kf~|gxzt
pofrd>|gh�sih��wt��+p�dgfisrd>fi«zdgfr`wf�|gxztÝ|>xztosibe`wto|>hj`� ¤ � �sixztÝ¢P`w¸oh�^�h��P`k�odgs­��noto�o`w_�d>t)be`w^�d>s~pP`wfr`
dg^m|>h�dgtube� à |gx\x\dg^mh�t�}zdgtoh�dgfix�¨'po`wfe`�^j`ks¡l<n�d�^j`ws�_a`kbrdg_��kbeh�|g`ws�srxwtan�tah�tosibrfrno_ydgtubex
`w�odg|>nP`w��x��od��od>se`wfifrxz^�^�x»Ã�d>«<h��od>t)brdg_ydgtubed\tox'dg^
Ëotoh�|gxuÆZ 
ú�h�tP`w^�_yd>t)brd~sidg³P`k^j`wf{l)nodqdg^K|gnofisrx'd>sibe�3d>sibrfrno|Zbenofr`w�ox'd>t - bed>_�`wsg�H|4`w�o`�bed>_a`beh�d>tod{notP`qp�dgl)nod>³P`�h�t)befix<�ono|>|gh��wt��oxzt��od�sid�dZ¦Hpo^�h�|g`wt�^�xzs�xw¸H¹idZbeh�«wxzs§l)nod�p�frd>brdgto��dZ�

_�xzs�`w^�|g`wto£g`wfg��n�tP`afidg^j`k|gh��zt�`wn�brx<|gxztubed>toh��o`��od�^�xzs�|>xzto|>dgp�brxzs~¨»frdgsino^�be`w�oxzs�l)nod
¢odg_yxzs¡srd>^�dg|>|gh�xztP`w��xo�)dâ¹idg_ypo^�xzs�h�^�n�sibefr`w�oxzfidgs§¨'d�¹idgfi|gh�|gh�xws¡pofrxzp�nodgs�bexzs¡¨'fidgsrn�dg^�brxzsg 
]¡^
|g`wpo�¤beno^�x L dgs�notP`�|gxz^�dg|>|gh��zt���d�d·¦o�k_�d>todgs~pofixzponod>sibexws~¨»fidgsinodg^¤bexzs>�K_a`cbedgfihj`w^
�od\`wp�xº¨zx'pP`wfe`3^j`�pofrd>pP`wfr`w|gh��zt��odg^
|>nofrsixo 
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ü R   ç Æ©]�^�d>_�d>t)brxzs�|g`wfr`w|>brdgfr��sibrh�|gxws���d\n�tÃÍ¶Î{ÔoÒ\ì
ü R   ü Æ©]K¹idg_ypo^�xzs

ë+½<Á4À-å�ÖÌ�h��ós� �NÚ¯Õm¼c¾oÁcòÝÂ?ÕPÂ?¾P¿]±)�NÚ¯Õm¼c¾oÁ2�
ü ç   ² Æ{��to|>^�nosih��zt��od�not»xzfi�odgt»pP`wfi|gh�`w^�d>t�not�x'bexwbe`w^
ü ç   R Æ{ù�po^�h�|4`w|>h��zt�`'^�`3}zd>sibrh��zt��od�bv`kfrd4`ks
ü ç   ç Æ©]K¹idgfi|gh�|gh�xws

ë+½<Á4À-å�ÖÌ�5�¯ós� �NÚ¯Õm¼c¾oÁcòÝÂ?ÕPÂ?¾P¿]±)®NÚ¯Õm¼c¾oÁ2�
¬­dZbe��|gno^�xzs©¨��w^�}zd>¸ofe`ks��odoÀ{x<xz^�d

� ¼º¾oð
¾<ß>Õ¾½q½)¼cÁgÕ�Ö¯¾P¿�ó©õ¡fr�w|>brh�|g`'|>xzt���`wpo^�d�"H½\¼cíoÈwÂºÀ6Èz¾Ã®

qsr Ï Ð T/Ñ � � } Y |ÓÒ�ÐÕÔÕÖ
]�t d>^/t)nod>«zx�]�srpP`w|>h�x�]�nofrxwp�dgx��od�]¡��no|4`w|>h��ztÝ�Hnop�d>frh�xwfg��frd>srno^¤bv`w�ox��odg^�`k|gnod>fr�ox
��d¼À{xz^�xztoh�`��<^�`�notoh��o`w���odq_�d>�oh��o`��od�^�`�|4`wfi}u`��ox<|>dgtubed��od�noto`'`wsih�}zto`kbenofr`�dgs�d>^
ÏÅ� ×P���3���XÒ~Ï~ì
Ôm H]�s�bv`�t<nodZ«k`���xzfi_a`\�od~_ydg�oh�fÊ`w�oxzp�be`X^j`\pKd>frsip�dg|>brh�«c`��odg^+`w^�no_�t�x



�9�gØ`�ÙªÅ�JÚT¢¶§'¡��X &�lªl¡/  ² #
¨��od>^/befr`w¸P`º¹ix�l)nod��odg¸�d��odgsr`wfrfixz^�^�`wfg��_��ws~l)nod�dgtÝdg^/t<Ëo_ydgfix���d�¢oxzfr`wsq�od�|>^j`ksrd
�od�^j`3`wsrh�}ztP`kbrnofe`�l)nod�«k`y`3frdg|>h�¸�h�fg 
]�t�t<nod>sibrfe`�dZ¦Hp�dgfih�d>to|gh�`��od~d>tosrd>³P`wto£g`��od~dgs�bv`�`wsih�}zto`kbenofr`\p�x<�odg_yxzsÊpofidgsrd>tH�

bv`wf�d>^
srh�}wnoh�d>t)bed�|>�z_ypon�brxy��d\|>fr�>�oh�brxzs­]Ì¥{�­�h"
ÄXÕKÖ
Èz½)é
Â4Õ Û&Ü/ãN½<¼ºÕäÇ¯½B´»Õ�¼º¾oÁ ÄX¼¯�<Ç/ÀÜÂ?Õ�Á�ê
Ä � ë.�xzfr`ws��od�|>xzt)be`w|>brx L # R  g#

�
fr`w¸P`º¹ixy|>^j`wsidgs�bed>�zfrh�|4`ws
40× 2 = 80

ç   R
�
fe`w¸P`º¹ix'|g^�`wsrd>s­p�fe�w|Zbeh�|g`ws

10× 2 + 25× 1 = 45
²  g%

]�tubefrd>}u`'�od�pofrxw¸o^�d>_a`ks
5× 4 = 20

°  Ý%
¥{xztosino^�be`'�od�^j`�¸oh�¸o^�h�xw}zfr`k����` ²ºR  g# °  g#

á x'l)nod\|>xztosibrh�brn�¨zd\n�t»brxwbv`k^��od
¹
ó�®NÈz¼¯�<Ç/ÀÜÂ?Õ�Á�ê
Ä � ë� 
G��oxzt��od\sidX`wp�^�h�|g`wt�^�xws�srh�}znoh�d>t)brdgs�|gfrh¤bed>frh�xws���d\|>xzt)«zd>frsih��zt�"
• çz° ¢oxzfr`ws��od�|>^j`wsid�|gxwtosibeh¤ben�¨wdgt ² |gfr�>�oh�brx�]Ì¥{�­�� 
• ¥©`w�P`�¢oxzfe`���d�|g^j`ksrd\bedg�wfrh�|4`�t�dg|gd>srh¤bv`a�oxzs~¢�xzfe`ks~�odXbrfe`w¸P`º¹ix�p�dgfisrxztP`k^�p�xwfpP`wf�bed���dg^¯`w^�no_�t�xo��d>sibexydgs>�mn�t»brxwbv`w^+�odo% ° ¢oxzfe`ks��od�befr`w¸P`º¹ix'p�dgfisrxzto`w^Î 
• R #�¢oxzfr`ws��od�brfe`w¸P`º¹ix'p�d>frsrxwtP`w^
|gxzt�sibeh¤ben�¨zd>t ² |>fr�>�oh�brx�]Ì¥{�­�K 
• ¥©`w�P`ä|g^j`ksrd��od ^j`w¸�xwfe`kbrxzfrh¤xNtodg|>dgsrh¤bv`9�oxzsa¢oxzfe`ks��od�brfe`w¸P`º¹ixädZ¦<befr`9dgt$dg^^j`k¸�xzfe`kbrxzfrh¤xo�Hd>sibexydgs>� Rw° ¢oxwfe`ws���d�brfe`w¸o`c¹ix'd>t�d>^
^j`k¸�xzfe`kbrxzfrh¤xo 
• ¥©`w�P` |g^j`ksrd��od�pofrxz¸�^�d>_a`ws�tod>|gd>srh�be`ÝnotP`Ý¢oxwfe` �od�befr`w¸P`º¹ixÝp�xzf�pP`kfibed��odg^`w^�no_ytoxo��d>sibrx�d>sg� R #3¢�xzfe`ws��od�befe`k¸P`º¹ix'srxz¸�frd�^�xzs�d�¹idgfi|gh�|>h�xwsg 
• R #µ¢oxzfr`wsa�od�brfe`w¸P`º¹ixäpofr�w|>brh�|>x$Ã-dâ¹id>fr|>h�|>h�xzs�x9^�`w¸�xzfr`kbexwfrh�xuÆ�|gxztos�beh¤ben�¨zd>t ²|gfi�g�oh¤bexy]Ì¥{�­�K 
• ¥©`w�P`�¢oxc¹r`��odypofixz¸o^�dg_�`ws�todg|>dgsih�bv` ü ¢oxwfe`ws�dZ¦<befr`wxzfi�oh�tP`kfrhj`ks��odyp�frdgpo`wfe`c�|gh��zt��od>t)brxzto|>dgs Rk° ¢oxwfe`ws��od�befe`k¸P`c¹ix3srxz¸ofid\^�xzs�d�¹idgfr|>h�|>h�xzs> 
• R #�¢oxzfr`ws��od�¸oh�¸o^�h�xkbed>|4`�|gxwtosibrh�benH¨zdgt ² |gfr�>�oh¤bexy]Ê¥{�­�� 



²E-



Þ þ���	c�¾ß à ßÅþwßÌ�&á�â

°   ² ª�to`'pofrxzp�nodgs�bv`y��d�brdg_yp�xzfe`k^�h�£4`k|gh��ztä \ X \ \ \ X \ \ X \ \ \ X \ \  %
°   R ¥{fr�>�oh�brxzs­]Ì¥{�­�  X \ \ \ X \ \ \ X \ \ X \ \ \ X \ \ X \ \ \ X \ \  ² ü

� �¡åmîKÀ-Èz¾ ���
²   ² á �z}zh�|4`�d�h�t���xwfr_��kbeh¤|4`  \ X \ \ \ X \ \ X \ \ \ X \ \ X \ \ \ X \ \  RH²
²   R á �z}zh�|4`�¨�_yx<�odg^�xzs�_�`kbrdg_��kbeh�|>xzs� X \ \ X \ \ \ X \ \ X \ \ \ X \ \  Rwç²   ç á �z}zh�|4`�pofrxzp�xwsrh�|>h�xwtP`w^  \ X \ \ \ X \ \ X \ \ \ X \ \ X \ \ \ X \ \  R #²   ç   ² á xws�|gxztod>|>brh�«zxzs�^��z}wh�|>xzs© \ X \ \ X \ \ \ X \ \ X \ \ \ X \ \  R #²   ç   R úPxwfr_�`��od�notP`'pofixzp�xzsrh�|gh��zt  \ X \ \ \ X \ \ X \ \ \ X \ \  R %

²   ç   ç �/`wnHbexz^�xz}z��`ws{¨�fe`w£>xztP`w_yh�d>t)brxzs©«c�w^�h��oxzs~ X \ \ X \ \ \ X \ \  çuR
²   ç   ü ]�^
_y�>brx<�ox'�od�frdZ��n�bv`w|>h��wt  \ \ X \ \ \ X \ \ X \ \ \ X \ \  ü °
²   ç  g# ¥{xwtc¹inotubexzsÌ`w��dg|>nP`w�oxzs¡�od�|gxztod>|>brh�«zxzs¡d>ty^��w}zh�|4`~�od�p�frxzp�xk�

sih�|>h�xzt�dgs  X \ \ \ X \ \ \ X \ \ X \ \ \ X \ \ X \ \ \ X \ \  ü ²
²   ü á �z}zh�|4`��od�pofrd>�oh�|g`w�oxzs  \ X \ \ \ X \ \ X \ \ \ X \ \ X \ \ \ X \ \  ü R²   ü   ² ��tubefix<�ono|g|>h��wt�"¡pofidg�oh�|4`w��xzs�¨�xz¸<¹id>brxzs  X \ \ X \ \ \ X \ \  ü R

²   ü   R á xws�|gnP`wtubeh à |4`k�oxzfrd>s�notoh�«zd>frsr`w^�¨�dZ¦Hh�sibed>to|gh�`w^  \ \ \ X \ \  ü #²   ü   ç úPxwfr_�`��od�pofrd>�oh�|g`w�oxzs  \ X \ \ X \ \ \ X \ \ X \ \ \ X \ \  ü -
²   ü   ü ]K¹id>_�p�^�xzs��od�sidgt)brdgto|>hj`ks�«zdgfr�o`w�odgfr`wsg {¥{xztubefr`wdâ¹id>_�p�^�xzsÄ \ ã# ç
²   ü  g# �»x<�odg^�h�£g`w|gh��zt��od�dZ¦Hpofidgsrh�xztod>s�dgt���xzfi_a`�srh�_�¸��z^�h�|4`  X \ \ ã# -

²  g# ]�^
fe`w£>xztP`w_yh�d>t)brx3p�xzf�h�to�on�|g|gh��ztµ X \ \ X \ \ \ X \ \ X \ \ \ X \ \ ã#�%
²  g#H  ² ¬­`w£>xztP`w_yh�d>t)brx3p�xzf�h�to�on�|g|gh��zt�|gxw_�po^�d>be`  \ X \ \ \ X \ \  -z°
²  g#H  R ��t��ono|g|>h��wt�dgs�befino|>brnofe`w^y \ X \ \ X \ \ \ X \ \ X \ \ \ X \ \  -�²

²   - ù~p�^�h�|g`w|>h�xztod>s� \ \ X \ \ \ X \ \ \ X \ \ X \ \ \ X \ \ X \ \ \ X \ \  - ü
²   -   ² ¥{xwfrfrd>|g|>h��zt»�od\`w^�}zxzfih¤be_'xzs{¨a«zdgfrh à |g`w|gh��zt»��d\p�frxz}zfr`w_�`ws   - ü
²   -   R ��t�}zdgtoh�dgfi�j`��odg^
|gxwtox<|gh�_�h�dgtubex["�srh�sibed>_a`ks�d·¦�p�d>fibrxzs´ \ X \ \  - L

²   L ]K¹idgfi|gh�|>h�xzs  X \ \ X \ \ \ X \ \ \ X \ \ X \ \ \ X \ \ X \ \ \ X \ \  L ²
²  Ý% ]K¹idgfi|gh�|>h�xzs�fidgsrn�dg^�brxzs  \ \ X \ \ \ X \ \ X \ \ \ X \ \ X \ \ \ X \ \  L ç

²  Ý%�  ² á �w}zh�|g`3|>xzt���`wpo^�d$ \ \ \ X \ \ X \ \ \ X \ \ X \ \ \ X \ \  L ç
² L



² % ä �J¢¶§�ªÅ�æål�T�¶�T�X�£¦
� »�¿-îmÕm¼cÀÜÂ?ãäÕ�Á ³5�
R   ² �~d à t�h�|gh�xztod>s�¨�dâ¹id>_�po^�xzsÝ \ \ X \ \ \ X \ \ X \ \ \ X \ \ \ X \ \ X  ¬zç
R   R ù~^�}wxzfrh¤be_'xzs{�od\¸�Ëosrl)nod>�P`y¨��od�xzfi�odgto`w|gh��zt  \ \ \ X \ \ \ X \ \ X  ²4° ü

R   R   ² ù~^�}zxzfih�br_yxws©�od�¸oËosil)nodg�P`  \ X \ \ X \ \ \ X \ \ \ X \ \ X  ²4° #
R   R   R ù~^�}zxzfih�br_yxws©�od�xzfi�odgtP`k|gh��zt  X \ \ X \ \ \ X \ \ \ X \ \ X  ²4°Ê-

R   ç ¥{xz_�p�^�d�¹ih��P`w�L \ \ X \ \ X \ \ X \ \ \ X \ \ X \ \ \ X \ \ \ X \ \ X  ²4°Ê¬
R   ü ù~^�}wxzfrh¤be_'xzs{�od\¸�Ëosrl)nod>�P`�|gxwt ��`wpo^�d  \ \ X \ \ \ X \ \ \ X \ \ X  ²w² ü

R   ü   ² À{Ëosil)nodg�P`ysrdg|>nod>to|ghj`w^  \ \ \ X \ \ X \ \ \ X \ \ \ X \ \ X  ²w² #
R   ü   R À{Ëosil)nodg�P`y¸oh�tP`kfrh�`� \ X \ \ \ X \ \ X \ \ \ X \ \ \ X \ \ X  ²w² L

R  g# ù~^�}wxzfrh¤be_'xzs{�od\xwfr�od>tP`w|>h��zt�|gxzt���`kpo^�d  \ X \ \ \ X \ \ \ X \ \ X  ²w²�¬
R  �#<  ² ¿qfr�od>tP`w|>h��zt�À{nofi¸onc¹r`  \ \ \ X \ \ X \ \ \ X \ \ \ X \ \ X  ²w²�¬
R  �#<  R ¿qfr�od>tP`w|>h��zt�srd>^�d>|g|gh��zt  \ \ \ X \ \ X \ \ \ X \ \ \ X \ \ X  ²?RH²

R   - ]+¹id>fr|>h�|gh�xzs  \ \ \ X \ \ X \ \ X \ \ \ X \ \ X \ \ \ X \ \ \ X \ \ X  ²?RzR
R   L ]+¹id>fr|>h�|gh�xzs�frd>srnod>^�brxzs  \ X \ \ X \ \ \ X \ \ X \ \ \ X \ \ \ X \ \ X  ²?Rwç

� »�¼cÀ�Âºãº�uÂ?À-Èw¾�ãäÕ
Ç/É
¿�¾o¼ �`�5®
ç   ² á xws�t<Ëo_ydgfixzs�tP`cbenofr`w^�d>s�¨�^�xzs�t)Ëo_ydgfixzs�dgtubed>frxzsä \ X \ \ \ X \ \ X  ²4ç #ç   R �/d>xzfrd>_a`3�od�^j`��oh�«<h�sih��wt  \ \ X \ \ \ X \ \ X \ \ \ X \ \ \ X \ \ X  ² ü ²
ç   ç �~h�«<h�sih�¸oh�^�h¤�P`w�+��_y|g��¨��-`w|>brxzfrh�£4`k|gh��wt  X \ \ X \ \ \ X \ \ \ X \ \ X  ² üzü

ç   ç   ² �~d à toh�|>h�xwtodgs�¸P�wsih�|g`wsa X \ \ \ X \ \ X \ \ \ X \ \ \ X \ \ X  ² üzü
ç   ç   R ù~^�}zxzfih�br_yx��od\]�no|>^�h���dgs�po`wfe`3|4`w^�|gno^�`wf©d>^
_�|>�N \ \ X \ \ X  ² ü #
ç   ç   ç úm`w|Zbexzfih�£g`w|gh��zt  X \ \ X \ \ \ X \ \ X \ \ \ X \ \ \ X \ \ X  ² # °

ç   ü ¬­d>^j`w|>h�xzt�dgs��od�|>xzto}zfinodgto|>hj`  X \ \ \ X \ \ X \ \ \ X \ \ \ X \ \ X  ² # ç
ç  g# �Hh�s�bedg_�`ws��od�d>|gnP`w|>h�xzt�dgs­_y�<�ono^�x3dgtubed>frxzs  X \ \ \ X \ \ \ X \ \ X  ² # L
ç   - �Hh�s�bedg_�`ws��od�t)no_�d>fe`w|>h��zt  \ X \ \ \ X \ \ X \ \ \ X \ \ \ X \ \ X  ²E- ü
ç   L ]+¹id>fr|>h�|gh�xzs  \ \ \ X \ \ X \ \ X \ \ \ X \ \ X \ \ \ X \ \ \ X \ \ X  ²E- L
ç  Ý% ]+¹id>fr|>h�|gh�xzs�¬�dgsrn�dg^�brxzs» \ X \ \ X \ \ \ X \ \ X \ \ \ X \ \ \ X \ \ X  ²E- %

ç  g%H  ² À©`wsidgs­��d\t)no_ydgfe`k|gh��wt�|gxwt ��`wpo^�dC X \ \ \ X \ \ \ X \ \ X  ² L R
� ÄXÕKãÝð/À6Ö¯¾�Â?Õm¼cÀ�¾ �`¹c�
ü   ² ��t)befix<�ono|>|gh��wtJ \ \ X \ \ X \ \ X \ \ \ X \ \ X \ \ \ X \ \ \ X \ \ X  ² % ²
ü   R ���g|gt�h�|g`ws­�od�frd>|gnod>t)bex� X \ \ X \ \ \ X \ \ X \ \ \ X \ \ \ X \ \ X  ² % ü
ü   ç IÌ`wfrh�`w|gh�xztod>s  \ \ X \ \ X \ \ X \ \ \ X \ \ X \ \ \ X \ \ \ X \ \ X  ² % L
ü   ü õ/dgfr_�n�be`w|gh�xztod>sX \ X \ \ X \ \ X \ \ \ X \ \ X \ \ \ X \ \ \ X \ \ X  ²E¬�²
ü  g# ¥{xz_�¸oh�to`w|gh�xztodgs  X \ \ X \ \ X \ \ \ X \ \ X \ \ \ X \ \ \ X \ \ X  ²E¬ #
ü   - õ¡fixz¸P`w¸�h�^�h¤�P`w�� \ \ X \ \ X \ \ X \ \ \ X \ \ X \ \ \ X \ \ \ X \ \ X  Rk°uR

ü   -   ² Þ�x<|>h�xwtodgs�¸o�wsrh�|4`ws  \ X \ \ \ X \ \ X \ \ \ X \ \ \ X \ \ X  Rk°uR
ü   -   R ]�srpP`k|gh�xzs�_3n�dgsibrfe`w^�dgs�¢oxz_yxz}z�>todgxws~ X \ \ \ X \ \ \ X \ \ X  Rk°zç



ä �¶¢¶§�ªÅ�æåX�R�J�T�l�¶¦ ²�¬
ü   -   ç ]�sipP`w|gh�xzs�_�nodgs�befr`w^�d>s�¢odZbed>frxz}z�>tod>xzs  \ X \ \ X \ \ \ X \ \  Rw°Ê-
ü   -   ü �
fr`kbv`w_yh�d>t)brx©t<no_y�gfih�|>x��od�^j`{h�t���xwfr_�`w|>h��zt�"hIÌ`kfrh�`w¸o^�d>s+ù~^�dg`c�

brxzfrh�`ws{ \ \ X \ \ \ X \ \ \ X \ \ X \ \ \ X \ \ X \ \ \ X \ \  Rw° L
ü   -  g# õ�fixz¸P`w¸oh�^�h��o`w��|>xzto�oh�|gh�xwtP`w�P`  \ X \ \ \ X \ \ X \ \ \ X \ \  RH²?°
ü   -   - ]�¦Hp�dgfih�_ydgtubexzs��odoÀ{d>frtoxwno^�^�ha \ X \ \ \ X \ \ X \ \ \ X \ \  RH²z²

ü   L ]K¹idgfi|gh�|>h�xzs  X \ \ X \ \ \ X \ \ \ X \ \ X \ \ \ X \ \ X \ \ \ X \ \  RH²?ç
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bedgxwfr�j`ksX}zdgtod>fe`k^�dgs> Ýõ�`wf�bed>tL�oda^�x�po`wfibrh�|gn�^j`wf�¨Nsrd�|>xzto�ono|>dgt1`�^�x�}wdgtod>fe`w^6  á `wsbedgxwfr�j`ks�}zdgtod>fe`k^�dgs���xzfi_�no^j`k�P`ws©p�dgfi_�h¤bed>t»d>t)bed>to�od>f­¨�|g^�`wsrh à |g`wf�^�xws�fidgsino^�be`w�oxzs��od
xz¸osrd>fi«c`w|gh�xztodgs�po`wfibrh�|gn�^j`wfidgsg  ��tubefrx<��no|gd>t be`w_�¸oh��gtCnotP`1|g`wpP`w|>h��P`k�:pofidg�oh�|>beh¤«k`
srxz¸ofid\d>^
frd>srno^¤bv`w�ox'�od���n�brnofrxzs�dZ¦Hp�dgfih�_ydgt)brxzsg 
]�^P|gxzt�x<|gh�_yh�d>t)brx�|gh�dgt)br� à |>x�dgsÌnoto`\fidgpofidgsidgt)be`w|gh��zt��od>^m_�noto��x\fid4`w^o¨'`k^�|4`kto£4`

`w^�brxzs�toh¤«zdg^�dgs­�od\pofidg|gh�srh��zt�¨�dZ¦�`w|Zbeh�brno��|gnP`wt��oxa�oh�|v¢oxzs­_yx<�odg^�xzs�sixzt��odXto`kbenofr`c�
^�dg£g`a_�`kbrdg_��kbeh¤|4`�  á `�n�beh�^�h��P`k���od�^�xzs�_yx<�od>^�xzs­_a`cbedg_��kbrh�|gxzs­fidgsrh��od�dgt ^j`ws­brfrd>s|4`wfr`w|>brdgfr��sibrh�|g`ws�l<n�dw�msidg}zË�t�dgt)brdgto��dg_yxzsg�P|gxzt à }znofe`kt�sin�d>srdgt�|ghj``"
²  ­õ/xzf¯notP`�pP`wfibrdÌ^�`�todg|>dgsr`wfrh�`�Á4À-ãäé�¿-Àþý§Èz¾PÈuÀÜåKÖ�l)nodÌsrdÌfrdg`w^�h�£4`©dgtX^�xws¯_yx<�od>^�xzsKFp�dgfi_�h¤bed­`ktP`w^�h�£4`kf�|>xzta|>^j`kfrh��o`w�y`wsrp�d>|>bexwsÊ¨'fidg^�`w|gh�xztodgs¡l)nod�sid�pofrd>srd>t)be`wt�d>t
dg^P_3n�to�ox\frdg`w^Î�upofrd>sr|>h�to�oh�dgt��oxX�od­xwbefr`ws¡frdg^�`w|gh�xztod>s¡srnop�d>fi¶Pno`ws{l)nod­x<|gno^¤bv`wt
¨�|>xz_ypo^�h�|4`wt�^�xzs�`ksrp�dg|Zbexzs­xz¸<¹idZbexy��d\d>siben��oh�xo 

R   á `\sidg}zn�to�P`X|g`wfe`w|Zbed>fr��s�beh�|4`�sid�fid à d>frd~`�^j`�pô¾PÈuÀ-¿6À-Ç¯¾PÇNé/¾o¼º¾�Ú¯¾PÈz½)¼3Ç¯½<Ç/É
Èjÿ
ÈuÀ�ÕKÖ¯½<Á­��dgtubefrxX�od>^m_�x<�od>^�xo �]�sÌpKxwsrh�¸o^�d�l<n�d�notP`\�od­^�`ws¡_a`4¨zxzfidgsÌ��h à |>no^�be`c�
�od>sÌ�od>^obefr`w¸P`º¹ix�|>h�d>t)be� à |gx�|gxztosih�s�bv`�d>tydg^�dg}zh�f§dgtubefrd�^�xzs���h�sibrh�tubexzs§_yx<�odg^�xzs§x
�oh�sibeh�t)be`ws�frdgp�frdgsidgtubv`w|>h�xztod>s¡�odg^���d>to�z_ydgtox�xz¸<¹id>brx���d�dgsibrno�oh�x\`wl)nod>^o_�x<�od>^�x
l)nod\_��ws©�-`w|>h�^�hæbed~^j`�^j`w¸�xzf©�od��od>�ono|>|gh��zt� 

ç   á `3Ëo^¤beh�_�`�|g`wfe`w|Zbed>fr��sibeh�|4`�d>srdgt�|ghj`k^
�od�not�_�x<�od>^�x�dgs�dZ¦<befr��tosrd>|4`y`w^+_yh�sr_yxo�`Ý�oh¤��dgfidgto|>hj` �od�^j`ws��oxzs'`wtubedgfih�xzfidgs>�¡¨9|>xztosrh�sibrd�dgtJÁgÉ�Èz¾oé
¾PÈuÀ6Ç¯¾PÇ÷é
¼c½Êÿ
Ç
À6ÈwÂºÀÜÛ�¾���x ^�x�l<n�d�d>s3^�x _yh�si_�x���d>^{}zfe`k�ox �od�|>xzh�t�|gh���dgto|>hj`�xz¸�bed>toh��ox �odg^
|gxwt)brfe`wsibrdqd>t)befidq^�x�l)nodqd>sibv`k¸P`�pofid>«<h�s�bex��odgtubefrx��od>^+_yx<�odg^�xX¨�^�xXl<n�d�sino|gd·�
�od�dgt�d>^m_�n�to�ox\fid4`w^6 §]�^P_��Zbex<�ox�|gh�dgtube� à |gx�h�to|>xzfrp�xwfe`�^j`qdZ¦Hp�dgfih�_ydgtubv`w|>h��zt
pP`wfr`'fid4`w^�h�£g`wf©�oh�|v¢ox'|gxztubefe`ksibedk 

�Hhz^�`ws
|>h�d>to|gh�`ws
d·¦�p�d>frh�_�d>t)be`w^�d>s
srh�}znodgt�not0NO�E�:��,��]�31^��45���+�3ô��c�º^�`ws�_a`kbrdg_��kbeh¤|4`ws
srh�}wnodgt notaNO�'�:��,��;�:�P��4)���<�3ô����od�fr`w£gxwtP`w_yh�dgtubex� ~]�sq�odg|>h�fg�K�odgsi�od3noto`�|>xz^�d>|g|>h��zt
h�toh�|gh�`w^K�od�«zd>fr�P`k�odgs>���od>toxz_yh�tP`k�P`ws�¾HÙ¯À-Õ�ãä¾oÁw�osrd�«k`wt»xz¸�brdgtoh�dgt��oxo�P_yd>�ohj`wtubedqfrd·�
}z^j`ksy|>xzfrfidg|Zbv`ws��od���dg�ono|>|gh��zt��©_a�ksy¢od>|·¢�xzs�«zd>fr�P`w��dgfrxws�Â?½)Õ�¼º½<ãä¾PÁk C�Hd�p�nodg�od
�odg|>h�f\l)nod�dg^¡xz¸<¹id>bex���d�^j`�^��z}zh�|4`�d>s�d>^¡dgsibrno�oh�x�sih�sibrdg_��kbeh�|gx��od�^�`ws�|gxzto��h�|gh�xztod>s
}zdgtod>fe`k^�dgs��od «k`w^�h��od>£ �od�d>sibv`ks��odg�on�|g|gh�xztod>sg  á xzs�|gxzt�|gdgpHbexzs��od��:�P��4)�����A_21L¨
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�:��NO�����+�8*:���A_j1y�od\not�brdgxzfidg_�`yfid à d>frdgt `ynotP`�`wfr}zn�_�d>t)be`w|gh��zt»^��z}zh�|4`k_ydgtubed�h�frfidZ�
��nHbv`w¸o^�d»l)nod�dgs�bv`w¸�^�d>|gd�l)nod���h�|v¢oxµbedgxwfrdg_�`µdgsy«zdgfi�P`w�od>frxo  á `µdg^�dg|g|>h��wtÅ�od�^�xzs`º¦�h�xz_�`ws�tox�dgs>�
d>tÝpofrh�to|gh�poh�x��K`wfi¸oh�brfe`wfihj`H��srh�tox�l)nod�befe`cbv`a��d�dZ¦Hpo^�h�|4`kf~dg^/_�noto�ox
fid4`w^6 µù~si�©p�xzf�dâ¹idg_ypo^�xo��^�xzs�t)Ëo_�d>frxws3tP`kbrnofe`w^�dgs�sinofr}zh�dgfixztL�od�^j`�tod>|gd>srh��o`w�1�od���21)�A*��{xz¸<¹id>brxzsg 
�Hho`ksrno_yh�_yxzs>�w|>xz_yxqpofrh�_�d>fe`~`kpofrx4¦�h�_a`k|gh��zt+�kl<n�d�notP`qsidgtubedgt�|gh�`�dgsmô����8�9*9�:���P*

sih+d>s£ô������ Um�P*9k',��¼���K()�����3NO��1)�A*�,YNO��1)����frdgsino^�be`wfe�Xsrd>to|gh�^�^�x�|>xz_�p�frxz¸P`kfÊ^j`\«k`k^�h��odg£��od
^�`3sidgtubedgt�|ghj`

3 + 2 = 5po`wfe`a^�xa|gnP`k^�sid�ponodg��d3|>xztosrh��odgfr`wf~srn à |gh�d>t)brd3|>xz}zd>f~brfrdgs~pKd>fe`ks~¨���xzsq_�`wto£g`wtP`ws
¨�|gxztubv`kf�d>^
t)Ëo_�d>frx��odXxw¸H¹idZbexzs­xz¸�bed>toh���xzs�`w^¯frd>notoh�fr^j`ksg ��Hh�t�d>_�¸P`wfr}wxo�msih/`w¢oxwfe`
l)nod>frd>_�xzs�|gxz_ypofixz¸P`wf
���K()�����3NO��1)�A*�,YNO��1)����^j`�«k`w^�h���dg£��od�^j`�srd>t)brdgto|>hj`

3 · 1010 + 2 · 1010 = 5 · 1010
t�xzs�dgto|>xzt)brfe`wfidg_yxzs­`wtubed�not»sidgfrh�xyp�frxz¸o^�dg_�`� 
õ�`wfe`�frd>srxz^¤«zdgfr^�x~tod>|gdgsih�be`w_�xws�|gxwtosibefinoh�f/not�_yx<�odg^�x�xqfrd>pofrd>srd>t)bv`k|gh��wt�*9k����<�8*:�ZÓ�A*��od�^�xzs�t)Ëo_ydgfixzs�tP`kbrnofe`k^�dgs��od�_�`wtod>fe`3l)nod\^�`�«k`k^�h���dg£��od�^�`3sidgt)brdgto|>hj`

3 · 1010 + 2 · 1010 = 5 · 1010
sidqp�nodg�P`��od>_�xwsibefr`wf{`XpP`wf�beh�f¡�od~^j`wsÌpofrxwpoh�d>�P`w�od>s ø 45�R()�����<4:,S*�NO���\pP`kfe`X^j`\sino_a`
��d3t<Ëo_ydgfixzsqtP`kben�fe`w^�dgsqdgt�d>se`�frd>pofrd>srd>t)bv`k|gh��ztÅÃ�pofrxk��noto�oh�£4`wfidg_yxzs~srxz¸ofid3dgs�bex�dgt
d>^
|4`wp���ben�^�x ç Æ· 
�Hdµ|>xz_yh�dgt�£4`Ldgtubexzto|>dgs�|>xzt:n�t:|gxwtc¹inot)brxJ��dµp�xzs�beno^�`w�oxzs�x1¾HÙ¯À-Õ�ãä¾oÁ�l<n�d

d>sibe`w¸o^�d>|gd>t»notP`�srd>frh�dq�od�p�frxzpoh�dg�P`k�odgs©¸P�wsrh�|4`ws©�od�^�xzs{xz¸<¹id>bexws�_�`kbed>_a�cbeh�|>xzs{¸P`º¹ix
d>sibrno�oh�x� �]�sibv`ksXp�frxzpoh�dg�o`w�odgs�srd�`w��_�h¤bed>t�|gxz_yx�«zdgfi�P`w�od>fe`ws>��t�x»srdy�od>_�nodgs�befe`wt
¨�frd>srp�xzto��dgtN`�^�`a�odgsi|gfrh�p�|gh��zt���d3^�xzs~xz¸<¹id>bexws�dgt�|>nodgs�beh��wtÝ¨Ý`�^�`wsqpofixzpoh�dg�P`w��dgs
l)nod��odg¸oh�dgfr`wt�bed>todgf>  á xzs­`º¦�h�xz_�`ws©�od>¸�dgt�srdgfK"hÜÆ�ÈzÕ�ãäé
¾�ÂºÀ�ð�¿�½<Á�"�tox��od>¸�dap�x<�od>frsida�od>�ono|>h�f\^��z}wh�|g`w_yd>t)bed'`»pP`wf�beh�f��odydg^�^�xzs
l)nod�notP`'|gh�dgf�bv`3srd>t)bed>to|>hj`yd>s­sih�_�no^�be�wt�d4`w_yd>t)bed~«zd>fr�P`w��dgfe`3¨��-`w^�sr`��
h�hjÆ
À6Ö
Ç
½)é�½<Ö/Ç
À�½HÖ�Â?½<Á�"/toh�to}zË�t'`c¦Hh�xz_�`�srd��od>¸�d�p�x<��dgf��od>_yxzsibrfe`wf§`qpP`wfibrh�f���dg^

fidgs�bex'¨
h�h�hjÆ�Á4Écý§ÈuÀ�½HÖ�Â?½<Á�"©bex<�P`ks~^j`ks�pofixzpoh�d>�P`w��dgs~l)nod�d>t)bed>to�od>_�xzs~l)nod��od>¸�dgtÝse`kbrh�sâ�

�-`k|gdgf�^�xzs�xw¸H¹idZbexzs�l<n�d�dgs�bv`w_yxzs~fidgpofidgsidgt)be`wto�ox��od>¸Kd>tÝp�x<�odgfisrd��od>�ono|gh�fq`apo`wfibrh�f
��d\^�xzs�`c¦Hh�xz_a`ksg 
ª�tP`Ý«zd>£�d>sibe`w¸o^�d>|gh��oxzs'^�xzs'`c¦Hh�xw_a`ws>�¡dg^�frd>sibexµ�odM(^����(^�A�P�9*9�:���Oô����P�9*9�:���8*2��x�����2� ��Ns*2�¯sid©xz¸�brh�d>todgt�_ydg�oh�`wtubedÊ�od>�ono|>|gh�xwtodgs§^��z}zh�|g`ws
x

demostraciones
`~po`wfibrh�f
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�odX^�xzs­`c¦Hh�xz_�`ws�x��od\xwbefixzs�brdgxzfidg_�`ws�pofrdZ«Hh�`w_ydgt)brd\�od>_�xwsibefr`w�oxzs>  á xzs�be�>fr_yh�toxws^�dg_�`��
|>xzfrxw^j`wfih�xa¨�p�frxzp�xzsih�|>h��zt�sidydg_ypo^�dg`wtµpo`wfe`�|>h�d>fibex�beh�p�x»��d'bed>xzfrd>_a`ksg �ª�t
lema

dgs�not$bed>xzfrd>_a`9_a�ks�srh�_ypo^�d�l)nod�srd�dg_ypo^�d4`9pP`wfr`L�od>_�xzs�befr`wf�xwbrfrxL_a�ws
|gxz_ypo^�dâ¹ixo �ª�t

corolario
dgsXnotµbed>xzfrd>_a`�l)nod�dgsX|>xztosidg|gn�dgto|ghj`���h�frd>|>be`»�odyxwbefix

bedgxwfrdg_�`�p�frd>«<h�xo ¡]�^�be�gfi_�h�toxo(^� ��()�����A���A_21�d>s©srh�t��ztoh�_�xX�od>^Kbe�>fr_yh�t�xO�!���2� ��N=*w ¡�Hd
srnod>^�d�p�frd>��d>frh�fy^�`�pP`w^�`w¸ofe` bed>xzfrd>_a`�pP`wfe`�¢odg|v¢oxzs�_a�ksyfidg^�dZ«k`wtubed>s�¨´^�`�pP`w^�`w¸ofe`
pofrxzp�xwsrh�|>h��wt�pP`kfe`3¢odg|v¢oxzs­_��ws�srd>|gnoto�o`wfrh�xzsg 
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fid4`w^�h�£g`wf�fr`w£gxzto`w_yh�dgtubexzs�d>_�po^�d4`w_yxzs�sidgt)brdgto|>hj`ksql)nodXdgsibe�wt |>xztod>|>bv`k�P`ws~dgtubefid
sr�Êp�xwfX|gxzt�dg|>brh�«k`ks�^�h�to}%$o��s�beh�|g`wsg  á `�^��z}wh�|g`�pofrxzp�xwsrh�|>h�xzto`w^¡sidax<|gnopo`��od>^Êdgs�beno��h�x�od�^j`ws�|gxzt�dg|>brh�«k`ks�^�h�to}&$o��sibrh�|4`ws�d>t)brfrd�pofrxwpKxwsrh�|gh�xwtodgs> �ª�tP`aé/¼ºÕmé�ÕKÁgÀ6ÈuÀ�åKÖLdgsqnotP`
srdgtubed>to|gh�`­l<n�dÌponodg��dÊsrd>f¯«zdgfi�P`w�od>fe`��k|gh�fr|>notosibe`wto|>hj`�l)nodÌh�t��oh�|g`wfrd>_�xws¯`ksrx<|gh��wto�oxw^j`
dg^�«c`w^�xzf©�od�«zd>fr�P`w�

V
�ox3�-`w^�sr`���dgt»|gnH¨zx�|4`ksrxy^�d�`ksrx<|gh�`wfidg_yxzs�d>^�«k`w^�xzf©�od�«zdgfi�P`w�

F
 �Þ�nod>sibefix�pofrh�to|gh�pP`w^¯h�t)brdgfr�>s~d>t frd>^j`w|>h��zt»|gxzt�^j`y^��z}zh�|4`'pofixzp�xzsrh�|gh�xztP`w^
dgs~�od�¹r`wf
dgsibe`w¸o^�dg|>h��ox dg^{po`wp�dg^{l)nodX¹in�dg}u`wt9^j`ws�|>xztod>|>brh�«k`ws�^�h�to}%$oh¤sibeh�|g`ws\¨äsinos3|gxwtodg|Zbeh¤«zxzs
^��z}wh�|>xzs�`wsrx<|>hj`k�oxzs�dgt»frdg^�`w|>h��zt�|gxwt�^�xzs�|>xzto|>dgp�brxzs���d=ô����8�9*9�»¨��:��NO�����<�8*:���A_21P 
á `ws�|gxwtodg|Zbeh�«c`ws�^�h�to}%$o�¤sibeh�|g`ws~p�dgfr_yh�brdgtÝ|gxwtosibrfrnoh�f�pofrxwp�xzsrh�|gh�xwtodgsq|gxz_yponod>sibe`ws` pP`wfibrh�f���d�xwbefr`ws�_��ws�sih�_ypo^�d>sg �ù~si�Î��srh{^�xzs�sr��_�¸Kxw^�xws

p
¨
q
frd>pofrd>srd>t)bv`ktJp�frxk�

p�xzsrh�|gh�xwtodgs�}zd>to�gfih�|g`wsg��^j`ks�|gxwtodg|Zbeh�«c`ws�^�h�t�}%$o��s�beh�|4`ksX_a�ks�dg_ypo^�dg`w�P`wsXsrxztL^j`ks�l)nod
`wpP`wfidg|>dgt�dgt»^j`�srh�}znoh�dgt)brdqbv`w¸�^j`7"

Ä�Õ�Ö¯½<ÈwÂºÀ�Û�¾µ¿-À6Ö¯î�')(-Á>Â?À�Èz¾ ÄXÕ�Ö
½<ÈwÂºÀÜÛ�Õä¿�å�î�À-ÈzÕ ë*(-ãÝð¡Õ�¿�Õ ë+½ ½<Á4Èz¼cÀ�ð¡½
Ö
Õ

p + �A@9*:���A_21 ¬ ¬p
p

ç
q

Ï?�21ECD4:1n���A_21 ∧ p ∧ q
p
Õ
q , ����÷24:1n���A_21 ∨ p ∨ që�À

p
½<Ö�Â?ÕKÖ
Èz½<Á

q
Ñ�N¶(^,Y�A�P*:���A_21 ⇒ p⇒ q

p
Á4ÀRçÅÁgÕ�¿�Õ9ÁgÀ

q
Ò ø 4:�3ô2*�,���1n���+* ⇔ p⇔ q

• ]�^
srh�}ztoh à |4`w��x'�od>^
|gxzt�dg|>brh�«zxy^��z}zh�|gx�todg}u`k|gh��zt�� ¬ �ofrd>srh��od�dgt»l)nod\^�`3pofixzp�xk�srh�|gh��zt ¬p dgs�«zd>fr�P`k�odgfr`�dgtµd>^§|4`wsix»��d'l)nod p srd4`��-`w^�sr`a¨ fidg|g��pofrx<|g`w_ydgtubedl)nod ¬p d>s��-`w^�se`�|>nP`wto��x p dgsX«zdgfr�o`w�odgfr`� Ý¬­d>|gxz}zd>_�xws�dg^Êsrh�}ztoh à |4`k�ox��od>^|gxwtodg|Zbeh¤«zx ¬ dgt»^j`�srh�}znoh�d>t)brde�i*9k',S*=�:�oô����8�9*9��"



Rj- ª/�£� ä ¡¶�~¦?�Õ���Ì¦R«¼å]§�ª/�

p ¬pI ú
ú I

�~dg^¯_�h�sr_yx'_yx<�oxyp�x<��dg_yxzs­frd>|gxw}zdgf­dg^¯sih�}zt�h à |g`w�oxy��dg^¯frd>sibex��od\^�xzs�|>xztod>|>brh¤�
«zxws'"
• á `�srd>t)brdgto|>hj` p∧ q dgs¡«zdgfi�P`w�od>fe`Xsi�z^�x�|gnP`wt��ox p ¨ q srxwt�«wdgfr�o`w�odgfr`wsÊsrh�_3n�^¤�bv�wtodg`w_ydgtubedw  á `�bv`w¸o^�`��odq«zdgfi�P`w�»|>xzfrfidgsipKxwto�oh�dgt)brd\`�dgsibrd�|>xztodg|Zbeh¤«zx'srdgfr���ponodgsK"

p q p ∧ qI I II ú ú
ú I ú
ú ú ú

• á `~srd>t)bed>to|gh�` p∨q �zl)nod�sid�^�dgd p _
q,
�odg¸�d�d>t)brdgto�od>frsid­d>t'srn'`w|gd>p�|gh��wt3_a�ws

`w_ypo^�h�`H��dgs­�od>|gh�fg�
p

_
q

�O*�N=k����
,
|>xzt�^�x'l)nod

p ∨ q
srdgfr�'«zdgfi�P`w�od>fe`�d>t�dg^

|4`wsix���d\l)nod
p
sid4`'«zd>fr�P`k�odgfr`��

q
srdg`'«zdgfi�P`w�od>fe`yx�`k_3¸o`ws�srdg`wt»«zdgfi�P`w�od>fe`ws

srh�_�n�^�bv�ktod4`k_ydgtubed�"
p q p ∨ qI I II ú I
ú I I
ú ú ú

• õ�`wfe`�dgs�bv`w¸o^�dg|>dgf�dg^�sih�}zt�h à |g`w�ox��od�^j`�srd>t)brdgto|>hj` p⇒ q
�ol)nod�srd�^�d>d\���

p
��1oÓ�!�21n�����

q
xqbe`w_�¸oh��gt

p
�3N¶(^,Y�A�P*

q,
�od>¸�dg_yxzs§brdgtod>f�pofrd>srd>t)bed�l)nod�d>t'^�d>to}znP`º¹id

tP`kben�fe`w^w^j`{srdgtubed>to|gh�`
p
�3N¶(^,Y�A�P*

q
dgto|>h�d>frfr`�notP`�frd>^j`w|>h��ztq�od�|4`wnosr`w^�h��P`w�+�?|4`wnH�

se`w^�h��P`k� l)nod3tox�sih�dg_ypofid3`wpo`wfrd>|gd'`w^/n�beh�^�h�£g`wf�d>sibrd'|>xztod>|>beh¤«zx�d>t�d>^��k_3¸�h�bex
��xzfr_�`w^6 Ê�Hd\pofid>brdgto�odXl)nod\dg^
«c`w^�xzfmI�x�ú´�od\^j`3srd>t)bed>to|>hj`

p⇒ q
�od>p�dgto�P`

p�xzf~|>xz_�p�^�d>brxa�od�^�xzs­«c`w^�xwfrdgs��od�«zd>fr�P`w�Ý�od
p
¨
q
�+|>xztÝh�to�od>p�dgto�od>to|gh�`��od



�Ê���¸��¦?«¼å]§�ª/���T���]�J�X `§�ª/§��]�l�£¦ R L
l)nod�d·¦�h�sibv`�x�tox�`k^�}znoto`�fidg^j`k|gh��zt��od�|g`wnosr`w^�h��P`w��|gxzt srd>t)brh��ox�d>t)brfrd

p
¨
q
 

]�t�^�dgto}zno`c¹id�_�`kbed>_a�cbeh�|gx��
p

�3N¶(^,Y�A�P*
q
l)noh�d>frd��od>|gh�f�l)nod­srh

p
dgs�«zdgfr�o`w�odgfr`��

tod>|gd>se`wfrh�`w_ydgtubed
q
dgs�«zd>fr�P`w��dgfe`H��xy^�x'l)nodXd>s�^�xy_yh�si_�x�� ø 45� es imposible

que q sea falsa y p verdadera.
]¡s�bex»d>sg�¯srh�d>^§«c`w^�xzfq��d3«zdgfi�P`w�µ�od

p
dgsI ¨µdg^Ì�od

q
d>s�ú{�
d>^¡«k`w^�xzf\�ody«zdgfr�o`w�9�od

p ⇒ q
dgs�ú?F
po`wfe`�d>^Ìfrdgs�bex ��d

p�xzsih�¸o^�dgsX«k`w^�xzfrd>s��od
p
¨
q
^j`�srd>t)brdgto|>hj`Ýsidgfe��«zdgfi�P`w�od>fe`� ä¥{xwtosrh��o�gfidgsrd�dg^

dâ¹id>_ypo^�x3srh�}wnoh�d>t)bedj"
�Hdg`�^j`�pofrxzp�xwsrh�|>h��ztn"'Ô5� ø 4)��NO��N=*9�:���8*2QXù7*�÷�ù:4:NO�Ã��1Ì��,R*�N=k'�A��1)���Z�
l)nod
frd>pofrd>srd>t)bv`kfrdg_yxzs�p�xzf

p⇒ q
 {]�tubedgt��odg_yxzs�l)nod\dgsibe`ysrdgtubed>to|gh�`�d>s­«zd>fr�P`c�

�od>fe`��Pponod>sibex�l)nod\dgt�t)nodgs�befe`yd·¦�p�d>frh�dgto|>hj`'toxydgto|>xzt)brfe`w_yxzs�notP`'srh¤benP`k|gh��wt
dgty^�`ql<n�d­notP`�_a`k�odgfr`�dgs�be�­`wfr�oh�dgto��x�¨3t�x\pofix<�ono£>|4`�¢<no_yxo ��Hh�t'd>_3¸o`wfr}zx��
^j`'srd>t)brdgto|>hj`ad>s�«zd>fr�P`w��dgfe`�h�to�od>p�dgto��h�dgtubed>_�d>t)brd��odXl)nod�sidXbed>to}u`�_�`w�od>fe`
`'_�`wtox3¨�toxy¢P`?¨z`y¢)no_�x'dgt�d>^
`k_3¸�h�d>t)bedk�o�od\l)nod\toxydgs�bed>_�xzs�l<n�dg_�`wto�ox
_�`w�od>fe`�¨a¢o`?¨u`�¢<no_yx��odg¸oh��ox'`�l)nod�dgs�bv`w_yxzs©l)nod>_a`wt��ox'po`wp�dg^6��x3h�t�|g^�n�srx
�od3l)nod3d>��d>|>beh¤«k`w_ydgtubed�dgs�bedg_yxzs�l)nod>_a`wt��ox�_�`w�odgfr`a¨�srd3dgs�be�3^�^�d>tP`wto��x�dg^
`w_�¸oh�dgtubed��oda¢)no_�x�  ]�t9xwbefr`ws�po`w^j`w¸�fe`ws

p ⇒ q
srh�}znodasih�d>to�ox�«zdgfi�P`w�od>fe`

`wnot�dgt dg^/|g`wsrx�d>t dg^/l)nod
p
srdg`��-`w^�sr` Ã�tox�d>sibrdg_yxzs~l)nodg_�`wto�ox�_�`w��dgfe`zÆ�¨

q
srdg`��-`w^�sr`�Ã-tox�¢P`?¨�¢<n�_�x�d>t�dg^+`w_�¸oh�d>t)bed4ÆZ�

p
sid4`��-`w^�se`\¨

q
sid4`�«zdgfi�P`w�od>fe`

xyh�to|g^�nosrx3l<n�d
p
srdg`'«zd>fr�P`w��dgfe`'¨

q
sid4`3«zdgfr�o`w�odgfr`� Ê]�^
srh�}ztoh à |4`k�ox'�od�dgs�bed

|gxwtodg|Zbeh¤«zx�^��z}zh�|gx�l)nodg�P`yp�nodgs­�od>^
srh�}wnoh�d>t)brd�_�x<�ox7"

p q p⇒ qI I II ú ú
ú I I
ú ú I

¿q¸osr�>fi«zd>srd�l<n�dXp�xzf�dâ¹id>_�po^�xy^�`'sidgtubedgt�|ghj`�Ô5�.-0/1-32�4º��1)���21n�����e��,n���2,/���
4:1^*�����<� ��,3,S*qdgs©«zdgfr�o`w�odgfr`�Ã-sidg}zË�t»dg^�sih�}zt�h à |g`w�ox��odg^�|gxwtodg|Zbeh¤«zxy^��z}zh�|>x�dgs�bv`w¸�^�dg|>h���x'd>t
^j`~bv`w¸o^�`�`wt)brdgfrh�xzfeÆ/¨�srh�t'dg_�¸o`wfr}zx�tox\d·¦�h�sibrd­fidg^�`w|gh��zt'`w^�}wnotP`q�od�|4`wn�se`w^�h��P`w�3dgtubefid
^j`ws�p�frxzp�xzsih�|>h�xztod>s�srh�_ypo^�dgs©l)nod\dgt»dg^�^j`�h�t)brdgfi«<h�dgtod>t� 
]�s©h�_�p�xwfibv`kt)bed��odgs�bv`w|g`wf©l)nod~�od~^j`�bv`w¸�^j`X`wt)brdgfih�xzfÌsrd~srh�}znod�l<n�dqpP`wfr`���dg_yxzs��

befe`kfÌl)nod�^j`�sidgtubedgt�|gh�`
p⇒ q

d>sÌ«zdgfi�P`w�od>fe`��H¸P`ksibv`\|gxwtadgs�beno��hj`wfÌd>^�|g`wsrxXdgtad>^�l)nod
p
dgs�«zdgfi�P`w�od>fe`��Pponodgs�bex�l)nod�srh

p
d>s��-`w^�se`���^j`�srd>t)brdgto|>hj`

p⇒ q
dgs�«wdgfr�o`w�odgfr`� 

ù$^�`ws§srd>t)bed>to|>hj`ws
p
¨
q
^j`ks§�odgtoxw_�h�tP`wfidg_yxzsg�wfrd>srp�dg|Zbeh¤«k`w_ydgtubedw�)¾PÖ�Â?½<Èz½HÇ¯½<ÖKÂ?½

¨NÈzÕ�Ö
Ág½<ÈuÉ
½<ÖKÂ4½ �od�^j`�pofixzp�xzsrh�|gh��zt
p⇒ q.
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á `�srd>t)bed>to|gh�` q ⇒ p
dgs���dgtoxz_yh�to`w�P`�Á>½HÖ�Â?½<Ö/ÈuÀ�¾Ý¼º½<È5(�é/¼ºÕ
Èz¾ ��d�^j`Xsrdgtubed>to|gh�`

p⇒ q,
¨�^�`qsrd>t)bed>to|>hj` ¬q ⇒ ¬p Ág½<ÖKÂ4½HÖ
ÈuÀ�¾�ÈzÕ�ÖKÂ?¼º¾o¼º¼º½<È5(-é
¼ºÕ
Èz¾a�od�^�`qsidgt)brdgto|>hj`

p⇒ q.

• á `\pofrxwp�xzsrh�|gh��zt p⇔ q
�<l)nod~srd�^�d>d

p
���~÷
���2,���srh

q
�Hx\bv`w_�¸oh��gt

p
� ø 4`�3ô2*�,��£*

q
dgs�«zd>fr�P`k�odgfr`y|gnP`kto�ox

p
¨
q
beh�dgt�dgt»dg^
_yh�sr_yx�«k`k^�xzf©�od�«zdgfi�P`w���Pdgs��odg|>h�fK"

p q p⇔ qI I II ú ú
ú I ú
ú ú I

õ�`wfe`Lfidgpofidgsidgt)be`wf»p�frxzp�xzsih�|>h�xztod>s�d>_�po^�d4`wfidg_yxzs�^�xzs�sr��_3¸�xw^�xws
p
�
q
�
r
 ¤ � Øxo�

^�x9l)nodÝd>s�^�x9_yh�si_�x���d>_ypo^�dg`wfrd>_�xzs�^�xzsasr��_�¸�xz^�xws
p
�
q
�
r
 ¤ � #|gxz_yxäÛ�¾o¼cÀ-¾oð/¿�½HÁ

é
¼ºÕmé¡Õ�Á4À-ÈuÀ-Õ�Ö¯¾P¿-½<Áw 

���
	��76 89
.:0;=<=>��@?��A<CBA:3
.BD
��E�����! ��
ª­tox»�od'^�xws��odgsi|gno¸�frh�_yh�d>t)brxzs�_��ws�srxwfrpofidgto�od>t)brdgsX|gxztµd>^�l<n�dytoxzs�dgt�|gxztubefe`k_�xzs
`k^Êd>sibrno�ohj`kf�^��z}zh�|4`�|gxwtosrh�sibedad>tLl)noda^j`�«k`w^�h��od>£��odanoto`��od>�ono|g|>h��zt9�od>pKd>to�od�dZ¦)�
|>^�nosih�«k`k_�d>t)brd��od�^j`OpôÕm¼kãN¾µl)nod��gs�bv`3bed>to}u`���¨�toxy��dg^
p�xzsih�¸o^�d�sih�}zt�h à |g`w�ox3�od�^�`ws
p�frxzp�xzsih�|>h�xztod>s�l<n�d\dgt»dg^�^j`�h�t)bed>fi«<h�d>tod>t� ¡ù~si�
p�xzf�d�¹idg_ypo^�x��o^�`ws��od>�ono|>|gh�xwtodgsK"

ÈwdZbv`'dgs­n�tP`'frx?¨u`'x=ÈwdZbv`'dgs�^j`wfi}u`ÈwdZbv`'toxydgs�notP`'fixº¨u`
p�xzf�^�x�bv`wtubex0Èwd>be`yd>s­^�`wfr}u`

¥{no|>n��-`kbrx�d>siben��ohj`'x�¥{no|>n��-`kbex'befr`w¸P`º¹r`
¥{no|>n��-`kbrx�tox'dgsibrno�oh�`
p�xzf�^�x�bv`wtubex�¥{no|>n��-`kbex'befr`w¸P`º¹r`

sixztLh�}zno`w^�_'dgtubedy«k�w^�h��P`ksg��h�to�od>p�dgto��h�dgtubed>_�d>t)brd��od�l)nod�d·¦Hh�s�bv`wtLx toxÝ^�`ws\ÈwdZbv`ws>�
��dXl)nodXsid4`wt�xytox�^j`kfr}u`ws>�P�od\l)nod�¥{no|>n��-`kbrxad>sibeno��h�d\xybefr`w¸P`º¹id�x�h�to|>^�nosixy�od\l<n�d
d·¦Hh�sibe`y`w^�}wnoh�d>t�l)nod\srd�^�^�`w_ydq`wsr�6 
]�sibv`ks­�oxzs��od>�ono|g|>h�xwtodgs�beh�dgtod>t»^j`�_�h�sr_�`���xwfr_�`7"
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p ∨ q
¬p
q

�~xzt��od�srd�d>sibe�'frd>pofrd>srd>t)bv`kto�ox�dgt�|4`w�o`'^���t�d4`�notP`3�od�^j`ws©pofixzp�xzsrh�|gh�xztod>sg��¨�sid
¢P`wtÝsrd>pP`wfe`k�ox�^�`ws~¢oh�p��wbrdgsih�s~�od3^�`a|gxwto|g^�nosrh��ztÝp�xwfqnotP`�^���tod4`�¢oxwfrh�£>xzt)be`w^Î ��Hxw¸ofrd
dgsibrxy«zxw^�«zd>frdg_yxzs�_a�ws�`k�odg^�`wt)brdw 

I¡dg`w_�xws�xwbefix»d�¹idg_ypo^�x�pP`wfe`�`w|g^�`wfe`wfq^�x�l<n�d�d>t)brdgto�od>_�xwsXp�xwf���xzfr_�`��od'notP`
pofrxzp�xwsrh�|>h��wt�"
^j`ks�p�frxzp�xzsih�|>h�xztod>s��+�P*9k�*8CE�O�01n�0�<�8*9k�*8CE��¨º�������2÷e����1)�i*9�:�O�01n�M�������2÷e����1)�i*9�:�

beh�d>todgt3^j`~_yh�si_a`­��xwfr_�`
p∨¬p. á `~bv`k¸o^j`~�od{«zdgfr�o`w�y�od©dgsibe`q��xzfr_�`~pofixzp�xzsih�|gh�xztP`k^

p ∨ ¬p dgsK"

p ¬p p ∨ ¬pI ú I
ú I I

]�s��od>|gh�fg�o|>nP`w^�l)noh�dgf©pofixzp�xzsrh�|gh��zt�l)nod�brdgto}u`3^�`���xzfi_a`
p ∨ ¬p srdgfr�3«zd>fr�P`w��dgfe`h�to�od>p�dgto��h�d>t)bed>_�d>t)brd\�od>^�«k`w^�xzf��od�«zd>fr�P`w�»l<n�d�bed>to}u`

p.
á `µ��xzfi_a`���d�^�`wsypofixzp�xzsrh�|gh�xztodgs'«k`ä`µdgsibe`wf��od>brdgfi_�h�tP`w�P`µp�xwf�|>�z_�xNd>sibe�wt�oh�siponodgs�bexzs»^�xzs�|>xztod>|>brh�«zxzs {¬,∧,∨,⇒,⇔} , p�xzf�^�x´l<n�dµ«k`k_�xzs»`´h�t)brfrx<�on�|gh�f^j`Ý�od à t�h�|gh��zt1�od�pôÕm¼cãä¾Ué
¼ºÕ�é�Õ�Á4À-ÈuÀ-Õ�Ö¯¾P¿�pP`wfe`�dgs�beno�oh�`wfy`wl)nodg^�^j`ws'p�frxzpoh�dg�o`w�odgs

l<n�dÝËot�h�|g`w_�d>t)brd��odgp�d>to�od>t��od ^�`N_a`ktodgfr`ädgtA^j`Nl)nod dgsibe�wt$|gxz^�x<|4`k�oxzsa�oh�|v¢oxzs
|gxztod>|>brh�«zxzs�^��z}wh�|>xzs'"
F�½9ý�Ö/À-ÈuÀ-å�Öµ�mó���ó+�HG�,S*�Ns*�� ��NO���$pôÕm¼cãä¾ é
¼cÕmé�Õ�Á4À6ÈuÀ�Õ�Ö
¾o¿JI8�eWE_2�DNe4:,S*LKº*���47*�,×Ó
ø 4`�A���$���K(^� �����A_21
WE�2�DN=*9�9*¼()�2�NM

*LK¾ô2*��D�+*9k',����m(^� ��()�����A���A�21^*�,����£�A*�,����e���2NO�
p, q

Q
r, ...

k�K¾,����$���21n�����<�3ô�����,�_P@��A����� ¬,∧,∨,⇒,⇔
��K¾,����m(7*���×�1)���������

(, )

÷����217���+��4:�+�9*s4`�+�3,Y�SZ�*�1^�:�0,S*2�£���S@�4`�A��1)�����¼� �A@�,S*2�OM
P ö�ÏÅ47*�, ø 4`�A����ô2*����+*9k',���(^� �D()�����A���A�21^*j,~���¼4`1^*lWE�2��N=*�(^����()�����A���A�21^*�,
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-:ö�Ô5� A ÷ B ���21sWE�2�DN=*2�¶(^� ��()�����A���A�21^*�,���� Q¶��1)���21n�����e�A*�N=k'�A×�16,��O���21

(¬A) ,
(A ∧ B) , (A ∨ B) , (A ⇒ B) ÷

(A ⇔ B)

]�t�^�`�pofr�w|>brh�|g`�srdÌsrnod>^�dgtXsrnop�frh�_yh�f
^�xzs¯pP`kfr�gtubed>srh�s
dgt�`wl)nod>^�^�xws¯|g`wsrxzs
dgtX^�xws¯l<n�d
`k^�¢P`k|gd>fr^�x�tox»sidypofix<�ono|>d�`w_�¸oh�}%$odg�o`w�� '�Hdg³o`w^j`wf~bv`w_�¸oh��gtÝl<n�dw�
|gxz_yx�«zd>frdg_yxzs
d>t ^�`ysrd>|g|>h��zt ²  �#<��^j`yfidg}z^�` R ponodg��d�sidgf~sih�_ypo^�h à |4`k�P`'pofrd>sr|>h�to��h�dgt��ox���d�`w^�}znotoxws��d\^�xzs�|gxwtodg|Zbeh¤«zxzsg 
ê§ßg½<ãäé�¿�ÕÌ�Pó���ó��QGc*����K(^�������A_21

∨p¬ ∨ ¬q
1n�o����4:1^*HWE�2�DN=*?(h� ��()�����A���A�21^*�,RI�()�2�X�VCE��N¶(^,��T()�2� ø 4)�l���2Ne�A��1:Z�*?()�2�?4:1����21n�����+�3ô��
∨ K�QRNe�A��1)�+�8*2� ø 45�¼,S*����K(^� �����A_21

((p ∧ (¬q))⇒ r)

��>Å,��;���m()�2� ø 45�£���S@�4)�o,S*2�¼� �i@�,S*2�o�:����4B���217���<�D4)�����A_21^öÎXk���×��Dô������ ø 45�ld:,Y�<�3N=*?WE�2�DN=*l(^� ��()�����A���A�21^*�,2(^4)�P�:�]�����X����(^� ������1)�A*9�9*¼���31�*�N3Ók'�S@&S)�P�9*9�0��4�(^�D�3Ne�A��1^�:�£(7*�� ×�1)���������m()�2�
(p ∧ ¬q)⇒ r.

¥©`w�P`\��xzfr_�`�pofrxwp�xzsrh�|gh�xwtP`w^obeh�dgtod�`wsrx<|>hj`w�P`\noto`Xbe`w¸o^�`\�od­«zdgfi�P`w���Hl<n�dqfidg|>xz}zd
^�xzs��oh�sibeh�t)brxzs�«k`k^�xzfidgs��od�«zd>fr�P`k�J��d�^�`���xzfi_a` `w^©`wsih�}ztP`kf�«k`w^�xzfidgs

V
¨
F
`Ý^�`ws

��h�sibrh�tubv`ws�«k`wfihj`w¸o^�dgs\h�tu«zxz^�n�|gfe`k�P`ws>  á `»bv`w¸�^j`»�od�«zdgfi�P`w�´`ksrx<|gh�`w�P`�`�noto`���xzfr_�`p�frxzp�xzsih�|>h�xztP`k^�sid­p�nodg�od�|gxzt�sibefinoh�f�sih�s�bedg_��kbrh�|4`k_ydgt)brd�`�pP`wf�beh�f��odg^opofrx<|>dg�oh�_�h�dgtubex
d>_�p�^�d4`k�ox'pP`kfe`3|gxzt�sibefinoh�f��oh�|v¢P`���xzfi_a`�pofixzp�xzsih�|gh�xztP`w^<"
ê§ßg½<ãäé�¿�ÕÌ�Pó���ó�� Ï?�217���<�D4)�����A_21O�:��,S*¼�A*9k',S*
�:��ô����P�9*9�¼�:�m,S*ÅWE�2�DN=*�(^����()�����A���A�21^*�,

(p∧¬q)⇒ r

• á x�pofrh�_�d>frx�dgs\��d>bed>fr_yh�tP`kf�^�xws�pP`wsrxws\srd>}znoh��oxzs�dgtNsinN|gxwtosibrfrno|>|gh��wt� O¿q¸H�
sr�gf�«zdgsid�l)nod\srd>}zËot�^�`ws�frd>}z^�`ws��od\|>xztosibrfrno|>|gh��zt���d\��xwfr_�`ws�pofrxzp�xwsrh�|>h�xwtP`w^�dgs
srh�d>_ypofrd'sidybrh�d>tod'notNËo^¤beh�_'x�|gxzt�dg|>brh�«zx�l)nod'«k`»sidgpP`kfe`wto��x�^j`�pP`wf�bed'�ody^j`
�odgfidg|v¢P`�¨9^j` ��d�^j` h�£gl)noh�dgfr�o`Ýl)nod�srxzt1p�frxzp�xzsih�|>h�xztod>s3_��ws3sih�_ypo^�d>s�Ã-|>xzt
_�d>toxzs�|>xztod>|>brh�«zxzseÆ�"
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(p∧¬q)⇒ r
↙ ↘

(p∧¬q) r
↙ ↘

p ¬q
↓
q

• ]�tµsidg}zn�to�ox»^�no}u`wf~sid'|>xztosibrfrn�¨zd'^j`apofih�_ydgfe` à ^j`a�od3^j`�bv`w¸�^j`�bed>toh�d>to�ox�d>t|gn�dgtubv`y�oh�|·¢�xzs�pP`ksrxzsK"

p q ¬q (p∧¬q) r (p∧¬q)⇒ r

• ]�t�bedgfi|gd>f{^�no}u`wf¡d>sibv`k¸o^�d>|gd>_�xzsÌbrx<�P`wsÌ^j`ws¡p�xzsrh�¸o^�d>sÌsrh�brnP`w|>h�xzt�dgsÌ�od­«zd>fr�P`w�ax�-`w^�srdg�o`w�»��d\^�`ws�pofih�_ydgfr`ws©«c`wfrh�`w¸o^�dgs���dg^
dgt)noto|>hj`w�oxyl)nod�h�tubedgf�«Hh�dgt�dgt�"

p q ¬q (p∧¬q) r (p∧¬q)⇒ rI II ú
ú I
ú ú

• ú�h�tP`w^�_yd>t)bedÌsid{«c`wt�frd>^�^�d>tP`wt��ox~d>^Hfrd>sibrx���d{^j`ws
|gxz^�no_ytP`ws¯bedgt�h�dgt��oxqd>t3|>nodgt<�bv`ap�xzfqnotP`�pP`wf�bed�d>^?���S@�1)� Um�P*9�:���od�^�xwsq|>xztod>|>beh¤«zxzs�^��z}zh�|gxzs ¬,∧,∨,⇒,⇔¨�pKxwf�xwbefr`��ol)nod�|4`w�o`3«zdg£�l)nodX`wpo`wfrd>|gd�notP`3t<nodZ«k`'«c`wfrh�`w¸o^�dqpofrxwp�xzsrh�|gh�xwtP`w^
dgs�p�frdg|>h�six'|>xz_ypP`wfr`wf{^j`ks{srh�brnP`w|>h�xztod>s©�od~«zdgfi�P`w��x��-`w^�srd>�P`w��xw¸�bed>toh��P`ks©|gxzt
^�xws��oxzs�p�xzsih�¸o^�dgs©«k`w^�xzfrd>s���d�«zd>fr�P`k���od�^j`�t<nodZ«k`'«k`kfrhj`k¸o^�dqpofixzp�xzsih�|gh�xztP`k^A"
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Ã6õ�`ksrxyh�tubedgfi_�d>�oh�x)Æ

p q ¬q (p∧¬q) r (p∧¬q)⇒ rI I ú ú II ú I I I
ú I ú ú I
ú ú I ú I

ú
ú
ú
ú

Ã-�/`w¸o^�` à tP`k^ÜÆ
p q ¬q (p∧¬q) r (p∧¬q)⇒ rI I ú ú I II ú I I I I
ú I ú ú I I
ú ú I ú I II I ú ú ú II ú I I ú ú
ú I ú ú ú I
ú ú I ú ú I

ê§ßg½)¼kÈuÀ-ÈuÀ�Õ��ØÏ?�217���<�D4:�3�¶,S*2�¶�A*9k',S*2���:�¶ô����P�9*9�0�:�¶,S*2�l���S@�4:�A��1)�!����WE�2�DN=*2�T(^����()�����ÜÓ���A�21^*�,����OM
P ö ¬ (p ∨ q)
-:ö

(p ∧ ¬p)
T ö ¬ (p ∧ ¬p)
4^ö

p⇒ (q ∧ ¬r)
U ö ¬ (p ∧ q)⇔ ((¬p) ∨ (¬q))

���
	��V	 W�<�?9��
��!
�"�X!<��ZY[:3<�\�
���<�;=�����]��
��Z�)^��!��>�
��
F�½9ý§Ö
À-ÈuÀ-å�ÖÙ�Pó���óS�`_�1^*MWE�2�DN=*&(^����()�����A���A�21^*�,J���¥4`15*�acb0deagfihVfkjil�b ���¼�!�2N=*���,ô2*�,��2�nm¾��47*�, ø 4`�A���8* ø 4)�l���P*\,S*mWE�2�DN=*=��1 ø 45�£*2���S@�1n��NO���l,����Jô2*�,��2� ���nm¾_po�*e,S*2�
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ô2*����+*9k',����£(^����()�����A���A�21^*�,���� ø 4)����1­��,3,S*f�31)�����Dô��A��1n��1^öq_�1^*\WE�2��N=*=(^� ��()�����A���A�21^*�,���&4:1^*srkfitua!vwb�xRycrzr%yc{it����¼���jN=* ��,Xô2*�,��2�|o���47*�, ø 4`�A���8* ø 45�����P*6,S*OWE�2�DN=* ��1
ø 45�s*2���S@�1n��NO���\,����0ô2*�,��2� ���}mÙ_no�*�,S*2�0ô2*��D�+*9k',����J(^����()�����A���A�21^*�,�� � ø 4)�M��1 ��,3,S*�31)�!���Dô��A��1n��1^ö
ê�ßg½<ãäé/¿-Õ��Pó���ó�®

(p⇒ q)⇔ ((¬p) ∨ q) ���J4:1^*$�A*Ê4:���2,��P@�>+*
���A@�d:1M���]���S@�45�¶�:�X��4�i*9k',S*M�:�oô����8�9*9�5M

p q p⇒ q ¬p (¬p) ∨ q (p⇒ q)⇔ ((¬p) ∨ q)I I I ú I II ú ú ú ú I
ú I I I I I
ú ú I I I I

ê�ßg½)¼cÈuÀ6ÈuÀ�Õº��Í?� �Êk�*�� ø 45�&,S*2�;���S@�4`�A��1)�����¼WE�2��N=*2�e(^� ��()�����A���A�21^*�,�� �M���21��i*�4:�!�2,��cÓ@�>+*2�OM
P ö

(p ∧ (p⇒ q))⇒ q

-:ö
((p⇒ q) ∧ (q ⇒ r))⇒ (p⇒ r)

T ö
((p⇒ q) ∧ (¬p⇒ q))⇒ q

4^ö
((p ∨ q) ∧ ¬p)⇒ q

U ö
(p ∧ ¬p)⇒ q

ê�ßg½)¼cÈuÀ6ÈuÀ�Õº��Í?� �Êk�*�� ø 45�&,S*2�;���S@�4`�A��1)�����¼WE�2��N=*2�e(^� ��()�����A���A�21^*�,�� �M���21��i*�4:�!�2,��cÓ@�>+*2�OM
P ö

((p⇒ q) ∧ (q ⇒ p))⇔ (p⇔ q)

-:ö
(p⇒ q)⇔ ((¬q)⇒ (¬p))

T ö
(p⇒ q)⇔ ((p ∧ ¬q)⇒ (¬p))

4^ö
p⇔ (¬p⇒ p)

U ö
p⇔ ((¬p)⇒ (q ∧ ¬q))
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F�½9ý§Ö
À-ÈuÀ-å�ÖÙ�Pó���ó�²�Ô5� A ÷ B ���21JWE�2�DN=*2�/(^� ��()�¯�D�A���A�j15*�,����R���J���A��� ø 4)� A À6ãNé�¿-À�ÿÈz¾N¿�åmî�À6Èz¾PãN½HÖ�Â?½»¾ B ���Å,S*JWE�2�DN=*¼(^� ��()�����A���A�21^*�,

(A ⇒ B) ���¼4:1^*O�i*�4:���j,�� @�>+*9ö
¿~brfe`ws©��xzfr_�`ws©¢P`w¸oh¤benP`w^�dgs©�od��odg|>h�f A �3N¶(^,Y�A�P*=,�_P@��A�P*�NO��1)���o* B srxztÂ"
• B dgse���217������4)��1n���+*=,�_P@��A�P*��od A
• A d>se���21^���A���A_21���4DUm���A��1)�!����d B
• B dgse���21^���A���A_21¥1n�������'*��D�+*��od A  

ù�tP`w^�h�|gd>_yxzs©dg^
sih�}ztoh à |g`w�ox'��d\d>sibe`y�od à toh�|gh��zt�"
srh

(A ⇒ B) dgs�notP`µbe`wn�bexw^�xz}w��`Ýdgtubexzto|>dgsadgs�h�_yp�xzsrh�¸o^�d�`wsrh�}ztP`wf3«k`w^�xzfrd>s���d«zd>fr�P`k��`3^�`ws{«k`wfihj`w¸�^�dgs©p�frxzp�xzsih�|>h�xzto`w^�d>s©��d A ¨ B �od�_�`wtod>fe`�l<n�d A srd4`$I ¨ Bsid4`yú{ 
]�tCxwbrfe`wsapP`w^�`w¸ofr`ws'"N�Hh

(A ⇒ B) dgs�notP`äbv`kn�bexz^�xz}z��`�¨ A dgsOI��{d>t)brxzto|>dgs
t�dg|gd>se`wfihj`w_yd>t)bed B dgs]I� 
�~dg^
dâ¹id>fr|gh�|gh�x R brdgtod>_yxzs�l<n�d�"

p ∧ (p⇒ q) implica lógicamente
`

q
(p⇒ q) ∧ (q ⇒ r) implica lógicamente

`
(p⇒ r)

(p⇒ q) ∧ (¬p⇒ q) implica lógicamente
`

q
(p ∨ q) ∧ ¬p implica lógicamente

`
q

(p ∧ ¬p) implica lógicamente
`

q

~ ð�Ág½)¼?Û�¾PÈuÀ-å�Ö��mó���óþ±#Ò�,^ù5����ù)�0�:� ø 4)� p ∧ (p⇒ q)
�3N¶(^,Y�A�P*0,�_ @��A�P*�NO��1)���¼*

q
���,S*s� �i@�, *;�:�¼�31EWE��� ��1n���+* ø 45�£������4)��,��e���21n�������\���2NO��ãäÕ
Ç
É/Á'é�Õ�Ö¯½HÖ
Á9ö

G�*�� �A@�,S*'ãäÕ
Ç/É
ÁaÂ?Õ�¿�½HÖ
Á¥���s��,�ù)����ù)�;�:� ø 4)� (p ⇒ q) ∧ ¬q �3N¶(^,Y�A�P*;,�_P@��A�P*wÓNO��1)���
* ¬p ö
F�½9ý§Ö
À-ÈuÀ-å�ÖÙ�Pó���ó�¹�Ô��P*�1 A ÷ B �:���eWE�2�DN=*2�M(^� ��()�����A���A�21^*�,����&���º���A��� ø 4)� A½:��É
À�Û�¾P¿�½�¿�åmîKÀ-Èz¾PãN½HÖ�Â?½�¾ B ���T,S*£WE�2�DN=*
(^� ��()�����A���A�21^*�,

(A ⇔ B) ���
4`1^*M�i*�4<Ó���2,��P@�>+*9ö
ù�tP`w^�h�|gd>_yxzs©dg^
sih�}ztoh à |g`w�ox'��d\d>sibe`y�od à toh�|gh��zt�"
srh

(A ⇔ B) dgs�notP`µbe`wn�bexw^�xz}w��`Ýdgtubexzto|>dgsadgs�h�_yp�xzsrh�¸o^�d�`wsrh�}ztP`wf3«k`w^�xzfrd>s���d«zd>fr�P`k�9`»^j`ks�«k`wfrh�`w¸o^�dgs�p�frxzp�xzsih�|>h�xzto`w^�d>s��od A ¨ B �od�_�`wtod>fe`�l)nod�d>^�«k`w^�xwf��od«zd>fr�P`k���od A sid4`'�oh���d>frdgtubed���dg^�«k`w^�xzf©�od B  ]�t�xwbrfe`ws�pP`w^�`w¸ofe`ks'"�sih
(A ⇔ B) d>s­notP`3be`wn�brxz^�xz}w��` A d>sXI�srh�¨�sixz^�x3srh B dgsI��o¨ A dgs­ú´sih�¨�srxz^�x'sih B d>s�ú{ 
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ê�ßg½)¼cÈuÀ6ÈuÀ�ÕÃ��Í?� �Êk�*�� ø 4)�M,����=���S@�4:�A��1)�!���¼([*�� ���;�:�JWE�2�DN=*2�¼(^����()�����A���A�21^*�,�� �0�E�j1,�_P@��A�P*ÊNO��1)���\� ø 4:�3ô2*�,���1)�!���

¬¬p ÷
p

(p ∧ q) ∧ r ÷
p ∧ (q ∧ r) I ∧ ���
*2���¯���+*��+�3ô2*LK

(p ∨ q) ∨ r ÷
p ∨ (q ∨ r) I ∨ ���
*2���¯���+*��+�3ô2*LK

(p ∧ q) ÷
(q ∧ p) I ∧ ���$���21)Ne4:�i*��+�3ô2*LK

(p ∨ q) ÷
(q ∨ p) I ∨ ���$���21)Ne4:�i*��+�3ô2*LK

p ∧ (q ∨ r) ÷
(p ∧ q) ∨ (p ∧ r) I ∧ ���\�������+�D�+k'4`�+�3ô2*O� ����()�������s�:� ∨ K

p ∨ (q ∧ r) ÷
(p ∨ q) ∧ (p ∨ r) I ∨ ���\�������+�D�+k'4`�+�3ô2*O� ����()�������s�:� ∧ K

¬ (p ∨ q) ÷
(¬p) ∧ (¬q) ,���÷O�:� , �qÐº�2�<@9*�1

¬ (p ∧ q) ÷
(¬p) ∨ (¬q) ,���÷O�:� , �qÐº�2�<@9*�1

(p⇔ q)
÷

(q ⇔ p)
p ∧ V ÷

p
p ∨ F ÷

p
(p⇒ q)

÷
(p ∧ ¬q)⇒ F�~d>^¯d�¹idgfr|>h�|>h�x ç bed>todg_yxzs�l)nod�"

(p⇒ q) ∧ (q ⇒ p) equivale lógicamente
`

(p⇔ q)
(p⇒ q) equivale lógicamente

`
(¬q)⇒ (¬p)

(p⇒ q) equivale lógicamente
`

((p ∧ ¬q)⇒ (¬p))
p equivale lógicamente

`
(¬p⇒ p)

p equivale lógicamente
`

((¬p)⇒ (q ∧ ¬q))õ/xzf�xwbrfrx~^j`w��x~dg^Hdâ¹id>_�p�^�x ²   ç  g#�h�t��oh�|g`�l)nod
p⇒ q

dgs§d>l<n�h�«k`k^�dgtubed{^��z}wh�|g`w_yd>t)brd
` ¬p ∨ q  ]�sibe`�bv`k¸o^j`��odyd>l<n�h�«k`k^�dgt�|gh�`ws�^��z}zh�|4`wsqp�xzt�dy�od'_a`ktoh à d>sibrx�^�xzs�sih�}znoh�dgtubed>s�frd·�
srno^¤bv`w�oxws'"
²   á `�d>l)noh�«k`k^�d>to|gh�` (p⇔ q)

dgs
V
srhÌ¨Nsrxw^�x�sihÊ^j`wsXh�_�p�^�h¤|4`k|gh�xzt�dgs

(p⇒ q)
¨

(q ⇒ p)
sixzt

V
 

R   á `~h�_ypo^�h¤|4`w|>h��zt (p⇒ q)
d>s§^��z}wh�|g`w_yd>t)bedÌdgl)noh¤«k`w^�dgtubed©`~srn¥���21)�+�8*���� ����>g(^� ���P*

(¬q)⇒ (¬p)  
ç  ­]�^�(^�D�31n���g(^�A���:�e���P��4)�����A_21a*�,H*¸k��D4`�8�:�2"~^j`�«zdgfi�P`w�µ�od

p
d>s�d>l)noh�«k`k^�d>t)bed'`k^

¢od>|·¢�x\�od�l)nod�srn'tod>}u`w|>h��zt ¬p h�_ypo^�h�l)nod{notP`q|gxwt)befr`w�oh�|g|gh��zt� �]�s�bed�¢odg|v¢ox�srdsrn�sibed>t)be`�d>t�^�`3sih�}znoh�dgtubed�d>l<n�h�«k`k^�dgt�|ghj`�^��z}zh�|g`���p�frdgsidgtubv`w�P`�`kt)bed>frh�xzfr_ydgtubedj"
p equivale lógicamente

`
((¬p)⇒ (q ∧ ¬q))
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]�sibv`ks�dgl)noh¤«k`w^�dgto|>hj`ks~^��z}zh�|g`ws�toxzs~p�dgfr_yh�brh�fr�wt�pofidgsrd>t)be`wf�`k^�}znoto`ws�br�g|>toh�|g`wsq�od

��dg_yxzsibrfe`w|>h��zt� Äù~t)brdgs�h�t)brfrx<�on�£g|4`k_�xws�|gxwt�pofrd>|gh�sih��zt$dg^�sidgt)brh��ox´l)nod�brh�d>tod�d>^
¢�dg|v¢ox��od�l)nod\not»fe`k£gxzto`w_�h�dgtubex3srdg`y|>xzfrfidg|Zbexo 
F�½9ý§Ö
À-ÈuÀ-å�ÖÙ�Pó���ó�³�Ô��P*�1 A1, ...,An

÷ B WE�2�DN=*2�¶(^� ��(5�����A���A�21^*j,����'ö�Ô��s���A��� ø 4)�4:1B�8*�Z2�21^*�Ne�A��1)�!�=�:��,��+�g()�
de A1, ...,An se deduce B

���/ÈzÕm¼c¼º½<ÈwÂ?Õf�Ê¿-åmî�À6Èz¾PãN½<ÖKÂ?½qÛ�íP¿6À-Ç¯ÕM��� A1∧...∧An

�3N¶(^,Y�A�P*¶,�_P@��A�P*�NO��1)�!� B ��Qn,��
ø 4)�l���?,��JNe����NO��Q^�������?�3N¶()�����+k',��]��1n���21)�+�P*��T4`1M�P*2���¼��1M��, ø 45�T���A��1^�:�lô����P�9*9�:���8*2�,S*2�¶����1)����1n���+*2� A1 QAö3ö3öSQ An

���P*XWK*�,g�'*0,S*e����1)�!��1n���+* B ö©Í ,S*2�¶����1)����1n���+*2� A1 QAö3ö3öSQ An,S*2�O�:��1n�2Ne�31^*�NO�E��é/¼º½<ã9À-Ág¾PÁÂ��Ú
À-é�åPÂ?½<Á4À-Á&÷f*f,S*�����1)����1n���+* B ÈzÕ�Ö/Èu¿-É/ÁgÀ-å�Ö��
Â4½HÁ4À-Á9ö
õ�`wfe`��oh�sibrh�to}zn�h�fÌ^�`wsÊpofrd>_�h�se`wsÊ�odq^�`X|gxzt�|g^�n�srh��wt��Hdg^Kfe`w£>xztP`k_�h�dgtubex�`kt)brdgfrh�xzfÊsrd

sinodg^�d�frdgp�frdgsidgtubv`wf­p�xzf
A1   
An

B
ê§ßg½<ãäé�¿�ÕÌ�Pó���ó+�:·�Ò?,n���S@�4:�A��1)���o�8*�Z2�21^*�Ne�A��1)���O���e���2�D� �����!�&M

p⇒ q
p
q

�)* ø 45� ((p⇒ q) ∧ p)⇒ q
���¼4`1^*s�i*�4:�!�2,��P@�>+*9ö

ê§ßg½)¼kÈuÀ-ÈuÀ�Õ6® , ���!���DNe�31^*��J������,h���S@�4`�A��1)���¼�P*�Z2�21^*�Ne�A��1)���O���e���2�D� �����!�&M
(p⇒ (q ∨ r))
(q ⇒ ¬r)

p
q ∧ ¬r

ê§ßg½)¼kÈuÀ-ÈuÀ�Õ6²UÑ'�:��1)�+� Um�P*��l*9�:����4[*9�9*�NO��1)���X,S*2�J�������<�31)�A*2�����21n�����+�3ô2*j�],Y�31:@&S`>��D�<�A�P*2�X÷,S*2��ô2*��D�+*9k',����?(^� ��()�����A���A�21^*�,�����QR��k'�!��1n���£,S*2��(^� ��Ne���'*2�£÷0,S*;�D�21n��,�4¸���A_21&÷M�����<47���+*��,S*sô2*�,Y�+�:�PZ$�:�¼,����£���S@�4`�A��1)�����¼�8*�Z2�21^*�Ne�A��1)�!���OM
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P ö�� ���$4`1Â��47k�@���4�()�O���X���e1n�Mô2*:��>A��Q¶���21)�<�A��1n�e*�,/1n��4:�<� �;÷f���O�����D�8*9�:�
(7*��P*,S*M��()���8*:���A_21^ö�Ô5�e� ���£1n�$ô2*:��>A�\÷O�������8*9�:�l(7*��P*e,S*M��()���8*`���A_217QT��1)�!�21n�����9����21)�+�A��1n�J*�,)1n��4:�<� ��ö�Ò?1¥���217������4)��1n���+*2Q����#� ���������D�8*9�:�m(7*��8*\,S*0��(5���8*:���A_217Q
� ���¼4:1¥��4[k�@��D4�(5��ö

-:ö�Ô5�
a

���o4:1B1)d:NO�����£()���3WE�����!�M��1)���21n�����
a

���](7*��¼÷
n

���o�3N¶(7*��Kö
a

���m(7*��¼÷
n

1n�M���¼�3N£(7*��Kö]Íl�2�$���217���S@�4:�A��1)���
a

1n�;���m()���3WE�����!��ö
T ö�Ô5�H1n�eù7*�÷0ù:4)��,b@9*2Q]�;��,n���31^���A�P*Ê���0Ne�A��1)�!�$�;��,�Ne�31)�����+� �=�+�A��1n�o�P*�Z2_21^ö9�¼*�÷ù:4)��,b@9*­�Ì��1æ�P*2�������21)�+�8*����A� ��,¶Ne�31)�����+� �º���º� ø 4`�3ô����P*9öÕÍl�2�¥,��¾�A*�1)���Ì��,���31^���A�P*����01n�0Ne�A��1)�!�'ö

ê�ßg½)¼cÈuÀ6ÈuÀ�Õa± , �������DN0�315*Ê�J������,h���S@�4:�A��1)�!�¼�8*�Z2�21^*�Ne�A��1)�!�O���$���2�D���������&M
Ô5�0�)����×/@9*�1n_l,S*o�P*��D�����8*o��1)���21n�����HÍX�P��� ��WD45�]��,Ê���A@�4:1^�:���1�]*�NO_21�WD45�]��,Ê�E�i@�4:1^�:��ö
Ô5��ÍX�P��� ��WD4)�;��,����A@�4`1^�:�¥��1)�!�21n�������)����×01n�s@9*�1n_�,S*Ã�P*���� ���8*9ö�Ô5��ÏT*���,����mWD45�M��,���A@�4`1^�:�6��1)�!�21n�����n�m*�NO_21Ì1n�eWD45�f��,?���A@�4`1^�:��ö��)����×s@9*�1n_Ã,S*��P*��D�����8*9ö�G/4)�A@:�
ÏT*���,�����1n�XWD4)�e��,h���A@�4`1^�:��ö
�~d�dgs�bv`�_�`wtod>fe`��/`»pP`wfibrh�f��odypofrxzp�xwsrh�|>h�xzt�dgs�«zd>fr�P`w��dgfe`ks�Ã-l)nod�h�toh�|gh�`w^¤_yd>t)bed

|gxzt���xwfr_�`wt´^�xwsy`º¦�h�xz_�`wsvÆXsrd»p�nodg�od>tÅn�brh�^�h¤£4`wf�fe`w£>xztP`w_yh�d>t)brxzs�«k�k^�h���xzs3pP`kfe`���dZ�
_�xzs�befr`wfql)nodynoto`�t<n�d>«k`�pofrxwp�xzsrh�|gh��wt�d>s�bv`w_�¸oh��gt «zd>fr�P`w��dgfe`H eI¡d4`k_�xws\`k^�}zn�toxzs
dâ¹idg_ypo^�xzs��od��od>_�xwsibefr`w|gh�xztod>s�beh�p�x["
• F�½<ãäÕ�Á>Â?¼º¾PÈuÀ-Õ�Ö¯½<ÁNÇ
À�¼c½<ÈwÂ?¾PÁkñ srd»n�se`wt1pP`wfe`Ýpofrxw¸P`wf3l<n�d�n�tP`�srd>t)bed>to|gh�`�od�^j`���xzfr_�`

p ⇒ q
d>s'«zdgfi�P`w�od>fe`µpP`wfr`�^�x�|gno`w^�n�beh�^�h�£g`w_yxws�^j`Ýsih�}wnoh�d>t)bed

bv`kn�bexz^�xz}z��`�fidg|>nofrsih�«k`w_yd>t)bedj"
((p⇒ r) ∧ (r ⇒ s))⇒ (p⇒ s).

�~dyd>sibv`�_a`ktodgfr`�sih¡p�x<�od>_�xws�|gxzt�sibefinoh�f�notP`�|4`w�od>tP` à t�h�bv`��od'srd>t)bed>to|>hj`ws
«zd>fr�P`w��dgfe`ksq�odX^j`3��xzfr_�`

p ⇒ p1
�
p1 ⇒ p2

�
 � ¤ ��
pn ⇒ q

¢P`w¸�frdg_yxzs­�odg_yxzs��
befr`w�ox'l)nod

p⇒ q
d>s�«zd>fr�P`w��dgfe`H 

ê�ßg½<ãäé/¿-Õ��Pó���ó+�5� , ��NO�����<� ��NO��� ø 4)�o���
x

���
4`1¾��1)�������s�3N¶(7*��¼��4Â��4[*9���8*9�:������3N¶(7*Ê�Kö
Ò�1º�VWE�����!��QÅ���

x
���¼�3N¶(7*��\��1)�!�21n�����\���Ê�����!�¼4:16��1)�!��� �

p
�A*�, ø 45�

x = 2p+ 1
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()�2��,S*¾�:�VUT1)�A���A_21��:�;�������3N¶(7*��'öqo��2��N=*�,YNO��1)���Où)��NO���&�:��NO�����<�8*9�:� ø 4)���D��,S*(^� ��()�����A���A_21

q
����¦æ�����3N¶(7*��M÷

q1
���;,S*�(^����()�����A���A_21Adw�Ê�������e(���1)����� �Ã�i*�, ø 4)���29-'(�/ P ��1)���21n�����¼����1n��NO���¼,S*Oô����8*:���+�9*9�O�:�OM
q ⇒ q1.

, ��ù)����ù)��Qn()�2�
�:�VUT1)�A���A_21B�:�¼�3N¶(7*�� Q
q ⇔ q1

ö
Í�(^,Y�A�P*�1^�:�0,S*2�¼� �A@�,S*2�m(7*��P*0ù7*:�����\��,���4[*9���8*9�:�0����1n��NO���OM

x2 = (2p+ 1)2 = 4p2 + 4p+ 1.

ÒT���A*Ã���04:1^*&�3N¶(^,Y�A�P*:���A_21
q1 ⇒ q2

�:�21^�:�
q2

���0,S*e(^����()�����A���A_21¾���Ê�����!�¶(­��1)��������A*�, ø 4)� x2 ���m(^45�P�:�$�������D�+k'�3�\���2NO�
x2 = 4p2 + 4p+ 1

ö
Ôh*:�P*�1^�:�mWK*:�����2�$���2Ned:1º��k'�!��1n��NO���OM

x2 = 2(2p2 + 2p) + 1.

ÍX�2�¼,�� ø 45�e��1º�VWE�������
x2

���o�3N¶(7*��Kö
ê§ßg½)¼kÈuÀ-ÈuÀ�Õ6¹�Ô��P*�1

a, b
�:���?1)d:NO�������?1^*��+4:�P*�,����

a, b ∈ N = {1, 2, 3...} ö©Ô��]�:�VUT1n�
ø 4)� a > b

���l���Ê�������e4`1a1)d:NO��� �;1^*��+4`�8*�,
c ∈ N

�A*�, ø 4)� a = b + c
ö , ��NO�����+�8*��

ø 4)�����
a > b

÷
b > c

��1)���21n�����
a > c

ö
• F�½<ãäÕ�Á>Â4¼c¾oÈuÀ-å�Ö�é�Õ�¼äÈzÕ�ÖKÂ?¼º¾oé�Õ�Á4À�Â?À�Û�Õ¯ñ�|gxztosih�s�bed�dgt´nHbeh�^�h�£4`kfX^�`�dgl)noh¤«k`c�^�d>to|gh�`3^��z}zh�|4`���d\^�`ws�sidgt)brdgto|>hj`ks

p⇒ q
¨ ¬q ⇒ ¬p.

ê§ßg½<ãäé�¿�ÕÌ�Pó���ó+�`��m[*�NO���¶*0�:��NO�����<�8*�� Q�49�'*�1^�:�o,S*0�:��NO�����+�P*:���A_21
()�2�£�D�21)�+�8*�()�cÓ���3�+�3ô���QT,S*O�3N¶(^,Y�A�P*:���A_21&������>g(^� ���P*O�:��,/�VCE��N¶(^,��=*�1)�������A�2�NM
x2 impar implica x impar.

, �'kK��NO�����:��NM�����+�8*��
��1)�!�21n����� ø 4)�$���¼ô����8�9*9�:���8*=,S*e����1)�!��1n���+*;���21)�+�8*���� ����>g(^� ���P*5M
x no impar implica x2 no impar.

Î�� ø 4`�3ô2*�,���1)����NO��1)���OM
x par implica x2 par.

G�� ø 4)�o���où7*:���
NO�P���+*�1)���
4:1^*��:��NO�����<�8*:���A_21Â���3� �D���A*M�+�:×�1)�<�A�P*�*;,S*��:��,H�VCE��N¶(^,��*�1)�����D�A�2��Qm�P*�N=k'�+*�1^�:�$,S*;�:�VUT1)�A���A_21B�:�¼�3N¶(7*���()�2�¼,S*M�:�](7*��Kö
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• F�½<ãäÕ�Á>Â?¼º¾PÈuÀ-å�Ö�é�Õm¼ä¼º½<Ç
É/ÈuÈuÀ�åKÖ�¾P¿�¾�ð�Á4É¯¼cÇ
Õ¯ñ�|>xztosih�sibrd�d>t´nHbeh�^�h�£4`kfX^�`dgl)noh¤«k`w^�dgto|>hj`3^��z}zh�|4`�dgsi|gfrh¤bv`y`kt)brdgfrh�xzfr_ydgtubed
p⇔ (¬p⇒ (q ∧ ¬q)).

]�sibrx�dgsg�msinop�xztod>f�l)nod\^j`�¢oh�p��wbrdgsih�s�d>s�«zdgfr�o`w�od>fe`��m^j`3|>xzto|>^�nosih��zt�dgs��-`w^�se`�¨
^�^�dg}z`wf�`3notP`'|>xzt)brfe`w��h�|g|>h��wt� 

ê�ßg½<ãäé/¿-Õ��Pó���ó+�:� , ��NO�����<�8*�NO���s��,����S@�4`�A��1)���$ù)����ù)�&Me���
a

���04:1¾1)d:NO��� ��� �P*�,gQ
a > 0,

��1)���21n����� 1
a
> 0

ö
_��'*�NO���
,S*
(^� ��(^�A�P�9*9�;�:�
,��������S@�1n��� ø 45�
�31^���A�P* ø 45�0��,[(^� �'��45�����M�:�$�:���o1)dHÓNO�������s� �P*�,��������o()���������3�+�3ô������l÷¥���2,S*�NO��1)���0�����B*�N=k����0���21B()�����3�<�3ô������B*�N=k�������21f1n�i@9*��+�3ô����'ö
Ô54�()�21:@9*�NO��� ø 4)�M,S*6���21n��,Y49���A_21­���JWK*�,g�'*B÷f,S*¥ù:�g()_2�!�����������Oô����8�9*9�:���P*2Q
�����������Q
a > 0

÷ 1
a
≤ 0

ö�ÒT�s��ô��+�:��1)��� ø 45� 1
a
6= 0

(^45���
a 1

a
= 1

ö\ÍX�2�\�A*�1)����Q¶���2NO����,(^���'��4)���!�
a 1

a
= 1

Q]��1)���21n�����
a < 0

��1º�D�21)�+�8*9���A�����A_21Â���21f,S*=ù:�g()_2���������
a > 0.

• F�½<ãäÕ�Á>Â?¼º¾PÈuÀ-å�ÖCé�Õm¼�Èz¾PÁgÕ�Áwñ\|>nP`wto��x�sid�beh�dgtod�notP`�h�_�p�^�h¤|4`k|gh��zt��odg^/beh�p�x
p⇒ a1 ∨ a2 ∨ ...∨ an

pP`wfr`X�odg_yxzsibrfe`wfÊl)nod
p⇒ q

d>s©sin à |>h�d>t)bed~�odg_yxzs�befe`kf
l)nod

a1 ⇒ q
¨�l<n�dy � ¤ 

an ⇒ q
 

ê�ßg½)¼cÈuÀ6ÈuÀ�Õº³ , �������DN0�315*Ê�s,S*Ã�A*�4:�!�2,��P@�>+* ø 4)�£CD49���+� Um� *6��,?NM×����'�:�B�:���:��NO�����<�8*wÓ���A_21s()�2�$�P*2�����'ö���*:�����¼,S*s�i*9k',S*M�:�oô����8�9*9�¼(7*��8*
n = 2

ö
ê�ßg½<ãäé/¿-Õ��Pó���ó+�9�ØÔ��P*

x ∈ N
�:��NO�����<�8*�NO��� ø 45�=��,~� ���������:�$���3ô��+���3�

x2
��1)�<� �A4��_2,��£(^45�P�:�¼�!�2N=*���,����¼ô2*�,��2�������;_ P öÏ?�2NO�����M�+�A��1n� ø 4)�s���

x ∈ N
��1)�!�21n�����

x
���o(7*����

x
���O�3N£(7*�� Q\��1)�!�21n������:�'k���NO�¯��(^� ��k�*�� ø 4)�OM���

x
���m(7*��$��1)���21n�����£���$��4`N¶(^,��¼,S*M*8UT�DN=*:���A_21¥÷ ø 4)����

x
���¼�3N¶(7*��\��1)�!�21n�������i*�N=k'�A×�1&���$��4:N¶(^,��¼,S*;*8UT�DN=*:���A_21^ö

Ò�1º�VWE�����!��QÅ���
x

���m(7*��$��1)���21n�����$���Ê�������
p ∈ N

�:�oNO�'�:� ø 45�
x = 2p

÷¼()�2�¼�A*�1)�!�
x2 = 4p2�:�oNO�'�:� ø 45� x ���¼Ned`,Y�+�g(^,��O�:��47Qm�����!�M����QH��4�� �����!�s*�,~���3ô��+���3��()�2��4º������ö

�¾���
x

���¼�3N¶(7*��\��1)�!�21n�����$���Ê�������
p ∈ N

�:�¼NO�E�:� ø 45�
x = 2p+ 1
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÷�()�2�¼�A*�1)�!�

x2 = 4p2 + 4p+ 1 = 4(p2 + p) + 1()�2��,�� ø 4)�e��,����������O�:�
���3ô��+���3��()�2��46��� P ö
• F�½<ãäÕ�Á>Â4¼c¾oÈuÀ-å�Ö Ç¯½LÇ
Õmð/¿-½<Á»À6ãNé�¿-À�Èz¾PÈuÀÜÕKÖ¯½<Áwñ á `��odg_yxzs�befe`w|>h��wt��od'n�tP`�oxz¸o^�d3h�_ypo^�h�|g`w|gh��wt

p ⇔ q
srd'|gxztu«<h�d>fibedk�
_ydg�oh�`wtubed3^�`�d>l)noh�«k`k^�d>to|gh�`�^��z}wh�|g`

|gxzt
(p ⇒ q) ∧ (q ⇒ p)

�¯dgtN�oxws\�od>_yxzsibefr`w|>h�xztod>sg  á `��od p ⇒ q
¨�^�`��od

q ⇒ p.

ê§ßg½<ãäé�¿�ÕÌ�Pó���ó+�`®�Ð¥�3�8*�1^�:�&,����;�VCE��N¶(^,����£(h� ������1)�A*9�:���;��1¾,S*Ã�:��NO�����+�P*:���A_21����ÜÓ� �����A*\÷e��1;, *e�:��NO�����+�P*:���A_21s4¸�'*�1^�:�¼,S*¼����1)����1n���+*0���21)�+�8*���� ����>g(^� ���P*����mù7*e�:��NO���ZÓ�+�8*9�:�;��,hù)�D��ù)�\���S@�4`�A��1[�!�OM
x

���o�3N¶(7*��¶���Å÷0���2,S*�NO��1)���£���
x2

���¼�3N¶([*��Kö
���
	��
� ����;=�#��
1>�
=>���:i���g?9��<��#�! ��
]�^+_y�>bex<��x3��d�fid>��n�be`w|gh��zt�srh�f�«zdqpP`wfe`��odZbedgfi_�h�tP`wfÊsrh+notP`���xzfr_�`Xpofrxwp�xzsrh�|gh�xztP`w^�dgs
x'toxynoto`3bv`wnHbexz^�xz}z��`�srh�t»t�dg|gd>srh��P`w���od�xz¸�brdgtod>f­sin»be`w¸o^j`��od�«zd>fr�P`w��|>xz_ypo^�dZbv`� 
]�sibedq_y�>bex<��x�|>xztosih�sibrdqdgt�h�t)brdgtubv`wfÊpofixz¸P`wfÊl<n�dq^j`\��xzfi_a`\pofrxwp�xzsrh�|gh�xztP`w^m�P`w�o`

t�x d>s�notP`»bv`kn�bexz^�xz}z��`�¸onosi|4`wto��x�`wl)nod>^�^�xzs�«k`w^�xzfrd>sX�oda^�`ws�«k`wfihj`w¸�^�dgs\p�frxzp�xzsih�|>h�xk�
to`w^�d>sal<n�dÝ¢P`k|gdgtA�-`w^�se`N^j`µ��xwfr_�`Npofixzp�xzsrh�|gh�xztP`w^��P`w�P`H  �Hh�«wdg_yxzs�l)nod dgs�bexLdgs
h�_�p�xwsrh�¸�^�dw�<^j`X��xzfr_�`�pofrxwp�xzsrh�|gh�xwtP`w^Kxz¸<¹idZbex'��d�d>sibrno�oh�x3srd>fe�3todg|>dgse`kfrhj`k_�d>t)brd�n�tP`
be`wn�brxz^�xz}w��`� 
]�t3|4`wsix�|gxztubefr`wfrh�x~tox�^�x~srd>fe�~¨�¢o`w¸ofrd>_�xws§d>to|>xzt)brfe`w�ox�n�toxzs§p�xzsih�¸o^�dgs
«c`w^�xwfrdgs��od�«zdgfi�P`w���od�^�`ws©«k`wfihj`k¸o^�d>s�pofrxwp�xzsrh�|gh�xztP`w^�dgs©l)nod\¢o`w|gd>t�l<n�d\toxy^�x'sid4`� 
]�s~h�_yp�xzfibe`wt)brd\sidg³P`k^j`wf­l)nod�dgsibrd�_y�>brx<�ox�dgs~d>srp�dg|>hj`w^�_�d>t)brd\��dg|>noto�ox��od>¸oh��ox

`�l<n�d�dg^�_ydg|g`wtoh�sr_yx3¸P�ksrh�|>x'l)nod�dg_ypo^�dg`�|gxzt�srh�s�bed�dgt�frdg��no|gh�f�^j`X���zfr_�no^�`X�P`w�P`'`
n�tP`'dZ¦Hpofidgsrh��zt�|g`w�P`3«zd>£\_a�ws�sih�_ypo^�dk 
Û»ÕPÂ?¾PÈuÀ-å�Ö¡ ��Hh A d>s§notP`���xzfi_a`­pofixzp�xzsrh�|gh�xztP`w^)d>t)bexwto|gd>s A : V

Ã�frd>srp�dg|Zbeh¤«k`w_ydgtubed
A : F

Æ+sih�}zt�h à |g`©l)nod¡|gxzt�srh���dgfe`k_�xzs�^j`{pofrxzp�xwsrh�|>h��zt A «zd>fr�P`w��dgfe`XÃ�frdgsip�dg|Zbeh�«c`w_�d>tH�brdX�-`w^�se`uÆ· ~¥{nP`wto��x�^�`y��xzfi_a`yd>sqn�tP`�«k`wfihj`w¸�^�dk���oh�}u`w_yxzs
p
��`y«zd>|gdgs�d>sr|>frh�¸�h�frd>_yxzs

p := V
Ã-frd>srp� 

p := F
Æ· 

ê§ßg½<ãäé�¿�ÕÌ�Pó���ó+�`²�m[*�NO���º*­�:��NO�����+�P*�� ø 45�Ã,S*����S@�4:�A��1)�!�O(^����()�����A���A_21æ���Ã4:1^*�A*�4:�!�2,��P@�>+*O4:�+�3,Y�SZ�*�1^�:�M��,cNO×����'�`�=�:�o� �VWD4:�i*:���A_21�M
((p⇒ q) ∨ (r ⇒ q))⇔ ((p ∧ r)⇒ q)Ô54¯()�21:@9*�NO��� ø 4)�;��4 ô2*�,��2���`��ô����8�9*9�����

F
÷ºô2*�NO����*6�3�&�:�P��4)���A��1^�:�Ã,��¯�ô2*�,��2� ���\�:�oô����8�9*9� ø 4)�$�:�'k���1B����1n���o,S*2�oô2*��D�+*¸k',����](^� ��()�����A���A�21^*�,����

p, q
÷
r

(7*��P*
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ø 45�e���E�;����4:�D�P*9ö­Ô5�

((p⇒ q) ∨ (r ⇒ q))⇔ ((p ∧ r)⇒ q) : F,�P*9kK��1B�:���m()�����+k'�3,Y�+�9*9�:����Q ø 45�o�3� ��NO���
�:���'*��D� �2,3,S*�1^�:�¶(7*2���s*¼(7*2���&M
�Ok'�A��1 �Ok'�A��1

(p⇒ q) ∨ (r ⇒ q) :
m

(p⇒ q) ∨ (r ⇒ q) :
o÷

((p ∧ r)⇒ q)
M9o ÷

(p ∧ r)⇒ q
MJm�:�\�:�21^�:� �:�\�:�21^�:�

(p⇒ q) ∨ (r ⇒ q) :
m

(p⇒ q) :
oÅQ
(r ⇒ q) :

o
(p ∧ r) :

m
, q :

o
(p ∧ r)⇒ q

MJm,Y4)�A@:� ,Y45�A@:�
(p⇒ o

) ∨ (r ⇒ o
) :

m
p
MJmnQ

r :
m�Q

q :
o

p :
mnQ

r :
m

(p ∧ r)⇒ q
M|m()�2�¼,�� ø 4)� ()�2�¼,�� ø 45�

(
m ⇒ o

) ∨ (
m ⇒ o

) :
m

(
m ∧ m )⇒ oqM�m���
�:�����3� ���\�:�����3�

o�M�m
(contradicción)

oqM�m
(contradicción)

G�45�A@:�
falla

��,��31)����1)�!�s�:�m(^����k�*�� ø 4)��t�fº���¼4:1^*O�A*�4`���2,��P@�>+*2Qm�=,�� ø 4)�e���¼,��Ne����NO��Q�1n�\���/()�����+k',��X*2���S@�1^*��mô2*�,��2� ���l�:�]ô����8�9*9�\*o,S*2�]ô2*��D�+*9k',�����(^����()�����A���A�21^*�,����
ø 45�m�31)�!���Dô��A��1n��1O�:�mN=*�1n���8* ø 4)�m,S*TWE�2�DN=*m(^� ��()�����A���A�21^*�,

((p⇒ q) ∨ (r ⇒ q))⇔
((p ∧ r)⇒ q)

���P*]WK*�,g�'*2Qn()�2�£,�� ø 4)�$���21n��,Y4:�3NO��� ø 4)�o���A��ù7*XWE�2�DN=*£(^� ��(5�����A���A�21^*j,����Q]�VWE�����+�3ô2*�NO��1)�!��QH4:1^*O�A*�4`���2,��P@�>+*9ö
ê�ßg½<ãäé/¿-Õ��Pó���ó+�7±�Gc*0����1)�!��1n���+*

((p⇒ q) ∧ q)⇒ p1n�����\4:1^*;�i*�4:�!�2,��P@�>+*9ö\Ò�1¾�VWE��������Q��!�2N=*�NO���
((p ⇒ q) ∧ q) : V

÷
p : F

ö�Ï?�2NO�
((p ⇒ q) ∧ q) : V

��1)�!�21n�����
q : V

÷
(p ⇒ q) : V

ö�Ï?�2NM�
p : F

��1)�!�21n������VWE�����<�3ô2*�NO��1)���
(p ⇒ q) : V

ö , �6�������BNO�'�:�
p : F

÷
q : V

ù[*:����1 ø 4)�B,S*����1)�!��1n���+*e���P*
F

÷¼()�2�¼�A*�1)���=1n�;��������NO���
*�1)���o4:1^*O�A*�4`���2,��P@�>+*9ö
���
	��7� �}
�����?A�]��
���<�>����#?A<�>�
���>����#
��A���R���!��
������ �! �"�����<�>A�

BA:3
.BD
��E�����!
������
]¡s¡p�xzsih�¸o^�dw�zn�beh�^�h�£g`wto�oxq^j`ws§dgl)noh¤«k`w^�d>to|>hj`ws�^��w}zh�|4`ws>�zdZ¦Hpofidgse`kfÌ|gnP`w^�l)noh�d>f§��xzfi_a`qpofixk�
p�xzsrh�|gh�xwtP`w^�_�d>�ohj`kt)bed�n�tP`ä��xzfi_a`µpofixzp�xzsrh�|gh�xztP`w^�dgl)noh¤«k`w^�dgtubed�dgt$^�`Nl<n�dÝËot�h�|g`c�
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_ydgtubedX`wpP`kfrdg£>|4`kt�«k`kfrh�`w¸o^�d>s�pofrxzp�xwsrh�|>h�xwtP`w^�dgs�¨�|gh�dgf�bexzs­|>xztod>|>beh¤«zxzs�^��w}zh�|>xzs�srdg^�dg|·�
|>h�xzto`w�oxzs�|gxz_yx'pofrh�_�h¤brh¤«zxwsg �ù�sr�¯p�xwf�dâ¹id>_�p�^�xo��toxydgs­��h�����|>h�^+�od>_�xwsibefr`wf�l<n�dXpo`wfe`
|>nP`w^�l<n�h�dgf���xzfr_�`ypofrxwp�xzsrh�|gh�xwtP`w^ A dgs~p�xzsrh�¸o^�dXdgt�|gxztubefe`kf~notP`���xwfr_�`ypofrxzp�xzsih�|>h�xk�to`w^©d>l<n�h�«k`k^�dgtubed�dgt´^j`�l<n�d�^�xzs�Ë�toh�|>xzs3|gxwtodg|Zbeh�«zxws'l)nod»`wpP`kfrdg£>|4`kt1srdg`wt1^�xzs���dg^
|>xztc¹inotubex {∨,∧,¬}. õ/xzf�d�¹idg_ypo^�xo��srh A dgs­^j`���xwfr_�`3pofixzp�xzsrh�|gh�xztP`w^ B ⇒ C, bedgt<���frdg_yxzs©l)nodq^j`\��xzfr_�`Xpofrxzp�xwsrh�|>h�xzto`w^ A d>s�^��z}zh�|4`w_'dgtubed�dgl)noh¤«k`w^�dgt)brd�` (¬B ∨ C)  �<h A d>s©^�`\��xzfi_a`\p�frxzp�xzsih�|>h�xztP`k^ B ⇔ C �<bed>to�ofrd>_�xws©l)nod~^j`���xzfr_�`\pofrxwp�xzsrh�|gh�xwtP`w^
A dgs�^��z}wh�|g`w_yd>t)brd�d>l)noh�«c`w^�d>t)bed\` (¬B ∨ C) ∧ (¬C ∨ B)  õ/xzf�d>srxLsrd �oh�|>d l)nod ^�xzs�|gxztod>|>brh�«zxzs {∨,∧,¬} |>xztosibrh�brn�¨zdgt$notCÈzÕKÖ<ß4É
ÖKÂ?Õ¾oÇ
½<ÈuÉ
¾oÇ
Õ�Ç
½´ÈzÕ�Ö
½<ÈwÂºÀÜÛ�Õ�Áw yª­beh�^�h�£g`wto��x�^�`ws�^�d>¨zd>sX�ody�~d��»xzfr}u`ktN|>xz_yx�`c¦Hh�xk�
_�`ws©dgs�p�xzsrh�¸o^�d~_�xwsibefr`wf©l)nodqbv`wtubex {∨,¬} |gxz_yx {∧,¬} |>xztosibrh�brn�¨zdgt»|>xztc¹inotubexzs`k�odg|>nP`w�oxzs��od\|>xztod>|>brh�«zxzs> 
]�¦�h�sibrdgt'|gxztº¹inot)brxzs¡`w��dg|gno`w�oxzs��od©|gxzt�dg|Zbeh�«zxws�l<n�d�|gxztos�bv`wt'Ë�toh�|g`w_ydgt)brd©��d�not

d>^�d>_�d>t)bex� Ê�<¢odN�Kdgf­h�t)brfrx<�onc¹ix3dgt ²�¬�²?ç ��xzs­t)nodZ«zxzs�|>xztod>|>beh¤«zxzsg�Pl)nodX`w|ZbenP`w^�_�d>t)brdsid�|gxzt�x<|gd>ty|>xz_yxe1^*�1^�X¨O1n�2�Z �]�sibexws��oxzs§|gxztod>|>brh�«zxzs�beh�d>todgt3}zfr`wt3n�brh�^�h��P`w��d>t'^�`ws
`kpo^�h�|4`w|>h�xwtodgs�`�^�xzs�|gh�fr|>noh�brxzs��ody|>xzto_�n�be`w|gh��zt� ']¡^�|gxwtodg|Zbeh¤«zx�toxzf�srdyfrd>pofrd>srd>t)bv`
|>xzt�d>^Hsi��_�¸�xz^�x ↓ �wsrh�d>to�ox~^j`�srdgtubed>to|gh�` p ↓ q ^��z}zh�|4`k_ydgtubedÌd>l)noh�«c`w^�d>t)brd©` ¬ (p ∨ q)  ]�^Ê|gxztod>|>brh�«zxÝtP`kto�Lsrd�frd>pofrd>srd>t)bv`Ý|>xztLdg^Êsr��_3¸�xw^�x | �§srh�d>to�ox p | q ^��z}wh�|g`w_yd>t)bedd>l)noh�«k`k^�d>t)bed\` ¬ (p ∧ q)  ê§ßg½)¼kÈuÀ-ÈuÀ�Õ��¸· Ï?�2N¶(^� ��k�*�� ø 45�=�A*�1)�!� {↓} ���2NO� {|} ���21����21ECD4`1)�����O*9�:����47*9�:����:�=���21n�����<�3ô����'ö
Í]*��8*�ô����D,������K(^�����'*��
,S*2�?WE�2�DN=*2�l(^� �D()�����A���A�21^*�,����

p ∨ q, p ∧ q
÷

¬p ��1�WD4:1n���A_217Qo��1f(^���3NO���0,Y4Ê@9*�� Q¼�:��,m���21n�����<�3ô�� {↓} ÷¯Q
��1a���A@�4`1^�:��,Y4Ê@9*�� Q
��1WD4:1n���A_21Ã�:��,����21n�����<�3ô�� {|} ö
tor�� î VX[o� ��x �;{ y T {X� � �mx
� Y |
�����9���  &�¡�E:i
1>A?��#���� ���¢£B�:3��>�����<�>A
���Y¤
.¥1���#��
��
.�`?¨��od>�ono|>|gh�xwtodgs�l)nodqsrdqfrdg`w^�h�£4`kta¢P`w¸�h�beno`w^�_yd>t)brd�dgt�_�`kbrdg_��kbeh�|g`wsÌpP`wfe`�^�`wsÊl<n�d
t�x»dgs�p�xzsrh�¸o^�d'`wtP`k^�h�£4`wf~srn�«k`w^�h���dg£3��dgt)brfrx»�od>^¡�w_�¸oh�brx��od'^j`�^��z}wh�|g`���dyp�frxzp�xzsih¤�
|>h�xzt�dgsg ¡õ/xzf�d�¹idg_ypo^�xo��sih
|gxztosih��od>fe`w_yxzs�^�`3�od>�ono|g|>h��wt�"

�/x<��xzs­^�xzs�¢oxw_3¸�frdgs�srxzt»_yxzfibv`k^�dgs
�H�<|gfr`kbed>s­dgs�not»¢oxz_�¸ofid
�H�<|gfr`kbed>s­dgs�_yxzfibv`k^

dXh�tubed>t)bv`k_�xws
formalizarla

Ã-d>sibrx�d>sg�KdZ¦Hpofrd>se`wf~srn���xzfi_a`zÆ©dgt ^��z}zh�|4`3�od�pofixzp�xk�
sih�|>h�xztod>sg�oxz¸�brdgto�ofi�j`k_�xzsK"
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p

q
r

p�xzfq^�x�l)nod3tox�d>s�notÝfe`w£>xztP`k_�h�dgtubex�«k�w^�h��oxÝÃÜbexz_�`wto��x
p : V

�
q : V

¨
r : F

Æ�dgt
|gxztubefe`k�oh�|>|gh��ztN|>xztät<nod>sibefr`�h�t)ben�h�|gh��zt+ �Þ­dg|gd>srh¤bv`w_yxzsXd>t)brxzto|>dgs�n�tP`��odgsi|gfih�p�|gh��zt
_a�ws à tP`3l)nod�p�dgfi_�h¤bv`��oh�s�beh�to}znoh�fÊ^�xzsJù)�2N=k'� ���qÃ�^�xzs©xw¸H¹idZbexzseÆ{�od�srnosm(^� ��(^�A�P�9*9�:���
Ã-pofidg�oh�|4`w�oxwsvÆZ 
¥{xztosrh��od>frdg_yxzs­`w¢�xzfe`3^j`��od>�ono|g|>h��wt�"

�/x<�oxws­^�xzs�t)Ëo_�d>frxzs�pofrh�_�xzs©sixzt»h�_ypP`wfrd>s
ç dgs�not»t<Ëo_ydgfixyp�frh�_yx
ç dgs�h�_ypP`wf

�Hh
srd>pP`wfr`w_yxzs�^�`ws�srd>t)brdgto|>hj`wsK"
T ���](^�D�3NO�
U ���](^�D�3NO�
U ���¼�3N¶(7*��

xz¸osrd>fi«c`w_�xws­l)nodk��`wn�t»srh�d>to�oxy�oh�sibrh�tubv`wsg�o`wpo`wfrd>|gdgt�d>t�d>^�^�`ws©pP`wfibrdgs�|gxw_�notodgsK"
• dgt»^j`ks��oxzs�pofih�_ydgfe`ks�h�t)bed>fi«<h�dgtod�^j`�pofrxzp�h�dg�o`w�B������(^���3NO�
• dgt»^j`ks��oxzs�Ëo^¤beh�_y`ws©h�t)bed>fi«<h�dgtod�dg^
xz¸<¹idZbex U  

]¡s�bv`ws�srdgtubed>to|gh�`ws­ponod>�odgt�srd>f­srh�_�¸�xz^�h�£g`w�P`ws©�od>^
srh�}wnoh�d>t)bedq_�x<�ox7"
�����](^�D�3NO� Í§I¨�NK
�����o�3N¶(7*�� Ñ©Iª�NK
T ���](^�D�3NO� Í§I T K
U ���o�3N¶(7*�� Ñ©I U K
U ���](^�D�3NO� Í§I U K

¿�dgt»dg^
dâ¹id>_ypo^�x3�odg^
|>xz_�h�dgto£>x["
�&���¼NO�2���A*�, ÐZIª�NK
�&���£ù)�2N=k'��� ��Iª�NK

�/`w_�¸oh��gt9d>s3p�xzsih�¸o^�dasih�_�¸�xz^�h�£g`wf\�od�dgs�bed�_yx<�ox�pofrxzp�h�dg�o`w�od>s�l<n�d�`k��d>|>bv`kt´`
«k`wfih�xzs�xz¸<¹id>brxzs'"
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�&���$��,7(7*9��� �
�:�¼÷ ÍAIª�jQ+÷«K
�&�����+4[���+*s,S*��P*��D� ���P*s÷ ÒAIª�jQ+÷«K
�jQ+÷¯Q�Z0�����iõ�1Ã*�,Y�31n�P*9�:��� G¡Iª�jQ+÷¯Q�Z�K
�&���¼�S@�4[*�,�*O÷ ��2l÷
�&���¼N=*�÷¸�2� ø 45�¼÷

x > y

]�ty^��z}zh�|4`��od�pofrd>�oh�|g`w�oxzs�sid���h�sibrh�to}wnodw�zpon�dgsg�)d>t)befid�^�`ws�(^� ��(^�A�P�9*9�:���{ÃÜbv`w_�¸oh��gt
^�^j`w_y`w�o`ws?(^� �P���A�P*¸�:���ºÆÌ¨�^�xzs\��k<CE�������X`'^�xzs�l)nod\�oh�|·¢o`ws�pofixzpoh�dg�P`k�odgs�srd�frd à dgfrd>t� 
]�t�^��z}zh�|g`��)¨�d>t�}zd>todgfr`w^Î��d>t�_�`kbed>_a�kbrh�|4`ksg�Hsid�n�beh�^�h�£g`wta�oxzs©brh�p�xzs{�od�xw¸H¹idZbexzsK"

• ^j`wsyÈzÕ�Ö/Á>Â4¾PÖKÂ?½<Áw�{l<n�d�sixztÅxz¸<¹id>brxzsy|gxzto|>frdZbexzsy¨L��xzfr_�`wt1notJnotoh¤«zdgfrsixä�od�oh�si|gnofisrxo�Pnot»|>xztc¹inotubex
U
�

• ^j`ws­Û�¾o¼cÀ-¾�ð�¿�½<Áw�Kl<n�d3sixztÝxw¸H¹idZbexzs~}zd>to�gfih�|>xzs~l<n�d3t�xzfr_�`w^�_ydgtubed\�odgt�xwbv`w_yxzs|gxzt»^�`ws�^�dZbefe`ks
x, y, z....

¨�l)nod\p�x<�ofr�wt»srn�sibeh¤benoh�frsid�p�xzf�xz¸<¹id>bexws��od
U
 

õ/xzf�dâ¹idg_ypo^�xo��brxz_�`wto�ox�d>^{|gxztº¹inot)brxÝ�od�^�xws�t<Ë�_�d>frxzs�tP`kbrnofe`w^�dgs
U = N

�§dg^
² d>s�notP`�|gxzt�sibv`wtubeda¨Nfrd>pofrd>srd>t)bv`Ýn�tLdg^�dg_ydgtubex��od N

�§_�h�dgtubefe`ws\l<n�d�p�x<�od>_�xws
d>sr|>frh�¸�h�f

x
�PnotP`3«c`wfrh�`w¸o^�dql<n�d\ponod>�od�bexz_�`wf©|>nP`w^�l)noh�dgf©«k`k^�xzf©tP`kbrnofe`k^Î 

á `�|4`wfr`w|>brdgfr��sibrh�|g`�d>srd>to|gh�`w^�l)nod��oh¤��dgfidgto|>hj`�^j`wsÊ«k`kfrhj`k¸o^�d>s{�od�^�`ws{|gxzt�sibv`kt)bed>s�dgsl)nod�^j`ws�«k`wfihj`w¸o^�dgs�ponod>�odgt9srd>f�sinosibrh�ben�h��P`ws\p�xwfX|>nP`w^�l)noh�dgf\xw¸H¹idZbex��odg^ÊÉ
Ö
À�Û�½)¼cÁgÕ
Ç¯½ÝÇ
À-Á4ÈuÉ
¼cÁgÕNdgt»dg^�brfe`wtosi|gnofisrx���d\noto`'�odg��no|g|>h��zt� 
ª�t3é/¼º½<Ç
À6Èz¾PÇ¯Õ�d>s�d>t)bexwto|gd>s¡notP`qsrd>t)brdgto|>hj`�l)nod�h�t)«zxz^�no|>fe`�«c`wfrh�`w¸o^�d>s��od©_�x<��x

l)nod\`w^
sidgf�srnos�beh¤benoh��P`ws�p�xzf�|>xztos�bv`wtubedgs­sid\|gxwt)«<h�d>fibed�d>t�noto`'pofrxwp�xzsrh�|gh��wt� 
õ/xzfqd�¹idg_ypo^�x��+d>^�pofrd>�oh�|g`w�ox��B���J(^�D�3NO�asid3|gxwt)«<h�d>fibrd3d>t�noto`�pofrxzp�xwsrh�|>h��zt `w^

sinosibrh�ben�h�f
x
p�xzf�not»t<Ëo_ydgfixytP`cbenofr`w^Î 

á xzsqpofrd>�oh�|4`w�oxwsqsrd3pon�dg�od>tµfrd>pofrd>srd>t)bv`kf�p�xwfqsr��_�¸�xz^�xws��od>^�brh�p�x P (x)
�
Q(x)

�
R(x)

 ¤ � Xl<n�d'srd3�odgtoxw_�h�tP`wtBpôÉ/Ö
ÈuÀ-Õ�Ö¯½<Á�é
¼cÕmé�Õ�Á4À6ÈuÀ�Õ�Ö
¾o¿-½<Á�x�bv`w_�¸oh��gtÝÁg½<ÖKÂ?½<Ö�ÿ
ÈuÀ�¾PÁ~¾oð/À-½)¼?Â?¾PÁk §ª�tP`q«zd>£�l)nod�sid�¢P`4¨u`�`wsrh�}ztP`w��x�not3«k`k^�xzf§`w�od>|gnP`w��xX`q^j`�«k`wfihj`w¸o^�d
x
^�`3��noto|>h��zt�p�frxzp�xzsih�|>h�xzto`w^

P (x)
�P`y^�no}z`wf­`ynoto`�pofixzp�xzsih�|gh��zt»�od\^j`'l)nodXdgs�p�xk�

sih�¸o^�d ` à fr_�`wfasih~dgs�«wdgfr�o`w�odgfr`Lx9�-`w^�se`H  õ/xzfadâ¹id>_�po^�xo��srh
P (x) :=

�­���=(^���3NO�
d>t)brxzto|gd>s

P (3)
d>s�«zd>fr�P`w��dgfe`H�P¨

P (4)
d>s��-`w^�se`� 

õ/xzf©xwbefr`�^j`ks{��not�|gh�xztodgs©pofrxzp�xwsrh�|>h�xzto`w^�dgs{pon�dg�od>t�bedgt�dgf�_a�ks©�od�n�tP`�«c`wfrh�`w¸o^�dk 
ù�sr�¯p�xzf�dâ¹id>_�p�^�xo�osrh

Q(x, y, z)
�odgsih�}zto`y^j`3srd>t)brdgto|>hj`

x+ y = z
�Pbed>to�ofrd>_�xws­l<n�d

^�`ws�srd>t)brdgto|>hj`ws
Q(1, 2, 3)

¨
Q(2, 2, 4)

sixzt�«zdgfr�o`w�odgfr`ws�¨�l)nod
Q(1, 2, 5)

dgs��-`k^�se`H 
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�����9�76 ��
�����?A<��]�i��¬A�#<�>A
.:3����?��A�����*:i��<���Y¤�#­��!�5�i�����#�!<��
¥{xz_yx�¢�dg_yxzs�«<h�s�bexo�znoto`q��n�to|gh��zt3p�frxzp�xzsih�|>h�xzto`w^+Ã-xqsrdgtubed>to|gh�`�`w¸oh�dgfibe`uÆ¯ponodg��d��P`kf
^�no}u`kf�`�n�tP`�pofixzp�xzsrh�|gh��zt1Ã-xo�
^�x�l)nodyd>s\^�x�_yh�si_�x���sidyp�nodg�ody|>dgfife`wfeÆ�`wsih�}ztP`kto�ox
«k`w^�xzfrd>sX|gxzto|>frdZbexzs��odg^Ên�toh�«zd>frsrx��oda�oh�sr|gn�frsrxÝ`�^�`ws\«c`wfrh�`w¸o^�dgs\l)nod�d>t9dg^�^j`�h�t)brdgfâ�
«Hh�dgtod>t� µ��t)befix<�ono|>h�_yxzs�`w¢oxzfr` xwbrfe`�_a`ktodgfr` �od�|gd>frfe`wf�^�`ws�srdgtubed>to|gh�`wsy`k¸oh�d>fibe`wsg�
nose`wt��ox�^�xzs�|>nP`wt)brh à |g`w�oxwfrdgs�not�h�«zdgfise`w^�¨�d·¦Hh�s�bedgt�|ghj`k^Î 
² Æ�¥{xztosih��od>frdg_yxzs­^j`'d·¦Hpofrd>srh��wt�"lÍ]*��8*M���'�:����k<CE���������:�o4`1Ã4:1)�3ô��������O�:�$�����ZÓ��4`� ����_æ����ô����D� Um�P*

P (x)
  á `µ��fr`wsrd�(7*��8*a���'�:����k<CE�����®���:�¯_"sid��odgt�xz_�h�tP`

ÈuÉ
¾PÖ�ÂºÀVý�Èz¾PÇ¯Õm¼�É/Ö
À�Û�½)¼cÁg¾P¿
¨�srd�frd>pofrd>srdgtubv`yp�xzf ∀x ∈ U
 

�Hh�^j` ��n�to|gh��zt1pofixzp�xzsrh�|gh�xztP`w^
P (x)

fidgsino^�be`�srdgfyn�tP`µp�frxzp�xzsih�|>h��ztL«zd>fr�P`w��dgfe`
`w^
srn�sibeh¤benoh�f­^j`'«k`kfrhj`k¸o^�d

x
pKxwf�|gnP`k^�l)noh�d>f�d>^�d>_�d>t)bex��odg^
notoh¤«zdgfrsix��od��oh�sr|>nofrsix

U
�

�oh�fidg_yxzs�l)nodO(7*��8*B�!�'�:�Â��,���NO��1)�!�
x

�:�
U

,S*M(^� ��()�����A���A_21
P (x)

���Mô����8�9*9�:���8*w 
õ/x<�odg_yxzsqd>sr|>frh�¸oh�fq`k¸ofrdZ«Hh�`w�P`k_�d>t)bed�^�`�srh�}wnoh�d>t)bedXsrd>t)bed>to|gh�`�l)nod�frd>srno^¤bv`asrd>fq«zd>f��
�P`w�od>fe`7"

∀x ∈ U P (x).

R Æ+õ/xzf
xwbrfe`©pP`wf�bedw�ºdg^z¢od>|·¢�x­�od¡l)nod¡pP`kfe`�`k^z_ydgtoxws
not\d>^�d>_�d>t)brx
*��od>^znotoh�«zd>frsix
�od\�oh�si|gnofisrx

U
^j`3srdgtubed>to|gh�`

P (a)
srdg`�n�tP`ypofrxwp�xzsrh�|gh��wt�«zd>fr�P`w��dgfe`H��toxzs­p�dgfi_�h¤bed

` à fr_�`wf�l)nod�^�`ypofixzp�xzsrh�|gh��zt����Ê�������
4`1a��,���NO��1)�!�
x

�:�
U

�A*�, ø 4)�\,S*
(^����()�����A���A_21
P (x)

���oô����8�9*9�:���8*w��l)nod\dZ¦Hpofidgsr`w_�xws­�od���xzfr_�`�_a�ks�¸ofrdZ«zdXp�xwf
∃x ∈ U P (x)

dgs�«wdgfr�o`w�odgfr`� 
á `»��fe`wsidÂ���Ê�������O4:1���k<CE�����|�Â�:��,m�D�21ECD4:1)����_ srda�od>toxz_yh�to`�ÈuÉ¯¾PÖKÂ?ÀVý�Èz¾PÇ
Õm¼

½)Ù
À6Á>Â4½HÖ
ÈuÀ-¾o¿¯¨�srd�frd>pofrd>srdgtubv`yp�xzf ∃x ∈ U
 

ù~si��ponodgs>�
pP`wfe`ap�x<�od>f�`ksrx<|gh�`wf~not «k`k^�xzf��od�«zdgfi�P`w�JÃ-x���^�x�l)nod3d>s�^�x�_yh�sr_yxo�
h�t)brdgfipofrdZbv`wfeÆ3`�notP`µsidgt)brdgto|>hj`N`w¸oh�dgf�bv`��Ìdgsytodg|>dgsr`wfrh�xN|gd>frfe`kfr^j`ÝpofrdZ«<hj`w_ydgtubedNÃ-sid
�oh�|>d­l)nod­notP`\srd>t)brdgto|>hj`\dgsÌ|gdgfife`w�o`Xsihmtox\brh�d>tod�«c`wfrh�`w¸o^�dgs�srh�ty|gno`wt)brh à |g`wfvÆ· ¡¥{xw_�x
¢odg_yxzs�«<h�s�bex�noto`�srd>t)brdgto|>hj`�sid¡ponodg��dÌ|>dgfrfr`wf¯`wsrh�}ztP`wto��x�|>xztos�bv`wtubedgs
`�^j`ws+«c`wfrh�`w¸o^�d>s
l<n�d�dgt'd>^�^j`�h�tubedgf�«<h�dgt�dgt'x�|gno`wt)brh à |g`wto�ox��oh�|v¢P`ws�«k`wfihj`w¸�^�dgs> §�Hho^�`ws�«c`wfrh�`w¸o^�d>s§d>sibe�wt
|gnP`wtubeh à |4`k�P`wsg��dg^­«k`k^�xzfy�od�«zdgfr�o`w�$�od>pKd>to�odÝ��dg^�notoh¤«zdgfrsixL��d �oh�sr|>nofrsixLl)nod sid
|gxztosih��od>frdk Ìù�sr�
p�xzf�dâ¹idg_ypo^�xo��^j`�srd>t)bed>to|gh�`

∃x ∈ U (x2 = 2)
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d>s{«zd>fr�P`w��dgfe`�d>t�d>^Knotoh¤«zdgfrsix3��dq�oh�sr|>nofrsix3��dq^�xzsÊt<Ë�_�d>frxzs{fid4`w^�dgsqÃ

U = R
��sih�d>to�ox

x =
√
2
ÆZ�{p�d>frxNdgsy�-`w^�se`�d>tÅdg^�not�h�«zd>frsrxN�od���h�sr|>nofrsixä�od»^�xzs't)Ëo_ydgfrxws�d>t)brdgfixzs

Ã
U = Z

¨u`'l)nod √
2 /∈ Z

ÆZ 
�Hh+d>^+notoh¤«zdgfisrx3�odq�oh�sr|>nofrsrx3d>s à t�h�bex��Hdg^K|gnP`wtubeh à |4`k�oxzf{notoh¤«zdgfrsr`w^+pon�dg�od�sinosibrh¤�

brnoh�fisrd­p�xwfÌnot�t<Ëo_ydgfix à t�h�bex��od�|>xztc¹inot�|gh�xwtodgs¡¨'dg^m|gno`wt)brh à |g`w�oxzf¡dZ¦Hh�sibed>to|gh�`w^mp�xzf
n�t�t)Ëo_ydgfrx à toh¤bex'��d\��h�si¨<not�|gh�xwtodgs> 
õ/xzf»d�¹idg_ypo^�x��~srh�^�xws�«k`w^�xzfrd>s»p�xwsrh�¸�^�dgs��odµ^�`L«k`kfrhj`k¸o^�d

x
srxzt

a, b, c,
Ã
U =

{a, b, c} Æ©^�`3sidgtubedgt�|ghj`'|gd>frfe`k�P`
∀x ∈ U P (x)

d>sg�Pp�xzf��od à toh�|gh��zt��
P (a) ∧ P (b) ∧ P (c)¨�^j`3sidgtubed>to|gh�`
∃x ∈ U P (x)d>sg�Pp�xzf��od à toh�|gh��zt��

P (a) ∨ P (b) ∨ P (c).]�s�bv`wsa�od à t�h�|>h�xztod>sa_�nod>sibefr`wtAl)nod�^�xws�|>nP`wt)brh à |g`w�oxwfrdgsad·¦Hh�sibrdgto|>hj`w^�¨1notoh¤«zdgfrsr`w^
sixzt»notP`3��xzfi_a`3`w¸�frd>«<h�`w�P`3�od�dgsi|gfrh�¸oh�f©^�xzs�|>xztod>|>beh¤«zxzs ∨ ¨ ∧  
�����9�V	 89
.:0;=<=>���B�:3��>�����<�>A
��
¥{xw_�x�d>t d>^
|g`wsrxa�odX^�`y^��z}zh�|4`3pofrxwp�xzsrh�|gh�xwtP`w^
d>t�^j`'^��z}wh�|g`'�odXpofidg�oh�|4`k�oxzs�xz¸�srdgfâ�
«c`w_�xws¡l)nod­^�`q«k`w^�h��od>£�x\tox\��d­|>h�dgf�bexzs�fe`w£>xztP`w_yh�d>t)brxzs�d>sibe�\dgtysrny��xwfr_�`� §�Hdg`\p�xzf
d�¹idg_ypo^�x dg^©fe`k£gxzto`w_�h�dgtubexÝ`wtubedgs3|gxzt�srh���dgfe`k�oxo�Ìl)nod�h�t)brnoh�brh¤«k`w_yd>t)brd�sid�_�nodgs�befr`
|>xz_yx3«k�w^�h��ox["

�/x<��xzs­^�xzs�¢oxw_3¸�frdgs�srxzt»_yxzfibv`k^�dgs
�H�<|gfr`kbed>s­dgs�not»¢oxz_�¸ofid
�H�<|gfr`kbed>s­dgs�_yxzfibv`k^

]�sibed\fr`w£gxwtP`w_yh�d>t)bex3d>s­d>^
_�h�sr_yxo�Hdgt»srn���xzfr_�`���l)nodj"
�/x<��xzs­^�xzs�|g`wsrxzs�srxzt»frd>srxz^�no¸o^�dgs
]¡^
|g`wsrx�Þ­�g|>xzfe`'dgs�not»|4`wsix
]¡^
|g`wsrx�Þ­�g|>xzfe`'dgs�frd>srxz^�no¸o^�d

G�srd�p�x<�ofr��`3fidgpofidgsrd>t)be`wf­|gxz_yx["
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∀x ∈ U P (x)

a ∈ U
P (a)

Þ�n�dgsibrfe`�h�t)ben�h�|gh��wt�srdg³o`w^j`»l)nod�d>sibed�fr`w£gxzto`w_�h�dgtubex�dgs\«c�w^�h��ox�srh�d>_�p�frdw�
d>tädg^
srdgtubeh��ox��od~l)nodqtox��odgp�d>to�od��od>^Knotoh¤«zdgfrsix3��dq��h�sr|>nofrsix�|gxztosih��od>fe`w��xo ¡¬�dgsino^�be`�d>tH�
bexzto|>dgs­to`kbenofr`w^�dgsi|gfrh�¸oh�f©^j`3sih�}wnoh�d>t)bed�d·¦Hpofrd>srh��wt�l)nod\|>xztosrh��odgfr`wfrd>_�xws�«zd>fr�P`w��dgfe``"

(∀x P (x))⇒ P (a).¿�¸�sr�gf�«zdgsid�l)nod\t�xysrd�¢P`'d>sr|gfih�brxydg^
not�h�«zd>frsrxy�od��oh�sr|gn�frsrx� 
�~dXd>sibedX_yx<�oxydgs�h�tubed>frdgsr`wt)brdX|gxwtosibrfrnoh�f­notP`y^��z}wh�|g`3��xwfr_�`w^�nose`wt��oxapofrd>�oh�|g`c�

�oxzsg \¥{xztÝdgs�bed3xz¸<¹id>brx�«c`w_yxzs�`a�P`wf~notÝ|>xztc¹inotubex��od�fidg}z^�`ws~pP`wfr`���d à t�h�f�WE�2�DN=*�:�¶(^� �P���A�P*9�:���Z�Kl)nod3dgsqdg^�dgl)noh¤«k`w^�dgt)brdw��dgtÝ^j`a^��z}zh�|4`y�od3pofidg�oh�|4`k�oxzsg�
`w^/|gxzt�|gd>p�bex
�od]WE�2��N=*¼(^� ��()�����A���A�21^*�,udgt»^j`�^��z}zh�|g`�pofrxwp�xzsrh�|gh�xztP`w^6 
½q¾PÁgÕa�Pó�¥{xw_�d>to£4`k_�xzs¡p�frh�_ydgfix�|>xztosrh��odgfr`wto�ox���noto|gh�xztod>sÌpofixzp�xzsrh�|gh�xztP`w^�dgs>�u�od­^�`
��xzfr_�`

P (x), Q(x), ...
Ã-�oxwto�od�bv`w_�¸�h��gt�srd\ponod>�odgt�|gxzt�srh���dgfe`kf�«k`wfihj`ws�«c`wfrh�`w¸o^�dgsvÆ· 

á `ks���noto|>h�xzt�dgs�pofrxwp�xzsrh�|gh�xwtP`w^�dgs©srxwt=WE�2�DN=*2�
�:�m(^� �P���A� *9�:���Z 
½q¾PÁgÕº��ó��Hdqp�nodg��dgt�|>xztosibrfrnoh�f{t)nod>«c`ws©��xwfr_�`wsÊ�od~pofidg�oh�|4`w�oxws{nose`wt��ox3^�xzsÊ|gxwtodg|·�
beh�«zxws�^��z}zh�|gxwsg �úPxzfi_a`ks�p�xzf�dâ¹id>_�p�^�xo���od>^�beh�p�x7"

P (x) ∧Q(x)
P (x) ∧Q(y)
¬P (x)

P (x) ∨Q(x)
P (x)⇒ Q(x)
P (x)⇔ Q(x)

½q¾PÁgÕM��óÊ�q`w�P`�notP`���xzfi_a`��odÌp�frdg��h�|4`k�oxzs
�odÌ^�`ws¯|>xztosibrfrnoh��P`ws
¢P`ksibv`­`w¢oxzfr`��c�oxzto��d
`wpP`wfidg|>d�^�`X«c`wfrh�`w¸o^�d

x
���oh�}u`w_yxzsÌp�xzf©sih�_ypo^�h¤|gh��P`k�

P (x)
�Hsrd�p�nodg�od>t»|>xztos�befrn�h�f{^j`ws

dZ¦Hpofrd>srh�xztod>s'"
∀x P (x)

∃x P (x).õ/xzf�d�¹idg_ypo^�x3srd�|gxzt�sibefin�¨zdgt�^�`ws©��xzfi_a`ks'"
∀x (P (x) ∧Q(x))

∃x (P (x, y)⇔ Q(x)).
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]�t�^j`ks§��xzfr_�`ws�|>xztos�befrn�h��P`ws¡d>t�dg^Ppo`wsrx ç �u^j`q«c`wfrh�`w¸o^�d

x
`k��dg|Zbv`w�o`�p�xzf¡d>^P|gnP`wt<�

brh à |g`w�oxzf¡n�toh�«zd>frse`k^�xXd·¦Hh�s�bedgt�|ghj`k^msrd��oh�|gd­l)nod�l)nod>�P`s,Y�S@9*9�9*w §]�^�fidgs�bex���d�p�xzsih�¸o^�dgs
«c`wfrh�`w¸o^�dgs�sid\�oh�|gd>tÂ,Y�+k'�����Z /I¡xz^�«zd>frd>_�xzs�_��ws�`w��dg^j`kt)bed�sixz¸ofrd�dgs�bv`'�od à toh�|>h��zt� 
½~¾PÁgÕ��
óÅ�~xzs3��xwfr_�`ws��od�pofrd>�oh�|g`w�ox�sid�ponodg��dgtJ|>xz_�¸oh�tP`kf�nosr`wto�ox�|gxzt�dg|>brh�«zxzs
^��z}zh�|gxwsg  á xws�pP`kfr�gtubed>srh�s�sixztLtod>|gd>se`wfih�xzs�pP`kfe`�d>«<h¤bv`wf�`w_�¸oh�}&$odg�P`k�odgs> Ý]�sibv`k_�xws|>xztosih��od>fe`wto��xo�Pp�xzf�dâ¹idg_ypo^�xo��dZ¦Hpofidgsrh�xztod>s��od>^�beh�p�x7"

(∀x P (x))⇒ (∃x Q(x)).

½~¾PÁgÕ�®�óN�q`w�o`�notP`���xzfi_a`»�odapofidg�oh�|4`w��xzs P(x) �oxzto��d�`wpo`wfrd>|gdanotP`�«k`kfrhj`k¸o^�d^�h�¸ofid
x
�osrd�ponodg��dgt�|>xztos�befrn�h�f�dZ¦Hpofrd>srh�xztod>s��od>^
brh�p�x["

∀x P(x)

∃x P(x).õ/xwf�dâ¹id>_�p�^�x3dZ¦Hpofrd>srh�xztodgs­�odg^�brh�p�x["
∀x(∀y Q(x, y))

∀x(P (x)⇒ (∀y Q(y)))½~¾PÁgÕÁ²
ó1�q`k�P`ÝnotP`���xzfi_a`���d�pofrd>�oh�|g`w�oxo��|gno`w^�l)noh�dgfe`��od�sinos3«c`wfrh�`w¸o^�d>s�^�h�¸ofrd>s
p�nodg�odNsrn�sibeh¤benoh�frsidµp�xzf»n�tP`1|gxztos�bv`wtubedä`kfr¸oh¤befe`kfrh�`H�~�o`wto�oxJ^�no}u`wf�`1noto`Jt)nodZ«k`
��xwfr_�`3��d\p�frdg��h�|g`w�oxo 
ª�sr`wfrd>_�xzs�^�xzs{br�gfr_yh�t�xzs/WE�2�DN=*O�:�m(^� �P���A�P*9�:���Z�5����1)����1n���+*O�:��,�_P@��A�P*O�:�m(^� �P���ÜÓ�P*9�:���{xf���K(^� �����A_21Ã�:�¼,�_P@��A�P*M�:�m(^� �P���A�P*9�`���Ìh�to�oh�sibrh�t)be`w_'dgtubedw 

ê§ßg½<ãäé�¿�ÕÌ�Pó �¯ó+�°_~1^*����K(^� �����A_21B�:�o,�_ @��A�P*O�:�](^� �P���A�P*9�:���\����Q�()�2�$�VCE��N¶(^,��&M
(∀x P (x)) =⇒ ¬(∃x Q(x)).Î ��,��VCE��N¶(^,�� ø 45�o�3,Y49���+�P*9k�*���,/���2Ne�A��1:Z2�=�:�¼,S*=���������A_21�M

(∀x P (x))⇒ P (a).

~ ð�Ág½)¼?Û�¾PÈuÀ-å�Ö��mó �¯ó�� ÏÅ4[*�1^�:����1Â4:1�(^���P���A�P*9�:�M*�(7*�� �����\4:1^*�ô2*��D�+*9k',��e*8WE�����A*9�9*()�2�l4`1B��47*�1)�<� Um�P*9�:�2�l÷o���3Ne4`,Y�Aõ�1n�P*�NO��1)�!�¶*�(7*�� �����J�A*�N=k'�A×�1M���31M�����£*8WE�����i*9�9*l()�2�
±&²5±n³ y ²©³ fÃ��4[*�1)�+� Um�P*9�:�2� Q/�:�'k��X�31)������(^� ���A*������ ø 4)�]���������Aõ\4:�<�3,Y�SZ�*�1^�:�$��,[Ne����NO�1n�2N=k'� �o�`�¼ô2*��D�+*9k',��m(7*��8*M�:���¼ô2*����+*9k',����o�������+�31)�i*2�'ö
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´Rµ·¶�¸e´R¹»ºª¼*½)¹»¾ ¹»´R¿#´ÀºªÁ�Âe´R¸e¶R¸e´RÂ�½»¸eÃz´Ä¼�¾uÅ�¾Ã ∀x P (x)) ∨ (∀x Q(x))

Ã ∀x P (x)) ∨ (∀y Q(y))Ã ∃x P (x)) ∨ (∃x Q(x))
Ã ∃x P (x)) ∨ (∃y Q(y))

~ ð�Á>½<¼?Û�¾PÈuÀ�åKÖ��Pó �
ó�� , *9�:�o4:1�4:1)�3ô������E�$�:�¶��������4`� ���
U

Q/,S*=���K(^�������A_21&���217���+��4:�ÜÓ�9*\��10,S*J���������A_21 P öÆ4^öÇ-�Qc*¶�'*9k���� Q ∀x ∈ UP (x)
Q�1n�o���?4:1^*ÅWE�2�DN=*¼�:��(^���P���A�P*9�:�]���ZÓ@�d`1O,S*2�]� �A@�,S*2� ø 45�l*:�P*9k�*�NO���]�:�l�:�������D�+k'�3�Kö�Ím*Ê�8*e���2N¶()�21n����4:1^*TWE�2�DN=*\�:��(^���P���ÜÓ�P*9�:�0���21¥�����X���S@�1)� Um�P*9�:�
�:�VUT1)�3NO���l4:1$(^���P���A�P*9�:�
�:�J,S*�WE�2�DN=*

U(x) := (x ∈ U)÷��������D�+k'�3NO���OM
∀x (U(x)⇒ P (x))�=,�� ø 45�e���¼,��0Ne����NO�
∀x ((x ∈ U)⇒ P (x)).

¬�dg|gn�p�dgfe`k_�xws­^�`3��d à toh�|gh��zt�dgsibe`w¸o^�dg|>h��P`'`wt)brdgfih�xzfi_�d>t)brd�"
F�½9ý�Ö/À-ÈuÀ-å�Öµ�mó �¯ó � , �3� ��NO��� ø 45�?4:1^*�ô2*��D�+*9k',��

x
b%È*b0v ± r ± h¨yÉj0b�x�bB��104:1^*/WE�j�DN=*�:�m(^� �P���A�P*9�:�

P
���?�����AõM*8WE�����i*9�9*£()�2�o*�,b@�d`1Â��47*�1)�<� Um�P*9�:�2�Kö�Ò�1Â�P*2���s�:� ø 45��4`1^*ô2*����+*9k',���1n�s*�([*�� �PZ2�P*=,Y�S@9*9�9*M���3� ��NO��� ø 45��b%È*b0v ± r ± hÇy�Ê�v ±�Ë

õ/xzf�dâ¹idg_ypo^�x
Ì Á µE½ÎÍ!Ã&ÏAÐ�½»¸eº¨½)¿#µE´»Í�Ã&Ï§½»¶k½)¸e´�¼�´)Í�Á.Ï
N(x) x

`wpP`wfidg|>d
libre

x > y x
d
y
`wpo`wfrd>|gdgt

libres
∃y Ã y > x) x

`wpP`kfrdg|>d
libre

d
y ligada

N(x)⇒ ∃y Ã y > x) x
`wpo`wfrd>|gd

libre
d
y ligada

∀x (N(x)⇒ ∃y Ã y > x)) x
d
y
`wpP`kfrd>|gdgt

ligadas

õ�`wfr`3p�x<�odgf�`wsrh�}ztP`wfÊ«k`w^�xwfrdgs©�od�«zd>fr�P`w��`3^�`ws©��xwfr_�`ws©�od�pofrd>�oh�|g`w�ox'¢P`4¨�l<n�dw�
|gxz_yx�srd��odg|>�j`\`wtubed>frh�xwfr_ydgtubedw�z|gd>frfe`kfÌ^�`ws§��xzfi_a`ws>�ud>sibex\dgs>�<srnos�beh�brnoh�f�^j`ws§«c`wfrh�`w¸o^�d>s
^�h�¸�frdgs�p�xwfa|gxwtosibv`kt)brdgs�¨Jdgtubed>to�od>f�|g�w_�xäsrdÝ`wsih�}wtP`wtJ«k`w^�xzfrd>sa�od�«zd>fr�P`k��`ä^�`ws
«k`wfihj`w¸o^�dgs©|gnP`wtubeh à |4`k�P`wsg 

• �Hh�d>t�notP`a��xwfr_�`atox�`wpP`wfidg|gd>t�|gnP`kt)beh à |4`k�oxzfidgsg�
`w^/srnos�beh�brnoh�f�^j`ws�«c`wfrh�`w¸o^�d>sp�xzfÌ|gxwtosibe`wt)brdgsg�H^j`\`wsrh�}ztP`k|gh��wty�od­«k`k^�xzfidgsÌ�od­«zdgfi�P`w�asrd�¢P`w|>d~d·¦�`w|>be`w_�d>t)brd
|gxw_�x'd>t�^��z}zh�|4`��od�pofrd>�oh�|g`w�oxzs> 



# ° ª/�£� ä ¡¶�~¦?�Õ���Ì¦R«¼å]§�ª/�
ê§ßg½<ãäé�¿�ÕÌ�Pó �¯ó�®�Íl�2�$�VCE��N¶(^,���QH���2NO��NO���¼,S*lWE�2��N=*5M

(P (x) ∧Q(x))⇒ R(y),÷;���217���i*�1)�����
a

÷
b
ö©Í¶,n��49���<�3�+4:�3�
����1n��NO���OM

(P (a) ∧Q(a))⇒ R(b),

ø 4)�M���04`1^*Ã���K(^� �����A_21¾�:�0,�_P@��A�P*e(^����()�����A���A�21^*j,gQJ�:�21^�:�
P (a)

Q
Q(a)

÷
R(b)

���21ô2*��D�+*9k',����X(^� ��()�����A���A�21^*�,�����QR÷&���2NO�s�i*�,c���\�<�8*��A*2Q/(^47���A×�1^�:�����0���217���+�D4`�3�¼��4f�A*9k',S*�:�¼ô����8�9*9�9ö
• �q`w�P`�n�tP`Ý��xzfi_a` ��d�pofrd>�oh�|g`w�ox��odg^©brh�p�x ∀x P (x)

�Ê��xzto�od
P (x)

d>synoto`
��xzfr_�` �od�pofrd>�oh�|g`w�oxµsih�t´|gnP`wtubeh à |4`w��xzfrd>s'¨L|>xzt1notP`�srxw^j` «k`kfrh�`w¸o^�d

x
�Êsrd

�oh�|>d�l)nodÃ,S*¾���K(^� �����A_21 ∀x P (x)
���;ô����8�9*9�:���P*asrh�`w^{srn�sibeh¤benoh�f

x
p�xwf3notP`

|gxzt�sibv`wtubed
a
|gnP`k^�l)noh�dgfe`ad>t�|gno`w^�l)noh�dgf~notoh¤«zdgfrsix���d3�oh�sr|gn�frsrx��
sid�beh�dgtod�l)nod

P (a)
dgs�«zdgfr�o`w�od>frxo 

ê§ßg½<ãäé�¿�ÕÌ�Pó �¯ó�²QGc*s����1)�!��1n���+* ∀x (P (x) ∨ (¬P (x)))
���
V

ö�Ò?1¾�VWE�������¯Q?÷�* ø 45�(7*��8*Â�P*9�9*Ã���217���i*�1)���
a

��1Ì�P*¸�9*&4:1)�3ô���� ���¥�:�O��������4:�����
U

�E�s�+�A��1n� ø 4)� P (a) ∨
¬P (a)

���¼ô����P�9*9�:���8*9ö
• �q`w�P`�notP`���xzfr_�`���d­pofrd>�oh�|g`w�ox\�od>^Pbeh�p�x ∃x P (x)

�)�oxzto��d
P (x)

d>sÌnotP`���xzf��
_a`��od�pofrd>�oh�|g`w�ox�srh�t |gno`wt)brh à |g`w�oxzfidgs~¨�|>xztÝnotP`�sixz^j`y«k`wfrh�`w¸o^�d��z�+srd3��h�|>d
l<n�d;,S*¥���K(^�����D�A_j1 ∃x P (x)

���$ô����8�9*9�:���P*\srh§`k^/srn�sibeh¤benoh�f
x
p�xzf~noto`�|>xztos��

bv`wtubed
a
dgt `w^�}zËot»notoh¤«zdgfrsixa�odX�oh�sr|>nofrsixo��srd\beh�dgtod\l)nod

P (a)
d>s�«zd>fr�P`k�odgfixo 

]¡s��odg|>h�f>�Pd>^�«k`w^�xzf���d�«zd>fr�P`k���od ∃x P (x)
dgs�dg^
_yh�sr_yx��od ¬(∀x ¬P (x))

 
ê§ßg½<ãäé�¿�ÕÌ�Pó �¯óþ±�Gc*]WE�2�DN=* ∃x (P (x)⇒ P (a))

I!�:�21^�:�
x

4:1^*=ô2*��D�+*9k',��¶÷
a

4:1^*���217���A*�1)�!��Ks���¼ô����8�9*9�:���8*£(^45�������2N=*�1^�:�e,S*;���217���i*�1)���
a
Q?*�,^��4¸���+�3�<4:�3�¼,S*=ô2*��D�+*9k',��,Y�+k'� �

x
(5�2�

a
���e��k'�+�A��1n�¼,S*����K(^� �����A_21

(P (a)⇒ P (a)) ø 45�e���¼ô����8�9*9�:���P*9ö
• ª�se`kto�oxq^�xzs
srh�}ztoh à |4`k�oxzs
�odÊ^�xzs
�oh�sibeh�t)brxzs
|>xztodg|Zbeh¤«zxzs�^��z}zh�|gxzs¯p�x<�od>_�xws�`wsrh�}k�tP`wf©«c`w^�xwfrdgs©�od�«wdgfr�o`w��`3t)nod>«k`ks���xzfi_a`ks©�od�pofrd>�oh�|g`w�oxo ÅI¡dg`w_yxzs�n�t»d�¹idg_3�
po^�x� 

ê§ßg½<ãäé�¿�ÕÌ�Pó �¯ó�¹QGc*0���S@�4`�A��1)���£����1)�!��1n���+*;���oô����8�9*9�:���8*�M
(∀x P (x))⇒ (∃y P (y)).

Ò?1 �VWE�������O��� ∀x P (x)
���mWK*�,g���M,S*��3N¶(^,Y�A�P*:���A_21¾���$ô����P�9*9�:���8*9öÑ�Ì��� ∀x P (x)

���ô����8�9*9�:���8*f��1)�!�21n�����J(7*��8*B�P*9�9*B���217���A*�1)�!�
a

��1 �P*9�9*�4:1)�3ô���� ����Q
P (a)

���eô����P�9*wÓ�:���8*2Q�()�2�¼,�� ø 4)� ∃y P (y)
���¼ô����8�¸*9�:���8*9ö



�Ê��¦¸��¦?«¼å]§�ª/��¢£�­�T�J�T¢¶§�ª/�¶¢e�X  # ²
õ�`wfr`�`wsrh�}ztP`kf­«k`w^�xzfrd>s~�odX«zdgfi�P`w��`a|gno`w^�l)noh�dgf­��xzfr_�`y�od�p�frdg��h�|4`k�ox�tod>|gdgsih�be`c�

_�xzs§dg^o|gxwto|gd>p�bex\�od¼�A*�4:�!�2,��P@�>+*3dgty^��z}zh�|4`~�od�pofrd>�oh�|g`w�oxzs>�)l)nod�tox�dgs¡d·¦�`w|>be`w_�d>t)brd
h�}znP`k^/l<n�d'dg^§l)nod3_a`wt�dâ¹r`w_yxzs~d>tµ^��z}zh�|4`�pofrxzp�xwsrh�|>h�xzto`w^6�K¨�nose`wf�|>xz¢od>frd>t)bed>_�d>t)brd
^�xzs�sih�}zt�h à |g`w�oxzs���d\^�xzs�|>xztodg|Zbeh¤«zxzs­^��z}zh�|>xzs'"
F�½9ý�Ö/À-ÈuÀ-å�Öµ�mó �¯ó�³ , �3� ��NO��� ø 4)�Â4:1^*�WE�2�DN=*­�:�O(h� �P���A�P*9�:� ø 45�a���21)����1:@9* ô2*wÓ���+*9k',����J,Y�+k'� ���o���¶4:1^*qÂ?¾PÉ
Â?Õ�¿-Õmî�(�¾¥���~���2N=*ed:1)�A�P*�NO��1)�!�¼��,^ô2*�,��2�

V
�31^�:��()��1^���A��1PÓ�!��NO��1)���;�:��,R4`1)�3ô���� ���B�:�;��������4:�����&÷B,�������k<CE�����������21n��� ���!���M�:�����A��ù)�&4:1)�3ô��������

ø 45�\*2���S@�1h��NM���¼*O,S*2�¼ô2*��D�+*9k',���� ø 4)�\*�(7*�� ������1¥,Y�+k'�����'ö
ê�ßg½<ãäé/¿-Õ��PóS�¯ó+�¸·ÄÔ5�A��1^�:�

P (x)
4:1^*�WD4:1n���A_21J(^����()�����A���A�21^*�,ÝQc��,'(^� �P���A�P*9�:�

P (x)∨
(¬P (x))

���Â4:1^*Ì�A*�4`���2,��P@�>+*9ö ÍX�'�:��NO���Â*��A@�4:NO��1)�A*��a�����fù)����ù)���:��,J���S@�4:�A��1)�!�NO�'�`�&M�(^4)�����!� ø 45��Q]�:��()��1^���A��1^�:�s�:��,Å��k<CE���!�����21n��� ���!� ø 45�=���2,�� ø 4)��NO���e��1Ã,Y4Ê@9*���:�o,S*
x
Q
P (x)

�����8õ
V

_
F

QR����1n��NO���¼,S*s�i*9k',S*5M

P (x)
V
F

_~�+�3,Y�SZ�*�1^�:�º*2ù)�2�P*
P (x)

CD4:1)���¾���21�,����f���21n�����<�3ô����;,�_P@��A����� ∨ ÷ ¬ ���217���<�D4:�3NO���
P (x) ∨ (¬P (x))

ö ì^��1)�A��1^�:� ��1���4)��1)�A*���,l���S@�1)� Um�P*9�:�¾�:�Ã���A��ù)���º���21n�����+�3ô�����Q()�E�:��NO���
�D�2N¶(^,����A*���,S*s�i*9k',S*M�:�oô����8�9*9����k'����1)�A��1^�:�&M

P (x) ¬P (x) P (x) ∨ (¬P (x))

V F V
F V V

ê�ßg½)¼cÈuÀ6ÈuÀ�Õ �5� , ��NO�����<�8*�� ø 4)�o,S*����K(^� �����A_21
(P (x) ∧ (¬P (x)))⇒ Q(x, y)

���o4:1^*O�A*�4`���2,��P@�>+*9ö

• õ/x<�od>_�xws~`k¢oxzfr`�`wsih�}wtP`wf�n�t�«k`k^�xzf��od�«zdgfr�o`w� `y^�`3��xzfi_a` ∀x P (x)
�m�oxwto�od

P (x)
dgs�notP`3��xzfi_a`�|gno`w^�l)noh�dgfr`�¨

x
d>s­notP`3«k`kfrhj`k¸o^�dq^�h�¸ofidw���od�^j`�srh�}wnoh�d>t)brd

_�`wtod>fe`7"­^�`asidgtubedgt�|ghj` ∀x P (x)
dgs

V
srh
P (x)

dgsqnotP`abe`wn�bexw^�xz}w��`��m¨
F
d>t

|4`ksrxy|gxztubefr`wfrh�xo 



# R ª/�£� ä ¡¶�~¦?�Õ���Ì¦R«¼å]§�ª/�
ê§ßg½<ãäé�¿�ÕÌ�Pó �¯ó+�^�HG�*Â����1)����1n���+*¯Ii� �����2�8�9*�� ø 45� x ����4`1^*ºô2*����+*9k',��;÷

a
Q
b

���21���217���A*�1)�!����K©M
(∀y(∀x P (x, y)))⇒ P (a, b) es V, puesto que :

*LK\Ô5�
(∀y(∀x P (x, y)))

���
V

Q
P (x, y)

���J4:1^*e�A*�4:�!�2,��P@�>+*2Q/,�� ø 4)�X���S@�1)� Um�P* ø 4)��*�,��49���+�3�<4:�3�s,S*¥ô2*����+*9k',��
x
Ii� ����()�����<�3ô2*�NO��1)���e,S*

y
Ke()�2�;��47*�, ø 4:�A���;��k<CE�����B���21n����������Q���S@9*�NO���

a
Ii� ����()�����<�3ô2*�NO��1)���

b
K�Q;�:��,¶4`1)�3ô���� ��� �:�Â��������4`� ��� ø 4)�f���6�D�217�D�+�`��� ���k'����1n��NO��� ø 45� P (a, b)

ô����P�9*9�:���8*2QH÷¼()�2�\���217���S@�4`�A��1)���
(∀y(∀x P (x, y)))⇒ P (a, b)

���
V

ök�K3Ô5�h(5�2�\��,/���21)�+�8*Ê�D�A�
(∀y(∀x P (x, y)))

���
F

QT,S*O�3N¶(^,Y�A�P*:���A_21
(∀y(∀x P (x, y)))⇒ P (a, b) es V.

• õ�`wfe`»`wsih�}ztP`kf�n�tµ«k`w^�xzf��od'«zdgfi�P`w�ä`»^�`�dZ¦Hpofrd>srh��zt ∃x P (x)
�
�oxzt��od

P (x)dgsanoto`N��xwfr_�`µ|>nP`w^�l)noh�dgfr`µ¨
x
dgsanoto`N«k`kfrhj`k¸o^�d�^�h�¸ofrd��©|gxzt�srh���dgfe`k_�xws�^�x

srh�}wnoh�d>t)brd�"©^j`ysidgtubedgt�|ghj` ∃x P (x)
d>s

V
srh ¬P (x)

toxadgs~noto`�be`wn�bexw^�xz}z��`��o¨
F
dgt»|4`wsix�|>xztubefe`kfrh�x� 

]�s���dg|gh�fg� ∃x P (x)
d>s
V
srh�¢P`4¨anot�notoh¤«zdgfisrx'�od��oh�sr|>nofrsix

U
¨anotP`�|gxztos�bv`wtubed

a ∈ U
bv`k^
l)nod

P (a)
dgs

V
 

�Hd�dgsibe`w¸o^�dg|>d\dgtubexzt�|gdgs­^j`�dgl)noh¤«k`w^�dgto|>hj`3^��z}zh�|4`�srh�}wnoh�d>t)bedj"
∃x P (x)

d>sy^��z}wh�|g`w_yd>t)brd�dgl)noh¤«k`w^�dgtubedNÃ-d>tJdg^�srd>t)brh��oxµ�od�l<n�d�beh�d>todgt1d>^�_yh�si_�x�«k`w^�xzf3�od
«zd>fr�P`k�mÆ�`

¬(∀x ¬P (x)).

`uÆ��Hh ∃x P (x)
dgs
V
� ¬P (x)

tox�dgs©notP`Xbv`wn�brxz^�xw}z��`H�<x�^�x�l<n�d�d>s�^�x�_�h�sr_yxo� ∀x
¬P (x)

d>s
F
�o|gxzt»^�x3l)nod ¬(∀x ¬P (x))

d>s
V
 

¸mÆ�¬­d>|g��pofrx<|g`w_�d>t)brdw�+srh ¬(∀x ¬P (x))
d>s

V
�+todg|>dgsr`wfrh�`w_�d>t)brd

(∀x ¬P (x))
dgs

F
��xa^�x�l)nodXdgs�^�xy_�h�sr_yxo� ¬P (x)

tox�dgs~n�tP`ybv`kn�bexz^�xz}z��`� ©]�t)brxzto|gd>sqd·¦Hh�sibrd
not»xw¸H¹idZbex

a
�od�n�t»not�h�«zdgfisrx'�od��oh�sr|>nofrsix'be`w^�l)nod ¬P (a)

dgs
F
�o|>xzt�^�x3l)nod

P (a)
dgs

V
 ¡]�sibexyh�_�po^�h¤|4`�l)nod�^j`�srdgtubed>to|gh�` ∃x P (x)

d>s
V
 



�Ê��¦¸��¦?«¼å]§�ª/��¢£�­�T�J�T¢¶§�ª/�¶¢e�X  # ç
õ/xzfq|>xztosih�}zn�h�dgtubed�dgt�|>nP`w^�l)noh�d>fqn�toh�«zd>frsrx��od��oh�si|gnofisrxo��pP`kfe`abrx<�ox�p�frdg��h�|4`k�ox

P
¨�pP`kfe`�bex<�P`�«k`wfihj`w¸�^�d

x
�P^j`�srh�}znoh�dgt)brd�srd>t)brdgto|>hj`yd>s�«zd>fr�P`w��dgfe``"
∃x P (x)⇔ ¬(∀x¬P (x)).

ê�ßg½)¼cÈuÀ6ÈuÀ�Õ �:��Í?����k�*�� ø 4)�M��1 ��47*�, ø 4`�A���$4:1)�3ô����������:�=��������4`� ����QÅ(7*��8*����'�9*oWD4:1PÓ���A_21
P (x)

QR,S*0���S@�4`�A��1)�����£����1)�!��1n���+*2�¶���21fô����8�9*9�:���P*2�OM
¬(∀xP (x))⇔ (∃x¬P (x))

¬(∃xP (x))⇔ (∀x¬P (x))

]�^<dâ¹id>fr|gh�|gh�xq`kt)brdgfrh�xzf
h�to�oh�|4`­|>�z_yx�todg}u`kf�`w�od>|gnP`w�o`w_ydgt)brd{^j`ks/sidgtubed>to|gh�`ws§`k��dg|·�
bv`w�P`ks�p�xzf�|>nP`wt)brh à |g`w�oxwfrdgs>  á `'tod>}u`w|>h��zt��od\^�`���fr`wsrd0���E�:�$ù)�2N=k'���\���oNO�2�D�i*�,<tox
dgso���'�:�eù)�2N=k'� �\���o�31)NO�2�D�i*�,<sih�tox'l)nod;���Ê�������¼4`1¥ù)�2N=k'� � ø 45�e���¼�31)NO�2�D�i*�,× 
~ ð�Á>½<¼?Û�¾PÈuÀ�åKÖ��Pó �
ó+�:��Ím*��P*
(^� ��kD*�� ø 4)� (∀x ∈ U P (x))

���
F

k�*2���A*¥��1n���21)�+�8*Ê�4`1^*;���217���A*�1)�!�
a

��1
U

�:�£NO�E�:� ø 4)� P (a)
���
F

ö©Í ���A��ù)�
a

,��=�:��1n�2Ne�31^*�� ��NO���
ÈzÕKÖ�Â?¼º¾o½Zßg½<ãäé/¿-Õ�ö\ÍX�2�=�VCE��N¶(^,���QR���P*

U
��,T���21ECD4:1)�!�;�:�\,����$1)d:NO��� ���\1^*��<4:�8*�,�����Q

U = N
Q
÷a��,~(^���P���A�P*9�:�

P (x) :=
� ���\(^�D�3NO�º�O(h� �'��4)���!�Â�:�¥���¸*:���A*�NO��1)�!���:���1)d`NO��� ���Å(^�D�3NO���gÒ�,S*¼����1)�!��1n���+*

(∀x ∈ U P (x))
���
F

(^4)�����!� ø 4)� 30 1n�$���Å(^���3NO�1)��(^���'��4)���!���:�s���¸*:���A*�NO��1)���e�`���l(^�D�3NO���'ö3Ò?,�1)d`NO��� �
30

���$4:1 ���21)�<�8*:�VCE��N¶(^,��*O,S*0����1)�!��1n���+* ∀x ∈ U P (x)
ö

�����9�
� �����e;CBA�!
��H>��������]�������#�!<��H���*:3>A<�>��*:3<��#�[�}
��]�E:3<��%���e;QÓ
B§�!
��

I¡d4`w_yxzs�`w^�}znotoxzs©dâ¹idg_ypo^�xzs�_��ws'"
½X¼ºÕmé�ÕKÁgÀ6ÈuÀ�å�Öµ�mó �¯ó+�:��Ò�1 ��4[*�, ø 4:�A���;4:1)�3ô���� ���Â�:����������4`� ���6�����A*9k',��D���+�:�f÷M(7*��P*��4[*�, ø 4:�A���m(^� �P���A�P*9�:�

P (x, y)
,S*0���S@�4`�A��1[�!�£����1)�!��1n���+*;���

V
M

(∃x∀yP (x, y))⇒ (∀y∃xP (x, y))

, ��NO�����<�8*:���A_21^ö§¬­`w£gxzto`wfrd>_�xwsÌp�xzfÌfidg�ono|>|gh��zt�`w^�`k¸osrnofi�oxo�)«k`w_yxzsÊ`\srn�p�xztodgfÊl)nod
^j`�srdgtubed>to|gh�`ydgsi|gfih�bv`3dgs��-`w^�sr`�¨�xw¸�bed>to�ofrd>_�xws�notP`'|gxwt)befr`w�oh�|g|>h��zt�"
�Hnop�xwto}u`w_yxzsXl)nod

(∃x∀yP (x, y)) ⇒ (∀y∃xP (x, y))
dgs

F
 �]�t9dgsrd�|g`wsrx sid

beh�d>tod�l<n�d
(∃x∀yP (x, y))

dgs
V
¨
(∀y∃xP (x, y))

dgs
F
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�~dy^j`�pofrh�_�d>fe`�|gxzt��oh�|>h��zt�sidysrh�}znod'l)nodyd·¦�h�sibrdynotµxz¸<¹id>bex»|>xzto|>frdZbex

a
�od'not

n�toh�«zd>frsrx3�od��oh�sr|>nofrsrx�bv`w^Kl)nod ∀yP (a, y)
dgs
V
 ¡õ/xzf{bv`kt)bex

P (a, y)
dgs�notP`�bv`kn�bexk�

^�xz}z��`� 
�~dÌ^�`�srd>}znoto�P`­|>xzto�oh�|gh��zt�srdÌsih�}zn�d¡l)nodÌdZ¦Hh�sibed¡notXxw¸H¹idZbex­|>xzto|>frdZbex$k¯�od¡notXn�toh¤�

«zd>frsix­�od��oh�si|gnofisrx�bv`w^wl)nod ∃xP (x, b)
d>s
F
�ºx�^�x©l<n�d¡dgs
^�x©_�h�sr_yxo� ¬ (∀x (¬P (x, b)))d>s

F
 �]�t�|>xztosrd>|gn�dgto|ghj`�bed>to�ofidg_yxzsÌl)nod ∀x (¬P (x, b))

dgs
V
|gxzty^�x�l)nod ¬P (x, b)be`w_�¸oh��>t�d>s�n�tP`�bv`wn�brxz^�xw}z��`H 
ù�¢oxzfe`�¸oh�d>t��zp�xwf�srd>f

P (a, y)
notP`�bv`wnHbexz^�xz}z��`

P (a, b)d>s
V
�+¨�p�xzf~srdgf ¬P (x, b)

notP`abe`wn�brxz^�xz}w��`�� ¬P (a, b)
be`w_�¸oh��>t d>s

V
��|gxwt�^�x�l)nod

¢�dg_yxzs�xz¸�brdgtoh��ox'^j`�|gxwt)befr`w�oh�|g|>h��zt�¸�nosr|g`w�P`� 
½\¼ºÕmé¡Õ�Á4À-ÈuÀ�å�ÖÙ�Pó �¯ó+�¸�CÔ}f����&���A���D��� ø 4)�
([*��8*6��47*�, ø 4`�A���o(^� �P���A�P*9�:�

P (x, y)
,S*���S@�4:�A��1)��������1)����1n���+*����

V
�31^�:��()��1^���A��1)����NO��1)���o�:��,�4`1[�3ô��������s�:�
��������4`� ���&M

(∀x∃yP (x, y))⇒ (∃y∀xP (x, y))

, ��NM�����+�8*:���A_21^öTÀ{`wsibe`3d>to|gxztubefr`wf�not�dâ¹id>_�p�^�x�dgt�dg^�l)nod�^j`X��xzfr_�`�d>sr|gfih�bv`�tox3srd4`
«zd>fr�P`k���md>sibexydgs>�mn�t�ÈzÕ�ÖKÂ?¼º¾�½>ß>½HãNé�¿�Õ
ñ
�Hd4`yd>^¯pofidg�oh�|4`w�ox

P (x, y)
"ÖÕ��&���0�����+�D�A���i*�NO��1)���oNO��1n�2� ø 4)�
÷�dgt�dg^
notoh�«zd>frsix

��d\^�xzs�t<Ë�_�d>frxzs�tP`kben�fe`w^�dgsg ¡]�t»dgsibrd\notoh¤«zdgfisrxo�P|>xzt»dgsibrd\pofrd>�oh�|g`w�ox'srd�beh�d>tod�"
∀x ∈ U ∃y ∈ U P (x, y) : V

¨u`�l)nodqpP`kfe`X|4`w�P`�t)Ëo_ydgfrx�tP`kbrnofe`k^
x
srh�d>_�p�frd�dZ¦Hh�s�bed~not�t)Ëo_ydgfrx�tP`kbrnofe`k^

y
Ã-p�xzf

d�¹idg_ypo^�x
y = x+ 1

Æ{dgs�befrh�|>bv`k_�d>t)brd�_�`?¨zxzf> ¡õ/d>frx["
∃y ∈ U ∀x ∈ U P (x, y) : F

¨u`�l<n�d�tox�dZ¦Hh�s�bedqnot�t<Ë�_�d>frx�tP`kbrnofe`w^�_a`4¨zxzf{l)nodqdg^Kfrdgs�bex3�odq^�xzs{t)Ëo_ydgfrxws©tP`kbrnH�
fr`w^�d>sg ¡õ/xzf©bv`wtubex["

(∀x∃yP (x, y))⇒ (∃y∀xP (x, y))

d>s��-`w^�se`�dgt»dgsibrd\dâ¹id>_�p�^�xo 
½\¼ºÕmé¡Õ�Á4À-ÈuÀ�å�ÖÙ�Pó �¯ó+�`®�Ò?16��47*�, ø 4:�A���¼4`1)�3ô���� ���s�:�
��������4`� ���0÷¼(7*��8*���47*Ê,���� ø 4`�A���8*ø 4)�����P*�1f,����m(^� �P���A� *9�:���

P
÷
Q

,S*0���S@�4`�A��1)���£����1)�!��1n���+*;���oô����8�9*9�:���8*5M
∃x (P (x) ∨Q(x))⇔ (∃xP (x)) ∨ (∃xQ(x)).

, ��NM�����+�8*:���A_21^ö�¥{xz_yxXsid­befe`cbv`��od�noto`X��xz¸ofrd­h�_ypo^�h�|g`w|>h��wt3bed>todg_yxzsÌl<n�d~p�frxz¸P`kf'"



�Ê��¦¸��¦?«¼å]§�ª/��¢£�­�T�J�T¢¶§�ª/�¶¢e�X  #Ê#
hÜÆ ∃x (P (x) ∨Q(x))⇒ (∃xP (x)) ∨ (∃xQ(x))

dgs
V¨�l)nod

h�hÜÆ
(∃xP (x)) ∨ (∃xQ(x))⇒ ∃x (P (x) ∨Q(x))

dgs
V

hÜÆ©�Hnop�xzto}z`w_yxzs�«wdgfr�o`w�odgfr`y^j`�srd>t)bed>to|gh�` ∃x (P (x) ∨Q(x)) .
�Hd4`

a
bv`w^�l)nod

(P (a) ∨Q(a))

dgs�«wdgfr�o`w�odgfr`� Ê]�¦Hh�s�bedgt»�oxzs�p�xzsrh�¸oh�^�h¤�P`w�od>s'"
• �Hh P (a)

dgs
V
d>t)brxzto|gd>s

(∃xP (x))
dgs
V
¨�p�xzf¡bv`wtubex

(∃xP (x))∨ (∃xQ(x))dgs
V
 

• �Hh Q(a)
d>s

V
srd�fe`k£gxztP`'`wtP�w^�xz}u`k_ydgtubedk 

h�hÜÆ'�Hnop�xwto}u`w_yxzsy«zdgfi�P`w�od>fe`9^j`µsrd>t)bed>to|>hj`
(∃xP (x)) ∨ (∃xQ(x)).

]�t$d>srd |4`ksrx
dZ¦Hh�s�bedgt�bv`w_�¸oh��gt��oxzs�p�xzsih�¸oh�^�h¤�P`w�od>s'"
• �Hh (∃xP (x))

dgs
V
dgtubexzt�|gdgs>�zsrh�dgto��x

a
n�t�xz¸<¹id>brx­bv`w^ul)nod

P (a)
d>s
V
�kfrdgsino^�be`

l)nod
P (a) ∨Q(a)

dgs
V
¨�p�xwf�be`wt)brx ∃x (P (x) ∨Q(x))

d>s
V
 

• �Hh (∃xQ(x))
dgs

V
sid\fr`w£gxzto`y`wto�w^�xz}z`w_yd>t)bedk 

½X¼ºÕmé�ÕKÁgÀ6ÈuÀ�å�Öµ�mó �¯ó+�:²�Ò�1&��4[*�, ø 4:�A���X4:1)�3ô���� ���
�:�J��������4`� ���¼÷](7*��P*0��47*�, ø 4:�A���Å(7*���:�](^� �P���A�P*9�:���
P (x)

÷
Q(x)

,S*=���S@�4:�A��1)��������1)����1n���+*����¼ô����8�9*9�:���P*
((∀xP (x)) ∨ (∀xQ(x)))⇒ ∀x (P (x) ∨Q(x)) .

Ô5�31º��N=k�*��<@:��t�fº���\���A������� ø 4)�$��1º��47*�, ø 4`�A����4:1)�3ô���� ���s�:�o��������4`� ���e÷�(7*��8*���47*�,×Ó
ø 4`�A���m(7*��o�:�](^� �P���A�P*9�:���

P (x)
÷
Q(x)

,S*=���S@�4:�A��1)��������1)����1n���+*0���P*sô����8�9*9�:���8*�M
∀x (P (x) ∨Q(x))⇒ ((∀xP (x)) ∨ (∀xQ(x)))

, ��NO�����<�8*:���A_21^ö�õ�`wfr`��od>_�xwsibefr`wf{^j`�p�frh�_ydgfr`XpP`wfibrdqfe`w£>xztP`k_�xzs{p�xwf©frd>�ono|>|gh��zt»`w^
`w¸osrn�fr�ox["
srnop�xwto}u`w_yxzs�l<n�d

((∀xP (x)) ∨ (∀xQ(x)))
dgs
V
¨ql)nod ∀x (P (x) ∨Q(x))dgs

F
 :�~d�^j`µsidg}znot��P`9|>xzto�oh�|gh��ztJsrd��od>�ono|gd l)nod�dZ¦Hh�s�bed�notÅxz¸<¹id>bex

a
be`w^­l)nod

(P (a) ∨Q(a))
dgs

F
�¡|gxzt´^�xÝl)nod

P (a)
dgs

F
¨
Q(a)

d>s
F
 L]�t1|gxwtosrd>|gnodgt�|4h�`

(∀xP (x))
dgs

F
¨
(∀xQ(x))

dgs
F
�odgs��odg|>h�f>�

((∀xP (x)) ∨ (∀xQ(x)))
d>s

F
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õ�`wfe`N�od>_�xzs�befe`kf�^j`µsrd>}znoto�P`äpP`wfibrd�p�xzto��frdg_yxzs�notA|gxztubefe`kdâ¹id>_�po^�x[" srdg`9d>^

n�toh�«zd>frsrx��od�^�xzs§t)Ëo_ydgfrxws�tP`kben�fe`w^�dgs�¨�^�xzs§pofidg�oh�|4`k�oxzs
P (x)

"ÆÕ��=���Å(7*��
¨
Q(x)

"ÆÕ�����X�3N¶([*��· §�Hd4`�^�`�sidgtubedgt�|gh�`=���'�:�o1)d`NO��� �¼1^*��<4:�P*�,n���£�\k'�A��1\(7*��£�\k'�A��1M�3N¶(7*��·�udgs
��dg|gh�f ∀x(P (x) ∨ Q(x))

 q]�sibe`�sidgt)brdgto|>hj`�d>s
V
 ��Hh�t�dg_�¸P`kfr}zxa^�`�srd>t)brdgto|>hj`f���'�:�1)d:NO��� �f1^*��+4:�P*�,X���o(7*����f���'�:�f1)d:NO�����¥1^*��+4`�8*�,X���O�3N¶(7*��Z�§d>sibrx�d>sg� ∀xP (x) ∨

∀xQ(x)
d>s

F
 

½\¼ºÕmé¡Õ�Á4À-ÈuÀ�å�ÖÙ�Pó �¯ó+�[±#Ò?1M��47*�, ø 4`�A���R4:1)�3ô���� ���£�:�m��������4:� ���J÷R(7*��8*o��4[*�, ø 4:�A���c(^���ZÓ���A�P*9�:�
P (x, y)

,S*0���S@�4`�A��1[�!�£����1)����1n���+*����oô����8�9*9�:���8*
∀x∀yP (x, y)⇔ ∀y∀x P (x, y)

, ��NM�����+�8*:���A_21^ö¡�~d>_�xwsibefr`w_yxzs�pofrh�_�d>frx3^�`3h�_�po^�h¤|4`w|>h��zt��od\h�£gl)noh�dgfi�P`'`'�od>frdg|v¢P`H 
¬�`k£gxztP`k_�xws¡pKxwfÌfrd>�ono|g|>h��wt�`w^�`k¸osrnofi�ox["§sinop�xzto}z`w_yxzsÌl)nod ∀x∀yP (x, y)

d>s
V¨Ýl)nod ∀y∀xP (x, y)

d>s
F
 ��~dy^j`�srd>}znoto�o`�|gxwto�oh�|>h��zt�srdysrh�}znod'l)nod�d·¦Hh�s�bed

b
be`w^

l)nod ∀xP (x, b)
dgs

F
 ­õ/xzf�d>^�^�xyd·¦�h�sibrd

a
bv`k^
l)nod

P (a, b)
dgs

F
  á n�dg}zx ∀yP (a, y)d>s

F
¨�d>t�|>xztosidg|gn�dgto|ghj` ∀x∀yP (x, y)

d>s
F
 

õ�`wfe`3^�`�xwbefr`3h�_�po^�h¤|4`w|>h��zt��Hx'¸oh�dgt�srd�fr`w£gxwtP`'`wtP�w^�xz}u`k_ydgtubed�`3^�`�h�_ypo^�h�|g`w|gh��wt
l)nod�`w|g`w¸P`w_yxzs{�odqpofrxw¸P`wfg��x�¸oh�d>t�srd�`wp�^�h�|g`Xdg^+frd>srno^¤bv`w��x'`wtubedgfih�xzf{`�^j`�sidgtubedgt�|gh�`
∀y∀x P (x, y).

ê§ßg½)¼kÈuÀ-ÈuÀ�Õ��:� , ��NO�����<�8*��º��,l���S@�4:�A��1)�!�¥ù)����ù)�¾49�'*�1^�:�¾4:1^*­�:��NO�����+�P*:���A_21¾()�2����21)�+�8*�(5�����3�+�3ô��&M�Ô5�
a ≥ 0

���;4:1­1)d:NO��� �B� �P*�,��A*�, ø 45�\(7*��8*Â���'�:�B1)d:NO�����f� � *�,()�����3�+�3ô���Q
ε > 0

QH���¼�+�A��1n�
0 ≤ a < ε,

��1)���21n�����
a = 0

ö
�����9�7� ×�
Î>A���!�!\#<��#�! ���>��@�#­1B�:3���E�!
����������Ø�g
�:3;=<=����;�¥D ��!�!�#<
I¡dg`w_yxzs­`w^�}wnotoxzs�dâ¹id>_�po^�xzs���dX|>xz_yxysrd\dZ¦Hpofidgsr`wt d>t�^�dgto}wnP`º¹id���xzfr_�`w^+��fr`wsrd>s���dg^
^�dgto}wnP`º¹id�to`kbenofr`w^6 
á `�srd>t)brdgto|>hj`$ì^�'�:�¯�e����1n��NO���O���¸*:���i*�NO��1)���e4:1 *�,YN=*O@:��NO��,S*3sidyponod>�ody_yxk�

��dg^�h�£4`wf©�od�^�`3srh�}znoh�dgtubedq��xzfi_a``"
�Hd4`

G(x, y)
^j`äsrdgtubed>to|gh�`

y
���6��,£*�,YN=*º@:��NO��,S*��:�

x
  á `Lsidgt)brdgto|>hj`´l)nodl)nod>frd>_�xzs~_�x<�od>^�h�£4`kf­�oh�|gd�l)nod�pP`kfe`a|>nP`w^�l)noh�d>f~p�d>frsrxwtP`

x
�+d·¦�h�sibrd�xwbrfe`

y
l)nod�d>s

sin�`w^�_a`�}zd>_�d>^j`�¨�l)nod\|>nP`w^�l<n�h�d>f�xkbefe`3p�d>frsixztP`
z
toxyd>s­dg^¯`k^�_�`�}wdg_ydg^�`3��d

x
"

∀x ∃y (G(x, y) ∧ ∀z ((z 6= y)⇒ ¬G(x, z)))

~ ð�Ág½)¼?Û�¾PÈuÀ-å�Ö��mó �¯ó+�:¹Ù��*�÷ ø 4)�l�!��1n���£��4:�+�9*9�:�$���21;,S*
1n�A@9*:���A_21��:�X4`1^*o����1)����1PÓ���+*B��47*�1^�:��ô��A��1n�0*8WE�D���A*9�9*e()�2�$4`1���47*�1)�<� Um�P*9�:�2�Kö�Ô54�()�21:@9*�NO��� ø 45� ø 45��� ��NO���1n�A@9*���,S*0����1)�!��1n���+*
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ì^�'�:���¼,����
*�,Y4:N01h�¯�o�:�e�����A*���,S*2���£ù7*�1Ã*�(^� ��k�*9�:�=*�,b@�d:16���¸*�NO��1Â��1$WE�'k'� ��� ��ö

õ�`wfe`ydg^�^�xysrh�_�¸�xz^�h¤|gd>_�xws�p�xzf
C(x)

dg^
pofidg�oh�|4`w��x|�f���
4:16*�,Y4`Ne1n�M�:�0�����A*¥��,S*2���Z�
p�xzf

A(x, y)
dg^�pofidg�oh�|4`w�ox��;ù7*¥*�(^� ��k�*9�:����,R���¸*�NO��1Â÷X¨�p�xzf

F (y)
÷O���e� �P*�,Y�SZ2_��1$WE�'k'� ��� �c �ù�sr�Î�o^�`3sidgt)brdgto|>hj`'�P`w�P`3srd\p�nodg�od\d>sr|gfih�¸oh�f

∀x [C(x)⇒ (∃y (A(x, y) ∧ F (y)))] .

�Hn»todg}u`k|gh��zt»sidgfi�j`
¬∀x [C(x)⇒ (∃y (A(x, y) ∧ F (y)))]

l<n�dw�msidg}zË�t�se`w¸�d>_�xzs>�Pdgs�^��z}wh�|g`w_yd>t)brd�d>l<n�h�«k`k^�dgtubed\`
∃x ¬ [C(x)⇒ (∃y (A(x, y) ∧ F (y)))]

l<n�dX`'sin»«zd>£\dgs­^��z}zh�|4`k_ydgtubedqdgl)noh¤«k`w^�dgtubed\`
∃x ¬ [¬C(x) ∨ (∃y (A(x, y) ∧ F (y)))]

l<n�dX`'sin»«zd>£\dgs­^��z}zh�|4`k_ydgtubedqdgl)noh¤«k`w^�dgtubed\`
∃x [¬(¬C(x)) ∧ ¬(∃yA(x, y) ∧ F (y))]

l<n�dX`'sin»«zd>£\dgs­^��z}zh�|4`k_ydgtubedqdgl)noh¤«k`w^�dgtubed\`
∃x [C(x) ∧ (∀y ¬(A(x, y) ∧ F (y))]

l<n�dX`'sin»«zd>£\dgs­^��z}zh�|4`k_ydgtubedqdgl)noh¤«k`w^�dgtubed\`
∃x [C(x) ∧ (∀y (¬A(x, y) ∨ ¬F (y))] .

]¡s��odg|>h�f>�P^�`3tod>}u`w|>h��zt��od�^�`3srd>t)brdgto|>hj`yd>s
Ò»�Ê�����!�e*�,b@�d`16*�,Y4:Ne1n���:�=�����A*f��,S*2��� ø 45�s�O1n�sù7*�*�(^����k�*9�:�s1)�31:@�d:1¾���¸*�NO��1

I ∀y (¬A(x, y)) KM��QH���Å,��eù7*M*�(^����k�*9�:��QÅ1n�eù7*0���+�:�M��1$WE�'k'� ��� �c 
�Hh¡pofid>��d>frh�_yxzs�l<n�dg�P`wfitoxzsX|>xztN^j`�srdgtubed>to|gh�`�^��z}zh�|4`w_'dgtubed3dgl)noh¤«k`w^�dgt)brd�`»�>sibe`��od
^j`�p�dgt<Ë�^�beh�_a`�^���tod4`�sid\p�x<�ofi�j`�^�dgd>f���Ê�������\*�,b@�d:1Â*�,Y4:Ne1n�s�`�$�����i*���,S*2��� ø 4)�o1n�eù7*M*�(^����k�*9�:�e1)�31:@�d:16���¸*�NO��1Â��1WE�'k'����� ��ö
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ê§ßg½)¼kÈuÀ-ÈuÀ�Õ��9�ÄÒT�����D�+k'�3�o�:�TWE�2�DN=*0���3N=k�_2,Y�A�P*=,S*2�£���S@�4`�A��1[�!���£����1)����1n���+*2�¼÷e��4&1n�ZÓ@9*:���A_217Q\�:�;N=*Ê1h���P* ø 45�f��1Ì,S*����K(^� �����A_21�UT1^*�,�1n�fù7*�÷�*º1)�31:@�d:1 ��4[*�1)�+� Um�P*9�:�2�(^� �����P���+�:�=�:��,h��>3N=k��j,��01n�A@9*:���A_21�M
P ö + �=���'�:���o,����$����(7*&Ún�2,����¶���21s()���D�A�'�������i*2�
-:ö�Ô5�R*�,b@�d:16�P*�Ne�31^*�1)���ok������!�PZ�*2QT���'�:���¼,����e�P*�Ne�31^*�1)�����ok������!�PZ�*�1
T ö�ì^�'�:�M��,cNe4:1^�:�M���21n�����
*M*�,b@�d`1fNO�'�������!�
4^ö�Ò�1)�+� �;�:�¯�s1)d:NO�������s1)d:NO�������s� �P*�,����M�Ê���D�<�31)��������47*�,���� ø 4`�A���8*º���Ê�����!�M*�,b@�d`11)d`NO��� �0�8*:���A�j15*Ê,
U ö + �;���Ê�������o4:1O(^�D�3NO�0N=*�÷9�2� ø 4)�e��,c� �������O�:�¼,����o1)d:NO��� ���m(^���3NO���

ê§ßg½)¼kÈuÀ-ÈuÀ�Õ��:®�Ô��P*
xn

4:1^*¥��4)�������A_21��:�s1)d:NO�������=���P*�,����'ö�Ô��P*
R+ ��,m���21ECD4:1)�!��:�£,����£1)d:NM��� ���£� �P*�,����?()�����3�+�3ô����£÷

N
��,~���21ECD4:1)�!�0�:�£,����£1)d`NO��� ���£1^*��+4`�8*�,����'ö­Ôn����A��� ø 4)�

lim(xn) = a
��� ∀ε ∈ R+ (∃n ∈ N(∀m ∈ N(m > n⇒ |xm − a| < ε))).ÒT�������+k'�3��4:1^*=����1)�!��1h���+* ø 4)�o�31^��� ø 45�HWE�2�DN=*�,YNO��1)��� ø 45� lim(xn) 6= a.

torÜÛ Ò WäT x �©Y v�x
� � {Xve} Y y Y\T�� v���z��m� �ZV v
]�t�d>sibv`�srd>|g|gh��zt�frdZ«<h�sr`w_�xws¡noto`\�od�^j`ws§br�g|gt�h�|g`wsÌ_��ws¡p�xkbedgtubed>sÊl)nod­d>_�po^�d4`kfrdg_yxzs
|>xzt'��frd>|gnod>to|gh�`\po`wfe`��odg_yxzs�befe`kf�pofrxzp�h�dg�o`w�odgs¡�od�xz¸<¹idZbexzs¡�oh�sr|>frd>brxzs�Ã-|>xz_�p�^�d�¹ih��P`k�
��dX`k^�}zxzfih¤be_'xzs>�Hbed>xzfrd>_a`ks�sixz¸ofrd�}zfr`k��xzsg�odZbe|k � ¤  Æ
]�^m|>xztc¹inotubex

N
�od­^�xzs�t<Ëo_ydgfixzs¡tP`kben�fe`w^�dgs¡d>sÌnot�|>xztc¹inotubexX|g`wfe`k|>brdgfrh�£4`w��x\p�xzfg�

d>t)brfrd�xwbefe`ksg�o^j`�srh�}znoh�d>t)brd�pofrxzp�h�d>�P`w�NÃ�«zxz^¤«zdgfrd>_�xws�sixz¸ofrd�dgs�bexydgt»dg^
|g`wpo�¤beno^�x ç Æ�"
Ô5�

A ⊂ N
���o�A*�, ø 4)�

1 ∈ A
¨

∀n ∈ N (n ∈ A⇒ (n+ 1) ∈ A)
���1)���21n�����

A = N
 

]�sibv`yp�frxzpoh�dg�P`k�»dgs­^�`3¸P`wsrd\��d\^�x'l)nod\srd\|>xztox<|>dX|>xz_yxy¼º¾3ÝuÕ�Ö¯¾Pã9À�½<ÖKÂ?Õäé�Õm¼
À-Ö/Ç
É
ÈuÈuÀ-å�ÖÌñ
½\¼ºÕmé¡Õ�Á4À-ÈuÀ�å�ÖÙ�Pó�®�ó+�UÔn� *

P (x)
4`1^*o(^� ��(^�A�P�9*9�O�:�¼N=*�1n���P* ø 4)�

P ö
P (1)

���¼ô����P�9*9�:���8*



�Ê�ßÞ9���R¦6�l�£¨H�]�J��¤�§!�R�e¡��Ù�J�]�Ù§!�¶¢;�?ª]ª/§�«]� # ¬
-:ö ∀n ∈ N

���oô����D� Um�P* ø 4)� (P (n)⇒ P (n+ 1))
���
V

Ò?16�����A*2�e���3� ��4:17���i*�1n���+*2��QH,S*0����1)�!��1n���+*
(∀n ∈ N P (n))

���
V

ö
, ��NO�����<�8*:���A_21^ö��<d4`

A = {n ∈ N |P (n) es V }. á `��od>_�xwsibefr`w|gh��zt�|gxwtosrh�sibed'dgt«zdgf�l<n�d
A = N.�~d�^�`ws­¢oh�p��kbedgsih�s­srd�sih�}zn�dXl)nod

1 ∈ A.
õ�`wfr`y«zdgf~l)nod

A = N
sr�z^�x�l)nodg�P`ap�xzf

�odg_yxzsibrfe`wf�l)nodysrh
n ∈ A

d>t)bexwto|gd>s
(n+ 1) ∈ A.

�Hn�p�xzto}u`k_�xzs�l)nod
n ∈ A;

dgt
dgsrd�|4`wsix

P (n)
dgs

V
�¡¨Lp�xzf3^�`Ý¢�h�p��wbrdgsrh�s

2 (P (n)⇒ P (n+ 1))
d>s

V
�Ì|>xzt1^�x

l<n�d
P (n) ∧ (P (n)⇒ P (n+ 1))

d>s
V
�m¨�ponodgs�bexal<n�d�^j`'sidgt)brdgto|>hj`

p ∧ (p ⇒ q)h�_ypo^�h�|g`�^��z}zh�|4`w_'dgtubed�`\^�`�sidgt)brdgto|>hj`
q,
|>xzto|g^�noh�_�xzs�l)nod

P (n+ 1)
dgs
V
xo�)^�x�l<n�d

dgs­^�x'_yh�si_�x��Hl<n�d
(n+ 1) ∈ A

 Ì]�s�bexy|gxzt�|g^�nH¨zd\l)nod
N = A

 
]�^
fr`w£gxwtP`w_yh�d>t)bex'p�xzf­h�t��ono|g|>h��wt�srdXponod>�odX«zd>f�h�tubenoh¤beh¤«k`k_ydgtubed���dg^
sih�}zn�h�dgtubed

_�x<�ox7"/|gxw_�x
P (1)

dgs
V
�)¨

P (1)⇒ P (2)
dgs
V
�)¨u`�l<n�d�dgsÌnot�|g`wsrxXpP`kfibeh�|gno^�`wf§�od

(P (n)⇒ P (n+ 1))
�Kp�x<�od>_�xzs�|>xzto|g^�noh�f­l)nod

P (2)
d>s

V
 ~�Hh�d>to�ox

P (2)
«zd>fr�P`k���

|gxz_yx
P (2)⇒ P (3)

dgs
V
�)p�x<�od>_yxzs¡|gxzt�|g^�n�h�f�l)nod

P (3)
d>s
V
¨'`wsi�Psrno|>dgsih�«k`k_�d>tH�

bedw 3¥{xw_�x�^�x�l)nod'sid'pofid>brdgto�od'dgs�pofrxw¸P`wfql<n�d
P (n)

d>s
V
pP`wfr`�|g`w�P`

n
to`kbenofr`w^

dgs�sin à |gh�dgtubed�xz¸osidgf�«k`wf�l)nodk�Pp�xzf�_�n�¨a}zfe`kto�od�l)nod�srdg`
n
�osid�ponod>�od�frdgp�dZbeh�f�dg^
`kf��

}zno_ydgtubex�`wtubed>frh�xwf­bv`wtubv`ws�«zd>|gd>s�|gxw_�xasrdg`�todg|>dgse`kfrh�x���p�d>frx�sih�d>_�p�frd�not t<Ëo_ydgfix
à toh�brx'�od�«zdg|>dgs�Ã�dZ¦�`w|Zbv`w_ydgtubed

n
ÆZ��¨�|gxwto|g^�noh�f©l)nod

P (n)
dgs

V
 

~ ð�Á>½<¼?Û�¾PÈuÀ�åKÖ��Pó�®
ó���ÒT�£4¸��47*�,gQR*�,5ù7*:�����¶4:1¥�8*�Z2�21^*�Ne�A��1)���l()�2�¶�31^��4)�����A_217Q?��N3Ó(^,��P*��¼,S*0���S@�4`�A��1)���HCE���<@9*�M
• P (1)

���
V

���o,S*|Êkb ²5± x ± y�t.x0d»rkr&yc{3t
• ∀n ∈ N (P (n)⇒ P (n+ 1))

���$��,3È#b ² f�x ± y�tuxRd»rzr%yc{it
• + �2��N=*�,YNO��1)���£����ù7*:���¼4:1^*;�:��NO�����<�8*:���A_21B���3�������A*;�:��,`(7*2���s�:�o�31^��4)�����A_21^ö
G�*B��4�()�����A���A_21Ì�:� ø 45� P (n)

���
V

(7*��8*a���A���D�!�
n

U[CE�º���¥���21n�����+�9*º���jNO�
à y¨Èe{3a ±&² y ² x ± y�t.x0d»rkr&yc{3t Ë

ê�ßg½<ãäé/¿-Õ��Pó�®�ó�� ÏÅ47*�, ø 4`�A���J�i*9k',���� �=��4[*9���D�A��4`, *¸�:�$�:�
2n× 2n �P*2���3,3,S*2�¶�S@�47*�,�����*�,

ø 45���E�o,��£ù7* ø 4:�3�A*9�:�=4:1^*��P*2���3,3,S*¼(^4)�P�:�$��4[k'�D�3� ���$���21s(^�A�PZ�*2�
�:�¼�<� ���e�P*2���3,3,S*2�\��1WE�2��N=*O�:��G����31 ø 45�£�������2,S*�()��1^öÍm*��8*;�:��NO�����+�P*��D,��e�P*�Z2�21^*�NO����()�2���31^��45�����A_21�����k'� �¼1�M
áâb ²5± x ± y�tuxRd»rzr&yÜ{it]ã¥Í§I P KÂ���M,S*O(^����()�����A���A_21�Ms_�1��i*9k',���� �®-z�%-a*�, ø 45�s�E�M,��ù7* ø 4`�3�A*9�:�Ã4`1^*��P*2���3,3,S*;(^4)�P�:�f��47k'���3� ���f���21Â(^�A�PZ�*2�&�:���+� ���B�P*2���3,3,S*2�¥��1¥WE�2�DN=*
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�:��GÅö�ÒT���Aõ¥��,S*�� � ø 45�0��1a�����!�0�P*2�������21Ã4:1^*O���2,S*
(^�A�PZ�*;k�*j�D�i*M÷O,S*O����1)����1n���+*&���ô����8�9*9�:���8*9ö
ä�b ² f�x ± y�t.x0d»rkr&yc{it.M�Ô54�()�21:@9*�NO��� ø 4)�](7*��P*=�i*9k',���� ���
�:�

2n × 2n �P*2���3,3,S*2�¶ù7*�÷���2,Y4)���A_21^ö�Ô5�Å*2ù)�2�P*O���217���+�:���8*�NO���J4`1¥�A*9k',���� �0�:�£�i*�N=*&Ún�
2n+1× 2n+1 Qn()�'�:��NO����:�������2N¶()�21n���D,��¼��1���47*��+�����A*9k',���� ���X�:�]�A*�N=*&Ún�

2n×2n ���3ô��+���A×�1^�:�2,��T()�2�m,S*¼Ne�3�i*9�,��21:@��3�+47���31^*�,h÷0�<�8*�17��ô���� �'*�,YNO��1)�!�'ö\Ï?�2NO�s��1Â��,n�A*9k',���� �e�31)�A���+*�,2WK*�,Y�A*=4:1^*��P*2���3,þ,S*2Q��1a4`1^*B�:�0,S*2�;��47*��<� �e(7*��������;��1 ø 45�=,��;ù)��NO���s���3ô��+���+�:�£WK*�,Y�i*&4`1^*Â�P*2���3,3,S*9ö�Ò?1,S*2�e�2�+�8*2�
�+� ���X(7*��D�!��� ø 4:�3�i*�NO���o,S*��P*2���3,3,S*M�:�o,S*���� ø 4`�31^* ø 45�����e��1n��45��1)�+�8*���16��,����1)�+� �;�:��,~�i*9k',���� ��ö , �0�����i*£WE�2�DN=*;,S*2�\�+� ���s�P*2���3,3,S*2� ø 4)� ø 4:�3�A*ÊNO���RWE�2��N=*�1Ã4:1^*
GÅö©ÍXù)�2�8*���1 �P*9�9*Â4`1^*6�:��,S*2�¥��47*��<� �M(7*��D�!���;����1n��NO���;4:1­�i*9k',���� �Â�:���A*�N=*&Ún�
2n × 2n *�, ø 45�\,��RWK*�,Y�i*M4`1^*¥�P*2���3,3, *¸ö�Íl�2�
�A*�1)�!��Q~()�2�
,S*sù`�g()_2���������$�:�
�31^��45�����A_217Q()�'�:��NO���\� ��,3,���1^*��=�P*9�9*;4`1n���:�s��,3,����s���21�(^�A�PZ�*2�=��1=WE�2�DN=*&�:�DGa()�2�o����([*��8*9�:��öÍm*��8*\*:�P*9k�*��]�:�]� ��,3,���1^*��l��,7�i*9k',���� �
�2���S@��31^*�,9���2,��ok�*2���A*\*&Ú^*9���3��4:1^*�G¾��1���,:ù:45���������1)�+�8*�,ÊWE�2�DN=*9�:�¶()�2�¼,S*2�¼�<� ���e�P*2���3,3,S*2� ø 45�£ù)��NO��� ø 4:�3�i*9�:��ö
ê§ßg½)¼kÈuÀ-ÈuÀ�Õ��:² , ��NO�����<�8*�� Qh�8*�Z2�21^*�1^�:�/(5�2�H�31^��45�����A_217Q^,S*¶ô2*�,Y�+�:�PZ��:�R,S*2�Å���S@�4`�A��1[�!���WE_2�DNe4:,S*2�OM

∀n ∈ N,
n
∑

k=1

k =
n(n+ 1)

2

∀n ∈ N,
n
∑

k=1

(2k − 1) = n2

∀n ∈ N, 2n ≤ (n+ 1)!.

ê§ßg½)¼kÈuÀ-ÈuÀ�Õ��7± , ��NO�����<�8*��e()�2���31^��45�����A_21 ø 45�Ã��1Á�VWE�����������¥4:1^*¾�A*�4`���2,��P@�>+*¾, *���LÚ^*�,S*9�9*;��1º��,/�VCE��� ���A���A��å9ö
���É�Î��� æs<�\�
��A<�;=�!���¡��
CBD
.:s�!�A>�?A�#���� ����#
�;CBA���#��<
]�^
fr`w£gxwtP`w_yh�dgtubex�p�xzf�h�to�on�|g|gh��zt�|gxw_�po^�d>be`�dgs�dgl)noh�«c`w^�d>t)brd\`w^�fe`k£gxztP`k_�h�dgtubex3p�xzf
h�to�ono|>|gh��zt��cd>t�d>^)srd>t)brh��ox­�odÌl)nodÌ|gnP`w^�l)noh�d>f¯�od>_�xzs�befr`w|gh��zt\p�xwf
h�to�ono|>|gh��zt\srdÌponod>�od
fid4`w^�h�£g`wfqp�xzf�h�to�ono|>|gh��zt�|gxz_ypo^�d>bv`a¨Ýfrd>|g��p�frx<|4`k_�d>t)bedk�
`wnotol)nody¢P`4¨Ý|4`ksrxzs\d>tN^�xzs
l)nodk��p�xwfÊsih�_ypo^�h¤|gh��P`k���udgsÊ|gxwt)«zdgt�h�d>t)bed~d>_�p�^�dg`wf¡notox�naxkbefrx\_��Zbex<�oxo ��Hd­brfe`kbe`\�od
��dg_yxzsibrfe`wf�^j`�«k`w^�h���dg£��od�notP`'sidgtubed>to|gh�`y�od�^j`���xzfi_a`

∀n ∈ N P (n).
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]¡^
fr`w£gxwtP`w_yh�d>t)bexyp�xwf�h�t��ono|g|>h��zt�|>xz_�p�^�d>be`y|>xztos�bv`��od�^�xzs­srh�}znoh�dgtubedgs­pP`wsixzs3Ã�xz¸H�
srdgf�«k`Ýl)nod�^j`�Ëot�h�|g` ��h���dgfidgto|>hj`�|gxwtLdg^{fr`w£gxwtP`w_yh�d>t)bex�p�xzf�h�to��no|g|>h��zt9d>sibe�Ýd>tLdg^
pP`wsrxy��d\h�to�ono|>|gh��ztmÆ�"

• ç ¾PÁg½ Ç
½ À6Ö
Ç
É/ÈuÈuÀ�åKÖT"
P (1)

d>s
V
 

• ½q¾oÁgÕ#Ç¯½$À6Ö
Ç/É
ÈuÈuÀ�åKÖT"��<d��odg_�nod>sibefr`Ýl)nod ∀n ∈ N (P (1) ∧ ... ∧ P (n))
⇒ P (n+ 1)

dgs
V
 

¥{xz_yx�d>tÝdg^�|g`wsrx���dg^�fr`w£gxzto`w_yh�dgtubex�p�xzf~h�to�on�|g|>h��zt ^�`�|gxzto|>^�nosih��zt�dgsql)nod3^�`
srdgtubed>to|gh�` ∀n ∈ N P (n)

d>s
V
 

ê�ßg½<ãäé/¿-Õ��Pó�®�ó �èm)*�NO���o*M�:��NO�����+�P*��£4:�<�3,Y�SZ�*�1^�:�O��,�NO×����'�:�=�:�¼�31^��4)�����A_21Â���2N3Ó(^,����i*2Q ø 4)�o���'�:�=1)d:NO��� �M��1)�!��� �0N=*�÷¸�2� ø 45� P ���m(^�D�3NO�M�£(^���'��4)���!�s�:�¼1)d:NO�������(^���3NO���OM
áâb ²5± x ± y�tuxRd»rzr%yc{it.MXÍ§I7-OKM���¼ô����P�9*9�:���8*�(^45����-¥���m(^�D�3NO��ö
½q¾PÁgÕ:Ç¯½ÅÀ-Ö/Ç
É
ÈuÈuÀ-å�ÖÌñ»Ô54�()�21:@9*�NO��� ø 45�s,����s1)d`NO��� ���â-�Q¼ö3ö3öSQ�1a���21f(^�D�3NO�����(^���'��4)���!�Ã�:�
(^�D�3NO���'ö´Ô5�¶1�/ P ���\(^�D�3NO��Q£ù)��NO���;*:� *9k�*9�:��ö9Ò?1 �P*2���º���21)�+�8*����A�1�/ P ���0���2N¶(^45��������Q]���$�:�����3�¼1�/ P 2°( ø QX���21

1 < p < n + 1
÷
1 < q < n + 1

öÍl�2�Mù:�g()_2�!�������&�:���31^��45�����A_21º( ÷ ø ���216(^�D�3NO���f��(^� �'��45�����6�:�e(^�D�3NO����Q$÷�QO��1���217������45��1n���+*=1�/ P �A*�N=k'�A×�1f,��M���\ö
¿q¸osr�>fi«zd>srd�l<n�d�dgtJdgsibrd�|4`wsixN^j`���dg_yxzsibrfe`w|>h��zt´p�xzfyh�to�ono|>|gh��ztJd>tÅ^�no}u`wf3�od

h�to�on�|g|>h��ztJ|gxz_ypo^�d>be`µd>sa_a�ks�|>xz_ypo^�h�|4`k�P`Ý¨u`Nl)nod�toxäp�x<�ofi�j`w_yxzsy` à fr_�`wfg�ÊpKxwf
¢oh�p��wbrdgsih�s��od�h�to��no|g|>h��zt���l<n�d

p
¨
q
srxzt´pofrh�_yxzs�x�pofrx<��no|>brxµ��d�pofih�_yxzsg N]�sibrx

sr�z^�xX^�x\p�x<�ofr��`w_yxzsÌ` à fi_a`kfÌpo`wfe`
n
ponod>s{^j`�¢oh�p��kbedgsih�sÌ�od�h�t��ono|>|gh��wtad>s

P (n)
¨ytox

P (1)∧  ¤ � ∧P (n)
 

���É�Î�76  %�A>�?A���#�! ��é���5�E:3?�����?�:i<��
]¡^u_y�>bex<��x­�od¡h�to�on�|g|>h��zt\xwfr�oh�tP`wfrh�`©sidÊ`wp�xº¨u`�dgtXd>^)¢�dg|v¢ox��odÌl)nodÌ�P`w�ox­not\t<Ëo_ydgfix
tP`kben�fe`w^~1P�Hsin�sino|gd>srxzf

n+1
d>s©Ë�toh�|>xo  á `�h�to�ono|>|gh��ztadgs�befrno|Zbenofr`w^+d>s©n�tP`�}zd>todgfr`c�^�h�£g`w|>h��wt'�od­^�`�h�to�ono|>|gh��wtyxzfr�oh�tP`wfihj`ql)nod­brh�dgt�d­^�no}u`wf�|>nP`wto�ox��)bedgt�h�dgt��oxXdgt�|gn�dgtubv`

^j`'dgsibrfrno|Zbenofr`a�odX^�xzs­xw¸H¹idZbexzs�l)nod�sid�dgs�bv�wt�|gxzt�srh���dgfe`kto�oxo��dg^
pP`ksrxa�odXh�to��no|g|>h��zt
�od�not»dg^�d>_�d>t)brxy`w^�srh�}wnoh�d>t)brd�ponodg��dXp�frx<�ono|>h�fisrd�dgt»_��ws��od�notP`'�oh�frdg|>|gh��zt� 
]�sibrdq_y�>brx<�oxXdgs{notP`X¢od>frfe`k_�h�dgtubv`\n�brh�^���srh�_y`�pP`kfe`Xd>^�brfe`kbe`w_�h�d>t)bex\��d~_�no|v¢oxzs

xz¸<¹id>bexws�l)nodµ`wpP`kfrdg|>dgt�dgtCdg^��w_�¸oh�brx9�od�^�`ws�|gh�dgto|>hj`ws��od�^�`9|gxz_ypon�be`w|gh��zt��­d>t



-zR ª/�£� ä ¡¶�~¦?�Õ���Ì¦R«¼å]§�ª/�
po`wfibrh�|gn�^j`wf
d>t�^j`©bed>xzfr��`��odÌ^�dgt�}znP`º¹idgs¯��xzfi_a`k^�d>s
¨�d>t�^j`�srdg_��wtubeh�|g`��odÊ^�xzs¯^�d>to}znP`º¹id>s
��d\pofixz}zfr`w_�`w|gh��zt+ 
]�^�_��Zbex<�ox�|gxwtosrh�sibed»d>tÅ��d à toh�f'dgtJpofrh�_ydgf3^�no}u`wf3noto`µ|gh�dgf�bv`�|>xztosibrfrno|>|gh��zt��

|>xz_yx�p�xzf¯d�¹idg_ypo^�x�4`1£(^� �P@��8*�N=*o��1\Ím*2���P*�,>h�to�on�|>beh¤«k`w_ydgtubedk�º¨���dg_yxzsibrfe`wf¯`w^�}znotP`
p�frxzpoh�dg�P`k����dg^mpofrxw}zfe`k_a`�p�xwfÌh�to�ono|>|gh��ztysrxz¸�frd­dg^mt)Ëo_ydgfrx\�od�`wp�^�h�|g`w|>h�xwtodgs��od­^�`ws
fidg}z^�`ws��od>^
pofrxz}wfe`w_�`� 
ê§ßg½<ãäé�¿�ÕÌ�Pó�®�ó�®QG~���X1)d`NO��� ���£��1)�!��� ���Xô��A��1n��1��:��������Ne�31^*9�:���/()�2�X,S*2�m���S@�4:�A��1)�!���� �A@�,S*2�OM

0 ∈ Z
ö

Si n ∈ Z, entonces (n+ 1) ∈ Z ∧ (n− 1) ∈ Z.
Ò?1B�����!�o�P*2���=��,9(7*2���e�:�¶�31^��4)�����A_21��+�A��1n���:�������3� �������A�j1h����QT���¼�:�����3� Q^(7*��P*J(^����k�*����,�(7*2���º�:���31^��4)�����A_21 ù7*9k'�D>+* ø 4)�B���2N¶(^� ��k�*�� ø 45�M���

n
�K*Ê�+���VWK*:���;,S*�(h� ��(^�A�P�9*9���k<CE�����s�:�e�����+47�Ê�A��Qm��1)���21n�����¼�A*ÊN=k'�A×�1¥,S*=�'*��+���VWK*:����1

(n+ 1)
÷
(n− 1).m^�P*�NO���?4`1;�VCE��N¶(^,��£�:��4:1^*
�:��NO�����+�8*`���A_21¶()�2�?�31^��45�����A_21M�����+�D45���+4`�8*�,5��1;����������21)�����Ê�!��ö

, *9�:�
a ∈ R,

�:�VUT1[�3NM���
an ([*��8*

n ∈ Z
�:��,h���S@�4`�A��1)���¼NM�'�:�&M

a0 = 1

an+1 = an · a, an−1 =
an

a
.

Ò?16���D�i*2�$���21^���A���A�j1h����Qn(7*��8*����2N¶(^����k�*��£,S*s,���÷
am+n = am · an

U)CK*�NO���
m

*��Kk'�3�<�8*��D�A�=÷=�8*�Z2�21^*�NM���?()�2�¼�31^��4)�����A_21ZI8�����+��4)���+4`�8*�, K;��1
n
M

áâb ²�± x ± y�t.x0d»rkr&yc{3t�ãm(7*��8*
n = 0,

am+0 = am = am · 1 = am · a0.
ä�b ² f�x ± y�tuxRd»rzr%yc{it.M�Ô54¯()�21:@9*�NO���=ô2õ�,Y�+�9*f,S*B,���÷s(7*��8*

n
ö ì^��1n��NO��� ø 4)���:�ZÓNO�����+�8*�� ø 4)�\��1Â�����
�P*2���$,S*=,���÷e�A*�N=k'�A×�1Ã����ô2õ�,Y�+�9*¶([*��8*

(n+1)
÷¶(7*��P*

(n− 1)
M

am+(n+1) = a(m+n)+1 = am+n · a =

= (am · an) · a = am · (an · a) = am · an+1,



�Ê�ßÞ9���R¦6�l�£¨H�]�J��¤�§!�R�e¡��Ù�J�]�Ù§!�¶¢;�?ª]ª/§�«]� -zç
�:�21^�:�¼,S*O�S@�47*�,S�9*9�s����� �����P*����o, *=ù:�g()_2�!�������o�:�¼�31^��45�����A_21^öâ� �A*�N=k'�A×�1�M

am+(n−1) = a(m+n)−1 =
am+n

a
=

= (
am · an

a
) = am · (a

n

a
) = am · an−1,

�:�21^�:���:�;1)4)��ô��f,S*Â�S@�47*�,S�9*9�Ã�!��� �����8*¾���M,S*Bù:�g()_2�����������:�M�31^��45�����A_21^ö ÏR�j1°����������21n��,Y4`�3NO����Qo���2NO�Ã���217������45��1n���+*B�:��,R�8*�Z2�21^*�Ne�A��1)���0()�2�s�31^��4)�����A_21­�����+��4)���+4`�8*�,�VWE�����<47*9�:��Q ø 45�¼,S*O,���÷;���oô2õ�,Y�+�9* ∀n ∈ Z.

ê�ßg½<ãäé/¿-Õ��Pó�®�ó�² , *9�9*¥4:1^*\WE�2�DN=*=(^� ��()�����A���A�21^*�, A Q��:�VUT1)�3NO���0,S*\WE�2�DN=*=(^� �cÓ()�����A���A�21^*�,oÈzÕ�ãäé�¿�½<ãä½<ÖKÂ?¾�¼kÀÜ¾a�:� A �:��,h���S@�4:�A��1)�!�¼NO�'�:�&M
Si p es una variable proposicional, comp(p) = ¬p, comp(¬p) = p,

comp(A ∨ B) = comp(A) ∧ comp(B),
comp(A ∧ B) = comp(A) ∨ comp(B).

ê ± fiv ±%³ b*ã�Ím*��8*O���'�9*lWE�j�DN=*¼(^� ��()�����A���A�21^*�,
C

���oô����D� Um�P*5M
comp(C) = ¬C.

, ��NO�����<�8*:���A_21^öÎ�m*�Z2�21^*�NO�¯�?()�2�¼�31^��4)�����A_21º�����+�D45���+4`�8*�,ëM
áâb ²5± x ± y�t.x0d»rzr%yc{it]ã|G����\d:1)�A�����0�P*2�����nI8�P*2�����\kDõ2���A������K�(7*��8*M,���� ø 45�¼���l(^4)�ZÓ�:�¼*�(^,Y�A�P*��£���3�������A*�NO��1)�!�J,S*s�:�VUT1)�A���A_21&�:�/WE�2�DN=*£(^� ��()�����A���A�21^*�,����2N¶(^,���NO��1)�A*��D�+*���21�MX���

C = p,

comp(C) = comp(p) = ¬p = ¬C÷0���
C = ¬p

comp(C) = comp(¬p) = p = ¬¬p = ¬C.ÍJ1)�!���J�:��ù7*`�����J��,2([*2���¼�`�]�31^��4)�����A_21O� �����2�P�9*�� ø 4)� {∧,∨,¬} ���]4`1&���21ECD4:1)�!�*9�:����4[*9�:�£�:�l���21n�����+�3ô�����()�2�?,�� ø 4)�m���'�9*ÅWE�2�DN=*�(^� ��()�����A���A�21^*�,�����(h4)�P�:�l���217���+�D4`�3�NO�P���+*Ê1[�!�¼,S*2�¼���A@�,S*2�
�:�e���217���+��4)�����A_21Ã�:�TWE�2�DN=*2�m(^� ��(5�����A���A�21^*j,�����÷0��_2,��04¸�'*�1^�:������!���$���21n�����<�3ô����'ö
ä�b ² fsx ± y�tuxRd»rzr%yc{it Ë �¶�g()_2�!�������\�:�¼�31^��45�����A_21�M­Ô54�(5�21:@9*�NO��� ø 4)�e��4[*�, ø 4:�A�WE�2��N=*\(^� �D()�����A���A�21^*j,H���21Â1 ���21n�����+�3ô����\,�_P@��A�����e�:��,��<�g()� ∧ � ∨ �'*��<���VWK*:���=��,��!���cÓ����N=*9ö9Ô��P*

C
4:1^*eWE�2�DNs*s(^����()�����A���A�21^*�,����21 1�/ P �D�21n�����+�3ô����O�:��,?�+�g()� ∧ � ∨ ö



- ü ª/�£� ä ¡¶�~¦?�Õ���Ì¦R«¼å]§�ª/�
Ô5�

C = A ∨ B, ����1^��� ��NO�¯� ø 4)�
comp(A ∨ B) = comp(A) ∧ comp(B) =

= ¬A ∧ ¬B = (De Morgan) =

= ¬ (A ∨ B) = ¬C.

, �j15�`��,S*0���A@�4`1^�9*s�S@�47*�,S�9*9�����¼ô����8�9*9�`���8*�()�2�£ù:�g()_2���������
�:�¼�31^��45�����A_21^ö
Ô5�

C = A ∧ B, ����1^��� ��NO�¯� ø 4)�
comp(A ∧ B) = comp(A) ∨ comp(B) =

= ¬A ∨ ¬B = (De Morgan) =

= ¬ (A ∧ B) = ¬C.

, �j15�`��,S*0���A@�4`1^�9*s�S@�47*�,S�9*9�����¼ô����8�9*9�`���8*�()�2�£ù:�g()_2���������
�:�¼�31^��45�����A_21^ö
Ô5�

C = ¬A ��1)�!�21n�����l()�2�\,S*2�$,���÷9���0�:� , �XÐÂ�2�<@9*�1 ¬A *9��Ne�3���$4:1^*�WE�2�DN=*� ø 4:�3ô2*�,���1)����Q ø 4)�l�:��1n�2�A*�NM�����S@�47*�,gQÅ���21���,7Ne����NO�¶1)d`NO��� �¼�:�¶���21n�����+�3ô����X�:��,`�+�g()�
∧ � ∨ ö , �$�������oNO�'�:��Qn(5�2�¶ù:�g()_2�!�������o�:�o�31^��4)�����A_21�M

comp(C) = comp(¬A) = ¬(¬A) = A = ¬C.
ÍX�2�o���217���S@�4:�A��1)�!��QT�D�21n��,Y4:�3NO����QT���2NO� ø 4)���D>+*�NO���£�:��NO�����<�8*�� Q ø 45�R(7*��8*O��47*�,×Ó

ø 4:�A���HWE�2�DN=*¼(^� ��(5�����A���A�21^*j,^���¼�<�A��1n�OM
comp(C) = ¬C.

tor�ì í y WK� �mxo� �gY v�{X|
���
î���� �}
.:i:i���#���� ��=>A�Z<��!"�
.:3�7�i;=
���Y����*:3��¬§��<����� ���>A�ïBA:i
�".:i<uÓ

;=<��
¥{xw_�xadgs�beno�oh�`wfrd>_�xws~|gxzt _a�ks~�odZbv`w^�^�d\dgtÝd>^�sih�}znoh�dgtubedX|4`wp���ben�^�xo��n�tÝ¾P¿�î�Õm¼cÀÜÂºãNÕ
d>s3notP`a�D4`�+�31^*NxÝpofix<|gd>�oh�_yh�d>t)brx _ydg|g�wtoh�|>x l<n�d»`k|gdgpHbv`Ýn�t´|gh�dgf�bexÝ|>xztc¹in�t)bexÝ�od�31�(^4:�3�Z�Kpo`wfe`y|4`w�o`an�toxa�odX^�xzs­|>nP`w^�d>s�xz¸�brh�d>todXnot �24`�Y(^4:�
befr`ws�not�t<Ë�_�d>frx à toh�brx
��dapP`ksrxzs> �õ/xzf\notäé/¼ºÕmîm¼c¾oãä¾Adgtubedgt��odgfidg_yxzs�notP`�dZ¦Hpofidgsih��zt9x�notP`�sidg|gn�dgto|gh�`à toh�be`q�od�d·¦Hpofrd>srh�xwtodgsÌd>t�`w^�}zËot3^�dgt�}znP`º¹id���d�pofixz}zfr`w_�`w|gh��zt� /]�^o|gxwto|gd>p�bex\�od�pofixk�
}wfe`w_�`qd>sibe��frd>^j`w|>h�xzto`w�oxq|gxwtydg^o|>xzto|gd>p�bex\�od�`w^�}zxzfrh¤br_yx��wp�dgfix\t�x�dgs¡dZ¦�`k|>bv`k_�d>t)bed
h�}znP`w^6�op�nodgs�not�pofixz}zfr`w_�`3dgs�^�`'fid4`w^�h�£g`w|gh��zt�|gxzt�|gfrdZbv`y�od\not�`w^�}wxzfrh¤br_yx��op�d>frx�not
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ª/§��]�J�?  - #
`w^�}wxzfrh¤br_yx�pon�dg�od�sidgf3pofrxw}zfe`w_�`w�oxLÃ-xÝh�_ypo^�d>_ydgt)be`w�ox)Æ�d>t1��h���dgfidgtubedgs3^�dgto}wnP`º¹idgs
�odypofrxw}zfe`w_�`w|>h��wt� y]�tNdg^¡sih�}zn�h�d>t)bed3|4`wpo�¤beno^�x�d>siben��ohj`wfidg_yxzs�dg^�|gxzto|>dgp�brx��odyd à �
|gh�d>to|>hj`�fidg^j`k|gh�xztP`w�oxX|gxzt�^�xzs©`w^�}zxzfih¤be_'xzs~Ã�beh�dg_yp�x��odqdâ¹id>|gno|>h��wt�¨�todg|>dgsrh��P`w��dgs��od
_�d>_�xwfrh�`uÆ· �]�t�dgs�bv`�sidg|>|gh��zt�toxzsÊx<|>nopP`wfidg_yxzsÊ�od�^j`\sih�}znoh�dgtubed­pofidg}znotubv``" ñ ¥{no�wtH��ox»p�x<�odg_yxzs\`wsidg}znofr`wf�l<n�d�n�tä`w^�}zxzfrhæbe_'xµÃ-x»d>^¡p�frxz}zfr`w_�`�l)nody^�x�h�_ypo^�dg_yd>t)bv`zÆ
dgsy|gxwfrfrd>|>brxAÃ-h6  dk ��Ìl)nod»¢P`w|>d�`wl)nod>^�^�xÝpP`wfe`Ý^�x�l)nod���nod��oh�sidg³P`k�ox)Æ8ò õ�frxz¸o`wf'l)nod
not1`w^�}zxzfih¤be_'x�d>s3|gxzfifrdg|ZbexÝfrdgl)noh�dgfid�_��Zbex<�oxws��od���dg_yxzsibrfe`w|>h��zt9sih�_yh�^�`wfidgs�` ^�xzs
dgsibrno�oh�`w�oxzs~dgtÝd>^���dgse`kfrfrxw^�^�x��od>^�|g`wpo�¤beno^�xo ~]�tÝ|gnP`k^�l)noh�dgf~|g`wsrx��+«wdgfrh à |4`kf~l<n�d3not
`w^�}wxzfrh¤br_yxydgsq|gxwfrfrd>|>brx�ponod>�od�srdgfqn�tP`abe`wfrdg`a_�n�¨»�oh�����|gh�^6 ~�H�z^�x�`w^�}zxzfrhæbe_'xzs­frd>^j`c�
beh�«c`w_ydgt)brd~srh�_�p�^�d>s{ponod>�od>t»srd>f©«zd>frh à |4`w��xzs©n�beh�^�h�£g`wto�ox�^�`wsÊbr�g|gt�h�|g`ws©l<n�dq«k`w_yxzs©`
�odgsi|gfrh�¸oh�fÌ`\|>xztubeh�t)nP`w|>h��zt� �]�ta|gno`w^�l)noh�dgf¡|4`ksrxo�<^j`�|gxz_ypofidgtosih��zty�od­dgsibe`wsÌbe�>|gtoh�|4`ks
dgs¡sidg}znofix\l)nod�srd>fi«<h�fr���od­`4¨<no�P`�pP`wfe`q�oh�sidg³P`kf¡`w^�}wxzfrh¤br_yxws��od�noto`�_�`wt�dgfe`q_ydâ¹ixzf> 
õ/xzf�xwbefr`'pP`wf�bed\d>s�h�_�p�xwsrh�¸o^�d���h�srd>³P`wf�not�_y�>bex<��xyl)nodXtoxws­p�dgfr_yh�be`�«zdgfih à |g`wf

^j`�|gxzfifrdg|>|gh��ztÝ�od�|gnP`k^�l)noh�d>f~pofrxz}wfe`w_�`� �]�sibrx�d>s�notP`�|>xztosidg|>nodgto|ghj`���dg^/bed>xzfrd>_a`
�od»h�t�|gxz_ypo^�d>behæbeno�L�od���ñ<�odg^�sixz¸ofid»^�xzs3^���_yhæbedgs��odg^�fr`w£>xztP`w_yh�d>t)bex ��xzfi_a`w^6 ´Þ­x
xz¸osibe`wt)brdw�odgs�bed�fidgsino^�be`w�ox3toxzs�p�dgfi_�h¤bed~}u`wfe`kt)brh�£4`kf{l)nod�tox3dgs�p�xwsrh�¸�^�d~�odgsr`wfrfrxw^�^�`wf
notP`�_�`wl)noh�tP`wfrh�`�}zd>todgfr`w^§�od�«zdgfrh à |4`k|gh��ztÝ�od3^j`a|gxwfrfrd>|g|>h��ztÝ�od3pofrxw}zfe`w_�`ws>�+pKd>frx
dg^
brh�p�x��od�pofrxw}zfe`w_�`ws­l)nod3`kpP`wfrd>|gd>tÝdgt ^j`ypofr�w|>brh�|g`�tox�sixzt��Kdgt |gnP`k^�l)noh�d>f�|4`ksrxo�
bexwbe`w^�_yd>t)bed©}zdgt�dgfe`k^�dgs>�H`ksr�Pl<n�d�p�x<�od>_�xwsÌ��dgse`kfrfrxw^�^j`kf§_��Zbex<�oxzs��od�«zdgfih à |g`w|>h��ztyd>t
`w^�}wnotoxzs/|4`ksrxzs§h�_�p�xzf�bv`wtubed>sg ����ws�`wË�t��u`w^<¢P`w|gd>fr^�xqdgs�bv`wfidg_yxzs�_�d�¹ixzfe`wt��ox~t<nod>sibrfe`
_�dZbex<�oxz^�xz}z��`q�od­pofixz}zfr`w_a`k|gh��zt� /]�^mh��odg`w^osrdgfi�j`��oh�srdg³o`wf¡pofrxz}wfe`w_�`wsK¹inotubex\|gxzt�^�`ws
�odg_yxzsibrfe`w|>h�xwtodgs��od�srn�|>xzfrfidg|>|gh��zt� 
á `�«zd>frh à |4`w|>h��ztä�odapofrxz}wfe`w_�`ws\dgsibe� _�n�¨µfrd>^j`w|>h�xwtP`w�P`»|>xztL^�x�l)nod�sid��odgt�xk�_�h�tP` , ��NO�����<�8*:���A_21°*�4:���2N=õ��<�A�P*¾�:�&�����2����N=*2�'ö��~d�¢od>|·¢�xo��po`wfe`Nsidgfafih�}zn�frxzsix

|gxztÅdg^�|>xzto|>dgp�brxL��d�«zdgfih à |g`w|gh��zt��©todg|>dgsih�bv`kfr��`w_�xwsynotP`N�odgsi|gfrh�p�|gh��ztÅpofrd>|gh�sr`ä�od
`wl)nodg^�^�xµl)nod�sid�pofid>bed>to�od�l)nod�d>^­pofrxw}zfe`w_�`�¢o`w}u`��Ê¨1d>sibexä�od>¸�d�dZ¦Hpofidgse`kfrsrd d>t
not1^�d>to}znP`º¹id��oh�srd>³P`w�ox�pP`wfe`Ýd>sibed�pofrxzp��wsrh�brxo 9ù dgs�bed�brh�p�xÝ�od�^�d>to}znP`º¹idgs3srd�^�d>s
�odgtoxw_�h�tP`'¿�½<Ö
î�É¯¾<ß>½<Á�Ç¯½ ½<Ágé�½<ÈuÀVý�Èz¾PÈuÀ�åKÖ¡ 
]�tµ|>nP`w^�l)noh�d>fq|4`wsix�dg^§xz¸<¹idZbeh�«zx���d'd>sibrdy`wpP`wf�bv`w��x�dgs�frdg_�`wfi|4`wf~dg^§pP`kp�dg^§l)nod

¹inodg}u`X^�`\h�to��no|g|>h��zt�dgt�^�`wsÊh¤bed>fe`w|>h�xzt�dgs¡¨�fidg|>nofrsih�xztod>s{l<n�dqsid~dg_ypo^�dg`wt�dgt�_�no|v¢oxzs
^�dgt�}znP`º¹idgs§�od�p�frxz}zfr`w_�`w|gh��zt+�wpP`wfe`q^�xql)nod�h�t�|g^�n�h�_'xzs§`w^�}znotoxws§dâ¹id>_�po^�xzs§pP`kfe`�h�^�nosâ�
befe`kf�^j`ws�h��od4`ksg 
ê�ßg½<ãäé/¿-Õ��Pó�²�ó+�÷Ï?�217���+�:��� ��NO���¶��,7���S@�4:�A��1)����WD�8*�@�NO��1)�!�
�:�Å(^���P@��8*�N=*2Q/�������LÚ^*9�:�(7*��P*Â�P*�,���4:,S*��;��,�(^� �'��45�����f�:�O�:���s1)d:NO��� �¯�=1^*��+4`�8*�,����

a
÷
b

4:�+�3,Y�SZ�*�1^�:����_2,���,S*��4`N=*2QT,S*sN04:,Y�+�g(^,Y�A�P*:���A_21=(5�2��-;÷=,S*;���3ô������A_21=()�2��-EM

r := 0 m := a n := b
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û�¢oh�^�d

m > 0h��
m
dgs�h�_ypP`wfÊbe¢od>t

r := r + n
m := m/2
n := 2n

]�tµ^j`wsqsrd>t)brdgto|>hj`ws\`wtubedgfih�xzfidgs>�
m/2

frd>pofrd>srdgtubv`»d>^�t)Ëo_ydgfrx�po`wfibrd'd>t)brdgfe`��odg^
|>x<|gh�dgt)brd��od

m
dgtubefid R   á `Xh�t)brdgto|>h��ztydgsÊl)nod~srh a ¨ b sixzta^�xws¡«k`w^�xzfrd>sÌh�toh�|gh�`w^¤dgs¡�od^�`wsq«k`wfihj`w¸o^�dgs
m
¨
n
�
d>t)brxzto|gd>sXdg^�pofrxw}zfe`w_�`��odg¸�d>fr�j`�brdgfr_yh�to`wf�|>xztN^�`�«k`wfihj`w¸�^�d

r
|gxzt�dg^�«k`w^�xwf

ab.
õ/xwf�d�¹idg_ypo^�xo��pP`wfe`

a = 11
¨
b = 26,

dg^§pofrxz}wfe`w_�`�¢P`kfr�j`a^�x
sih�}zn�h�dgtubedj"

m n r
11

R�- °# # R Rj-
R ²?° ü L %
² Rw° % L %
° ü ²�- R % -

d>s­�od>|gh�fg�odg^
xzn�brpon�b­d>s R % - Õ ²z² ·26.]�sibed�p�frxz}zfr`w_�`»pP`wf�beh�|>no^j`kf�beh�dgt�danotP`�d>sibrfrno|Zbenofr` _�n�¨µsrh�_ypo^�d�"���dgsrp�no�gs3�od
`ksrh�}wtP`wf�d>^q«k`k^�xzf ° `L^�`ä«k`wfihj`w¸�^�d

r
�~d�¹idg|>n�bv`´^j`9h¤bed>fe`w|>h��zt�ó/ù:�3,��a¢o`wsibe`´l)nod�^j`

«c`wfrh�`w¸o^�d
m
bexw_a`3dg^
«c`w^�xwf °  {õ�frxz¸o`wfrd>_�xws­p�xzf�h�to��no|g|>h��zt»srxw¸ofrd

k
l)nodk�K��dgsrp�no�gs

��d
k
dâ¹id>|gno|>h�xzt�dgs��od ^�`äh¤bedgfr`w|gh��ztÙó/ù:�3,��Z��^�xws�«k`w^�xzfrd>sal<n�d�`w^�|4`wt�£4`wt

m, n
¨
rsr`kbeh�si�-`w|>dgt»^�`3h�}znP`w^��P`w��"

m · n+ r = ab

ç ¾PÁg½ÝÇ
½ÝÀ6Ö
Ç
É/ÈuÈuÀ�åKÖ¡ñ©srh k = 0
�md>s���dg|gh�fg�Psrh¯d>sibe`w_�xws§¹inos�bexa`kt)bed>s­�od\l)nodX^�`

h¤bed>fe`w|>h��ztÝû�¢�h�^�d'srdg`»dâ¹id>|gn�be`w�P`�p�xwf\p�frh�_ydgfr`�«zd>£w��^�xzsq«k`w^�xwfrdgs��od
m
�
n
¨
r
sixzt��

fidgsipKd>|>brh�«k`k_�d>t)brdw�
a, b

¨
0,
|gxwt�^�x'l)nod\d>^
frd>srno^¤bv`w��xyd>s­h�t�_�d>�ohj`cbexo ½q¾PÁgÕØÇ¯½UÀ6Ö
Ç/É
ÈuÈuÀ�åKÖ¡ñ �Hnop�xwto}u`w_yxzsad>^~fidgsino^�be`w�ox9pP`kfe`

k
��dgsibrfrh�|>bv`k_�d>t)bed

_ydgt�xzf�l)nod�dg^{t)Ëo_ydgfrx �oda«zd>|gdgs'l)nod�srd�fidgpoh¤bedadg^{¸�no|g^�dw N�<d4`wt
a1, b1

¨
c1
^�xzs

«c`w^�xwfrdgs{�od
m
�
n
¨
r
`kt)bed>s©�odq^�`Xh�bed>fe`w|>h��zt

k+1,
¨
a2, b2

¨
c2
^�xzsÌ«k`w^�xwfrdgs{��d

m
�

n
¨
r
�odgsipono�>s~�od��oh�|·¢o`'h¤bed>fe`w|>h��zt+ �õ/xzf�¢�h�p��wbed>srh�s��od�h�to�on�|g|gh��zt

a1 · b1 + c1 = ab

¨�^�x'l)nod�bedgt�dg_yxzs�l)nod\�od>_�xwsibefr`wf�dgs�l<n�d
a2 · b2 + c2 = ab.
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ª/§��]�J�?  - L
�~h�s�beh�t�}u`w_yxzs©�oxws�|4`wsixzs'"
`uÆ{srh

a1
dgs­po`wfg�odgtubexzto|>dgs

a2 =
a1

2

�
b2 = 2b1

¨
c2 = c1,

p�xzf�^�x3l)nod

a2 · b2 + c2 =
a1
2
· 2b1 + c1 = ab.

¸mÆÌsih
a1
d>s©h�_ypP`wf>�<d>t)brxzto|>dgs

a2 =
(a1−1)
2

�
b2 = 2b1

¨
c2 = c1+ b1,

p�xzf{^�x�l)nod

a2 · b2 + c2 =
(a1 − 1)

2
· 2b1 + c1 + b1 = a1b1 − b1 + c1 + b1 = ab

|gxzt»^�x3l)nod\^�`3�od>_�xwsibefr`w|gh��zt�p�xwf�h�to�ono|>|gh��wt»d>sibe�y|>xz_�p�^�dZbv`� 
ª�to`�«wdg£�frd4`k^�h�£4`w�P`'d>sibv`��odg_yxzs�befe`w|>h��wt�p�x<��dg_yxzs~`wsrd>}znofr`wf�l)nod�dg^
pofrxw}zfe`w_�`

Ã-dgt�d>sibrd{|4`ksrx~dg^u��fe`w}w_�d>t)bex­��dÊpofrxz}wfe`w_�`uÆ+dgs�ÈzÕm¼c¼º½<ÈwÂ?Õ�é
¾o¼cÈuÀ�¾P¿6ãN½HÖ�Â?½�¨u`�l)nod{Á4À
½H¿Pé/¼ºÕmîm¼º¾Pãä¾�Â?½)¼cã9À-Ö
¾*òHd>t)bexwto|gd>s
�P`�^�`©frd>srponod>sibe`­|gxzfifrdg|Zbv`H z]�^zxwbrfrx�h�to}wfrdg��h�dgtubed
�odX^�`'�odg_yxzsibrfe`w|>h��wt���dX|gxzfifrd>|g|>h��zt�dgs�^j`�Â?½<¼cãäÀ6Ö¯¾PÈuÀ�å�ÖÌ Êõ�`wfe`yl)nodXdg^¯pofrxw}zfe`w_�`
srd4`'|gxwfrfrd>|>brxo�obed>todg_yxzs�l)nod\�od>_�xwsibefr`wf�l)nod\d>^
pofrxz}wfe`w_�`�srh�dg_ypofrdqbrdgfr_yh�to`� 
]�¦�`w_�h�tP`wt��ox\^j`�|g^�`wnosino^j`eó/ù:�3,��Z�u«zd>_�xzsÌl)nod�d>^mpofrxw}zfe`w_�`qbrdgfr_yh�to`�sr�z^�x\|gnP`ktH�

�ox
m
bexz_�`'d>^¯«k`k^�xzf

0,
¨�pKxwf­xwbefix�^�`w�oxydgt�|4`w�P`yh�brdgfr`w|gh��zt»�od\^j`'|>^j`wn�srno^�`�ó/ù:�3,��

dg^¯«k`k^�xzf��od
m
�odg|>frdg|>dw ~]�s�bexasrh�}wtoh à |g`yl)nodk�K|gxz_yx�_��c¦Hh�_yx'dgt�^j`'frdgp�dZbeh�|gh��wt

m
�

�gsrh�_a`H�¯bexw_a`kfe��d>^�«k`w^�xwf
0,
p�xwf\^�x»l)nod�p�x<�odg_yxzsX`wsidg}zn�fe`wf\l)nod�dg^¡pofrxz}wfe`w_�`�dgs

|gxzfifrdg|Zbexo 

���
î��76  %�A"��������*:iX!<�>A�����#
��A
Î�#��;=�!���]��
�¢£�E�!�5�i�e;=<��Z�#­1BD�*:E�i
��
ª�t°�������!��N=*����K()���D�!��d>s�notÅsih�s�bedg_�`�h�t���xzfi_a�cbeh¤|gx���h�srd>³P`w�oxNpP`kfe`µfidgsixz^�«zd>f�pofixk�
¸o^�d>_a`ks'd>tJnotÅ�kfrd4`�d>srp�dg|>� à |4`��Ê¨1`k^�l)nod»�od�`w^�}zËot´_�x<��x�srd»^�d�¢P`��oxwbe`w�oxµ�od
notP` |gxz_yp�d>brdgto|>hj` srh�_yh�^�`kf�` ^�`��od�not´d·¦Hp�dgfibrxµ¢)no_�`wtoxÝ��d�dgsid»�wfid4`� µù�sr�{pKxwf
dâ¹idg_ypo^�xo�+�;G\¥{�âÞÄd>sqnot�srh�s�bedg_�`�d·¦HpKd>fibrx�dgt �oh�`w}zto�wsibeh�|gx'¨»brfe`kbe`w_�h�d>t)brx��od�not
t<Ëo_ydgfix�_�n�¨�frd>�ono|gh��ox��odÌdgt���d>fr_ydg�P`k�odgs/h�tH��dg|g|>h�xwse`ws¯�odÊ^�`�sr`wto}zfidw�c¨\õÌ¬]¿���õ¡]Ì¥Ì�
�l¿�¬÷dgsXnotäsrh�sibed>_�`�d·¦Hp�dgfibrx dgtä�odZbedgfi_�h�tP`wf�^j`�pofrxw¸P`w¸oh�^�h��o`w�µ�od�^�`»d·¦�h�sibrdgto|>hj`
�od�¨u`w|gh�_yh�dgtubexzs­�od�|gh�dgfibrxzs~_�h�todgfr`w^�dgs~`apP`wf�beh�f���d�^j`ws�pofrnod>¸P`ws�fid4`k^�h�£g`w�P`ws�sixz¸ofid
dg^�brdgfrfidgtox� 
�Hd>}zËot»d>^
|g`wsixo�Pd>^�xz¸<¹id>beh¤«zx'��d�not�srh�sibed>_a`�d·¦HpKd>fibrx�p�nodg�od�srd>f�d>^
��d�sinosibeh¤benoh�f

`w^§dZ¦Hp�d>fibex»¢<no_�`wtox�x»d>^��ody`4¨Hn��P`wf\`�^�xzs�d·¦HpKd>fibrxzs\¢<no_�`wt�xzs�`�brfe`kbe`wfq|gxzt�«zxc�
^�Ëo_ydgt�dgs\�od�h�t���xzfr_�`k|gh��wtµl)nod��od>sr¸�xzfr�o`wt9sinä|4`wpP`k|gh��o`w�� �]�tä|gno`w^�l)noh�dgf\|g`wsix�dg^
xz¸<¹id>beh¤«zx à tP`w^§dgs�d>^�_yh�si_�xa�od3brx<�P`ws�^j`ws�`wp�^�h�|g`w|>h�xwtodgsqh�t���xzfi_a�cbeh¤|4`wsK"~frd>^�dZ«k`wf�`w^
¢oxz_�¸ofrd©�od�bv`kfrdg`ws¡_ydg|g�wtoh�|4`ws§¨�pofixzp�xzfr|>h�xzto`wfr^�d{h�tos�befrno_yd>t)bexws¡`w_�p�^�h à |g`w�oxwfrdgs§�od
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sinos�|4`kpP`w|>h��P`w��dgs§_�d>t)be`w^�d>sg  á xzs§sih�sibrdg_�`ws�dZ¦Hp�dgf�bexzs�srd©|gxwtosibrfrn�¨zd>tysrh�}wnoh�d>to�oxqn�tP`|>xzto|>dgp�|gh��zt�_yx<�ono^�`wfg Êõ/xzf­noto`�po`wfibrd\srdX|>xztosibrfrn�¨zdXnotP`¥k�*2���\�:�0���21n�����3Ne�A��1)���¯�
x�¸P`ksrd��od�¢�dg|v¢oxzsq¨�p�xzf~xkbefe`�srd��od>se`wfifrxz^�^j`wt�^�xzs�pofix<|gdg��h�_yh�d>t)bexws�l<n�d3p�d>fr_yh�bed>t
_�`wtoh�pono^�`wf­dgse`�¸o`wsrd3pP`kfe`�xz¸�brdgtod>f�notP`�frdgsiponod>sibv`�|>xzt��P`cbexzsq|gxzt�|gfrdZbexzs�IiNO�2�!�2��:�$�31EWE��� ��1n���+*LKc  á xzsqpofixz¸o^�dg_�`ws~l)nod3srnofi}zdgt�d>t�frd>^j`w|>h��wt |>xzt�d>sibexws��oxzs�`kpP`wf�bv`c���xzs~¢P`wt �o`w�oxa^�no}u`kf�`anotÝ�kfrd4`��odXbrfe`w¸P`º¹ixal)nod�srd�|gxzt�x<|gd�|gxz_yx¥�31:@:��1)�A���D>+*��:��,���21n�����3Ne�A��1)����ö
]�t9dgsibrd�`wpo`wfibe`w�ox»«zdgfrd>_�xws�|g�z_yx�srdan�brh�^�h¤£4`wtµ^j`ws\dZ¦Hpofidgsih�xztod>s�^��z}wh�|g`ws\po`wfe`

fidgpofidgsidgt)be`wf�dg^Ê|>xztox<|>h�_yh�d>t)bex�¨z�§dgt9pP`wf�beh�|gno^�`wf�¨µpP`wfe`�tox�|gxz_ypo^�h�|g`wf\_�n�|·¢ox�^j`
d·¦Hp�xzsrh�|gh��wt��P^�`ws�sidgtubedgt�|ghj`ks­�od�^j`�^��z}zh�|g`�pofixzp�xzsrh�|gh�xztP`w^6 
ª�tXsrh�sibrdg_�`��odÌpofix<�ono|g|>h��wtXdgs
notX_yxH��dg^�x��odÌ|gxw_�ponHbv`w|>h��zt�l)nodÊ�oh�sibrh�to}zn�d�brfrdgs

|>xz_yp�xztodgtubed>s'"�noto` ¸P`wsid��od�¢od>|·¢�xzsg�¡noto` ¸P`wsid��od�|gxwtox<|gh�_�h�dgtubexzs\¨Nnot9_�xwbrxzf
��dXh�tH��dgfrd>to|gh�`wsg  á `y¸P`ksrdX�od\|gxz_yx<|gh�_�h¤dgtubexzs�tox�dgs�t�dg|gd>se`kfrhj`k_�d>t)bed\notP`y¸P`wsidX�od�o`kbexzsXd>t9d>^Ìsrd>t)beh��ox�h�t���xzfr_��cbeh�|>x»¢P`k¸oh�brnP`w^<"Xsrd>}zËot9d>^Ìsrh�s�bed>_a`»ponod>�odasrd>f��od>sr�od
n�tP`3bv`w¸�^j`��od�t<Ëo_ydgfixzs�¢P`ksibv`'n�tP`'¸P`wsid\�od��P`kbrxzs�d>t�sidgt)brh��ox'pofrxwpoh�xo 
á `ws§frd>}z^�`ws��od©pofix<�ono|>|gh��wt3srd�`wpo^�h�|g`wt�srxw¸ofrd©^j`�¸P`ksrd©�od©¢odg|v¢oxzs>�)|g`w_�¸ohj`kto�ox~srnd>sibe`w�ox�¨ dg^§srh�sibed>_�`��od3|gxztubefrxw^§}zxz¸oh�dgfitP`�dgsibrxzs�pofrx<|>dg�oh�_�h�dgtubexzs~¨Ý`wp�^�h�|g`w|>h�xwtodgs

¨»¢P`w|>d�l)nod�^j`y|gxz_ypon�be`w|gh��zt�srd���d>bed>to}u`a|gno`wto�ox�dg^
dgsibe`w�ox��od�^j`y¸P`ksrd��od��P`kbexws
sr`kbeh�si�-`w|>d\`w^�}znotP`�|gxwto�oh�|gh��wt��od�bed>fr_yh�tP`k|gh��wt�pofidg�od à toh��P`� 
á `3¸P`wsid��od�¢od>|·¢�xzs�|gxztubedgt��ofe�3^�xzs©¢�dg|v¢oxzs�h�toh�|gh�`w^¤dgsÊ¨�^�xws©l)nod�srdq«k`?¨u`kt»xz¸�brdZ�t�h�dgt��oxq|gxw_�x~|gxwtosrd>|gnod>to|ghj`ws§dgt3d>^�p�frx<|gd>srx�h�tH��dgfrd>to|>hj`w^6  á `ws�� �A@�,S*2�X�:�/(^� �'��45�����A_21

sixzt�pP`wfrd>s§xzfi�odgto`w�oxzs�Ã-ùX�gÀ�Æ· z�Hd>}zËot3d>^<beh�p�x~�od{srh�sibed>_a`�sid©�od>toxz_yh�tP`kt;*�1)�!�����P�:��1PÓ���¯¨;���217������4)��1)�!�Z�)�D�21^���A���A_21­¨O*:�����A_21~xl(^����Ne���'*¡¨;���21n��,Y49���A_21P ��Hn���xwfr_�`w^�h�£g`w|gh��wt
^��z}zh�|4`Xdgs�^j`��od�^�`ws©sidgtubedgt�|ghj`ks�|gxwto�oh�|>h�xzto`w^�d>s{ù ⇒ À~ Põ/xwf�d�¹idg_ypo^�xo�Hd>t»^�`�¸P`wsrd��od
|>xztox<|>h�_yh�d>t)bexws©�odg^
srh�sibed>_�`�ó~¥]¿�Þ#¢P`?¨�notP`ws R # °w° frd>}z^j`ksg ¡ª­tP`'�od�dg^�^j`ws©dgsK"

Ô5�H��,c���21)�����Ê�!�$*:���+4[*�,c���¼��,n�:��*2���S@�1^*��l4:1^*mWD4)��1)�!���:�£*�,Y�3NO��1)�i*:���A_217Q
÷0���£ù7*����2,����P*9�:�e4:1BNO_'��4`,��3Ô3ôÌÑ\��1B4:1Â*��DN=*Ê�D�A��Q
÷0���$���21n�¯����,S*¼()�����A���A_21 ø 4)�e����4�(7*���,cNO_'��4:,���Q
÷0���
������()�21n�
�:�¼4:1^*JWD45��1[�!�\�:�
*�,Y�3NO��1)�i*:���A_217Q
��1)�!�21n�����\�D�2,����P*��£,S*JWD4)��1)�!�$��1Â���A��ù7*¼()�����A���A_21^ö

]�sÌ|>^j`kfrx�l)nodw�)h�to�od>p�dgto��h�d>t)bed>_�d>t)brd��odg^osrh�}wtoh à |g`w�ox��od�dgse`ksÌd·¦�p�frdgsih�xwtodgsÌdgtyd>^
|>xzt)brdZ¦<bex���d��oh�|·¢�x�srh�sibed>_�`��z^�`~frd>}z^j`~sid�ponod>�od©��xzfr_�`w^�h�£g`wf/_ydg��hj`wtubed{^�`~srd>t)brdgto|>hj`7"

(p1 ∧ p2 ∧ p3 ∧ p4)⇒ q.]�t»d>^�|>xzt)brdZ¦<bex'�od�n�t�srh�s�bed>_a`�dZ¦Hp�dgf�bexyd>t�_�d>�oh�|>h�tP`H�Hp�x<�ofi�j`w_yxzsÊ|gxzt�srh���dgfe`kf
^�`ws�frd>}z^�`ws'"



�Ê�ëðÊ� �£�T¦c§�ª/�
ª/§��]�J�?  -Ê¬
¬ ² "©Ô5����,`(7*:���A��1)�!���<�A��1n�HUm�'k'� ��Q

÷s��������Q
÷s�+�A��1n�
�`�2,��2� ����Ne4¸����4:,S*�� ����Q
��1)���21n�D����(7*9�:�����J@��D�g()�'ö

¬ R "©Ô5����,`(7*:���A��1)�!��(7*9�:�D���l@��D�g()�$�=� ���VWD�D�+*9�:��Q
÷s1n�0�+�A��1n�od:,������P*2Q
��1)���21n�D����� �D���2NO��1^�9*��¼*2��(^�3�D�31^*=÷����kÚ^*:�'ö

á `3��xwfr_�`w^�h�£g`w|gh��wt��od�bv`w^�dgs�fidg}z^�`ws�srd>fr�j``"
R1 : [f ∧ t ∧m]⇒ g

R2 : [(g ∨ r) ∧ (¬u)]⇒ (a ∧ c)
ª­brh�^�h�£4`kto�ox´^j`ws�d>l<n�h�«k`k^�dgt�|ghj`ks»^��w}zh�|g`ws�«<h�sibe`wsg��^�`´frd>}z^j`

R2
d>s�^��z}wh�|g`w_yd>t)brd

dgl)noh�«c`w^�d>t)brd\`

[(g ∧ (¬u))⇒ a] ∧ [(g ∧ (¬u))⇒ c] ∧ [(r ∧ (¬u))⇒ a] ∧ [(r ∧ (¬u))⇒ c]

¨�dgt»|gxwtosrd>|gnodgto|gh�`ysrd�p�x<�ofr��`3�od>sr|>xz_ypKxwtodgf�dgt»^j`ws�sih�}zn�h�dgtubed>s'"
R2a : (g ∧ (¬u))⇒ a

R2b : (g ∧ (¬u))⇒ c

R2c : (r ∧ (¬u))⇒ a

R2d : (r ∧ (¬u))⇒ c.

ù~tubed~n�tP`�srh¤benP`k|gh��zt�|gxzto|>frdZbv`�dgt�^j`\l)nod~srd~¢P`w|>d~notP`�|>xztosino^�be`�`k^�srh�s�bed>_a`��<sid
beh�d>tod�^�`�dZ«Hh��odgt�|gh�`3�od�l)nod�not�srn�¸�|gxztc¹in�t)bexy�od�dgsixzs�¢od>|·¢oxws­sixzt�«zd>fr�P`k�odgfixzs�¨�sid
befe`cbv`\�od~d>to|gxwt)befr`wfÊl<n��~xwbefixzsÊ¢od>|·¢�xzs©pon�dg�od>t�h�t���d>frh�frsrd­��d~d>se`�|gd>fibrh��ono_�¸�frd­¨y�od
^j`ws�fidg}z^�`wsg 
�Hh
p�xzf�dâ¹id>_ypo^�x'¢oh�|gh��gsrd>_�xws�notP`'|gxwtosrno^¤bv`y`w^
sih�s�bedg_�`'sixz¸ofid\not�pP`w|>h�d>t)brd\l)nod

se`kbrh�si�-`k|gdÝ^�xzs�¢odg|v¢oxzs
f, t,m

¨ ¬u �~dg^�sih�s�bedg_�`9brfe`kbe`wfr��`9��dN`kpo^�h�|4`wfa^j`ks�frd>}z^j`kspP`wfe`�«zd>f­l)no��bed>fe`wp�hj`3¢o`w¸ofr��`3l)nodX`kpo^�h�|4`wf> §ù�sr�
ponod>sg�mse`k¸oh�d>to�oxyl)nod�brdgtod>_�xws­^�xzs
¢odg|v¢oxzs

f, t,m
¨ ¬u, p�x<��dg_yxzsÌ¢P`w|>dgfÌ^j`ws¡srh�}znoh�dgtubedgs¡h�t���d>frdgt�|gh�`wsg�)nose`kto�ox�^�`�frd>}z^j`�od�h�t���d>frdgt�|ghj`MNO�'��4¸�m()�21n��17��"



L ° ª/�£� ä ¡¶�~¦?�Õ���Ì¦R«¼å]§�ª/�
f ∧ t ∧m

R1 : [f ∧ t ∧m]⇒ g
gÃ-d>t�d>sibed�_�xz_yd>t)bex3¢od>_�xws­`w_ypo^�h�`w�ox�^j`�¸P`wsid\�od�¢od>|·¢�xzs­|gxzt»dg^
t)nod>«wx�¢odg|v¢ox

g)
g ∧ (¬u)

R2a : (g ∧ (¬u))⇒ a
aÃ�dgt»dgs�bed\_yxz_ydgtubex3¢odg_yxzs­`k_�p�^�h�`k�ox3^�`3¸o`wsrd��od�¢odg|v¢oxzs­|>xzt»dg^
t<n�d>«zx�¢od>|·¢�x

a)
g ∧ (¬u)

R2b : (g ∧ (¬u))⇒ c
c

�

d>s­�od>|gh�fg�o^j`�bedgfr`wpoh�`3dgs­`wsrp�h�frh�tP`�¨�|>xz³P`w|k 
]�^
pofixz¸o^�dg_�`'l)nodXsrnofi}zdXd>s~l)nodXd>t�}zdgt�dgfe`k^
toxybed>to�ofidg_yxzs���xzsg��sih�toxy_�no|·¢o`ws

fidg}z^�`ws�Ã-d>tL^�xzsXsih�sibrdg_�`wsXdZ¦Hp�dgf�bexzs�dgs���fidg|>nodgtubed�l)nod�srdg`wtL�od>^Êxzfr�od>tL��d�|>h�d>t)brxzs
x��od3_yh�^�d>svÆ·�K¨�d>t�}zd>todgfr`w^�¢P`?¨�l)nod3d>sibe`w¸o^�d>|gd>f�dgtÝl<n��3xzfr�od>tÝ¨��od�l)no�3_�`wtodgfr`
`kpo^�h�|4`w_yxws�^�`ws
fidg}z^�`wsÌÃ-d>s¯�odg|>h�f>�c|gnP�k^ux�|gnP�w^�dgs¯sidÊ`kpo^�h�|4`wt�p�frh�_yd>frx)Æ�pP`wfe`�d>sibv`k¸o^�d>|gdgf
d>^
pofrx<|>dg�oh�_�h�dgtubex3�od�h�tH��dgfrd>to|>hj`� 
õ�`wfe`3dgs�bexo�P¢P`4¨��oxzs�d>sibefr`kbed>}zh�`ws�¸o�wsrh�|4`wsK"
²  ���f�`wp�^�h�|4`wto��x~|gno`wt)be`ws§frd>}z^j`ws/�od©pofix<�ono|>|gh��wt�¨X|gnP`wtubv`ks�fidg}z^�`ws/�od©h�t���d>frd>to|gh�`srd­ponod>�P`wt�pP`wfr`�h�f�sino|gd>srh¤«k`w_ydgtubed~`k_�po^�h�`wt��ox�^j`�¸P`ksrd­�od­¢�dg|v¢oxzs>�Hl)nod­dgsÌ^�x
l<n�d�¢od>_�xws�¢od>|·¢�x�d>t d>^
dâ¹id>_ypo^�x'¨»l)nodXsrdX|gxwtox<|gdX|gxw_�xB��1n�P*9�:��1^*�Ne�A��1)���ù7*:���+*M*9�:��,S*�1)�!�'ö

R  �ú�h ¹r`kfrsrd�notL¢�dg|v¢ox�|>xz_yx xz¸<¹idZbeh�«zx�¨Nbrfe`kbe`wf���d��odg�on�|gh�fr^�x���«<h�d>to�oxÝ��d�l<n��frdg}w^j`ws��od�pofrx<�on�|g|gh��zt»dgs­|>xztosrd>|gn�dgt)bedw ©]�s�bed\dgs­d>^¯p�frh�t�|gh�p�h�x3��d;��1n�P*9�:��1^*wÓNe�A��1)�!�$ù7*:���+*M*��+�8õ2�'ö
]�t xwbrfe`ws­pP`k^j`w¸ofr`wsg�Pdg^
d>to|4`w��dgtP`w_yh�dgt)brxa¢P`k|gh�`�`w�od>^j`wtubed\|gxwtosrh�sibeh�fr��`'d>t h�f­fidZ�

|>xzfrfih�d>to�ox�^�`ws�frdg}w^j`ws��od>sr�od�^�`'pofrh�_ydgfe`3¢P`ws�bv`y^�^�dg}u`kf�`ynotP`yl)nodXponod>�P`a`wpo^�h�|4`kfrsrd
Ã��od3`w|gn�dgfr��x�|gxwt�^�`a^�d>¨��od�h�t���d>frd>to|gh�`a_�x<��nosqp�xzt�dgtoseÆZ�¯`w_ypo^�h�`wf­^j`�¸P`wsid3�od�¢od·�
|v¢oxzsÌ|gxwta^�`�t)nod>«c`X|gxzt�srdg|>nodgto|gh�`��Hd>_�p�d>£4`wfÌ��d�t)nodZ«zx�|gxzt�^�`�pofih�_ydgfr`�fidg}z^�`��z¨y`wsi�
sino|gd>srh¤«k`w_ydgtubed�¢P`ksibv`yh�to|>^�noh�f�dg^¯xz¸<¹id>beh¤«zx�dgt�^�`y¸o`wsrdX�odX¢�dg|v¢oxzsg�Kx�¢P`ws�bv`�l)nod\¨u`
t�xyponod>�P`wt�`wp�^�h�|g`wfisrd�fidg}z^�`wsg 
¥{nP`wto��xXtox�srd�befe`cbv`��od��od>frh¤«k`wf�|gnP`kt)bv`ksÌ|>xzto|>^�nosih�xzt�dgs¡srd�ponod>�P`wt��)srh�t�x\��d­h�tH�

��d>frh�f�not�xz¸H¹idZbeh¤«zxo�Pxy«zdgfih à |g`wf­l)nodXnot�¢odg|v¢oxa|>xzto|>frd>brxadgs�|>xztosidg|>nodgto|ghj`���dXxwbrfrxzs
¢�dg|v¢oxzs3¨9�od�^j`ws�fidg}z^�`ws��od�pofrx<�on�|g|>h��zt��¡^�x l)nod�pofrx<|>dg�od�d>sy`wpo^�h�|g`wf�d>^©dgto|g`w�odZ�
to`w_�h�dgtubex»¢P`k|gh�`�`kbrfe�ws>�/pP`wfr`»^�x»|gno`w^Î�
srhÌp�xwfXd�¹idg_ypo^�x�h�t)brdgtubv`w_yxzs�«zdgfXsihÌponod>�od



�Ê�
õE���1ö2�T��ª/§�ª/§��X  L ²
�odg�on�|gh�frsrd~nota¢odg|v¢ox

x,
¸�nosr|g`wfr��`w_yxzsÌdgt�pofih�_ydgf¡^�no}z`wfÌ^�`wsÌfrd>}z^j`wsÌd>t�^j`wsÌl)nod à }zn<�

fe`�|>xz_yx�|>xztosidg|gn�dgt)brdw�¯¨ `�pP`kfibeh�f~��d3dg^�^j`ws�h�fi�j`k_yxzs�fid4`w^�h�£g`wto�oxadg^�dgs�beno�oh�x�¢P`w|>hj`
`kbefr�wsg 
ª�t´^�dgto}wnP`º¹id�}zfe� à |gx�_�nH¨L`k�odg|>nP`w�ox�dgs3dg^©�od�^�xzs3�wfi¸�xz^�d>s��od��odg|>h�sih��ztLl)nod

dgsibrno�oh�`wfrd>_�xws�d>t�srn»_yxz_�d>t)brxo 

t
rc÷ Ò£øn{ T � � � �ZY |
ê�ßg½)¼cÈuÀ6ÈuÀ�Õ �:¹
 ¡]�sr|gfih�¸�d�^j`�bv`w¸o^�`3��d�«zdgfr�o`w���od�^j`ks�srh�}wnoh�d>t)brdgs�p�frxzp�xzsih�|>h�xzt�dgs'"

² Æ
((p ∨ ¬q) ∧m)⇒ mR Æ
(¬q ∨ (p⇒ q))⇒ ¬pç Æ
(p⇒ (m ∨ n))⇒ mü Æ
(p⇒ (m ∧ n))⇒ m

ê�ßg½)¼cÈuÀ6ÈuÀ�ÕÓ�`³�  �~dZbed>fr_yh�tP`Lsrh�dg^�srh�}wnoh�d>t)brd�fe`k£gxzto`w_�h�dgtubexLdgs»|>xzfrfrd>|>brx["´bex<��x
dgsibrno�oh�`wt)brdy��dyd>sibv`�|g^j`ksrd'_yh��od�_ydgtoxzs�d>sibrfrh�|Zbv`w_ydgtubed3l<n�d ²   L ° x»_��ws��od ²   L °  õ/dg�ofix�_yh��odq_��ws��od ²   L ° ^�nod>}zx'd>s­�od�dgs�bv`'|g^�`wsrdk 
ê�ßg½)¼cÈuÀ6ÈuÀ�Õ �)·¯  �Hdg`

X
dg^~|>xztc¹in�t)bex9�od pP`w��srd>s�d

Y
dg^�|gxztº¹inot)brxL�od ��dgp�xzfibrdgs

xz^���_ypoh¤|gxzs>  á `Nsrd>t)bed>to|gh�` M(x, y)
sih�}zt�h à |g`Nl)nod dg^�po`w��s

x ∈ X
¢P`ä}u`wto`wto�ox

notP`�_yd>�P`w^�^�`�d>t1dg^©�odgp�xzf�bed
y ∈ Y

 ´]�si|gfrh�¸�d�^j`ws�srh�}znoh�dgtubedgs���fr`wsrd>s'n�beh�^�h�£g`wto�ox
|gnP`wtubeh à |4`k�oxzfrd>sg�od>«<h¤bv`wto��x'^�`�`wpP`wfih�|>h��zta�od�not�sih�}ztox��od�tod>}u`w|gh��zt��od>^j`wtubedq�od�not
|gnP`wtubeh à |4`k�oxzf'"

Þ�h�to}zËot�pP`k��s�¢P`'}z`wtP`w�ox3brx<�P`ws�^�`ws�_ydg�P`k^�^�`wsg 
�
x<�oxzs�^�xzs©pP`w��sidgs�¢P`kt»}u`wtP`w��x�`k^�}zn�tP`3_ydg�o`w^�^�`� 
ù~^�}zËot�pP`k��s�¢P`'}z`wtP`w�oxy`k^�}znoto`3_ydg�P`k^�^�`� 
ù~^�}zËot�pP`k��s�toxy¢o`'}u`wto`w�ox'toh�t�}znotP`3_ydg�P`k^�^�`� 

ê�ßg½)¼cÈuÀ6ÈuÀ�Õ��c�P ��Hdg`
N
d>^/|gxztº¹inot)brx��od�^�xzs�t)Ëo_ydgfrxws~tP`kbrnofe`w^�dgs­¨

P (a, b)
^�`�srd>tH�

bedgt�|ghj`
a
�oh�«<h��odX`

b
Ã-d>sibexad>sg�Kdg^¯frdgs�bexa�odX�oh¤«Hh��oh�f

b
d>t)brfrd

a
d>s ° Æ· ��~d>brdgfi_�h�tP`ydg^«k`w^�xzf��od�«zd>fr�P`k���od�^j`ws�sih�}zn�h�d>t)bed>s�pofixzp�xzsih�|gh�xztod>s'"

P (2, 3)
P (5, 10)
P (2, 3) ∧ P (5, 10)
P (2, 3) ∨ P (5, 10)
P (2, 3)⇒ P (5, 10)
∀m ∈ N∀n ∈ N P (m,n)
∃m ∈ N∀n ∈ N P (m,n)
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∃n ∈ N∀m ∈ N P (m,n)
∀n ∈ N P (1, n)
∀m ∈ N P (m, 1)

ê§ßg½)¼kÈuÀ-ÈuÀ�Õ��5�
 ´]�si|gfrh�¸�d���xwfr_�`w^�_yd>t)bed�^�`ws3sih�}zn�h�d>t)bed>s3��fr`wsrd>s'¨9srn1tod>}u`w|gh��zt´dgt
^�dgto}wnP`º¹id���xwfr_�`w^K¨�d>t�^�dgto}wnP`c¹id�to`kbenofr`w^A"

�Hh�«k`k^�d�_�d>toxzs��od ²4°z°z° pHbesg�P|>xz_ydgfr��dgt»^j`�|4`k��dZbedgfi�j`� �/x<��xzs­^�xzs�¢P`k¸oh�be`wt)brdgs��odX��`w�ofih���«<hj`º¹r`wt�d>t�_yd>brfrxo 
Þ�h�to}zËot�¢P`w¸oh¤bv`kt)bed���d��»�zsibexw^�d>s�|gxz}wd�dg^¯`wnHbexz¸oË�sg .~`4¨'p�dgfrsixztP`wsÊdgt�bex<�o`wsÊ^�`ws¡|gh�n��P`w�od>sÊl)nod~nosr`wtadg^Pbefe`ktosrp�xzf�bed­poËo¸o^�h�|gx� 

ê§ßg½)¼kÈuÀ-ÈuÀ�Õ6�5�� Ì��dg_�nod>sibefr`yp�xzf�h�to��no|g|>h��zt�^j`ks�srh�}znoh�d>t)brdgs�` à fr_�`w|>h�xzt�dgs'"
12 + 22 + ...+ n2 = n(n+ 1)(2n+ 1)/6

 
2n > n+ 1

pP`wfr`'|g`w�P`'d>t)brdgfrxy_�`?¨zxzf©xyh�}znP`w^+l)nod R  
xn − yn dgs��oh�«<h�srh�¸�^�d~p�xzf x− y

pP`wfe`�bex<�ox'tP`cbenofe`k^
n
 

ê§ßg½)¼kÈuÀ-ÈuÀ�Õ��[�
 �õ/xztod>f�not$dâ¹id>_�p�^�x9��h�sibrh�tubex9`w^~�od ^j`ks�t�xwbv`ks��odÝnoto`Lsidgtubedgt<�
|>hj`»bv`k^Êl)nod�sih�d>to�ox ^j`�` à fi_a`w|>h��zt ∀x∃yP (x, y)

|>h�dgf�bv`�tox ^�x�srdg` ^j`�` à fi_a`w|>h��zt
∃x∀yP (x, y)

 
ê§ßg½)¼kÈuÀ-ÈuÀ�Õ­�^®� a�~d>_3n�dgsibrfe`»p�xzf�|4`wsixzsX^�`�p�frxzpoh�dg�P`k�N��dg^�«k`w^�xzf�`w¸osixz^�n�brx»p�xzf�^j`
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|xy| = |x||y|
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100n+ 1 > n2

pP`wfr`3brx<�oxyd>t)brdgfrx
n
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toxydgs�fe`w|>h�xwtP`w^Î�
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not»t<Ë�_�d>frx'frd4`k^
x
d>s­fr`w|gh�xztP`w^+d>t)bexwto|gd>s

π + x
toxyd>s­fr`w|gh�xztP`w^6 
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û���� �� �"��!��<��#
��ü×�<.BA���
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^�`3d·¦Hpofrd>srh�xwt ç dgs­n�tP`3bv`wnHbexz^�xz}z��`H ÈzÕ�ÖKÛ�½)¼?Âwò<Â?Õ�À6Ö¯½)¼ºÂ��ÌpP`kfe`3pKx<��dgf�d>«c`w^�no`wfg 
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> m��©ýFI;m�ý0�^8pLq�0�;J;���
> �B<6>*(�ÿ�	98��'�«ÿ�)�(�ÿD�.�:>�g'k�	�n�1,!�>�gPk.I�n-1.`
���D�
> ��ý�	^���-�6�:>�g'k�	�n�1,!�>�gPk.I�n-1,\�>0�����
> ���'<
> ���'< þ�� �'<
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> �:��(�
����:!5ý'<.>*��ý0���D�,`3�
> 
������:
f\-1rg-1s��1s	�1jI=1ate<
> g'<6>�k@�Eý*)3þ=1,m:� 
�ÿ&þ*nP<
> m��©ýM	om�ý��^8pLq���;J;���
> m��©ýFI;m�ý��^8pLq���;J;���
> m��©ý&t/m�ý��^8pLq���;J;���
> �B<6>�(�ÿ�	98����Lÿ�)�(�ÿD�6��>�g'k�	�n�1,!�>�gPk.I�n-1�ý�>�g'k@t�n�16`3�����
> ��ý�	[� �-�6�:>�gPk�	�n�1,!�>�gPk.I�n-1�ý�>�g'k@t�n�1.\ >�� �D�
> ���'<
> ���'<
> ���'< þ�� �'<]�sibrxzs3pofix<|gdg��h�_yh�dgtubexws�srd�ponodg��dgt1n�se`wf�srh�dg_ypofrdal)nod�¢P`4¨u` notP`����oxzs�x brfrd>s

«k`wfihj`w¸o^�dgs\¨N�>sibv`ws�sid�^�^�`w_yd>täp��§l�¨Nfg Ý�HhÊtox srd�^�^j`w_y`wtä`ksr�Ê^j`wsX|g`w_�¸ohj`k_�xws\dg^
toxz_�¸ofrdk y�Hh�l)nodgfidg_yxzsX`w³o`w�oh�fq_��wsq«k`wfihj`w¸o^�dgsqtox»¢P`4¨Ý_a�ks�l)nod'h�t)brfrx<�on�|gh�fqxwbrfrx
¸ono|g^�dw 
á `ws�|>h�to|>xypofixzp�xzsih�|gh�xztod>s�l)nod�srd\p�frdgsidgtubv`wt�srxztn"
> þ�I�LD<.>����%�-�.�T�&ý/!0�C<
> þ�I�J-<.>��7��� �V�.���%�&�3�C<
> þ�I�R�<.>����%�-�.�$��� �V�.���%�&�3���B<
> þ�I*S'<.>0	98���
C�.�'1N!F��� �2���%�@ý��C<
> þ�I�W-<.>���	98��

C�6�
�%�-�.�$��� �/!��D1��6�����&�A�;�©ýV�.���%�
> !0���C<�Hnos�bv`w¸�^j`ws©�od�«zdgfr�o`w��srxwt�"
> �:��(�
����:!=�cþ�I
L*���

p = true, q = true, A = false

p = true, q = false, A = false

p = false, q = true, A = false

p = false, q = false, A = true

> �:��(�
����:!=�cþ�I�J����
p = true, q = true, A = false

p = true, q = false, A = false
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p = false, q = true, A = false

p = false, q = false, A = false

> �:��(

*�����cþ�I�R��D�
p = true, q = true, A = true

p = false, q = false, A = true

> �:��(

*���:!5ý-�cþ�I*S
�D�
p = true, q = true, r = true, A = false

p = true, q = true, r = false, A = true

p = true, q = false, r = true, A = false

p = true, q = false, r = false, A = false

p = false, q = true, r = true, A = true

p = false, q = true, r = false, A = true

p = false, q = false, r = true, A = true

p = false, q = false, r = false, A = true

> �:��(

*���:!=�Üþ�I�W����
p = true, q = true, A = true

p = true, q = false, A = true

p = false, q = true, A = true

p = false, q = false, A = true

ê�ßg½)¼cÈuÀ6ÈuÀÜÕ��:¹
ó
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]�t»dg^¯`wpP`kfibv`k�ox ² ^j`ws©«c`wfrh�`w¸o^�dgs©pofrxzp�xwsrh�|>h�xzto`w^�dgs©srd�^�^�`w_�`kt�p��ola¨�_» Ì¥{xw_�x

dgt�t<n�dgsibrfrx�pofrx<|>dg�oh�_yh�dgtubex'sid\^�^�`w_�`kt�p+� l�¨�fg�P|g`w_�¸ohj`k_yxzs�d>^¯t�xz_�¸ofrd���d\_ pKxwf
fg 

> þ�I�L^u K�LD<6>0	[8 ��
C���6�v�©ý;�
�%�"!��U��� �;8P1l8A���
ej18 w 1 :=

Ö
ÕPÂ
((p
Õm¼ Ö¯ÕmÂ

q)
¾PÖ
Ç

m)
Õ�¼

m

> þ�I�L^u K�LD<6>3ÿ�)�(�ÿ��@8�>�ý�1�þ�I�L�u�K
L*���
ej18 w 1 :=

Ö
ÕPÂ
((p
Õm¼ Ö
ÕPÂ

q)
¾PÖ
Ç

r)
Õ�¼

r

> �:��(�
����:!5ý#�Üþ�I�L�u�K�L����
p = true, q = true, r = true, A = true

p = true, q = true, r = false, A = true

p = true, q = false, r = true, A = true

p = true, q = false, r = false, A = true

p = false, q = true, r = true, A = true

p = false, q = true, r = false, A = true

p = false, q = false, r = true, A = true

p = false, q = false, r = false, A = true

]�t�d>^¯`wpP`kfibv`w��x R tox'¢P`?¨�pofrxz¸�^�dg_�`ws©|gxzt»^�xzs�toxz_�¸�frdgs���d\^�`ws©«c`wfrh�`w¸o^�d>s'"
> þ�I�L^u K�J-<6>0	[8 ��
C�6������!/��� �$	[8���
��6�P1,!0��1@�
�%�/�A�D�

ej18 w 2 :=
Ö¯ÕPÂ

(
Ö
ÕPÂ

q
¾oÖ/Ç

(
Ö¯ÕPÂ

p
Õm¼

q)
¾PÖ/Ç

p)

> �:��(�
����:!=�cþ�I
L^u K�J����
p = true, q = true, A = true

p = true, q = false, A = true
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p = false, q = true, A = true

p = false, q = false, A = true

]�t�^�xzs­`wpP`kfibv`w��xzs ç Æ{¨ ü Æ©¢P`?¨�l)nodX|4`w_�¸oh�`wf�^�xws­toxw_�¸ofrd>s��od\_ ¨»t�p�xzf­l�¨fK"
> þ�I�L�u�K�R�<6>�	98 ��
C�Q	[8��

��.�'1@8v�©ý2�3�D1l8Z�C<
> þ�I�L�u�K�R�<6>0ÿ^)�(�ÿ��@80>�!-1@��>5ý�1�þ�I�L�u�K�R0�B<
> þ�I�L�u�K*S'<6>�	98 ��
C�Q	[8��

��.�'1@8M���:�;�3��1l8A�C<
> þ�I�L�u�K*S'<6>0ÿ^)�(�ÿ��@80>�!-1@��>5ý�1�þ�I�L�u�K�S��B<
> �:��(

*���:!5ý-�cþ�I�L�u�K�R0���

p = true, q = true, r = true, A = true

p = true, q = true, r = false, A = true

p = true, q = false, r = true, A = false

p = true, q = false, r = false, A = true

p = false, q = true, r = true, A = true

p = false, q = true, r = false, A = true

p = false, q = false, r = true, A = false

p = false, q = false, r = false, A = false

> �:��(

*���:!5ý-�cþ�I�L�u�K�S����
p = true, q = true, r = true, A = true

p = true, q = true, r = false, A = true

p = true, q = false, r = true, A = true
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p = true, q = false, r = false, A = true

p = false, q = true, r = true, A = true

p = false, q = true, r = false, A = true

p = false, q = false, r = true, A = false

p = false, q = false, r = false, A = false

ê�ßg½)¼cÈuÀ6ÈuÀ�Õº®� Ê�Hdg`wt
A1 := p⇒ (q ∨ r) A2 := q ⇒ ¬r

A3 := p A4 := q ∧ ¬r.�Hd�befe`cbv`3�od��od>_�xzs�befr`wf�l<n�d\^j`�pofrxwp�xzsrh�|gh��wt�sih�}zn�h�dgtubed
P
dgs­n�tP`3bv`wnHbexz^�xz}z��``"

A1 ∧ A2 ∧ A3 ⇒ A4.

�Hh
bexz_�`w_yxzs
p = V

�
q = F

¨
r = V

srdXxz¸osidgf�«k`�l<n�d�^�`'pofixzp�xzsrh�|gh��zt
P
bexw_a`3dg^

«k`w^�xzf
F
|>xzt»^�x3l)nod\toxyd>s­noto`3bv`wnHbexz^�xz}z��`H 

ê�ßg½)¼cÈuÀ6ÈuÀ�Õº²� 
² Æ3�Hdg`

p := H
����4:1���47k�@��D4¯()�c�

q := (H 6= ∅) � r :=
��,l��,���NO��1)�!�f1n��4`�+� �()��������1n��1n�����o*��~�

s := H
���e�����D�8*9�:�c  á `3pofrh�_�d>fe`�¢oh�p��kbedgsih�s�d>s'"
A1 := (q ∧ r ∧ s)⇒ p.

á `3srd>}znoto�o`y¢oh�p��kbedgsih�s�dgsK"
A2 := (q ∧ s)⇒ r.

á `3|gxwto|g^�nosrh��zt�dgsK"
B := s⇒ p�Hd�befr`kbv`3��d\��dg_yxzsibrfe`wf�srh
^�`3sih�}zn�h�dgtubed�p�frxzp�xzsih�|>h��zt�dgs�notP`3bv`kn�bexz^�xz}z��`7"

(A1 ∧ A2)⇒ B.

G�¢P`w|>h�d>to�oxysin»bv`k¸o^j`��od�«zdgfi�P`w��sid\|>xz_�p�frnod>¸P`'l)nod\tox'^�x3dgsg 
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R Æ��Hdg`

p
"ÖÕ0*Â���£()���VWE�������c�

q
"ÖÕ0*Â���£(7*Ê�~d

i
"ÆÕ$1¾�3N¶(7*��~srdy|gxz_ypofinodg¸P`�l)nod�^�`

p�frxzp�xzsih�|>h��zt�srh�}znoh�d>t)brd�dgs�dgt�dZ��dg|ZbexynotP`3bv`kn�bexz^�xz}z��`7"
((p⇒ q ∧ i) ∧ q ∧ ¬i)⇒ ¬p.

ç Æ/�Hh
h
d>s?ù7*�÷¶ù:4)��,b@9*w�

s
dgsJ��,¸���31^���A�P*����£Ne�A��1)���¯¨

r
d>sJ��,`Ne�31)�����<� �£�+�A��1n�]�8*�Z2_21

d>t)brxzto|gd>sqdg^/fr`w£gxwtP`w_yh�dgtubexyl<n�d�sid�pofidgsidgt)be`�toxadgs~|gxwfrfrd>|>bex�p�xwfrl)nod�^j`ysrh�}znoh�dgt)brd
p�frxzp�xzsih�|>h��zt�toxyd>s­notP`3be`wn�brxz^�xw}z��``"

(¬h⇒ s ∨ r) ∧ (h ∨ (¬h ∧ ¬r))⇒ ¬s.

ê§ßg½)¼kÈuÀ-ÈuÀ�ÕÕ±K #�Hd4`kt
p :=

�5����×M@9*�1n_º,S*��P*��D�����8*w�
q :=

Íl�P��� �=WD4)�Â��,]���A@�4:1^�:�c�
r :=

�]*�NO_21
WD45�$��,n���A@�4:1^�:��¨
s :=

ÏT*��D,����HWD4)�e��,n���A@�4:1^�:�c 
]�^¯fe`w£>xztP`w_yh�d>t)brx'l)nodXsidXpofidgsrd>t)be`�dgs­|gxzfifrd>|>bex�p�xzfil)nodX^�`'sih�}zn�h�dgtubed�p�frxzp�xzsih¤�

|>h��zt�d>s­notP`�bv`wn�brxz^�xw}z��``"
((p⇒ q ∨ r) ∧ (q ⇒ ¬p) ∧ (s⇒ ¬r) ∧ p)⇒ ¬s.

]�t3d>��d>|>brxo�u|>xz_�x~^j`�Ëo^¤beh�_�`­¢oh�p��wbed>srh�s�d>s
p
p�x<�od>_�xws§sinop�xztod>f�l)nod

p
dgs�«zd>fr�P`w��dgfrx� 

¥{xw_�x
p
dgsÊ«zd>fr�P`w��dgfrx�^j`\pofrh�_ydgfe`�¢oh�p��wbrdgsih�sÊ�oh�|gd�l)nodqx�¸oh�dgt

q
dgsÊ«zdgfi�P`w�od>frx3x�^�x

d>s
r
  á `�srd>}znoto�P`~¢oh�p��wbed>srh�s
h�to�oh�|4`­l)nod{srh q dgs/«zdgfi�P`w�od>frxqdgt)brxzto|>dgs p dgs/�-`w^�sixo�kp�xwfbe`wt)brx»t�x»srd'ponodg��d��o`wf

q
«zdgfi�P`w�od>frx� �]¡tubexzt�|gd>s

r
dgs�«zdgfr�o`w�od>frxo  á `�sidgtubed>to|gh�`|>xzt)brfe`wfifrd>|g��p�frx<|4`X�od~^j`�bed>fr|>dgfe`�¢oh�p��kbedgsih�sÊh�to�oh�|g`Xl)nod~srh

r
dgsÊ«zdgfr�o`w�od>frx3dgtubexzt�|gdgs

¬s dgs�«wdgfr�o`w�odgfixo�m|>xz_yx'l<n�dgfr��`w_yxzs��od>_�xwsibefr`wfg 
ê§ßg½)¼kÈuÀ-ÈuÀ�Õf¹� Ì�<h

a > b
d>t)bexwto|gd>s©d·¦�h�sibrd~notat<Ë�_�d>frx�to`kbenofr`w^

d
bv`k^�l)nod

a = b+ d
 

��d'h�}zno`w^�_�`wtod>fe`�sih
b > c

dgtubexzto|>dgs�dZ¦Hh�s�bed'n�tµt)Ëo_�d>frx�tP`kben�fe`w^
d′
bv`w^�l)nod

b =
c+ d′

 ¡�~d\dgs�bed\_yx<�ox'n�se`wto��xa`w_�¸o`ws�h�}zno`w^��o`w�odgs©srd�ponod>�od\dgsr|>frh�¸oh�f
a = b+ d = (c+ d′) + d = c+ (d+ d′)

|>xzt»^�x3l)nod\d>��d>|>brh�«k`k_�d>t)bed�sid�«zd>frh à |4`
a > c

 
ê§ßg½)¼kÈuÀ-ÈuÀ�Õ;³�  á `�bv`wn�brxz^�xw}z��`­l)nod/¹in�sibeh à |4`~d>^�_y�>bex<��xq�od©�od>_�xzs�befr`w|gh��zt�p�xwf§|g`wsrxwsd>s'"

((p⇒ a1 ∨ ... ∨ an) ∧ (a1 ⇒ q) ∧ ... ∧ (an ⇒ q))⇒ (p⇒ q).
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]¡t»dg^
|g`wsrxypP`kfibeh�|gno^�`wf{�od

n = 2
srd�beh�d>tod�"

((p⇒ a1 ∨ a2) ∧ (a1 ⇒ q) ∧ (a2 ⇒ q))⇒ (p⇒ q).

¥{n�¨u`'bv`k¸o^j`��od�«zdgfi�P`w��d>sibe�ydZ��dg|>brh�«k`k_�d>t)brd���xzfr_�`w�P`�si�z^�x3p�xzf]I� 
ê�ßg½)¼cÈuÀ6ÈuÀ�Õ �:·
 �]�^­dâ¹id>fr|>h�|>h�xNdgs�|gxzt�srdg|>nodgto|gh�`ä�od�^j`wsysih�}zn�h�dgtubed>s�d>l<n�h�«k`w^�dgt�|ghj`ks
^��z}wh�|g`ws'"

p ↓ q ⇔ ¬(p ∨ q)
p ↓ p⇔ ¬(p ∨ p)⇔ ¬p

¬p ↓ ¬q ⇔ ¬(¬p ∨ ¬q)⇔ p ∧ q
p|q ⇔ ¬(p ∧ q)

p|p⇔ ¬(p ∧ p)⇔ ¬p
¬p|¬q ⇔ ¬(¬p ∧ ¬q)⇔ p ∨ q
(p|q)|(p|q)⇔ ¬(p|q)⇔ p ∧ q

ê�ßg½)¼cÈuÀ6ÈuÀ�Õ&�5�P §¥{xz_�x�^�`­¢�h�p��wbrdgsrh�s
P (x)∧¬P (x)

d>s�sih�dg_ypofidÌ�-`k^�se`�^j`�h�_ypo^�h�|g`w|>h��wt
dgs­sih�d>_�p�frdq«zdgfi�P`w�od>fe`� 
ê�ßg½)¼cÈuÀ6ÈuÀ�Õ �:�
 Ì�Hd��odg��no|gd>t��oh�fidg|>be`w_ydgtubed��od�^j`�bv`wn�brxz^�xw}z��``"

∃x P (x)⇔ ¬(∀x¬P (x))dgt�dg^qpofrh�_ydgf�|g`wsrxJ`kpo^�h�|4�wt��oxz^�`9` ¬P (x)
¨$d>t�dg^qsrdg}wnoto�ox1|4`wsix´bexw_a`wt��oxL^j`

dgl)noh�«c`w^�d>to|gh�`3�od�^j`ks�todg}z`w|gh�xztod>sg 
ê�ßg½)¼cÈuÀ6ÈuÀ�Õ �`�� �¬­`w£gxzto`w_�xws���dg_yxzsibrfe`wto��xL^j`äsrd>t)brdgto|>hj`L|gxztubefr`wfrfidg|g��pofrx<|g`7"Nsrh
a 6= 0

�m|>xz_yxydgs
a ≥ 0

dgtubexzt�|gd>s~srd�beh�dgtod
a > 0

 {�~dXd>sibed\_�x<�ox3bexz_�`wto��x
ε = asrd�«wdgfrh à |4`'l)nod�dZ¦Hh�s�bed

ε
«zd>frh à |4`wt��ox

0 < ε ≤ a
 

ê�ßg½)¼cÈuÀ6ÈuÀ�Õ �9�
 
² Æ©�Hd4`3dg^�not�h�«zd>frsrx

U
�od�^�`ws©p�dgfisrxztP`ks�¨�^�xzs©pofidg�oh�|4`w��xzs

E(x) =
�����\����(7*&Ún�2,

¨
P (x) =

�����m()���D�A�'�������i*�"
¬(∀x ∈ U(E(x)⇒ P (x)))
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x'dgl)noh¤«k`w^�dgt)brdg_ydgtubed

∃x ∈ U(E(x) ∧ ¬P (x)).�<n�t�dg}u`w|>h��zt�d>s'"
∀x ∈ U(E(x)⇒ P (x))d>sibrx�d>sg�����'�:���¼,����e����(7*&Ún�2,����¶���21s()���D�A�'�������i*2�Z 

R Æ��Hd4`
U
dg^©|>xztc¹inotubex��od�^�xws�|4`w_yh�tP`wt)brdgs�¨9d>^©pofrd>�oh�|g`w�ox

B(x)
�ak��������PZ�*w 

]�tubexzto|>dgsK"
(∃x ∈ U B(x))⇒ (∀x ∈ U B(x)).�<n�t�dg}u`w|>h��zt�d>s'"
(∃x ∈ U B(x)) ∧ (∃x ∈ U ¬B(x)).]�s�bexydgsg�/���Ê�����!��1s()��� ���21^*2� ø 45�
k������!�PZ�*�1f÷�()��� ���21^*2� ø 4)�o1n�sk������!�PZ�*�1P 

ç Æq]�tµdg^§notoh�«zd>frsix
U
�od'^�`wsqp�dgfrsixztP`ws�srd3bexw_a`wtÝ^�xzs�p�frdg��h�|4`k�oxzs

M(x)
�Â���NO�'����������¨

P (x, y)
�&���21n�����
*s÷j"
∀x ∈ U ∃y ∈ U (P (x, y) ∧M(y)).

�<n�t�dg}u`w|>h��zt�d>s'"
∃x ∈ U ∀y ∈ U (¬P (x, y) ∨ ¬M(y)).

]�s�bexydgsg�/���Ê�����!��1s()��� ���21^*2� ø 45�¼1n�;���21n������1B*O1)�31¸@�d`1fNO�'�������!�c 
ü Æ

∀p, q ∈ R p < q ∃s ∈ Q p < s < q�<n�t�dg}u`w|>h��zt�d>s'"
∃p, q ∈ R p < q ∀s ∈ Q ((s ≥ q) ∨ (s ≤ p)).

]�s�bexydgsg�/���Ê�����!��1Ã�:���¼1)d:NO��� ���¼���P*�,����
p, q

���31f1)d:NO���������P*:���A�21^*�,����\��1)�+���$��,3,����Z 
#zÆ��Hd4`

P
dg^
|gxwtc¹inot)brxy�od�^�xzs©t<Ëo_ydgfixzs�pofih�_yxzs'"

∀p ∈ P ∃q ∈ P p < q.

�<n�t�dg}u`w|>h��zt�d>s'"
∃p ∈ P ∀q ∈ P p ≥ q.]�s�bexydgsg�/���Ê�����!�¼4:1B1)d`NO��� �£(^�D�3NO�0N=*�÷¸�2� ø 45�$��,c� �����!�s�:�o,����¼1)d:NO��������(h�D�3NO���Z 



�Ê��ù¸���1ö2�T��ª/§�ª/§��X &�J�R Å�~�T¦�¡��X  % L
ê�ßg½)¼cÈuÀ6ÈuÀ�Õ �:®
 ¡]�^

lim(xn) 6= a
sih

¬(∀ε ∈ R+(∃n ∈ N(∀m ∈ N(m > n⇒ |xm − a| < ε))))x�dgl)noh�«c`w^�d>t)brdg_ydgtubedw��nosr`wto�ox3^�`Xdgl)noh¤«k`w^�dgto|>hj`�^��z}zh�|g`Xd>t)brfrdq^j`Xh�_�p�^�h¤|4`k|gh��zt
p⇒ q¨ ¬p ∨ q "

∃ε > 0 ∀n ∃m > n |xm − a| > ε.

ê�ßg½)¼cÈuÀ6ÈuÀ�Õ �:²
 ¡�~dg_yxzs�befe`k|gh�xwtodgs�p�xwf�h�to�ono|>|gh��wt�"
hÜÆ
1 + ...+ n = n(n+ 1)/2

 À©`wsrd��od�h�t��ono|g|>h��wt�"�dgt»d>��d>|>bexysrd�|gno_ypo^�d�l<n�d
1 = (1 · 2)/2  õ�`wsrxy�od�h�t��ono|g|>h��wt�"�nose`kto�oxy^j`�¢oh�p��wbrdgsih�s��od�h�t��ono|g|>h��zt�sid�beh�dgtodj"

1 + ...+ n+ (n+ 1) = (1 + ..+ n) + (n+ 1) = n(n+ 1)/2 + (n+ 1).

G�dgs�notP`'|>xz_�p�frxz¸P`k|gh��zt�«zd>frh à |4`kf�^j`�h�}zno`w^��o`w���od�p�xz^�h�toxw_yh�xws'"
n(n+ 1)/2 + (n+ 1) = (n+ 1)(n+ 2)/2.

h�hjÆ
Σn

k=1(2k − 1) = n2.À©`wsrd��od�h�t��ono|g|>h��wt�"�dgt»d>��d>|>bexysrd�|gno_ypo^�d�l<n�d
1 = 1

 
õ�`wsrxy�od�h�t��ono|g|>h��wt�"�nose`kto�oxy^j`�¢oh�p��wbrdgsih�s��od�h�t��ono|g|>h��zt�sid�beh�dgtodj"

Σn+1
k=1(2k − 1) = Σn

k=1(2k − 1) + (2n+ 1) = n2 + 2n+ 1.

G�dgt»d>��d>|>brx�srd�beh�dgtodj"
n2 + 2n+ 1 = (n+ 1)2.

h�h�hjÆ
2n ≤ (n+ 1)!.À©`wsrd��od�h�t��ono|g|>h��wt�"�dgt»d>��d>|>bexysrd�|gno_ypo^�d�l<n�d

2 ≤ 2! = 2
 

õ�`wsrxy�od�h�t��ono|g|>h��wt�"�nose`kto�oxy^j`�¢oh�p��wbrdgsih�s��od�h�t��ono|g|>h��zt�sid�beh�dgtodj"
2n+1 = 2n · 2 ≤ (n+ 1)!2.
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G�|gxz_yx

2 ≤ n+ 2
srd�beh�d>tod�l<n�d�"

2n+1 ≤ (n+ 2)!

|>xz_yx'l<n�dgfr��`w_yxzs��od>_�xwsibefr`wfg 
ê§ßg½)¼kÈuÀ-ÈuÀ�Õ­�7±+ lÀ{`wsrdX�od�h�to�ono|>|gh��zt�"

((p ⇒ a1) ∧ (a1 ⇒ q)) ⇒ (p ⇒ q)
dgs~noto`

be`wn�brxz^�xz}w��`�|gxz_yx3«<h�_yxzs©dgt»^�xzs�`kponot)brdgs> 
õ�`wsrx´�odÝh�t��ono|g|>h��ztn"9]¡s�notP`L|gxwtosrd>|gnod>to|ghj`´h�t�_�d>�ohj`cbv`N�odÝ^j`ädgl)noh�«c`w^�d>to|gh�`

^��z}zh�|4``"
(p⇒ a1 ∨ ... ∨ an ∨ an+1)⇔ ((p⇒ a1 ∨ ... ∨ an) ∨ (p⇒ an+1)).

ê§ßg½)¼kÈuÀ-ÈuÀ�Õ&�:³� §�Hd4`
x ∈ U

�oxzto�od
U
dgs/dg^)|gxztº¹inot)brx~�odÊd>sibrno�ohj`kt)bed>sg ��Hdg`

R(x) :
��,�����+47���+*�1)�!�

x
���o�:�$�����A*���,S*2���Z ¡�Hdg`

P (x) :
Ò?,������+4[���+*�1)���

x
Ne�+�:�\�����+�D�A���i*�NO��1)���NO��1n��� ø 45� P ö@x©�c ¡]�^
fe`w£>xztP`w_yh�dgt)brx3srd�ponod>�od\srh�_�¸�xz^�h�£g`wf{dgt»^j`���xzfr_�`

(H1 ∧H2)⇒ T��xzto�od
H1 := ∀x ∈ U R(x)⇒)P (x) ∨ ¬P (x)).

H2 := ¬P (a)

T := R(a)¨A�oxwto�od
a
fidgpofidgsrd>t)be`J`´õ/dg�ofixo  ¿�¸�srdgf�«k`w_yxzs�l)nod

H1

d>s�srh�dg_ypofrd
V
¨Al)nod

brxz_�`wto�ox
R(a) := F

¨
P (a) := F

sid�beh�d>tod�l)nod�d>^
fr`w£gxwtP`w_yh�dgtubex�tox'd>s�«k�w^�h��ox� 
ê§ßg½)¼kÈuÀ-ÈuÀ�Õ6�)·
 
Þ�h�to}zËot�pP`w��s�¢P`'}u`ktP`w�ox3bex<�o`ws�^�`ws�_�d>�P`w^�^j``"

¬(∃x∀y M(x, y).

¿�d>l)noh�«k`k^�d>t)bed>_�d>t)brd
∀x∃y¬M(x, y).�/x<��xzs�^�xzs�pP`k��sidgs�¢P`wt»}z`wtP`w�oxy`w^�}znotP`�_ydg�P`k^�^�`7" ∀x∃y M(x, y)

 
ù~^�}zËot�pP`w��s�¢P`'}u`ktP`w�oxy`w^�}znotP`�_ydg�P`w^�^j``" ∃x∃y M(x, y)

 
ù~^�}zËot�pP`w��s�toxy¢P`3}u`wtP`k�ox'toh�to}wnotP`3_�d>�P`w^�^j` ∃x∀y ¬M(x, y)

 



�Ê��ù¸���1ö2�T��ª/§�ª/§��X &�J�R Å�~�T¦�¡��X  % ¬
ê�ßg½)¼cÈuÀ6ÈuÀ�Õµ�c�m 

P (2, 3) : F
�
P (5, 10) : V

�
P (2, 3) ∧ P (5, 10) : F

�
P (2, 3) ∨

P (5, 10) : V
�
P (2, 3) ⇒ P (5, 10) : V

� ∀m ∈ N ∀m ∈ N P (m,n) : F
�

∃m ∈ N ∀n ∈ N P (m,n) : V
� ∃n ∈ N ∀m ∈ N P (m,n) : F

� ∀n ∈ N P (1, n) :
V,∀m ∈ N P (m, 1) : F

 
ê�ßg½)¼cÈuÀ6ÈuÀ�Õº�5�
 
Ô5�Åô2*�,��¼NO��1n���
�:� P �5�5�£(^�i*2��Qm���2NO��� ×$��1f,S*��P*8WE��������>+*9ö
�Hdg`

U
dg^+|gxztc¹in�t)bex3�od�p�xwsrh�¸�^�dgs{pofrd>|gh�xzs���d�^j`�|>xz_yh��P`H ¡�Hdg`

P (x) : x < 1000
 

�Hd4`
q :

���2NO��� ×m��10,S*o�P*8WE���!���D>+*w 
Þ�nod>sibefr`���fr`wsrd¡d>sg�kd>tX^�dgto}wnP`º¹id§��xzfr_�`w^6�
P (x)⇒ q

 
�HnXtodg}z`w|gh��zt\dgs ¬ (P (x)⇒ q)

�cl<n�dÊdgs
^��z}wh�|g`w_yd>t)brd�dgl)noh�«c`w^�d>t)brdÊ` ¬ (¬P (x) ∨ q)  õ/xzf�^�`�^�dZ¨\�od{�od���xzfr}z`wt��wdgs�bexqdgs§d>l)noh�«c`w^�d>t)bed©`
P (x)∧¬q. ]�t3^�d>to}zno`c¹idÊtP`cbenofe`k^A"ô2*�,��¼NO��1n���
�:� P �5�5�£(^�A*2�o÷=1n�;���2NO�M��1f,S*��P*8WE���!���D>+*9ö

ì^�'�:���¼,����£ù7*9k'�3�A*�1)�!���
�:�qÐB*9�����+�sô��+*8CK*�1º��1fNO���+����ö
�Hdg`

U
dg^K|gxztc¹in�t)bex��odq¢P`w¸oh¤bv`wtubed>s©��d���`w�ofih��� ¡�Hdg`

P (x) : x
ô��+*8CK*M��1&NO���<� �c 

á `'��fr`wsrd\dgs�dgt�^�dgto}zno`c¹id���xzfr_�`w^ ∀x ∈ U ;P (x)
 ­�Hn�todg}u`k|gh��wt�dgs ¬∀x ∈ U P (x)l<n�d\dgs�^��z}wh�|g`w_yd>t)bedqd>l<n�h�«k`k^�dgtubed\` ∃x ∈ U ¬P (x)
 ¡]�t�^�dgto}zno`c¹id�tP`cbenofr`w^A"

���Ê�������\*�,b@�d:1&ù7*9k'�3�i*�1)���
�:��ÐB*9���D�+� ø 4)�o1n�0ô��+*8CK*���1fNM���+� ��ö
+ �31:@�d`1¥ù7*9k'�3�A*�1)���
�`�qÐÂ_����!�2,����$���P@:�$��,~*�4:�!��k'd9�'ö
�Hdg`

U
dg^<|gxwtc¹inotubex~�odÊ¢P`w¸�h�bv`kt)bed>s/��d����wsibexw^�d>sg ��<d4`

P (x) : x
���P@:�l��,7*�4`����k'd9�Z 

á `~��fr`wsrd©dgs�d>t'^�d>to}znP`º¹id{��xwfr_�`w^ ¬(∃x ∈ U P (x))
 ��Hn3todg}u`k|gh��zt3dgs ∃x ∈ U P (x)

 
]¡t»^�d>to}zno`c¹id�tP`cbenofe`k^A"���Ê�������\*�,b@�d:1&ù7*9k'�3�i*�1)���
�:��ÐÂ_����!�2,���� ø 4)�e���P@:�$��,~*�4:�!��k'd9�'ö

��*�÷¼()�������21^*2�\��1f�!�'�9*2�¼,S*2�$���34[�9*9�:��� ø 45�¼4¸�'*�1º��,c�+�P*�17��()�2�D���](^d7k',Y�A����ö
�Hdg`

U
d>^+|>xztc¹inotubex��od~p�dgfisrxztP`ks{¨

V
d>^+|>xztc¹inotubex��od~|gh�no�P`w�od>sg Ì�Hdg`

P (x, y) :Gc*£()��� ���21^*
x

4¸�'*M��,h�<�8*�17��()�2�D�!�?(^d7k',Y�A���s��1&,S*M���347�¸*9�
y
 �]�t)bexwto|gd>sg�odgt�^�dgto}zno`c¹id

��xzfr_�`w^6�Ìt<n�dgsibrfe`µ��fr`wsrd»dgs ∀y ∈ V ∃x ∈ U P (x, y)
 C�HnJtodg}u`k|gh��ztJd>s ¬∀y ∈

V ∃x ∈ U P (x, y)
�<l)nod­dgsÌ^��z}wh�|g`w_yd>t)brd�dgl)noh�«c`w^�d>t)brd�` ∃y ∈ V ¬∃x ∈ U P (x, y)dgl)noh�«c`w^�d>t)brd\`'sin»«zdg£X` ∃y ∈ V ∀x ∈ U ¬P (x, y)

 Ì]�t»^�dgt�}znP`º¹id�tP`kbrnofe`w^<"
ù7*�÷¥���347�9*9�:���s��1º,S*2� ø 45�$1)�31:@�4`1n�;�:�\��49�\ù7*9k'�3�A*�1)�!���\4¸�'*f��,/�+�8*Ê1`��(5�2�D���J(^dHÓk',Y�A���c 

ê�ßg½)¼cÈuÀ6ÈuÀ�Õº�5�
 ¡`uÆ

P (n) :
n
∑

k=1

k2 =
n(n+ 1)(2n+ 1)

6
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I¡d>frh à l)nodg_yxzs�^�`3¸P`ksrd��od\h�to�on�|g|gh��zt

P (1)
 Ìõ/xwf�notP`'po`wfibrdw�

1
∑

k=1

k2 = 1

¨�pKxwf�xwbrfe`
1(1 + 1)(2 · 1 + 1)

6
= 1

]�t»|gxzt�srdg|>nodgto|gh�`��
P (1)

d>s
V
 I¡dgfih à l)nod>_�xwsql)nod�¸o`c¹ixa^j`�¢�h�p��wbrdgsrh�s~��d�h�to�ono|>|gh��wt´Ã

P (n)
d>s

V
Æ­dgs

P (n) ⇒
P (n+ 1)

be`w_�¸oh��gt
V

Fodgs��odg|>h�f>�Pl)nod
P (n+ 1)

d>s
V.
õ�`wfr`'d>^�^�x�|4`w^�|gno^�`w_yxzs

n+1
∑

k=1

k2 =
n
∑

k=1

k2 + (n+ 1)2 =
Ã�p�xzf�¢�h�p��wbrdgsrh�s��od�h�to�on�|g|>h��ztmÆ

Õ

n(n+ 1)(2n+ 1)

6
+ (n+ 1)2 = (n+ 1)

[

n(2n+ 1)

6
+ (n+ 1)

]

=

= (n+ 1)

[

2n2 + 7n+ 6

6

]

== (n+ 1)
((n+ 1) + 2)(2(n+ 1) + 1)

6^�x�l)nod~h�_ypo^�h�|g`\l)nodk�od>t�dZ��dg|Zbexo��d>s
P (n+1)

«zdgfi�P`w�od>frxo ¡õ/xzf{h�to�ono|>|gh��zt�� ∀n ∈ N
�

P (n)
dgs

V
 

¸mÆ

P (n) : 2n > n+ 1
po`wfe`

n ≥ 2
 

Þ­nodgs�befix�`wfr}zn�_�d>t)bex�|>xz_yh�dgt�£4`�dgt
n = 2

 yõ/xzf�bv`kt)bex��¯^j`�¸o`wsrdy��dyh�to�ono|>|gh��wtµ^�`
p�x<�od>_yxzs~bexw_a`kf�|gxz_yx

P (2)
 
P (2)

d>s
V
�K¨u`�l)nod

22 > 2 + 1
  á `a¢oh�p��kbedgsih�s~�odh�to�ono|>|gh��zt�d>s§l<n�d

P (n)
dgs
V
 �I¡d>frh à l<n�dg_yxzs�l<n�d�¸P`º¹ixqd>sibe`q¢oh�p��kbedgsih�s>�zd>s

P (n+1)«zd>fr�P`k�odgfr`7"
2n+1 = 2n2 >

Ã�p�xzf�¢oh�p��wbrdgsih�s��od�h�to��no|g|>h��ztPÆ
> (n+ 1) · 2 = n+ 2 + n > n+ 2 = (n+ 1) + 1

á nod>}zx ∀n ∈ N
�
P (n)

dgs
V
 

|?Æ

P (n) : xn − yn d>s­�oh¤«Hh�srh�¸o^�dqp�xzf x− y
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á `a¸P`wsid3�od3h�to�ono|>|gh��zt dgs V �+¨u`�l)nod x − y
dgs���h�«<h�sih�¸o^�dXp�xzf

x − y
Ã-xz¸u«Hh�x)Æ·  á `¢oh�p��wbrdgsih�s
�odÊh�to�on�|g|>h��ztXdgs/l<n�d

xn−yn dgs/�oh�«<h�sih�¸o^�d¡p�xwf x−y  ~I¡dg`w_yxzs/sih
P (n+1)dgs

V
"

xn+1 − yn+1 = x(xn − yn) + (x− y)yn

l<n�d�dgs'|>^j`kfe`w_ydgtubed���h�«<h�sih�¸o^�dap�xzf
(x − y)

srh©^�xÝd>s
(xn − yn)

 9õ/xzf3h�to�ono|>|gh��zt��
∀n ∈ N

�
P (n)

d>s
V
 

ê�ßg½)¼cÈuÀ6ÈuÀ�Õ6�[�¯ {�<d4`
P (x, y)

"
y

���e��,7(7*9��� �
�:�
x
 Ê]�s­|g^�`wfrx'l)nod�brx<�ox

x
brh�d>tod�not

pP`w�ofidw�<p�dgfix�t�xXdgsÊ|>h�d>fibex\l)nod�d·¦�h�sibe`�`k^m_ydgtoxwsÌnot
x
l)nod�dgsÌ¢oh ¹ix��od

y
Ã-l)nod�p�nodg�od

tox'bed>tod>f­¢oh ¹ixzs�dgt�`w¸osixz^�nHbex)Æ· 
ê�ßg½)¼cÈuÀ6ÈuÀ�Õº�5®
 T.~`4¨�|gno`kbefixy|4`ksrxzsK"
`uÆ

x ≥ 0, y ≥ 0
 ¡]¡tubexwto|gd>s

xy ≥ 0
¨�srd�brh�d>tod |xy| = xy = |x| |y|  ¸mÆ

x < 0, y ≥ 0
 �]�t)bexwto|gd>s

xy ≤ 0
¨\srdÊbrh�dgt�d |xy| = −xy = (−x)y = |x| |y|  |?Æ

x ≥ 0, y < 0
 �]�tubexzto|>dgs

xy ≤ 0
¨3srd­brh�d>tod |xy| = −xy = x(−y) = |x| |y|  �mÆ

x < 0, y < 0
 �]�tubexzto|>dgs

xy > 0
¨�sidybeh�dgtod |xy| = xy = (−x)(−y) =

|x| |y|  
ê�ßg½)¼cÈuÀ6ÈuÀ�Õ=�5²� \ì^�'�:����1)�!��� �JN=*�÷9�2� ø 4)� P xJ���X��,[��47*9���8*9�`�¶�:�R4`101)d:NO��������1)�������c 
õ/xzf­dâ¹idg_ypo^�xo�Pdg^

21
tox�dgs�d>^
|gno`w�ofe`k�oxa�od\not�dgtubed>frxo�m¨u`�l)nod

42 = 16
dgs�_ydgtoxwf

l<n�d
21
¨
52 = 25

dgs�_a`4¨zxzfg 
ì^�'�:�M��1)����� �=N=*�÷9�2� ø 4)��y;���¼Ned:,Y�<�g(^,��s�:�p-&_O�:� T  Ì]�^ Rkç d>s­pofih�_yxo 
100n + 1 > n2

  À{`wsibv`�bexz_�`wf
n
srn à |>h�d>t)bed>_ydgt)brd }wfe`wto��dw �õ/xzf�d�¹idg_ypo^�xo�

n = 1000
 

ê�ßg½)¼cÈuÀ6ÈuÀ�ÕÃ�n±K Ì�Hh √
2
dgs�fe`k|gh�xwtP`w^�dgt)brxzto|>dgs�dZ¦Hh�sibed>t

p, q ∈ N
pofrh�_�xws{d>t)befid�sr�+�od

_�x<�ox3l)nod
√
2 = p/q.]¡^�d>«c`wto�ox»`w^§|gno`w�ofe`k�ox»sid'xz¸�beh�dgtod

2q2 = p2
|>xztµ^�x�l<n�d

p2
dgs�pP`wfq¨ p�xzfqbv`kt)bex

Ã-�od>_�xzs�befr`w�ox�dgt�^�xwsq`wponotubedgseÆ
p
dgs�pP`kfg X�Hh

p
dgs�pP`kfqdgtubexzto|>dgs�d·¦Hh�sibrd

r ∈ N
�od

_�x<�oxql)nod
p = 2r

|>xzt'^�xql<n�d
p2 = 4r2

 §�~d�d>sibrd�_�x<��x
2q2 = p2 = 4r2

�od��oxzto��d
srd­�odg�on�|gd�l<n�d

q2
d>sÊpo`wf¡¨3p�xzf¡be`wt)brx

q
dgsÌpP`wfg §]�t)bexwto|gd>s

p
¨
q
srxzta`w_�¸�xws¡pP`wfrd>s

dgt»|gxztubefe`k�oh�|>|gh��zt�|>xzt»dg^
¢od>|·¢�x��od�l<n�d\^�xws�¢odg_yxzs�brxz_�`w�ox3pofrh�_�xws©dgt)brfrd�sr�Î 
�Hh

π + x
dgs�fe`k|gh�xztP`w^­d>t)brxzto|gd>s�dZ¦Hh�s�bed

y ∈ Q
�od�_�x<�oxäl)nod

π + x = y
 

�~dgsip�dâ¹r`wto��xAxz¸�brdgtod>_�xzs
π = y − x

��|>xzt ^�x1l)nod
π
d>s�^j`L�oh���d>frd>to|gh�`´�odN�oxws



¬zR ª/�£� ä ¡¶�~¦?�Õ���Ì¦R«¼å]§�ª/�
t)Ëo_ydgfrxws3fr`w|gh�xztP`k^�dgsXp�xzf�bv`kt)bex fe`w|>h�xzto`w^Î �¥{xz_yx

π
t�x�d>s3fe`w|>h�xzto`w^Ìbrdgtod>_�xws3^j`

|>xzt)brfe`w��h�|g|>h��wt� 
ê§ßg½)¼kÈuÀ-ÈuÀ�Õ��5¹�  `uÆa�Hdg`

p :=
�'*�,b@:�¾*¾,S*Ì�P*�,3,��'¨

q :=
NO�&ô������!�c #]�t)bexwto|gd>sg��dg^

fr`w£gxwtP`w_yh�d>t)bex3d>s
[(p⇒ q) ∧ p]⇒ q.]�^
fr`w£gxzto`w_�h�dgtubex3d>s�«k�k^�h���x»Ã-_yx<�onos�p�xztod>tosvÆZ 

¸mÆ��<d4`
p :=

,S*B���2Ne�+�9*��31n��,Y4:÷¸�O��,^(^�D�3NO���l(^,S*��!�\¨
q :=

,S*f���2N0�+�9*;�31n��,Y4:÷¸�O��,���A@�4:1^�:�0(^,S*����c �]�^Ìfe`w£>xztP`w_yh�d>t)brx�srd>fr��`
[p ∧ q] ⇒ p

 �]�s�bex dgs�notP`»bv`wn�brxz^�xw}z��`H�
¨u`�l)nod�^j`�h�_�po^�h¤|4`w|>h��zt�srxz^�x�pon�dg�od3sidgf~�-`w^�sr`�srh

p ∧ q
dgs

V
¨
p
dgs

F
 �õ/dgfix�dgsibrx

d>s�h�_�p�xwsrh�¸�^�dw�{p�xzfil)nod po`wfe`Nl)nod
p ∧ q

srdg`
V
d>s�t�dg|gd>se`wfih�x9l)nod

p
srdg`

V
  ]�^

fr`w£gxwtP`w_yh�d>t)bex3d>s­|>xzfrfidg|>brxo 
|?Æ'�Hd4`

p :=
m5��1^�9*�����4`15*�(7*�,S*9k'�8*6�:�s@:×�1n��� �$WE��NO��1)�31n�c J�<d4`

q :=
m5��1^�9*���f4`15*B(7*�,S*9k'�P*6���31:@�4:,S*��Z Ø]�^qfe`w£>xztP`w_yh�d>t)brxLsidgfr��`

p ⇒ [p ∧ q]  ÷]�sibex´tox´dgsn�tP`Ýbe`wn�bexw^�xz}w��`���¨u`�l)nod�sih
p
dgs

V
¨
q
dgs

F
srd�brh�dgt�d

V ⇒ F
l)nod�d>s

F
 9]¡^

fr`w£gxwtP`w_yh�d>t)bex3t�xydgs�|gxzfifrdg|Zbexo 
�mÆ��Hd4`

v :=
ô2*�,��0NO��1n���s�:� P �5�c�

s :=
����1:@:�¥���31n��� �M��4DUm���A��1)�!�Z�

c :=
,��f���2N3Ó(^� �c ä]�^©fr`w£gxzto`w_�h�dgtubex d>s'|>xzfrfidg|Zbex�ponod>sibex�l<n�d�^j`�srh�}znoh�dgt)brd�srd>t)brdgto|>hj`Ýdgs'n�tP`

be`wn�brxz^�xz}w��`7"
((v ⇒ s) ∧ (s⇒ c) ∧ v)⇒ c.
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]¡tAdgs�bed |4`kpo��brno^�xä`k¸�xzfr�P`kfrdg_yxzs�d>^�brdg_�`N�odg^��oh�srd>³oxä¨Jd>«c`w^�no`w|gh��ztÅ�od `w^�}zxzfrh¤b��
_�xzs>�Êdgs���dg|gh�fg�Ê�od»pofrx<|>dg�oh�_�h�dgtubexzs'`wn�brxz_a�cbeh�|gxzs3��d�fidgsixz^�no|>h��zt´�od»pofrxz¸�^�dg_�`ws> 
�Hd��od à toh�fe��dg^
|gxzt�|gd>p�bex��od�`w^�}zxzfih¤be_'xo�Psrd��od>sr|gfih�¸oh�fe�ydg^
^�dgt�}znP`º¹idXd>t l<n�d�«c`w_�xws
`�dgsi|gfih�¸oh�f\^�xzs\`w^�}zxwfrh¤br_yxws�Ã-posidgno��xH|>�<�oh�}zx)Æ�¨µsidah�t)befix<�ono|>h�fe��notP`�_ydg�oh��P`»��da^�`
¸�xzto�P`w���odqnot»`k^�}zxzfih¤be_'x["/^j`X|gxz_ypo^�dâ¹ih��o`w�adgt�d>^+p�dgxzf©�odq^�xzs{|g`wsrxzs>�odgsibrx'd>sg�onotP`
dgsibrh�_�`w|>h��zt��od>^�t)Ëo_�d>frx���d�xzp�dgfr`w|>h�xztod>sq¸o�wsrh�|4`ws~l)nod�frdg`w^�h�£4`ydg^�`w^�}zxzfih¤be_'x�d>tÝdg^
|4`wsix�_��ws�|>xz_�p�^�h�|4`w��xo 
�Hd�pofid>bed>to�od\l)nodX`w^ à tP`k^
�od>^¯|g`wpo�¤beno^�x3dg^¯`w^�no_ytox["
• ¥{xztoxw£g|g`a^�xws­|gxwto|gd>p�bexzs~�odX_yx<�od>^�xy|gxw_�p�n�bv`w|>h�xzto`w^Î�P`w^�}zxzfih¤be_'x'¨�|gxz_ypo^�dZ�¹ih��o`w��¨�sidgpP`'�oh�si|gd>frtoh�f�sih
not»pofrx<|>dg�oh�_�h�dgtubex3dgs�xytox'not�`w^�}zxwfrh¤br_yx� 
• ]�sr|>frh�¸o`y`w^�}zxwfrh¤br_yxws©dgt»posrd>no�ox<|>�<�oh�}zx� 
• ¥{xztos�befin�¨u`�`w^�}zxzfih¤be_'xzsqsrdgt�|gh�^�^�xwsq¨�sid4`»|4`kpP`w£y�ody`wtP`w^�h�£g`wfr^¤xzsg��dgsibrno�oh�`wto�oxsrn»|gxz_ypo^�dâ¹ih��P`w�� 

Ï=rKt ~ {e�&v � � �ZY v;{X| ü {#ø�{X� y WZY |
ª�tox���dy^�xzs�ponot)brxzs\pofrh�to|gh�pP`w^�dgs��odyfidg^j`k|gh��zt�dgtubefrdy^�`ws�_�`kbed>_a�cbeh�|g`wsq¨�^�`�h�t���xzfâ�
_a�kbrh�|g`äd>s�^j`Ì� �����2,Y45���A_21Ù*�4:���2Nsõ��+�A�P*��:�=(^� ��k',���N=*j�·��dgs�bex´d>sg��^j`ä|gxwtosibrfrno|>|gh��zt
�od�_��Zbex<�oxws'l)nod�p�dgfr_yh�be`wt´`w¸�xzfi�P`wf3|gxwt1^j`Ý`?¨<no�P`��od>^�xzfr��dgtP`w��xzf'sih�beno`w|gh�xztod>s
_a`kbrdg_��kbrh�|4`w_'dgt)brd�|gxz_ypo^�h�|g`w�P`ws�x�^�`w¸�xzfih�xwse`ws>  á `ws­|g`w^�|gno^�`w�oxzfr`ws©¨z�m_a�ks­fidg|>h�dgt<�bedg_ydgtubedk�/^�xzs�p�frxz}zfr`w_�`ws��ody|4�k^�|>no^�x�sih�_�¸��z^�h�|>xNÃ-�~dgfih�«zdw����`wpo^�dw�/��`kbe¢�dg_�`kbeh�|4`��
��`kbe¢�^j`w¸� ¤ ¤  Æ�srxztAdâ¹id>_�p�^�xzs���d�^j`N`?¨<no�P`äd à |gh�dgt)brd l)nod�pofrd>sibv`ä^j`µ_��wl)noh�tP`µd>t

¬wç



¬ ü ª/�¶� ä ¡¶��¦R�ÁØ7� �£¦Råo�X�X§'¡/¤a�X 
brdg�oh�xzse`ks�xµ|gxz_ypo^�d�¹r`ws'|>nodgtubv`ws�nÅxkbefrxzs'pofrx<|>dg�oh�_�h�dgtubexzs'��xzto�od�¢o`w¸oh�brnP`w^�_ydgtubed
d>^�beh�d>_�p�xa¨ ^�`�pofixz¸P`w¸oh�^�h¤�P`w� �od3dgfifrxzf�`w^�frd4`k^�h�£4`wfisrd�p�xzfqnotP`�p�dgfisrxzto`�srxzt�_�n�¨
}wfe`wto��dgsg 
]�^H|>^�h�dgtubedÌpo^j`kt)bedg`­not�p�frxz¸o^�dg_�`�l<n�d{srd{pon�dg�odÊ��xzfr_�n�^j`wf
dgtXbe�>fr_yh�toxzs¯pofrd>|gh�srxzs

¨9d>^�h�t���xzfi_a�cbeh¤|gx ¢P`k|gd�fih�}znofixzsrx dg^©é�¿�¾PÖKÂ4½<¾oã9À-½<Ö�Â?Õ1�odg^©pofixz¸o^�d>_a`H��dgsibrno�oh�`Ýsrh
é
¼º½<Ág½<ÖKÂ?¾9ÁgÕ�¿6É
ÈuÀ-å�Ö¡�P�oh�srdg³o`�not�é/¼ºÕ
Èz½<Ç/À-ã9À�½<ÖKÂ?Õ�pP`wfr`y¸onosi|4`wf��oh�|·¢o`ysrxz^�no|gh��zt��
Ç¯½<ã�É
½<Á>Â?¼º¾Ýl<n�d'sinµ_y�>brx<�ox�fidgsinodg^¤«zd'dg^�pofrxw¸o^�d>_a`y¨ d>siben��ohj`�^j`a½9ý�ÈuÀ-½<Ö
È)À�¾ �od
��h�|v¢oxy_y�Zbex<�oxo 

õ�frxz¸�^�dg_�`�frdg`w^
õ�^�`wt)brd4`w_yh�dgt)brx���xzfi_a`k^
õ�frdgsidgtubv`ysrxz^�no|gh��zt

ù~^�}zxzfih�br_yx�l)nod\�P`3^j`�srxz^�no|gh��zt
�~d>_�xwsibefr`w|gh��zt

]�sibrno�oh�xy�od�^j`�d à |>h�d>to|gh�`
]�t�dg^�brdg_�`�`wt)brdgfrh�xzfÌsrdqh�t)brfrx<�onc¹ixXdg^K^�dgto}zno`c¹id��od~^j`\^��w}zh�|g`\|>xz_�x�d�¹idg_ypo^�x��od

^�x�l)nod�l)noh�dgfrda�od>|gh�f�srd>f�frh�}znofixzsrx»¨µ��xzfr_�`w^�h¤£4`wf�dg^Êdgt)noto|>hj`w��xÝ��d�not9pofixz¸o^�d>_�`� 
]�t1d>sibed�brdg_�`�`wto`w^�h�£4`wfidg_yxws�^�`ws�srh�}znoh�d>t)brdgs3dZbv`wpP`ks'�od>^�pofix<|gdgsix["�|gxzt�sibefino|g|>h��zt
��d3¾P¿�îmÕm¼kÀÜÂºãNÕ�Áw���odg_yxzsibrfe`w|>h��zt��od�srn�sixz^�«zd>to|>hj`�¨�dgs�beno�oh�x��od�srnÝd à |>h�d>to|gh�`���h�tH�
brfrx<�ono|>h�d>to�ox9dg^~|>xzto|>dgp�brx´�odÝÈzÕ�ãäé�¿�½Zß4À-Ç
¾PÇ#¨JsrnA��xzfr_�`w^�h¤£4`w|>h��ztJ_a`kbrdg_��kbeh¤|4`� 
�~d à tP`w_yxzs�dg^+|gxzt�|gdgpHbexy�od�`w^�}zxwfrh¤br_yx��Hp�xwtoh�d>to�ox3dg^�`w|gd>t)brx'dgt�^�xzs{dg^�dg_ydgtubexzs

l)nod�^�x'|>xzt���xwfr_�`wt� 
F�½9ý§Ö
À-ÈuÀ-å�Ö­��ó+�Pó<� Ô����:�VUT1n�{¾o¿-îmÕm¼cÀ�ÂºãNÕa���jNO�
4`10(^� �����P���3Ne�A��1)���0���217���<�D4)���<�3ô��(7*��8*6,S*º�������2,Y4)���A_21°�:��4:1a(^� ��k',���N=* ø 4)�B���j1`���i*a�:��,����;���S@�4:�A��1)�!���f��,���NO��1)�!���OM4:1n�����P`kbrxzs��odÝd>t)befr`w�P`µ�:�f1^*��+4`�8*�,��PZ�*f(^� �������'*�NO��1)�!�f�:�VUT1)�+�9*2Q=4:1^*�|4`wtubeh��P`w�
à toh�be`���d{h�tos�befino|g|>h�xztod>s£�2�P�:��1^*9�9*2� ø 4)�X*�(^,Y�A�P*9�9*2�m*¼,����X�9*������X�:�l��1)�<�8*9�9*\�!WD� �D����17Q�+�8*2�¶4`1^*O�P*�1)�+�+�9*9��UT1)�3�A*=�:�¼��()���P*:���A�21n����Q~4:1^*�srxz^�no|gh��zts(^���������'*0�:��,Ê(^� ��k',���N=*0�:�(7*��D�+�+�9*¸ö
�~xzs�|gxz_ydgtubv`wfih�xzs©srxw¸ofrd�dg^�br�gfi_�h�tox'`w^�}wxzfrh¤br_yx7"
hÜÆ�pofrx?«<h�dgt�d��odg^ztoxz_�¸ofid§�odg^z_�`kbed>_a�cbeh�|>x��wfe`k¸�d��od>^zsrh�}w^�x©�7óJÍJ,×Ól��ù)�2óR*��D�SZ'Ne�Ü�
h�hÜÆqbrh�d>todanot9srh�}wtoh à |g`w�ox�_��ws�`w_ypo^�h�x»l)nod�dg^Ê_�d>fe`w_ydgtubeda`wpo^�h�|g`w�ox�`�^�`ws

_�`kbrdg_��kbeh�|g`wsg�+|gxz_yx�p�frx<|gd>�oh�_yh�d>t)brx��od à toh��ox»po`wsrx»`�po`wsrx�¨Ýd>to|4`k_�h�tP`w�ox�`�not
|>h�d>fibex à t+ 



Ø7������¢£�-�/§!�J§�ª/§��]�¶�R �ú��Îö2�R¤¥�T¦?�X  ¬ #
¬�dgse`k^�bv`k_�xws�l)nodj"
hÜÆ¡^�`�tP`cbenofr`w^�d>£4`��odq^�xzs{�P`kbrxzs©�odqd>t)brfe`w�P`���dg¸�d�sidgf©dZ¦�`w|>be`w_ydgtubedq�odgsi|gfrh¤bv`

Ã-notP`3^�h�s�bv`���d\t)Ëo_ydgfrxws�dgtubedgfixzsg�Pnot»t<no_ydgfixyfr`w|gh�xztP`w^6 ¤ � øÆ�F
h�hÜÆ¯^j`ks§xzp�dgfr`w|>h�xztod>s�l)nod�d>^P`w^�}zxzfih¤be_'x~frd4`k^�h�£4`~sixzt'srh�dg_ypofrd©noto`�|4`kt)beh��P`w� à �

toh�be`�|gnP`kto�ox~sid{`wpo^�h�|4`ktX`­not�xzs/�P`kbrxzs
�odÊd>t)brfe`w�P`­�odÌ^�xzs¯l)nod{`w�o_yh�brd¡d>^H`k^�}zxzfih¤be_'xo�
dgsibrx�d>sg�Pdg^¯`w^�}zxzfih¤be_'x�srh�d>_�p�frdqbed>fr_yh�tP`���`wp�xzfibe`wto�ox'not�«k`k^�xzf©�od�se`w^�h��o`7F

h�h�hjÆ�sid3�odgsi|gfrh�¸�d3notP`��od>_�xzs�befr`w|gh��zt x�`w^�_yd>toxzsqnotP`�d>«<h��odgt�|ghj`��od�l)nod3dg^
`w^�}wxzfrh¤br_yx�frd>srnod>^�«zd\d>^
pofrxz¸�^�d>_a`7F

h�«�Æ�sid�d>siben��ohj`�dgt9pofrxw��n�to�oh��o`w�N¨Ndgtäbr�gfr_yh�t�xzsXp�frdg|>h�sixzs�^j`»|gxz_ypo^�dâ¹ih��o`w�
�odg^K`w^�}zxzfrh¤br_yx��udgs{��dg|>h�fg�<�od~`w^�}wnotP`\_�`wtod>fe`aÃ-l)nod�pofrd>|gh�se`wfrd>_yxzsvÆ·�Hd>^mbeh�d>_�p�xaÃ-xXdg^
dgsrpo`w|gh�x)Æ©l)nod�«k`y`'tod>|gd>srh¤bv`wf�pP`wfr`'xw¸�bed>todgf�^j`�srxz^�no|gh��zt���d\d>sibrd\pofrxz¸�^�d>_a`� 

«�Æ�^�`�frd>srponod>sibe`�d>s�p�frdg|>h�sr`��+^�xal)nod�srh�}wtoh à |g`�l<n�d3sid3xw¸�beh�dgtod�d>^�frd>srno^¤bv`w��x
dgsrp�d>fe`w��xo 3]�sibrx»tox�l<n�h�d>frd3�odg|>h�fql)nod'^j`afrd>srponod>sibe`»srdg`�tod>|gd>se`wfihj`w_ydgtubed3dZ¦�`k|>bv`H�
srh�t�xäl)nod�|gno_ypo^�d�^j`ks�|>xzto�oh�|gh�xztod>sal)nod�sid�^j`µdZ¦Hh�}zdgt� �ù se`w¸�d>fg��srd�pon�dg�od�pKxwf
dâ¹idg_ypo^�x3�oh�srdg³o`wf�not�`k^�}zxwfrh¤be_'x�po`wfe`3xw¸�bed>todgf�dg^+«k`w^�xzf©t<n�_��>frh�|>x'`wpofix?¦Hh�_�`w�ox��od
notP`�|>h�dgf�bv`�h�t)bed>}zfe`k^�Ã�x�n�tµ^���_yhæbedk�+x�notP`�xzp�d>fe`w|>h��zt+ � ¤  Æµ|>xzt�not�dgfifrxzfq�odg^§xzfi�odgt
�od�^j`ksy_yh�^��>srh�_�`ksg $�Hh�dg^­`w^�}zxzfrh¤br_yxÝdgsibe�N¸oh�d>tJ|gxztos�befrn�h��ox��©d>^­frd>srno^¤bv`w��xNtoxäd>s
todg|>dgse`kfrh�`w_�d>t)brd»d>^�«k`k^�xzf�dZ¦�`w|>brxN�od»��h�|v¢P`�h�t)bed>}zfe`k^�Ã-x�^���_'h¤brdw�¡n1xzp�dgfr`w|gh��zt� ¤ � øÆZ�
p�dgfrx�«zdgfrh à |4`�^j`ws3|gxwto�oh�|>h�xwtodgs'p�dg�oh��P`ws>�{dgs�bexNd>sg�©`wpofrx4¦Hh�_�`Ý^�`Ýsrxz^�no|gh��zt´dZ¦�`w|>be`
|gxzt»not»dgfifrxzf�_ydgtoxzf�l)nod ² _yh�^��>srh�_y`� 
�~d�^�`ws{xz¸osrd>fi«k`k|gh�xztodgs�hÜÆ¡¨ah�hÜÆ¡��dg^�po�wfrfr`k��x3`wt)brdgfrh�xzf{sid��odg��no|gd�l)nod�|gno`wto�ox'sid

�oh�sidg³P`�notµ`w^�}wxzfrh¤br_yxasrd'��dg¸�d'se`w¸�d>f�|gxwtµl)no�3beh�p�x��od3�P`kbexws�sid'ponod>�od3befe`k¸P`c¹r`kf
¨C|gnP�k^�dgs»sixzt ^�`ws�xzp�dgfr`w|gh�xztod>s»¸P�wsrh�|4`ws»l)nodNsidNponod>�odgt |gxztosih��od>fe`kf'F�dgsibrxzs��oxzs
dg^�d>_ydgt)brxzsÊ|gxzt�sibeh¤ben�¨zd>t�^�xXl<n�dqsrd~srn�dg^�d~�odgtoxw_�h�tP`wfÊãäÕ
Ç¯½<¿-ÕÝÈzÕ�ãäé/É
Â?¾PÈuÀ-Õ�Ö¯¾P¿â 
ª�t�_yx<�odg^�x�|>xz_ypon�bv`k|gh�xwtP`w^
¢P`w¸oh¤benP`w^
dgs~dg^
|>xztox<|gh��oxa|>xz_yxOËM»�è Ã©�8*�1^�:�2N*:���D��� �0N=*:��ù:�31n�rÆ��oxzto��dy^�xzs��P`cbexzs�dgs�bv�wtµ��xzfi_a`k�oxzs�p�xwf�t<Ëo_ydgfixzs�dgt)brdgfixzs�¨�^�`ws

xzp�dgfr`w|gh�xztod>s�¸P�wsrh�|4`ws�srxzt»^j`ks�srh�}znoh�d>t)brdgs'"
hÜÆ�»�Á4À�î�Ö
¾PÈuÀ�å�Öä`'not»�P`cbex'�od�notP`'�oh�frdg|>|gh��zt��od�_�d>_�xwfrh�`� 
h�hjÆ á `ws§xzp�d>fe`w|>h�xztod>s���d�Á4É
ãä¾*òK¼º½HÁZÂ?¾*ò+ã�É/¿ÜÂºÀ�é/¿-À�Èz¾PÈuÀÜåKÖ¥ç�Ç/ÀÜÛ¯À-Á4À�å�ÖNÃ-|g�w^�|>no^�x

�od�|gx<|gh�dgtubed�¨�fidgsibrx)Æ©�od�t<Ë�_�d>frxzs�d>t)brdgfrxwsg 
h�h�hjÆ á `~ÈzÕKãNé/¾o¼º¾PÈuÀ�å�Ö��od{�oxws�t<Ëo_ydgfixzs�d>t)brdgfrxws a, b �wpon��oh�d>to�oxq�od>|gh�f�sih a < b

�
a = b

x
a > b

 
]�sibrd\dgs�dg^
_yx<�odg^�x3|gxz_ypon�be`w|gh�xztP`w^+|>xzt»l)nod\toxzsixwbefixzs�«k`k_�xws­`�befe`k¸P`º¹r`wfg 
¿q¸osrd>fi«c`wf�l<n�d�not�_yx<�odg^�xL|>xz_ypon�bv`k|gh�xwtP`w^�dgs�notCdgtubedµ`w¸�sibefr`w|>brxo  á `´`wfâ�l<n�h�bed>|>brnofe`9�odÝ^�xzsaxzfr��dgtP`k�oxzfrd>s�p�xwf�n�tC^j`w�oxä¨Åp�xzf�xwbefixL^j`Nbrdg|>toxz^�xw}z�j`N�odÝ^�`



¬�- ª/�¶� ä ¡¶��¦R�ÁØ7� �£¦Råo�X�X§'¡/¤a�X 
p�frxz}zfr`w_�`w|gh��zt3¢P`w|gd>ta�od­not�_yx<�odg^�x�|gxz_ypon�be`w|gh�xztP`w^onoto`\_a�kl<n�h�tP`�|gxzt�|gfrdZbv`\l<n�d
`k�o_�h¤bed\dgsrxws��P`cbexzs3Ã6`w��dg|gno`w�P`w_ydgtubed�fidgpofidgsrd>t)be`w�oxzseÆq|>xz_yx��P`cbexzs~�od�d>t)befr`w�P`�¨
fid4`w^�h�£g`�|>xzt3d>^�^�xzs/d>se`ws§xzp�d>fe`w|>h�xzt�dgs�¸P�wsrh�|4`ws/¨\bex<�o`ws§`wl)nodg^�^j`ks�xkbefe`ks�l)nod©srd©ponod>�odgt
fid4`w^�h�£g`wf©|>xz_�x3|gxz_�¸oh�tP`w|>h��zt��od�^j`ws�xwp�dgfe`k|gh�xwtodgs�¸o�wsrh�|4`ws> 
]�t9d>sibed�srd>t)beh��ox�p�x<�odg_yxzs\pKxwtodgfXxkbefrxwsXd�¹idg_ypo^�xzs\�od�_yx<�od>^�xzs�|>xz_�p�n�bv`w|>h�xk�

to`w^�d>sg 
ê§ßg½<ãäé�¿�Õ�Á=��ó+�Pó��Õ�ÆK Gc*��J���2NO���+��>+*&���21Â� �A@�,S*;÷&���2N¶(7õ2�'ö , �21^�:�
,����e�9*������o���21(^4:1)������QR� �����i*2�¼÷����3� ��4:1EWE������1n���+*2��÷=,S*2�$��(5���8*:���A�21n���¼kDõ2���A�P*2�¶���21�M*LKO*�()�2÷�*��¼, *O� �A@�,S*���1B4:1O(^4:1)�!��Qk�KO*�()�2÷�*��¼4:1^*o(7*��A*;�:��,����2N¶(7õ2�\��1B4:1O(^4:1)�!��Q��KO*�()�2÷�*��¼4:1^*o(7*��A*;�:��,����2N¶(7õ2�\��1B4:1^*O� �����A*2Q�LK�(^� �'��4)���3�¼4:1^*O� �����i*����21f,S*O� �A@�,S*2Q��K�(^� �'��4)���3�¼4:1^*����3� ��4:1EWE������1n���+*;���21º��,����jN¶(7õ2��QWwK=�31)�����������P*���� �����i*2��Qm���3� ��4`1'WE������1n���+*2��÷=�������A*2�$�D�21º���3� ��4:1EWE��� ��1n���+*2�'ö

�3�ÆK�Ò?,ÅNO�'�:��,��¥���21n�����+�:�&���2NO�n�l�P*�,���Í~Ð �:�21^�:�e,����s�9*������s�:�M��1)�+�8*9�9*����211)d:NO��� ���¼���P*�,����\��1B,Y4�@9*��
�:�$��1)�!��� ���¼÷s,S*2�$��()���8*:���A�21n���ok�õ2���A�P*2�¶���21f,S*2�oNe����N=*2�
ø 4)�e��1º��,#�©Í~ÐÃö

G ¢P`4¨ notP`�p�frh�_ydgfr`ah�tubedgfidgsr`wt)brd'|>nodgs�beh��zt��od3se`w¸�d>fo��É��NÂºÀ-é�ÕJÇ
½äé
¼cÕmð/¿-½Êÿ
ãN¾PÁ\Ág½�é�É¯½<Ç
½<ÖL¼º½<ÁgÕK¿ÜÛ�½)¼q�od>t)brfrxX�od�n�ta_yx<�odg^�x\|>xz_ypon�bv`k|gh�xztP`w^6 �]�sÊ|>xztox<|>h��ox
Ã-`wnotol)nod�be`wfr�o��«k`wfih�xzs�sih�}z^�xzsXdgt´��dgsr|>no¸ofih�frsid?Æ�l<n�d�^�xzs�pofixz¸o^�dg_�`ws��od�^j`»befrh�srd>|Z�
|>h��zt��odqnot��wto}zno^�x�Ã��oh�«<h��oh�fÌnot��wto}zno^�x�d>t�befidgs©srdg|Zbexzfidgs�h�}znP`k^�d>svÆZ�<^j`X�onopo^�h�|4`k|gh��zt
��dg^©|>no¸�xJÃ��P`w�oxÝn�t´|>no¸�x�|gxwtosibrfrnoh�f�xwbrfrx l<n�d�brdgto}z` dZ¦�`w|>be`w_ydgtubed�d>^©��xz¸o^�da�od
«zxw^�no_ydgtÝl)nod'd>^�p�frh�_ydgfix)Æ�¨ ^�`�|gno`w�ofe`cbenofr`��odg^§|g��fr|>no^�x�Ã-�P`k�ox�not�|g��fr|>no^�x�|gxztosâ�
brfrnoh�f¡not�|gnP`w��fe`w�oxX|>xztad·¦�`w|>be`w_�d>t)brd�dg^m_yh�sr_yx��wfrdg`uÆ�toxXsid�ponod>�odgtafrdgsixz^�«zd>fÊ|>xzt
fidg}z^�`�¨�|>xz_ypP�wsg�zd>sibex�dgs>�utox�¢P`4¨�not'`w^�}wxzfrh¤br_yx�|gnH¨u`ws�h�tos�befrn�|g|gh�xztod>s§dgsibr�gt3��xzfr_�`c�
�o`ws�p�xzf�|>xz_�¸oh�to`w|gh�xztod>s��od�^�`ws�xzp�d>fe`w|>h�xzt�dgs�¸P�wsih�|g`ws��od>^¯_yx<�od>^�x3|>xz_�p�n�bv`w|>h�xzto`w^
��dgtoxz_yh�to`w�ox4�J���2NO���<�D>+*6���21�� �A@�,S*B÷Â���2N£(7õ2��l)nod�p�d>fr_yh�be`�fid4`k^�h�£g`wf\d>se`ws�|gxztosâ�
brfrno|>|gh�xztodgs> ¡ª�tP`\dZ¦Hp�xzsrh�|gh��ztasidgto|>h�^�^j`�l)nod~fidg^�`w|gh�xztP`�d>sibrxzs{pofixz¸o^�dg_�`wsÌ|>^j�wsih�|>xzsÌ�od
^�`ws�_a`cbedg_��kbrh�|4`wsX|gxwt´^j`ks�|>h�d>to|gh�`ws��od�^j`�|>xz_ypon�bv`k|gh��zt9srd�pon�dg�od�dgto|>xzt)brfe`wf�dgt
� �a�Î 
ª�tP`»sidg}zn�to�P`�|gn�dgsibrh��ztNh�_�p�xzf�bv`wtubed3d>sX^�`��ody|gxwtox<|gd>fX^�xws�é/¼ºÕmð�¿�½<ãä¾PÁ&��É¯½

¼º½)¾P¿-ãä½<ÖKÂ?½$Á>½Cé/É
½<Ç¯½HÖ�¼º½HÁ>ÕK¿ÜÛ�½)¼�d>tJnot1_�x<�od>^�xÝ|gxw_�ponHbv`w|>h�xzto`w^Î 9]¡sy��dg|>h�fg�
`kl<n�dg^�^�xzs'pofixz¸o^�d>_a`ks'pP`wfr`µ^�xws'l<n�d�^�`�srn�|gd>srh��wtA��d�xzp�d>fe`w|>h�xzt�dgsyl<n�d�d>��dg|ZbeËP`Nd>^
`k^�}zxzfih¤be_'x»l)nod�^�xzsXfidgsinodg^¤«zd�pofrd>|gh�se`��odan�täbeh�d>_�p�x�fr`w£>xztP`w¸o^�d Ã-t�x �oda_yh�^�dgs\�od
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`w³oxzs§p�xzf§dâ¹id>_�p�^�x)Æ¯pP`wfe`�`kp�xzfibv`kf§^�`~srxz^�no|gh��zt��od>^opofrxw¸o^�d>_a`H /.�`wfrd>_�xws§xwbefr`ws§|gxzt<�
srh���dgfe`k|gh�xztodgsÊ`w|>dgfr|g`X�od�dgs�bv`Xsidg}znot��P`�pofidg}zn�t)be`X_a�ksÊ`w�od>^j`wtubed­|>nP`wto�oxX¢P`w¸o^�dg_yxzs
�od�^j`�|gxz_ypo^�dâ¹ih��o`w�� 
ê�ßg½<ãäé/¿-Õ6��ó<�Pó���Í?����k',���N=* ø 4)�¼(^,S*�1)���P*Â��,���,Y�A��1)�!�OM����21)�i*9k'�3,Y�+�9*9�2Ql4:1^*f,Y���D�i*B�:��31:@�����������÷s4:1^*O,Y�����A*;�:�J@9*2���!���'ö\ÎXk'����1n���A_21B�:��,~k�*�,S*�1n���'ö
]�be`wpP` ² "¯õ¡^�`wt)brd4`k_�h�dgtubex�dgt\be�>fr_yh�toxzs���xzfr_�`w^�d>s'"
sidÌbeh�dgtod>t���xzs
^�h�s�bv`ws
�odÌt<Ëo_ydgfixzsdgt)brdgfixzs��od be`w_�`w³oxzs

n
¨
m
|gxzfifrdgsip�xzto�oh�dgtubedgs»`9^�xzsah�t�}zfrd>srxzsa¨$`9^�xzsa}u`ws�bexzs

frdgsip�dg|Zbeh�«c`w_ydgt)brdw  á `�srno_�`��od3^�xzs~dg^�dg_ydgt)brxzsq�od�^j`apofih�_ydgfe`�^�h�sibv`�pofixzp�xzfr|>h�xwtP`^�xzs�h�t�}zfrd>srxzs> �¥{xztÝd>^�_yh�si_�xypofrx<|>dg�oh�_�h�dgtubexapo`wfe`a^�`�srd>}znoto�o`�^�h�sibe`ysrd�xz¸�brh�d>todgt
^�xzs�}z`wsibrxzsg ¡]¡^
¸o`w^j`wt�|gd�dgs�^j`��oh���d>frdgt�|ghj`�dgtubefrd�h�to}wfrdgsixzs�¨�}u`wsibrxzsg 
]�be`wpP` R "/õ�frx<|>dg�oh�_�h�dgtubex~pP`kfe`~fidgsrxw^�«zd>f§dg^Hpofixz¸o^�d>_a`H /]¡s§dZ«<h��od>t)bed©l)nod©dg^Hpofrxw¸o^�d·�_a`�brh�d>tod�sixz^�n�|gh��wty¨yl)nod~sid~p�x<�ofr��`\fidgsrxw^�«zdgfÊ_�`wt)nP`w^�_'dgtubedw ��<d�brfe`kbe`\�od~d>sr|>frh�¸oh�f
dgsrd\p�frx<|gd>�oh�_yh�dgt)brx3_a`kt<nP`w^+pP`wfr`'l)nod\sid\p�nodg�P`'¢P`w|>dgf­`wn�bexw_a�kbrh�|4`w_'dgt)brdw 
�q`kbexws{�od�dgtubefr`w�P`7"

a1, a2, ..., an
¨
b1, b2, ..., bm

�<�oxzsÊ^�h�sibv`ksÌ�od�t<Ëo_yd>frxzsÊdgtubed>frxzs> 
õ¡fix<|gd>�oh�_yh�d>t)brx["�}zd>todgfr`wf{not�_ydg|g`wtoh�sr_yx�l)nod~«c`?¨u`�fidg|>xzfrfih�dgt��ox�^�xwsÊ«c`w^�xwfrdgsÊ�odq^�`
^�h�s�bv`���dyh�to}zfrd>srxws��odgsi�od�d>^�pofrh�_�d>frx�¢P`ws�bv`�d>^�dgto�>srh�_�x�¨Ý�od'^�xzsq}u`wsibrxzs��od>sr�odydg^
pofrh�_�d>frx�¢P`ws�bv`»dg^¡d>_��>srh�_�x�¨��oxzs�«k`wfihj`k¸o^�d>sg�
n�tP`»�oxzto��d�srd'«k`wtä`w³P`w��h�dgt��ox�^�xzs
«k`w^�xzfrd>s��od�^�xzs©h�t�}zfrd>srxzs{¨�xwbrfe`�pP`wfr`�^�xzs©}z`wsibrxzsg ¡ú�h�to`w^�_ydgtubed~¢P`k|gdgf�^�`��oh¤��dgfidgto|>hj`
pP`wfe`3xz¸�brdgtod>f­d>^
¸P`w^�`wto|>dw 
ª�tP`\«wdg£~l)nod~sr`w¸�dg_yxzsÊ|>�z_�x\frdgsixz^�«zd>fÊdg^�p�frxz¸o^�dg_�`�l)nodgfidg_yxzs{d>sr|>frh�¸�h�fÌd>^K`w^�}zxzfrh¤b��
_�x��od�_�`wtodgfr`�l)nod�sid4`3|g^�`wfrx�dgt�srn�dgsi|gfih�ben�fe`�¨��-�w|gh�^K�odqbefe`k�ono|>h�f�`�not�^�dgto}zno`c¹id
|gxzto|>frdZbexa�odXpofixz}zfr`w_a`k|gh��zt� {]�^
^�dgto}zno`c¹id��odX^�xws�`w^�}zxzfih¤be_'xzs�dgt�t<n�dgsibrfrxa|gxwt)bed·¦)�
bexo�¡d>sibex�dgsg�Ìdgt´dg^©_yx<�odg^�xÑ�©Í~Ð sid�srnod>^�d�|gxwtox<|gd>f'|gxz_yx¥()����47�:���D_'���S@:�'¨9d>sibe�
��xzfr_�`w�ox3p�xzf�^�xws�srh�}znoh�d>t)brdgs�dg^�d>_�d>t)brxzs'"
á xws�Ç¯¾�Â?Õ�Á3Ç
½»½HÖ�Â?¼º¾PÇ
¾�sixzt�«k`wfihj`k¸o^�d>s{l<n�d�sid�ponodg�o`wt�srnosibrh�brnoh�f{p�xzf©|>xztos�bv`wtubedgspP`wfe`�l)nod�d>^{`w^�}zxzfrh¤br_yx�`k|>beË�d�sixz¸ofrdad>^�^�`wsg �Þ­xzfr_�`w^�_ydgtubedyfidgpofidgsrd>t)be`wfrd>_�xzs�^�`ws
«k`wfihj`w¸o^�dgs©p�xzf�^�d>brfe`wsg 
õ�`wfe`3¾PÁ4À�îKÖ¯¾o¼�`'noto`3«k`wfrh�`w¸o^�d

x
not�«k`k^�xzf

a
d>sr|>frh�¸�h�frd>_yxzs'"

x := a.

õ�`wfe`�Á4É/ãN¾o¼�ò/¼º½<Á>Â?¾o¼'ÕNã�É
¿�ÂºÀÜé�¿�À-Èw¾o¼�t<Ëo_ydgfixzs©d>t)bed>frxzs©n�beh�^�h�£g`wfrd>_yxzsÊ^�xzs{sih�}ztoxws
¢P`w¸oh¤benP`w^�dgsK"

a+ b, a− b, a · b.
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õ�`kfe`'d>^
|gx<|>h�d>t)bed�¨�d>^
frd>sibexy�od�^�`'Ç
À�Û¯À-Á4À�å�Ö1½HÖ�Â?½)¼º¾�"

a/b, a mod b.

��xzto�odk�
p�xzf�d�¹idg_ypo^�x��
5/2

dgs R ¨
5 mod 2

d>s ²  �ù©bed>to|gh��ztµ`�^j`��oh¤��dgfidgto|>hj`�|gxwt
^�`�toxwbe`w|gh��ztä_�`kbed>_a�cbeh�|g`»¢P`w¸oh¤benP`k^Î �]�tLdg^Ê|>xzt)brdZ¦<bexÝ�odat<n�dgsibrfrxÝposidgno��x<|g�<�oh�}zx
5/2

tox3dgs�noto`���fe`k|g|>h��zt�srh�t�x3not�t)Ëo_�d>frx3d>t)bed>frxo�c¹inos�bv`w_yd>t)bedq^j`�pP`kfibedqdgtubed>fe`3�od
��h�|v¢oxyt)Ëo_ydgfixo 
á `ws3|>xz_ypP`wfe`k|gh�xwtodgs�srd�frd>pofrd>srdgtubv`wt1|gxwt´^�xzs�srh�}ztoxzs ≤ Ã-_ydgtoxzf�x�h�}znP`k^ÜÆ·� ≥Ã�_a`4¨zxzf�x­h�}znP`w^jÆZ�

<
Ã�dgsibrfrh�|>bv`k_�d>t)bed�_ydgt�xzfvÆ·�

>
Ã-dgs�befih�|>be`w_ydgt)brd�_a`4¨zxzfvÆ·�

=
Ã�h�}zno`w^ÜÆ

¨ 6= Ã-�oh�sibeh�t)brx)ÆZ ]�s�bexy|gxzt»frd>srp�d>|>bexa`'^�`ws�xzp�d>fe`w|>h�xzt�dgs�¸P�ksrh�|g`wsg 
�/`w_�¸oh��gt�h�t)befix<�ono|>h�_yxzs©|>h�d>fibv`ks�h�tosibrfrno|>|gh�xwtodgs> 

• õ/x<�odg_yxzs�d>sr|>frh�¸�h�f©��fe`ksrdgs­ÈzÕ�Ö/Ç
À6ÈuÀ�Õ�Ö
¾P¿�½<Áq�od>^
brh�p�x["
�KpÌ|>xzto��h�|gh��zt�Â?Ú
½<Ö9xwpKd>fe`k|gh��wt ² ½<¿6Ág½�xzp�dgfr`w|gh��zt R  

�<h{x<|>nofrfid�^�`�|gxzt��oh�|>h��ztäd>t)bexwto|gd>s3srd�dZ��dg|ZbeËP` ^j`»xzp�dgfr`w|gh��zt ² ¨Nsih{tox x<|>nofrfid�srddZ��dg|ZbeËP`�^j`�xzp�d>fe`w|>h��zt R  »�Hh¡tox�srd�dgsi|gfrh�¸�d�^j`�srd>}znoto�P`�pP`wf�bedy�od�^j`�|>xzto�oh�|gh�xwtP`w^Ã�^j`�l)nodad>_�p�h�dg£g`»|gxwt ��,g���rÆ�srd�h�tubed>frpofid>bv`»l)nod�srhÌ^�`»|>xzto�oh�|gh��ztNt�x�x<|gn�frfrd�t�x�srd
¢o`w|gd�tP`w�o`� Ê¥©`k¸�d\sidg³P`k^j`wf�l)nod�bv`w_�¸oh��gt�p�x<�od>_�xzs©bed>todgf�«k`kfrhj`ks�|gxzt��oh�|>h�xzt�dgs�l<n�d
sidgpP`kfe`wfidg_yxzs�|gxwt�|>xz_�`wsg 
ê§ßg½<ãäé�¿�Õa��ó+�Pó ��Íl�2�$�VCE��N¶(^,��&M

]¡tubefr`w�P`7"
a, b�ô�

a > b
be¢�dgt

c := a
dg^�srd

c := b
 

��`w^�h��P`7"
c
Ã-d>^
_a�ks�}wfe`wto��d�dgtubefrd�^�xws��oxzs�t)Ëo_�d>frxzseÆZ 

• ¬­d>p�d>beh�|gh��zt��od�xzp�d>fe`w|>h�xzt�dgs��od>toxz_yh�tP`k�P`w�P`ws©ð�É
Èu¿-½<Áw 
²  -�
Õm¼

i = a
Â?Õ

b
xzp�d>fe`w|>h��wt� 

��xzto�od'^j`�xwpKd>fe`k|gh��wt�srd'fidgpoh¤bed3�od>sr�odyd>^§«c`w^�xzf
a
�odg^§|gxztubv`w�oxwf

i
¢P`ksibv`�l)nod'�gsibrd

brxz_�`�dg^§«k`k^�xzf
b
�
h�to|>frd>_��>t)bv`kto�oxzsid'dg^§«c`w^�xwf���dg^�|>xzt)be`w�oxzf�dgtµnoto`�notoh��P`w��|4`k�P`

«zd>£\l)nod\srd�frdg`w^�h�£4`�^�`3xzp�d>fe`w|>h��zt+ 
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ê�ßg½<ãäé/¿-Õ6��ó<�Pó�®�ÍX�2�$�VCE��N¶(^,��&M

]�t)brfe`w�P``"
a, b

Ã�t<no_yd>frxzs�d>t)brdgfrxws­p�xzsrh¤beh¤«zxzsvÆ
c := 0úPxzf

i = 1
bex

b
c := c+ a��`w^�h��P``"

c
Ã-d>^
pofix<�ono|>brx

ab
Æ· 

¿q¸osrd>fi«c`wf�l)nod�^j`ws{xzp�dgfr`w|gh�xztodgs©l)nod�srd�frdg`w^�h�£4`kt��odgtubefrx'��dg^�¸on�|g^�dqsrd�dgsi|gfrh�¸�dgt
not»p�x<|gxy_��ws�dgt»dg^
h�t)bed>frh�xzf©��dg^
pP�wfife`k��x'po`wfe`3�oh�s�beh�to}znoh�fr^�`ws> 
R  =� Ú/À-¿�½�|>xzto�oh�|gh��zt���xzp�dgfr`w|gh��zt� 

��h�d>t)befr`ws�^�`3|>xzto�oh�|gh��zt�sid\|gn�_�p�^�d�srd�frdgp�h�bed�^�`3xzp�d>fe`w|>h��zt+ 
ê�ßg½<ãäé/¿-Õ6��ó<�Pó�²�ÍX�2�$�VCE��N¶(^,��M��,�k'4)��,��\*�1)�������A�2�¶���](^4)�P�:�$�������D�+k'�3�$���2NO�&M

i := 1�C¢oh�^�d
i ≤ b

c := c+ a
i := i+ 1G÷�od�t<n�d>«zx�srd>³P`w^�`wf�^j`yp�xzsrh�¸oh�^�h��o`w���od�l)nod�sid�brdgto}z`wt�«k`wfihj`ws�|>xzto�oh�|gh�xztodgs�srd>pP`c�

fe`w�P`ks�p�xzf�|gxz_�`wsg 
]�sibe`wsXtoxzfi_a`ws���d�dgsi|gfih�ben�fe`»toxzs\p�dgfi_�h¤bed>tNd>sr|>frh�¸�h�f�dg^Ì`w^�}zxzfih¤be_'x���d�^j`�|gxzt<�

bv`w¸oh�^�h¤�P`w���odXn�tP`�_�`wtod>fe`'|g^�`wfe`3¨�pofrd>|gh�se`� �]�sibv`y_a`wt�dgfe`'�odXd>sr|>frh�¸�h�fg�Psrdg}wËot ^�`ws
toxzfr_�`ws�pofrxzp�nodgs�bv`ws\^j`�^�^�`w_�`kfrd>_yxzsJ()����4[�:����_'���S@:�c 3ù���dg_��ws\fidgsrn�^�bv`��-�k|gh�^�_yd>t)bed
befe`ktosr|>frh�¸�h�¸o^�d�`än�t$^�d>to}znP`º¹id���d pofixz}zfe`k_a`w|>h��wtJ|gxztA^j`Nsih�t)be`c¦Hh�sa`w�od>|gnP`k�P`9�odg^
^�dgt�}znP`º¹id�dgsi|gxz}zh��oxo 

�q`kbrxzs��od�dgtubefe`k�P`7"
a1, ..., an; b1, ..., bm

I := a1
�
i := 1�C¢oh�^�d

i ≤ n− 1
i := i+ 1
I := I + ai

Ingresos := I
G := b1 j := 1�C¢oh�^�d

j ≤ m− 1
j := j + 1
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G := G+ bj

Gastos := G��`w^�h��P`7"
Balance := Ingresos−Gastos

]§be`wpP` ç "�]�siben��oh�x��ody^j`�sixz^�«zd>to|gh�`»�od>^Ê`w^�}zxzfih¤be_'x["�|>xz_�p�frxz¸�d>_�xzs�l)nod�dg^Ì`w^�}zxk�
fih�br_�x�bedgfi_�h�tP`� �]�täd>��d>|>brxo��`w^¡h�t)brfrx<�ono|>h�f�^�xws��P`kbexws\�od�d>t)brfe`w�P`H�/srdydgsibe`w¸o^�dg|>dgt
^�xzs�«k`w^�xzfrd>s­�od

n
¨
m
l<n�d�sixzt��oxzs­t<Ëo_ydgfixzs­dgtubed>frxzs�p�xzsih�brh�«zxzs> Êù~sr�¯srd\dgt)brfe`ydgt

d>^©pofih�_ydgf�¸on�|g^�d�l)nod�sid�fidgpoh¤bed�dZ¦�`w|Zbv`w_ydgtubed
n − 1

«zd>|gdgs�Ã-�od>sr�od
i = 1

¢P`ws�bv`
n − 1

ÆZ�K|>nP`wto��x
i
bexz_�`ydg^
«k`k^�xzf

n
d>srd�pofix<|gd>srx�brdgfr_yh�to`�  á xa_�h�sr_yxypP`wse`�dgt dg^sidg}zn�to�oxÝ¸ono|>^�da|4`k_�¸ohj`wt��ox�d>^ÊpP`wp�d>^{�od

n
p�xzf�d>^Ê�od

m
  ú�h�to`w^�_ydgtubedy¢P`?¨µnotP`

`ksrh�}wtP`w|gh��zt'�odg^P«k`k^�xzf�|gxzfifrdgsip�xzto�oh�dgtubed~`w^P¸P`w^�`wto|>d­|>xzta^�x\l)nod�d>^mpofrx<|>dgsrx à tP`w^�h�£4`H 
]�^�`w^�}zxzfih¤be_'x��o`\^j`�srxz^�no|gh��zt�`k^mpofixz¸o^�dg_�`�p�xzfrl)nod�|>xzpoh�`�dZ¦�`w|Zbv`w_ydgtubed­dg^mpofrx<|>dgsix
_�`wt)nP`w^�l)nod�frd4`k^�h�£4`wfi��`�n�t�|>xztubv`w¸o^�dw 
]§be`wpP` ü "�]�s�beno�oh�x��od�^j`�d à |gh�dgto|>hj`a�od>^§`w^�}zxzfih¤be_'xo ~õ�`wfr`afrd4`k^�h�£4`wf­�oh�|·¢�x�dgsibrno�oh�x
t�dg|gd>srh¤bv`w_yxzs­`w^�}wnotP`ws��od à toh�|>h�xwtodgs�pofrd>|gh�sr`wsg�ml)nod\sidXd>sibe`w¸o^�d>|gd>fe�wt�_��ws­`w��dg^�`wt)brdw�
po`wfe`�sr`w¸�dgf�dgtLl)no�abe�>fr_yh�toxwsXsrda«c`Ý`�_ydg��h�fXd>se` d à |gh�dgto|>hj`�  õ/xzsip�xztod>_�xzs�dgsibrd
d>sibrno�oh�x'pP`wfe`3�od>srpono�>s��od\^�`��od à t�h�|gh��zt��odg^
|>xzto|>dgp�brx��odM���2N£(^,��VC��+�¸*9�k 
ê§ßg½)¼kÈuÀ-ÈuÀ�Õ6�5³#Í�(^,Y�A�P*��X��,`*�@:�2�D�3�<NO�£*�1)�����D�A�2�m*o�:���?,Y�����A*2�l���21n��� ���A*2�m�:�?1)d`NO��� ���'ö
I6ÒT�¼4`1^*ON=*�1n���8*O*9�:����4[*9�9*O�:�e��k������Dô2*��\��,�WD4`1n���A�21^*�Ne�A��1)���=�:�¼4`1Â*�,b@:�2�D�3�+NO��ö K
ê§ßg½<ãäé�¿�Õa��ó+�Póþ±#Ò�1n���21)�+�8*��¶��,[ô2*�,��2�]N=õw�Ê�3NO�
��1M4:1^*
,Y�����i*$�:�]1)d`NO��� ���¶��1)�!��� ���'ö
�~`kbexzs��od�d>t)befr`w�P`7"�notP`'^�h�sibe`��od�dgtubed>frxzs

a1, a2, ..., an

 
õ�fixH|>dg��h�_yh�dgtubex7"§�od à toh�f�n�tP`�«k`kfrhj`k¸o^�d

a
l)nodqbexw_a`�h�toh�|>hj`k^�_'dgtubed~dg^K«k`w^�xzf{�od

a1
¨

l)nod~«k`�|gxz_ypP`wfr�wto�oxwsrd~|gxzt�^�xzsÊ�oh�s�beh�t)bexwsÌ«k`w^�xwfrdgs
a2
�
a3
�K � ¤ �¢P`ws�bv`

an

|g`w_�¸ohj`kto�ox
sin\«k`w^�xzfÌÃ-p�xzf
dg^u�odÌ^j`©|gxzfifrdgsip�xzto�oh�dgtubed

ai

Æ�sih)d>tX^j`�|>xz_ypP`wfe`k|gh��zt�d>s/d>sibrfrh�|Zbv`w_yd>t)bed
_ydgt�xzfg 

�q`kbexws��od\d>t)brfe`w�o`7"
a1, ..., an

a := a1
�
i := 1�C¢oh�^�d

i ≤ n− 1
i := i+ 1�ô�
a < ai

br¢odgt
a := ai��`w^�h��P`7"

a

¿�d>l)noh�«k`k^�d>t)bed>_�d>t)brd�nose`wt��ox�d>^
¸ono|>^�d]WE�2�D"
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�q`kbrxzs��od�dgtubefe`k�P`7"
a1, ..., an

a := a1úPxzf
i = 2

bex
n�ô�

a < ai

be¢od>t
a := ai��`w^�h��P``"

a

ê�ßg½)¼cÈuÀ6ÈuÀ�Õº�)· Ím(^,Y�A�P*��$��,~*�,b@:�2�D�3�+NM�s*O4:1^*O,Y�����i*����21n��� ���i*M�:�o1)d:NO��� ���e��1)���������'ö
Ðº�����+�8*Ê� ø 4)�e��,�*�,b@:�2���3�+NO�0������Ne�31^*9ö
ê�ßg½<ãäé/¿-Õ6��ó<�Pó�¹�Ò?,¶���S@�4:�A��1)�!�M(^� �����P���3N0�A��1[�!�a1n�����Ã4:1�*�,b@:�2�D�3�<NO�¥()�j� ø 4)�Ã1n��!���DNe�31^*9ö�ÒT����� ø 4:�A�������:�����3� ø 4)�¶���P*�,Y�SZ�*$4:1^*M�P*�1)�+�+�9*9�e1h�?UT1)�3�i*=�:�o��()���8*:���A�21n���'ö
Ô5��,��e���217���+�:���8*�NO���m�3N¶(^,���NO��1)�A*9�:�?(5�2�]4:1^*\N=õ ø 4:�31^*2Q����A��ù[*oN=õ ø 4:�31^*0���2Ne�A��1:Z�**��VCE����4:�i*��$��()���8*:���A�21n����()��� �01n�0�!���DNe�31^*s1)4`1n�P*9ö

k := 0úPxzf
a = 1

bex
10

b := a�C¢oh�^�d
b ≤ 10

k := k + 1��`w^�h��P`
:= k

¿q¸osrd>fi«c`w_�xws¡l)nod�d>^�«k`w^�xzf�h�toh�|gh�`w^<�od�^j`
a
d>s ² �zp�xzf§be`wt)brx

b
bexz_�`~h�toh�|gh�`w^¤_yd>t)brd

dg^+«k`w^�xzf ² �ol)nod�dgs�_ydgtoxwf�x'h�}znP`w^Kl<n�d ²?°  Ì�Hd�fid4`w^�h�£g`�d>t)bexwto|gd>s­dg^�¸ono|>^�d�h�t)brdgfih�xzf>��oxzto�od
k
|g`w_�¸oh�`X�od~«k`w^�xzfÊp�dgfrx

b
tox3|g`w_�¸oh�`X�od~«k`w^�xzfg �ù~si�Î��^�`X|gxzto��h�|>h��zt

b ≤ 10srd�«wdgfrh à |4`'sih�d>_�pofidq¨�dg^
pofix<|gd>�oh�_yh�d>t)brx3t<noto|g`ysr`w^�d��od�dgsid\¸ono|>^�dw 
ê�ßg½)¼cÈuÀ6ÈuÀ�Õº�c�÷Ï?�217���+�:��� ��NM�E�\��,h���S@�4`�A��1)���
*�,b@:�2���3�+NO�&M
Ò?1)�<�8*9�9*5M

n ∈ N�OM
2��
o~�2���É2 P �!�=1

o~�2�ÅCw2 P �!�=��OM
2��k/�C
Ôh*�,Y�+�9*5M��

Òu�K(^,Y�A�P*�� ø 4)×�ù7*:���$��,�*�,b@:�2�D�3�<NO�0÷O�9*��¼4:1^*JWE_2�DNe4`,S*¼(7*��8*s,S*=�'*�,Y�+�9*9ö
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�/d>fr_yh�to`w_�xws©d>sibv`'sidg|>|gh��wt�|>xzt»^�`�|gxzt�sibefino|g|>h��zt»��d\`w^�}wnotoxzs�`w^�}zxzfrhæbe_'xzs{_a�ws> I¡dg`w_yxzs�|>�z_yx ¢o`w|gd>f3`w^�}znotP`ks�xwp�dgfe`k|gh�xztodgs�¸P�ksrh�|g`ws�dgt9^�h�s�bv`ws> �õ�`wfe`�dg^�^�x�h�tubefrxc�

��no|gh�frdg_yxzs­`w^�}zn�tP`ws�h�t�sibefino|g|>h�xzt�dgs­t<nodZ«k`ws> ­ª�sr`wfrd>_yxzs�n�tP`y��n�to|gh��zt
longitud(L)l)nod©h�to��h�|g`~d>^�t)Ëo_�d>frxq�od©d>^�d>_�d>t)brxzs��od©notP`~^�h�s�bv`

L
¨XnotP`~��n�to|gh��zt

elementos(L)l)nod�h�to�oh�|4`�srh
^�`3^�h�sibe`�dgs�«k`w|>�j`»Ã-sr`w|4`'not ° Æ{xyt�x�Ã-sr`w|4`'not»notoxuÆZ Ì]�s�bv`ws­��xzs���notH�
|>h�xzt�dgs©tox'sixzt�xzp�d>fe`w|>h�xzt�dgs©dg^�d>_ydgt)be`w^�d>s©��d�t<n�dgsibrfrx'_�x<��dg^�x�p�dgfix'dgtubed>to�odgfidg_yxzs
l)nod�^�`ws�¢o`w|gd>_�xwsg�¡�od�`w^�}zn�tP`�_�`wtod>fe`��¡`k^{h�tubefrx<��no|gh�f�^�`�^�h�sibv`H Ýù���dg_��ws3^�^j`k_�`º�
fidg_yxzs�`�notµ`w^�}wxzfrh¤br_yxa�odgt�xz_�h�tP`w�ox

min(L)
l<n�dyh�to�oh�|4`�|>nP�w^§dgs�d>^�_y��t�h�_'x���d

n�tP`�^�h�s�bv`���pofixzponod>sibrx�|>xz_yx�d�¹idgfi|gh�|gh�xa_��wsq`k�odg^�`wt)brdw qú�h�to`w^�_'dgtubed\pKd>fr_yh�brh�fidg_yxws
¢o`w|gd>f�`wsih�}zto`w|gh�xztod>s��odg^�brh�p�x

x := L′
�oxwto�od

L
d>s­notP`'^�h�s�bv`� 

½\¼ºÕmð�¿�½HãN¾�óä�q`w�P` n�tP` ^�h�sibe`
L = a1, . . . , an

¨än�tLt<Ëo_ydgfixÝto`kbenofr`w^
1 ≤ i ≤

n
�§|gxwtosibrfrnoh�f�n�tP`�^�h�sibe`»|>xzt9not9dg^�dg_ydgtubex�_ydgt�xzsg��frdgsino^�be`w�ox��oda¸�xzfife`wf\�od

L
dg^

d>^�d>_�d>t)bex'l)nod�x<|gnopP`'d>^
^�no}z`wf
i
���>srh�_yxo  á x'�od>toxwbv`kfrdg_yxzs Borrar(L, i)  ê§ßg½<ãäé�¿�Õ¯ó��Hdg`

L = 3, 4, 2, 8
d>t)brxzto|gd>s

Borrar(L, 2) = 3, 2, 8
 

»�¿�îmÕm¼kÀjÂºãNÕ
Borrar(L, i)ê�ÖKÂ?¼º¾PÇ¯¾�ñ

L = a1, . . . an

�
iúPxzf

j = i
bex

n− 1
aj := aj+1

an := null
Ã-�od>sr¢P`w|>dX^�`'`ksrh�}wtP`w|gh��zt��od

an
Æ

ë�¾o¿6À-Ç
¾�ñ
L

½\¼ºÕmð�¿�½HãN¾�óa�Hdg`
m
n�tµt<Ë�_�d>frx�d>t)bed>frxo 3�q`k�P`�n�tP`�^�h�s�bv`

L = a1, . . . , an

¨ not
t)Ëo_ydgfrx�tP`kbrnofe`k^

1 ≤ i ≤ n + 1
�Ê|>xztosibrfrnoh�f'noto`�^�h�sibv` |>xzt1not1dg^�dg_ydgtubex�_��wsg�

fidgsino^�be`w�ox���da`w³o`w�oh�f�`
L
d>tädg^¡^�no}u`wf

i
�ô�gsrh�_�x�d>^¡dg^�d>_�d>t)brx

m
�
�odgsipo^j`w£g`wto�ox�d>t

n�tP`'notoh��P`w��^�xzs©br�gfi_�h�toxzs�`'pP`kfibeh�f©�od\�>^Î  á x'�odgt�xwbv`wfidg_yxzs�Í�Ú^*9���3� (L,m, i)
 

ê§ßg½<ãäé�¿�Õ¯ó��Hdg`
L = 3, 4, 2, 8

d>t)brxzto|gd>sqÍ�Ú^*9���3�
(L, 7, 3) = 3, 4, 7, 2, 8

 

»�¿�îmÕ�¼cÀÜÂ?ãNÕäÍ�Ú^*9���3�
(L,m, i)ê�ÖKÂ?¼º¾PÇ¯¾�ñ

L = a1, . . . an
�
i
�
m

j := n+ 1�C¢oh�^�d
j > i

aj := aj−1

j := j − 1
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ai := më+¾P¿6À-Ç¯¾�ñ
L

½X¼ºÕmð�¿�½<ãä¾�ó»�q`w�P`ksX�oxzs\^�h�sibe`ws
L = a1, . . . , an

¨
L′ = b1, . . . , bm

|>xztosibrfrnoh�f\^�`
^�h�s�bv`q�od�^�xzt�}zh�brno�

n+m
fidgsrn�^�bv`k�ox\�od�p�xztod>fÌ^�xzs�dg^�d>_ydgt)brxzs¡�od

L′
`�|gxwt)beh�t<nP`k|gh��zt

�od�^�xzs'dg^�dg_ydgtubexzs'�od
L
�{dgsibrxädgs>�©dg^�frd>srno^¤bv`w��xNsrd>fe�

a1, . . . , an, b1, . . . , bm

  á x�odgtoxkbv`wfidg_yxzs
Concatenar(L,L′)

 
ê�ßg½<ãäé/¿-Õ¯ó��Hdg`

L = 3, 4, 2, 8
¨
L′ = 4, 8

dgtubexzt�|gd>s
Concatenar(L,L′) = 3, 4, 2, 8, 4, 8.

»�¿�îmÕm¼kÀÜÂ?ãNÕ
Concatenar(L,L′)ê�Ö�Â?¼º¾PÇ
¾+ñ

L = a1, . . . an
�
L′ = b1, . . . , bmúPxzf

i = 1
bex

m
L :=

Í�Ú^*9���3�
(L, bi, n+ i)ë+¾P¿6À-Ç¯¾�ñ

L

½X¼ºÕmð�¿�½<ãä¾�óa�<d4`
m
notµt)Ëo_�d>frx�dgt)brdgfixo '�~`w�P`�notP`�^�h�sibv`

L = a1, . . . , an

¨ not
t<Ëo_ydgfixytP`kben�fe`w^

1 ≤ i ≤ n+ 1
�P|gxztos�befinoh�f�noto`y^�h�sibv`�|gxwt�^�xzs�_�h�sr_yxzs©dg^�d>_ydgt)brxzs

frdgsino^�be`w�ox'�od�srnos�beh¤benoh�f
Li

p�xwf
m
  á x'�odgtoxkbv`wfidg_yxzs Sustituir(L, i,m)

 
ê�ßg½<ãäé/¿-Õ¯óA�Hdg`

L = 3, 4, 2, 8
�
m = 3

�
i = 4

d>t)brxzto|gd>s
Sustituir(L, 3, 4) =

3, 4, 2, 3
 

»�¿-îmÕm¼cÀÜÂºãNÕ
Sustituir(L, i,m)ê�Ö�Â?¼º¾PÇ
¾+ñ

L = a1, . . . an

�
i
�
m

Li := më+¾P¿6À-Ç¯¾�ñ
L

½X¼ºÕmð�¿�½<ãä¾�ó¡�Hd4`kt\�oxws¯^�h�s�bv`ws+�od�t)Ëo_�d>frxzs�frd4`k^�dgs
L = a1, . . . , an

¨
L′ = b1, . . . , bmxzfr�od>tP`w�P`ks��od3_ydgtoxzfq`�_�`?¨zxwf'"�|gxwtosibrfrnoh�f�n�tµ`w^�}wxzfrh¤br_yxapo`wfe`�ãä½�Ý)Èu¿�¾o¼y`w_�¸P`ws

^�h�s�bv`ws>�Hdgsibrxyd>sg�o|gxztos�befinoh�f©notP`3^�h�s�bv`
M
�od�^�xzto}wh�brno�

n+m
|>xzt�^�xzs©d>^�d>_�d>t)brxzs���d
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L
¨
L′
xwfr�od>tP`w�oxzs��od�_ydgt�xzf�`�_a`4¨zxzfg �]�^¯��noto|gh�xztP`w_yh�dgtubexy�od>^�`w^�}zxzfih¤be_'xy�od>¸�d

sidgf�dg^
srh�}znoh�dgtubed�"
ê§ßg½<ãäé�¿�Õ¯ó��Hd4`kt

L = 1, 5, 89
�
L′ = 3, 6, 8

d>t)bexwto|gd>s
M := mezclar(L1, L2) =

1, 3, 5, 6, 8, 89
 

�>Ç¯½<¾+ó�¥{xz_ypP`wfe`kf\^�xzs�pofrh�_�d>frxzs�d>^�dg_ydgtubexzs\��d
L
¨
L′
¨�dg^�d>}zh�f�dg^¡_�d>toxzf\|>xz_yx

p�frh�_ydgf©d>^�d>_�d>t)bex'��d\^�`3^�h�sibe`�se`k^�h��o`� 
¥{xzt�^j`�h��od4`�sidg³P`w^�`w�P`�¨3dgsibrxzs{`k^�}zxzfih¤be_'xzs§srd­ponod>�od�dgsi|gfrh�¸oh�f¡notP`\sixz^�no|gh��zty��dg^

p�frxz¸o^�dg_�`��od�^j`�srh�}wnoh�d>t)bedq_a`wt�dgfe`H 

»�¿-îmÕm¼cÀÜÂ?ãäÕ
mezclar(L,L′)ê�ÖKÂ?¼º¾PÇ¯¾�"

L,L′
�oxzs�^�h�sibe`ws©xzfr�od>tP`w�P`ks'"

�C¢oh�^�d
elementos(L)elementos(L′) = 1�ô�
min{L1, L′1} = L1

be¢�dgt
j = 0

d>^�sid
j = 1

Mi := min{L1, L′1}�ô�
j = 0

be¢od>t
L = Borrar(L, 1)

d>^�srd
L′ = Borrar(L′, 1)�ô�

longitud(L) > 0
be¢�dgt

M := concatenar(M,L)
d>^�srd

M = concatenar(M,L′)ë�¾o¿6À-Ç
¾�ñ
M

]�s�srh�d>_�p�frd��odXn�brh�^�h��P`w��«zd>frh à |4`wf­d>^¯��n�to|gh�xztP`w_yh�dgtubex'�odXn�t `w^�}zxzfih¤be_'x'sixz¸ofrd
n�tP`'^�h�sibv`�pP`wfibrh�|>no^j`kfg  á ^�`w_�`wfrd>_yxzs©`'d>sibexws�`w^�}wxzfrh¤br_yxws©dgt»srd>|g|>h�xzt�dgs­p�xzsibed>frh�xzfrd>s|>nP`wto��x�^�xzs�tod>|gdgsih�brdg_yxzsg 

Ï0r Ï í W>[\Y�T/� }~� Y |Ó�;{��a��|D�=z;{X��x ü �;{ Y\T ��{Xv�xo� �>V v
��xzsqpofixz¸o^�d>_a`ks­be��poh�|>xzs­l<n�d�srh�f�«zdgt pP`wfe`�h�^�nosibrfe`wf­��h�sibrh�tubv`ws�_�`wtod>fe`ws��od��oh�sidg³P`wf
`k^�}zxzfih¤be_'xzs¯srxzt�^�xzs
pofrxz¸�^�dg_�`ws
�od{¸�Ëosrl)nod>�P`yÃ-��d>bed>fr_yh�to`wf
srhHn�t��P`kbex~d>sibv�~x~tox~dgt
n�tP`q^�h�s�bv`­�od{�P`kbexwsvÆ¯¨X�od{xzfr��dgtP`w|>h��wt�Ã-�o`w�P`~not�^�h�sibv`H�kxzfi�odgtP`kfr^�`��od�`k^�}znoto`�_�`wtodZ�
fr`�pofidgd>sibv`w¸�^�d>|gh��o`uÆZ ��Hxzt'pofixz¸o^�dg_�`ws§h�_�p�xzf�bv`kt)bed>s§�P`k�ox�l)nod�dg^o_�`wtod�¹ix�`w�odg|>nP`w�ox
��d�^j`qh�t���xzfi_a`k|gh��wt�dgs���noto�o`w_�d>t)be`w^opo`wfe`�^�`~bed>|gtoxw^�xz}z��`q`w|>brnP`w^6 §]�s�beno�oh�xzs¡��d�_ydgf��
|g`w�oxo��d>^Ê}wdgtoxz_�`»¢<no_�`wtox�����d>bed>fr_yh�tP`k|gh��ztN�od�pP`kbrfrxztod>s��od�|gxz_yp�xzf�bv`w_yh�dgtubexo ¤ ¤ 
sixztÝ`w^�}wnotP`ws­�od�^j`ws­srh�brnP`w|>h�xzt�dgs�dgt ^j`ks�|gnP`k^�d>s~notÝ`w�od>|gnP`k�ox�brfe`kbe`w_�h�d>t)brx��od�^�xzs
�o`kbexzs�dgs­|>frno|>hj`k^
po`wfe`3p�x<�odgf�d·¦Hbrfe`wd>f�brx<�P`ws�^�`ws�|>xztosrd>|gnod>to|ghj`ws­�od�^�xws�_�h�sr_yxzs> 
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�]�X§'¡/¤a�X �¢£�U���/ A�=�~�T¢X� ú�¢£�Á�]�J¢¶�R�l�oª/§�«X� ²?° #
61�É6Î��� ���!"�
.:i���i;=
���>��H¥��A���Î?���>A<
�Hd�befe`cbv`3�od�frd>srxz^¤«zdgf�^�`3sih�}znoh�dgtubed�|>nodgs�beh��wt�"
½X¼ºÕmð�¿�½<ãä¾�"/�P`k�P`�n�tP`�^�h�s�bv`��od~t)Ëo_�d>frxzsÊd>t)bed>frxzs{�odZbed>fr_yh�tP`kfÌsrhKn�t�t<Ë�_�d>frx�l)nod
srd\�o`'dgs�bv�'xytox'dgt»^j`�^�h�s�bv`� 
�q`kbexwsq�od�dgt)brfe`w�o`7"

a1, a2, ...an

F
a
 �ª­tP`a^�h�s�bv`y�od�t)Ëo_ydgfrxwsqd>t)brdgfrxwsq¨�not dgt)brdgfix

a
 

»�¿-îmÕm¼cÀÜÂºãNÕ��Pó ç Ü
ÁE��É¯½<Ç
¾Åë�½<ÈuÉ¯½HÖ
ÈuÀ�¾P¿�ó£IÌ`a|>xz_�po`wfe`wt��oxad>^/dg^�dg_ydgtubex
a
|gxzt

bex<�oxzs3^�xws3�od�^j` ^�h�sibv`H L�<h�d>to|gnod>t)brfe`µnotox�h�}wnP`w^{l)nod
a
^j` se`k^�h��P` d>s;��>Ìd>tJ|g`wsrx

|gxztubefe`kfrh�x3^�`3sr`w^�h��P`�dgs¼1n�c 
]�t)brfe`w�P``"

a1, ..., an

F
a

i := 1�C¢oh�^�d
i ≤ n

�
a 6= ai

i := i+ 1�ô�
i ≤ n

be¢od>t
r :=

Ô5>Kd>^�srd
r := + �

��`w^�h��P``"
r

»�¿-îmÕm¼cÀÜÂºãNÕ���ó ç Ü/ÁE�+É
½<Ç¯¾�ð/À6Ö¯¾o¼cÀ-¾+óÊ]¡t'd>sibrd�|g`wsrx�^j`~^�h�sibe`~�od©t<Ëo_ydgfixzs§dgtubedgfixzs
�od�^j`�dgtubefr`w�P`X��dg¸�d~d>sibv`kfÊxzfr��dgtP`w�o`X�od�_ydgtoxzfÌ`X_�`?¨zxwfg §]�t�d>sibrd~pofix<|gdg��h�_yh�dgtubex
srd�|gxz_ypP`wfr`�dg^Êdg^�d>_�d>t)brx

a
|>xztLdg^{l)nod�x<|gnopP` d>^{^�n�}u`wfX|gd>t)brfe`w^{d>t´^�`�^�h�sibe`� Ý�Hh

dgs­h�}zno`w^Î�Hdg^¯p�frx<|gd>srxybed>fr_yh�tP`7F�srh¯d>s­_a`4¨zxzfg�odg^
pofrx<|>dgsixasid\frdgp�h�bed�|>xzt�^�`'sidg}zn�to�P`
_�h¤bv`w�X�od{^j`�^�h�s�bv`7Fwsih�d>s§_�d>toxzf>�w|gxzt�^j`�pofih�_ydgfr`�_yh�be`w�X�od©^�`�^�h�sibe`� /]�t3d>^�sih�}zn�h�dgtubed
`w^�}wxzfrh¤br_yx

i
¨
j
frdgp�frdgsidgtubv`wt�dgta|4`k�P`X_�xw_�d>t)brx\^�xzs¡srno¸o��to�oh�|gdgsÊ�od�^�xzsÌd>^�d>_�d>t)bexws

h�toh�|gh�`w^
¨ à tP`k^��ody^�`�^�h�sibe`�l)nodysrd'brfe`kbe`��
m
d>s\dg^�srn�¸o��to��h�|>d'l<n�dyx<|gnopP`�d>^¡^�no}u`wf

|gdgtubefr`w^Î 
]�t)brfe`w�P``"

a1, ..., an
F
a
Ã-|>xzt

a1 ≤ a2 ≤ ... ≤ an
Æ

i := 1 j := n�C¢oh�^�d
i < j

�
a 6= a(i+j)/2

m := (i+ j)/2�ô�
am < a

be¢od>t
i := m+ 1

dg^�srd
j := m− 1�ô�

i < j
be¢od>t

r :=
Ô5>

dg^�srd��ô�
ai+j/2 6= a

be¢od>t
r := + �

��`w^�h��P``"
r
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á `Ý¸oË�srl)nodg�o`µ¸oh�to`wfrh�`�d>s'n�t1d�¹idg_ypo^�xÝ�od�noto` ��xzfr_�`��od�`k¸Kxwfr�P`kf�dg^©�oh�srd>³ox��d�`w^�}zxzfih¤be_'xzs�|>xztox<|gh��oxy|gxz_yx�Ç/ÀÜÛ¯À-Ç
½&çJÛ�½<Ö/Èz½)¼ºíPÁw �]�sibrdXpP`wfe`k�oh�}w_a`�pofrxwp�xztod
��h�«<h��oh�f'd>^�pofixz¸o^�dg_�`µd>tApofrxz¸�^�dg_�`wsy��d�bv`w_�`w³�xN_a�ks�p�d>l<n�dg³ox�Ã�dgtAd>^�d�¹idg_ypo^�x
p�frxz¸o^�dg_�`ws��odXbv`w_�`w³ox�^j`�_yh�be`w���od>^��od�pP`wfibrh��P`zÆ�¨�`wpo^�h�|g`wf­srn�|gdgsih�«k`k_�d>t)brd3d>sibv`
br�g|>toh�|g`��od��oh�«<h�srh��wt ¢o`wsibe`�^�^�dg}z`wf~`�pofixz¸o^�dg_�`ws�befih�«<hj`k^�dgs�Ã-dgtÝt<nod>sibefix�|4`wsix�|gxw_'�
po`wfe`wf��oxws�t<Ëo_ydgfixzsg�Pl)nod�dgs­n�tP`'�od�t<n�dgsibrfe`ws­xzp�d>fe`w|>h�xzt�dgs�¸P�ksrh�|g`wsvÆ· 
~ ð�Ág½)¼?Û�¾PÈuÀ-å�Ö��
ó���ó+�÷Ï?�2NO�Mô���� ��NO���$N=õ2�0*9�:��,S*�1)���$1n�M������4:,Y�A*��3N¶(h� �������31^���+k',�������o���2N¶(^,����i*�NO��1)���R(^� ���������e*�,����21)�i*��o��,h1)d:NO�����e�`�o�D()���8*:���A�21n��� ø 45�£� �P*�,Y�SZ�*04:1*�,b@:�2�D�3�+NO��Q�(^45���¼ô2*�NO���
*�����1)�+�P*��D1n���$��1º��,/�����+4[���A�s�:����4Ã���2N¶(^,��VCD�+�9*9�Êönm)*�NO���*¥��1)�!��1^�:��� ø 4)�$1)�R,S*2�0*2���S@�1^*:���A�21n���\�:�\,S*f��1)�+�P*9�9*2Q�1)�X��,H��_2N¶(^4`���;�:��,��A*�N=*&Ún��:�¼4:1^*O,Y�����i*$@�47*Ê�8�9*9�9*s1n���������3�A*�1º���217��4:Ne�3��1)�S@�4:1^*���()���8*:���A_21^ö
ê§ßg½)¼kÈuÀ-ÈuÀ�Õ6�5�#Í�(^,Y�A�P*0,������:�¯��*�,b@:�2�D�3�<NO���R(7*��8*=k'4¸���P*��o��,���,���NO��1)����åM��1&,S*0,Y�����A*
1
Q
3
Q
5
Q
7
Q
9

÷Â���2N¶([*��8*¥,S*2����()���8*:���A�21n��� ø 45�0���s���P*�,Y�SZ�*�1Ì��1­�P*9�9*f4:1n�f�:�s,�����P*2������QH�!��1)�A��1^�:�O��16��4)��1)�i*s,S*���k������Dô2*:���A_21B*�1)�����D�A�2�'ö
6Î�É6Î�76 ���!"�
.:3�7�i;=
���>��@
.:3>����A<��#�! ��
�<d�brfe`kbe`3�od�frdgsixz^�«zd>f�^j`�srh�}znoh�d>t)brd�|gnod>sibrh��zt�"
½\¼ºÕmð�¿�½HãN¾�"
�P`w�P`\n�tP`\^�h�sibv`q�od­t<Ëo_ydgfixzsÌd>t)bed>frxzsÌ�oh�s�beh�t)bexwsg�

a1, ..., an
�)xzfi�odgtP`kfr^j`

��d\_ydgt�xzf�`'_�`?¨zxwfg ­Ã-õ/xzf�d�¹idg_ypo^�x["�]¡tubefe`k�P` R � ² � - � ü  Ì��`w^�h��P``" ² � R � ü � -  øÆ
�~`kbexzs��od�d>t)befr`w�P`7"

a1, a2
�
 ¤ � ¤�

an

 ¡ª�tP`3^�h�s�bv`��od�t)Ëo_ydgfrxws�dgtubedgfixzs­�oh�sibrh�t)brxzsg 
»�¿�îmÕ�¼cÀÜÂ?ãNÕa�Pó ~ ¼cÇ¯½HÖ¯¾PÈuÀ�åKÖLð�É¯¼ºð�É<ßg¾�ó á `Xh���d4`Xd>t�d>sibedq`w^�}wxzfrh¤br_yx\d>s©|>xz_ypP`c�fr`wf~�oxzsqd>^�d>_�d>t)brxzs~srno|>dgsrh¤«zxzs��od�^j`�^�h�sibe`y¨�d>tÝ|4`wsix��od�l<n�d3tox�dgsibr�gt�xzfi�odgto`w�oxzs
`k�odg|>nP`w�P`w_yd>t)bed�h�tubedgfi|4`w_�¸oh�`wf�srn�sX«k`w^�xzfrd>sg �¥{xw_�d>to£4`w_yxzs\|gxz_ypP`kfe`wto��x�dg^Ìpofih¤�
_ydgf�dg^�dg_ydgtubexÝ��d�^j`�^�h�s�bv`�|gxztLdg^©sidg}zn�to�ox�d�h�t)bed>fr|g`w_�¸ohj`kto�ox�^�xws�«c`w^�xzfidgs�sih©dgs
t�dg|gd>se`wfih�xo�<^�nod>}zxXd>^Ksidg}wnoto�ox�|>xztadg^mbed>fr|>dgfrxX¨�`wsi��¢P`ws�bv`�`w|g`w¸P`wfÌ^j`�^�h�sibe`� �¥ÊnP`wto�ox
`k|4`w¸P`k_�xwsÊ^�`\^�h�s�bv`��udg^m«k`k^�xzf¡_a�ksÊ}wfe`wto��d�srd~¢o`X|gxz^�x<|4`w��xXdgtadg^�Ëo^¤beh�_yx\^�no}u`wf�Ã�l<n�d
d>s{dg^�l)nod~�od>¸�d~x<|gnopo`wfÊdgt�^�`\sr`w^�h��P`uÆ§p�xwfÊ^�x\l<n�d~�odg¸�d>_�xzsÊfrd>p�d>beh�fÊd>^�pofrx<|>dgsrx�|>xzt
^�`3t)nod>«c`y^�h�sibv`�fidgsino^�be`w�ox'�od�^�xzs�h�t)brdgfr|g`w_�¸oh�xzs©pofidgsi|gh�t��oh�d>to�oxy�odg^
Ëo^¤beh�_yx�«k`w^�xzfg 
I¡dg`w_yxzs�not»dâ¹idg_ypo^�x["
�/xw_a`k_�xzs©^�`3^�h�sibe`

a1 = 2
�
a2 = 1

�
a3 = 6

�
a4 = 4

 
¥{xz_yx'dg^
pofrh�_�d>f{«k`w^�xzf

a1 = 2
d>s­_�`?¨zxzf�l)nod�dg^
srd>}znoto��x

a2 = 1
d>t)brxzto|gd>s�sid

h�t)brdgfr|g`w_�¸oh�`wt�^�xzs©«k`w^�xzfrd>s'"
a1 = 1 a2 = 2
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�]�X§'¡/¤a�X �¢£�U���/ A�=�~�T¢X� ú�¢£�Á�]�J¢¶�R�l�oª/§�«X� ²?° L
¥{xz_yxXd>^�srd>}znoto�oxX«k`w^�xzfÌd>s©`k¢oxzfe`

a2 = 2
_ydgtoxwfÌl<n�d~dg^Pbedgfi|gd>frxo�Hd>^K`w^�}zxzfrhæbe_'x

toxy¢P`k|gd�tP`w�P`7"
a2 = 2 a3 = 6¥{xz_yxadg^
bed>fr|gd>f~«k`w^�xzf

a3 = 6
dgs~_a`4¨zxzf�l)nod�dg^/|gno`wfibrx�dgt)brxzto|>dgs�sid�pofrx<�on�|gd

not»h�t)brdgfi|4`w_�¸oh�x3��d�«c`w^�xwfrdgsK"
a3 = 4 a4 = 6

�Hd\`w|g`w¸P`'^�`3^�h�s�bv`�¨�^�`3t)nod>«c`y^�h�sibv`�dgs'"
a1 = 1, a2 = 2, a3 = 4, a4 = 6.]�t dgs�bed�|4`wsix�^�`y^�h�s�bv`3¨u`ad>sibe�axzfr��dgtP`w�o`��Kp�dgfix�p�x<�ofi�j`ytoxasidgfq`wsi�
|gxzt ^�x�l)nod

¢P`w¸ofi�j`�l<n�d\frdgp�dZbeh�f�d>^
pofrx<|>dgsix�|gxzt»^�`3^�h�sibe`
a1, a2, a3

 
Iqh�sibrx'dg^
dâ¹id>_ypo^�x3dgsr|>frh�¸P`w_yxzs�dg^¯`w^�}zxzfih¤be_'x["

]�t)brfe`w�P``"
a1, ..., an

 
úPxzf

j = 1
brx

n− 1úPxzf
i = 1

bex
n− j�ô�

ai > ai+1

be¢od>t1h�tubed>fr|g`w_�¸ohj`kf�sinos3«k`w^�xzfrd>s»Ã�«zd>f'xw¸osrd>fi«k`w|>h��zt
srh�}wnoh�d>t)brd?Æ

��`w^�h��P``"
a1, ..., an

 

~ ð�Á>½<¼?Û�¾PÈuÀ�åKÖ���ó��
ó��ÓÎXk������Dô2*�NO��� ø 4)�\(7*��8*Ã�31)����� � *�N=k'�+*�����,?ô2*�,��2�;�:�M,S*2�Mô2*wÓ���+*9k',����
ai

÷
ai+1

1n���������3�i*�NO���¶ù7*:�������+�����e��()���8*:���A�21n���OM
c := ai

ai := ai+1

ai+1 := c

õ/xzfrl)nod\sih
srd>to|gh�^�^j`k_ydgt)brdq¢oh�|>h��>srdg_yxzsK"
ai := ai+1

ai+1 := ai

]¡tN^j`�p�frh�_yd>fe`�^���t�d4`�^j`�«k`wfrh�`w¸o^�d
ai

bexw_a`�dg^�«k`w^�xzf���d
ai+1

¨�d>tä^j`�srd>}znoto�P`�`w^
`wsrh�}ztP`wf�`

ai+i

dg^
«k`w^�xzf��od
ai

��|>xz_yxy�gsibe`y¨u`'beh�dgtod\d>^
«k`w^�xzf��od
ai+1

�md>t�frdg`w^�h��P`w�
toxy¢od>_�xws�¢od>|·¢ox�to`w�P`� ¡õ/xzf�d>sibrx�sid\tod>|gd>srh�be`y^�`�«c`wfrh�`w¸o^�d�`knH¦Hh�^�hj`kf

c
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ê§ßg½)¼kÈuÀ-ÈuÀ�Õ6�5�#Í�(^,Y�A�P*��s��,Å*�,b@:�2���3�+NO��k'4:�'k'4DCK*¥�:�s�j�8�:��1^*:���A_216*�, *�,Y�����A* P Q T Q1-�Q
å2Q U Q�4^ö
»�¿�îmÕ�¼cÀÜÂ?ãNÕæ�
ó »�¿�îmÕm¼kÀÜÂ?ãNÕ#Ç
½:Ág½<¿�½<ÈuÈ)À�å�ÖÌó á `µh��odg`µ�od»dgsibrd `w^�}zxzfih¤be_'x��odxwfr�od>tP`w|gh��zt´dgs'l<n�d»dgt1dg^�po`wsrx

j
���>srh�_�xÝ_yh�fr` ^�`Ý^�h�s�bv`

aj

�
aj+1

�­ � ¤ ¤�
an

|4`k^�|gn�^j`
d>^�_���toh�_yxa¨Ýsih�tox»d>s

aj

Ã-|>xz_�x��odg¸�h�dgfr`�sidgf\sih�^j`�^�h�sibv`adgsibrn�«<h�d>fe`�xzfr�od>tP`w�P`zÆq^�x
h�t)brdgfr|g`w_�¸oh�`�|>xzt

aj

 
ê§ßg½)¼kÈuÀ-ÈuÀ�Õ6�[� , �����LÚ^*��
4:1¾*�,b@:�2�D�3�+NO� ø 4)�$�!�2NO�\4`1^*�,Y�����A*&�:�\1)d`NO��� ���=��1)���������
a1, a2, ..., an

�¼�31^��� ø 45�$��47õ�,~�:�$��,3,����$���$��,cNe>31)�3NO��ö
]�sr|gfih�¸P`k_�xzsqd>^�`w^�}zxzfrhæbe_'x�n�se`wto��x»d>^§d�¹idgfr|>h�|>h�x�`kt)bed>frh�xzfg X]�s�bex�dgs>�¯�od>t)brfrx��od

t)nodgs�befix�`w^�}zxzfih¤be_'x~«k`k_�xzs�`�^�^j`k_�`kf§`�xwbefix\`w^�}zxzfih¤be_'xo�w�oh�}u`w_yxzs�Ne�31P�ul)nod�|4`k^�|gn�^j`
d>^{_���toh�_yx���d�n�tP` ^�h�sibe`���^j`�se`w^�h��P`»dgs

min(L) = m, i
�oxzto�od

m
dgs�dg^{_y��t�h�_'x

d
i
d>^�^�no}u`wf�l)nod�x<|>nopP`�d>tÝ^j`�^�h�sibe`

L
  á ^�`w_�`w_yxws�`�n�t�`w^�}zxzfrh¤br_yxy�odgtoxw_�h�tP`w�ox

Intercambiar(L, i, j)
l)nod\h�tubed>fr|g`w_�¸ohj`�^�xws©«k`w^�xzfrd>s��od

ai
¨
aj
dgt»^j`�^�h�sibv`

L
 

]¡tubefr`w�P`7"
M := a1, ..., an

 
L := a1, ..., anúPxzf

j = 1
bex

n− 1�ô�
min(L)1 6= aj

be¢od>t
M := Intercambiar(M, j,min(L)2 + j − 1)
L := Borrar(L, j)��`w^�h��P`7"

M
 

I¡dg`w_yxzs�not»dâ¹idg_ypo^�x["
�/xw_a`k_�xzs©^�`3^�h�sibe`

a1 = 2
�
a2 = 1

�
a3 = 6

�
a4 = 4

 
¥{xz_yx dg^{_y��toh�_'x��od�^�`�^�h�s�bv`�d>s

a2
¨
a2 6= a1

d>t)brxzto|>dgs'h�t)brdgfr|g`w_�¸oh�`wtäsinos
«c`w^�xwfrdgs>�Pxw¸�bed>toh��>to�oxzsid\p�xzf©bv`wtubex["

a1 = 1 a2 = 2.

]�t�^j`X^�h�sibe`
a2 = 2

�
a3 = 6

�
a4 = 4

d>^+_y��t�h�_'xXd>s
a2
p�xzf{^�x�l<n�d�tox�sidqfrd4`k^�h�£g`

t�h�to}zn�tP`3xzp�dgfr`w|gh��zt� 
ú�h�to`w^�_'dgtubed�dgtJ^�`Ý^�h�sibe`

a3 = 6
�
a4 = 4

d>^�_y��toh�_yx dgs
a4
¨Lp�xzf3be`wt)brxµsrd

h�t)brdgfr|g`w_�¸oh�`wtÅ^�xws�«k`w^�xzfrd>s��od ^�xwsa�oxzs�dg^�dg_ydgtubexzs>�­xzfi�odgto�wto�oxzsidÝ�od dgsibrdÝ_�x<��x
brx<�P`3^j`3^�h�s�bv`� 
ê§ßg½)¼kÈuÀ-ÈuÀ�Õ6�5®#Í�(^,Y�A�P*��\��,�*�,b@:�2�D�3�+NO�=�:�£����,��������A_210(7*��P*;�2�8�:��1^*���,S*=,Y�����i* P Q T Q.-�Q
å2Q U Q�4^ö
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]�sibrdqdgs©n�t�d�¹idg_ypo^�x��od>^+po`wfe`w��h�}z_�`��od~|gxztos�befino|g|>h��zt��odq`w^�}wxzfrh¤br_yxwsÌ�odgt�xz_yh¤�

tP`w�ox3¾o¿-îmÕm¼cÀ�ÂºãNÕ�Û�Õm¼º¾3Ýyp�xwfrl)nodq«c`3|>xztos�befrnH¨zdgto�ox'notP`�srno¸�^�h�sibv`�xwfr�od>tP`w�P`�|g`w�P`
«zdg£�_��wsy}zfe`kto�od�l)nod `k^­|>xzto|g^�noh�fy|gxwt)beh�dgt�d�`µbex<��xzs�^�xwsydg^�dg_ydgt)brxzsy�od�^j`µ^�h�s�bv`
h�toh�|gh�`w^- 

Ï=r�� Ð Y � y W {#ø � ��xo�

¥{xz_yx­¢�dg_yxzs¯sidg³P`w^�`w�ox�dgt\^j`ws
sidg|>|gh�xztodgs/`wtubedgfih�xwfrdgs
�odg¸�d>_yxzs
¢P`k|gd>f
not\d>sibeno��h�x­�od
^j`3d à |gh�dgto|>hj`'�od\not�`w^�}wxzfrh¤br_yx� ¡]�sibex�fidgsino^�be`'dgsrp�d>|gh�`w^�_ydgtubed�h�t)bed>frd>se`wtubed\|>nP`wto��x
|gxztox<|>dg_yxzs~�oh�s�beh�t)bexws~`w^�}wxzfrh¤br_yxws­pP`wfe`a`w¸�xzfi�P`wf�notÝ_yh�si_�xypofrxz¸�^�dg_�`�Ã-|gxw_�xad>t
^j`�¸oËosil<n�dg�P`�¨X^j`�xzfr��dgtP`w|>h��wtmÆ¯¨��od>¸�dg_yxzs§�odg|>h��oh�f�|>nP�w^��od©d>^�^�xzs/nose`kfg�zsrdg}wËot'notoxws
|gfrh¤bed>frh�xws�fr`w£gxwtP`w¸o^�dgs©¨��od>��d>to�oh�¸o^�d>sg 
]§«<h��od>t)brdg_ydgt)brd»¢o`?¨9�oxzs3pP`wfe�k_�dZbefixzs3l)nod�srd>fr��`Ýh�tubedgfidgsr`wt)brd�_yh�toh�_'h�£4`kf'"�dg^

beh�d>_�p�x­¨Xd>^Hdgsrpo`w|gh�xo �¥{xzt�dg^<brh�d>_�p�x�toxzs�frdZ��dgfih�_yxzs�`�^j`­|4`wtubeh��o`w����d©xwpKd>fe`k|gh�xwtodgs
¸P�wsrh�|4`ks�l<n�dy^j`�_��wl)noh�tP`���dg¸�dyfrdg`w^�h�£4`wf~dgtNnotN`w^�}zxzfih¤be_'x�¨Ý|>xztµdg^�dgsipP`w|>h�x�`�^�`
|4`wtubeh��P`w���od�_�d>_�xwfrh�`�l<n�d\dg^¯`w^�}zxzfih¤be_'x�n�beh�^�h�£g`�dgt»srn���noto|>h�xztP`k_�h�dgtubexo 
Þ�xws¡|gd>t)brfe`wfidg_yxzs¡d>t�d>^P|>xzt)brfrxz^o�od>^Pt<Ë�_�d>frx��od�xzp�d>fe`w|>h�xwtodgs�l<n�d­dg^P`w^�}zxzfrh¤br_yx

d>��dg|ZbeËP`H�md>sibexydgs>�md>t�d>^
|gxztubefixz^
��dg^�beh�dg_yp�xo 
F�½9ý�Ö/À-ÈuÀ-å�ÖÌ�
ó���ó+� Ô��P*f4`1�*�,b@:�2���3�+NO�B��4`÷9���;�9*������M�:����1)�<�8*9�9*f�+�A��1n��1��i*�N=*&Ún�
n
ö , �VUT1)�3NO���s,S*$WD4`1n���A�21

T (n)
Q�ÖnÜ/ãä½)¼ºÕUÇ¯½ÅÕmé�½<¼º¾PÈuÀ�Õ�Ö
½<ÁÃ��É
½Å¼º½)¾P¿-À
Ýu¾$½<¿

¾P¿-îmÕm¼cÀ�Â?ãNÕµ½<ÖA½<¿{é�½)Õm¼�Ç¯½Ý¿�Õ�Á'Èz¾PÁgÕ�Á2Q]���2NO�M��,�ô2*Ê,��j��N=õw�Ê�3NO�=�:��,�1)d`NO��� �s�:���()���P*:���A�21n��� ø 45�£���P*�,Y�SZ�*O��,c*�,b@:�2�D�3�+NO�s��1)�+���£�!�'�9*2�£,S*2�¼*�(^,Y�A�P*:���A�21n���£�:��,nNe����NO�e*,S*2�]()�����+k',����\��1)�+�P*9�9*2�
�:�¼�A*�N=*&Ún�
n
ö

]�^
bv`w_�`w³ox'�odX^�`'d>t)befr`w�P`ydgt�dg^¯_yx<�odg^�xy|>xz_ypon�bv`k|gh�xwtP`w^¡Ã��©Í~Ð�Æ�l<n�d�¢�dg_yxzs
dg^�d>}zh��ox'dgs�bv`wfr�yfidg^j`k|gh�xztP`w�P`�|gxwt�^j`3|g`wtubeh��o`w�»�od\t)Ëo_ydgfixzs­d>t)brdgfixzs�l)nod\h�t)«zxz^�no|gfr`
�oh�|v¢P`�dgtubefe`k�P`�  á `ws�xzp�dgfr`w|gh�xztod>s'`�l)nod�srd�frd à dgfid�^j`��od à toh�|>h��zt9�od�^�`���not�|gh��wt�odgtoxw_�h�tP`w�P`

T (n)
sixzt»^j`ws©xzp�dgfr`w|gh�xztod>s�¸P�wsrh�|4`ws��od�t<nod>sibefix�_yx<�odg^�xo 

�Ì¾Âp�É/Ö
ÈuÀ�åKÖ
T (n)

é
¾o¼º¾N½<¿{½Zßg½<ãäé/¿�Õ9Ç¯½<¿©ÈzíP¿-ÈuÉ/¿�ÕNÇ
½<¿{ãäí�Ù¯À-ãäÕ
¬­d>pofrx<�on�|gh�_yxzsyd>^�`w^�}wxzfrh¤br_yx�l)nod�brdgto��`w_�xwsypP`kfe`µ|4`w^�|gno^�`wf'dg^­_��c¦Hh�_yx��od�notP`
^�h�s�bv`7"

�q`kbrxzs��od�dgtubefe`k�P`7"
a1, ..., an

a := a1 i := 1



²w²?° ª/�¶� ä ¡¶��¦R�ÁØ7� �£¦Råo�X�X§'¡/¤a�X 
�C¢oh�^�d

i ≤ n− 1
i := i+ 1�ô�
a < ai

br¢odgt
a := ai��`w^�h��P`7"

a

��d à toh�_�xwsqd>^/bv`w_�`w³oxa�od�^j`�dgtubefr`w�P`�|>xz_�xa^j`�^�xzto}wh�brno���od�^j`�^�h�sibe`� �]�s���dg|>h�fqd>^
«c`w^�xwf��od

n
 Êù~to`w^�h�|gd>_�xzs©dg^¯t)Ëo_ydgfix���d\xzp�dgfr`w|gh�xztod>s­pP`wfr`'notP`y^�h�s�bv`3��d\^�xzto}wh�brno�

n
 Ì]�t�d>^
pofrxwpoh�x'`wtP�w^�h�sih�s©h�fidg_yxzs{«Hh�dgto��xy|gnP�k^
dgs­d>^
p�dgxzf��od\^�xzs�|g`wsrxwsg 
]�^�`w^�}zxzfih¤be_'xy|gxz_yh�d>to£4`�|>xzt �oxzsq`ksrh�}wtP`w|gh�xztod>s�Ã

a
d
i
Æ�¨��odZbedgfi_�h�tP`wto��xadg^
«c`w^�xzf

��d
n − 1

p�xzf�_�d>�oh�xN�od n�tP`9��h���dgfidgto|>hj`AÃ�frdg|>xzfr�o`w_�xwsal)nod dgt$^�`Nxz¸�srdgf�«k`w|>h��zt
R   R   ² �od>|g��`w_yxzsXl)nodad>^Ê|>�z_�p�n�bex��od

n
tox�pofrd>|gh�se`���datoh�to}znotP`»xzp�dgfr`w|>h��ztäpo`wfe`

sidgf�d>��dg|ZbenP`k�ox)Æ· 
��dgsrp�no�gsqdgtubefe`ydgt�not�¸on�|g^�d\l)nod�sid�fidgpoh¤bed

n− 1
«zdg|gd>s~¨»d>t�|4`w�P`yfrd>p�d>beh�|gh��zt�sid

¢o`w|gdj"
notP`'|>xz_�po`wfe`w|>h��wt�l)nod��od>brdgfr_yh�tP`3srh
d>t)brfe`wf�xytoxyd>t�d>^
¸ono|>^�d�Ã

i
|gxzt

n− 1
ÆZ�

notP`y`wsih�}zto`w|gh��zt�`'^�`
i
¨�notP`'srn�_a`

i+ 1
�

notP`'|>xz_�po`wfe`w|>h��wt���d
a
|gxwt

ai
¨

à tP`w^�_�d>t)brd3noto`»`wsih�}ztP`k|gh��wtÝl)nod�`�«zd>|gd>sXsrd'¢P`w|>d3¨�`�«zd>|gd>sXtoxo 3]�tNd>^�p�d>xzf
��d\^�xzs�|4`ksrxzs�srd\¢o`wfe�H 
õ/xzf�be`wt)brxyd>t�d>^
¸ono|>^�d�sid\¢P`k|gdgt

5(n− 1)
xzp�dgfr`w|gh�xztod>sg 

��dgsrp�no�gsÊ¢P`?¨3n�tP`�|gxz_ypP`kfe`w|>h��zt»Ã
i
«k`w^�h�dgt��ox

n
|>xzt

n−1
Æ§l)nod­toxws¡se`w|g`\�od>^P¸ono|g^�d

¨�^j`'`ksrh�}ztP`w|>h��zt�`3^j`�se`w^�h��P`� 
¬�dgsino^�be`w�ox3bexwbe`w^�d>t�d>^
p�dgxzf�|g`wsrx7"

T (n) = 3 + 5(n− 1) + 2 = 5n.

ê§ßg½)¼kÈuÀ-ÈuÀ�Õ6�5² , ���������+k'�3�m��_2NO�����?,S*¶,Y�����i* ø 4)�m�9*
��,E()���2�]�P*2������1M�����!�m*�,b@:�2�D�3�+NO��ö
~ ð�Ág½)¼?Û�¾PÈuÀ-å�Ö��
ó���ó���Ô��X()�'���D>+*�1Â�:�VUT1)�3�$�2�+� �s�<�g()�O�:�RWD4:1n���A�21n���](7*��8*ONO�P���3�o, *�P*�1)�+�+�9*9�Â�:�&��()���8*:���A�21n���M�:�M4:1­*�,b@:�2���3�+NO��Q�()�2���VCE��N¶(^,��
WD4:1n���A�21n���;�:�O�<�A��N¶()�NO�P���A��Q

M(n)
Q ø 4)�01n���s�9*�1���,Å1)d`NO��� �&�:�M��()���8*:���A�21n���¶(^� �2NO�P���A� ø 4)�;��,T*�,b@:�cÓ�D�3�+NO�0� �P*�,Y�SZ�*;��47*�1^�:�e� �����+k���4:1^*���1)�+�8*9�9*O�:���i*�N=*&Ún�

n
ö�IÎÔ��J��45��,���1Â��k'����1n���o�:�WE�2�DN=*����K()���D�3NO��1)�i*�,Sö K

�Hxz¸ofid�^j`���noto|gh��zt
T (n)

|>xzt)«<h�dgtod�¢P`w|gd>f��oxzs�pofrd>|gh�srh�xztodgsK"
hÜÆÊsrnod>^�d�srd>f­�oh¤����|>h�^+|g`w^�|>no^�`wfr^�`�dZ¦�`w|Zbv`w_ydgtubedjF
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h�hÜÆ+sih<|4`w�o`�xzp�d>fe`w|>h��zt\todg|>dgsrh¤bv`�noto`­��fe`k|g|gh��ztX_�n�¨�p�dgl)nod>³P`~�odÌbeh�dg_yp�x­pP`wfr`

frd4`k^�h�£4`wfisrdw�ctox~dgs/pofrd>|gh�sr`�notP`�dZ¦�`w|Zbeh¤beno�Xbexwbe`w^)dgt�dg^<|4�k^�|>no^�x­�od
T (n)

�wp�xwf/dâ¹id>_�p�^�x
not»dgfrfixzf���d\n�tP`'xzp�d>fe`w|>h��zt�dgt»dg^
|g�w^�|gno^�x'��d

T (n)
dgs�bexwbe`w^�_yd>t)bedqh�frfrd>^�dZ«k`wtubedw 

]�sibe`wsq��xzs~pofrd>|gh�srh�xztodgs�toxzs~h�t)«<h�be`wt�`�^j`y�od à toh�|>h��wt��od�^j`�ÈzÕ�ãäé/¿-½Zß4À-Ç¯¾PÇCÇ
½<¿
¾P¿-îmÕm¼cÀ�Â?ãNÕ |gxz_yxanot |gxzt�|gdgpHbex�l)nod�frd>|gxc¹r`a^�`�tP`cbenofe`k^�d>£4`a`wsih�t)br�wbeh�|4`y�od�^�`y��notH�
|gh��wt

T (n)
¨µtox�srnä«c`w^�xwf\dZ¦�`w|Zbexo ��~h�|v¢P`�tP`kbrnofe`w^�dg£g`�l)nodasidg³P`k^j`w_yxzs\�od>¸�da�P`wf

h�t���xzfi_a`k|gh��wt��odq|g�z_yx�|gfrd>|gd�^�`\��noto|gh��zt�|gno`wto�ox'`kno_�d>t)be`�dg^Kbe`w_�`w³ox
n
�odq^j`Xd>tH�

befe`k�P`���dgsip�dg|gh�`w^�_yd>t)bedXpP`kfe`y«k`k^�xzfidgs�_�n�¨»}zfr`wto�od>s~�od>^
bv`w_�`w³ox
n
�od�^�`ydgt)brfe`w�o`� 

õ�`wfe`­�o`wf
d>sibv`­�od à t�h�|>h��zt\pofrd>|gh�se`w_yxzs
|>h�d>fibexws
|gxwto|gd>p�bexzs/�odg^<`wto�w^�h�srh�s
_�`kbed>_a�kbrh�|gx� 
F�½9ý�Ö/À-ÈuÀ-å�ÖÌ�
ó���ó���Ô��P*�1

T, S : N → R+ �:������45�������A�21n�������P*�,����Ã���21 ô2*�,��2� ���()�����3�<�3ô����'ö�Ô������A��� ø 45� T (n) Ç¯Õ�ã9À6Ö¯¾»¾ S(n) ���H���Ê��������1¥�:���J1)d`NO��� ���J���P*�,����
n0÷

k > 0
�:�oNO�'�:� ø 4)�](7*��8*��P*9�9*

n ≥ n0
���¼ô����D� U ø 45�OM

S(n) ≤ kT (n).
Ô��P*

O(T (n))
��,H���21ECD4:1)�!�M�:�\,S*2�¼��4)�������A�21n���$�:�2Ne�31^*9�9*2�]()�2�

T (n)
Ql��1)���j1h�D�������

T (n)
�:�2Ne�31^*O*

S(n)
�������D�+k'�3����NO���

S(n) ∈ O(T (n))
ö

Ô5�
S(n) ∈ O(T (n))

÷
T (n) ∈ O(S(n))

���3����NO��� ø 4)� S(n) ÷
T (n)

���21�Ç¯½H¿
ã9À6ÁgãäÕµÕm¼cÇ
½<Ö?ö
F�½9ý�Ö/À-ÈuÀ-å�ÖÌ�
ó���ó �ØÔ��R,3,S*�N=*ÊÈuÕ�ãäé/¿�½>ßgÀ6Ç¯¾PÇ�Ç¯½XÉ
Ö»¾P¿�î�Õm¼cÀÜÂºãNÕ�*�,7�2�8�:��17Q

O(T (n))
Q�:����4¼WD4`1n���A_21

T (n)
1)d:NO��� �O�:�$��()���8*:���A�21n���\��1º��,7()���2�o�:�o,����$�P*2�����'ö

á `�|gxz_ypo^�dâ¹ih��P`w� �od'notN`w^�}zxzfih¤be_'x�dgs�dgtubexzt�|gdgs\noto`�_ydg�oh��P`��odg^�t)Ëo_ydgfrx��odxzp�dgfr`w|gh�xztod>s�l)nod\�>sibed�frdg`w^�h�£4`�d>t»dg^
p�d>xzf��od�^�xzs©|4`wsixzs­po`wfe`�bv`k_a`k³oxzs©_�n�¨�}zfe`ktH�
�odgsq�od�^j`�dgtubefr`w�P`

n
¨�d>sibv`k¸o^�d>|gd�notP`\¹id>fe`wfil)no�j`al)nod�p�dgfi_�h¤bedX�od>brdgfr_yh�tP`wf�srh�n�t

`w^�}wxzfrh¤br_yxyd>sq_yd�¹ixzf�l)nod�xwbrfrxo ~�<h/d>^�`w^�}zxzfih¤be_'x
A1
beh�dgt�d�|>xz_yx���not�|gh��wt�t<Ëo_ydgfix

�od�xzp�dgfr`w|gh�xztod>s'dgt1dg^©p�dgxzf'��d�^�xzs3|g`wsixzs
T1
¨z�Êfidgsrp�d>|>brh�«k`w_yd>t)bedk�{d>^�`w^�}zxzfrh¤br_yx

A2
brh�d>tod�|>xz_yxa��noto|gh��zt

T2
¨
T2
�oxz_yh�tP`a`

T1
��d>t)bexwto|gd>s�Ã-sidg}zË�t�dgsibe`���xzfi_a`��od

|gxz_ypP`wfr`wfvÆ©dg^/`w^�}wxzfrh¤br_yx
A1
dgs~_yd�¹ixzf�Ã-x�`w^¯_�d>toxzs�h�}wnP`w^jÆ©l)nod�dg^/`w^�}wxzfrh¤br_yx

A2
 

]¡^�`wtP�w^�h�sih�s/_�`kbed>_a�kbrh�|gx�Ã-d>siben��ohj`k�ox�d>t3^j`~`wsrh�}ztP`kbrnofe`��od]À©`ksrdgs§�od���`kbrdg_��kbeh�|4`wseÆ
dgs­d>^
h�t�sibefino_�d>t)brx'l)nod\p�dgfi_�h¤bedqdgsibe`w¸o^�dg|>dgf­d>sibe`q¹id>fe`wfil<n��j`� � sibe`Ýtox dgs3^�`�Ëot�h�|4`���xzfi_a`��od�_ydg�oh�f�^�`�d à |gh�dgt�|ghj`��od�^�xzs�`k^�}zxzfih¤be_'xzs> Ý]�t
_3n�|·¢o`wsÊx<|4`ksrh�xztodgsÌ^�xzsÌ`w^�}wxzfrh¤br_yxws¡toxXsrd­«k`wt�`\nosr`wfÊpP`wfr`\dgt)brfe`w�o`wsÊ_�n�¨'}zfr`wto�od>s
toh
p�xzsih�¸o^�dg_ydgtubedq«c`�`3h�tubed>frdgsr`wf�^�x'l)nod�x<|gnofifrd�dgt»dg^
p�d>xzf��od�^�xzs©|4`wsixzsg 
ê�ßg½<ãäé/¿-Õ6��ó���ó�®�Ô��P*�1

T (n) = n2
÷
S(n) = 2n2

���eô����D� Um�P* ø 45� T (n) ÷
S(n)���21B�:��,nNe����NO�O�2�8�:��1¥÷�* ø 4)�m(7*��8*;�P*9�9*

n
1^*��+4:�P*�,^���¼�+�A��1n� ø 45� T (n) ≤ S(n)

÷
ø 45� S(n) ≤ (1/2)T (n)

ö
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ê§ßg½)¼kÈuÀ-ÈuÀ�Õ6�h± Ï?�2N¶(^� ��k�*�� ø 4)�e�!�'�:���$,����J()�2,Y�31n�2Ne�A���e�:�¼@��8*9�:�

s
��1º,S*2�s���21^���ÜÓ���A�21n���o�:�o,S*M�:�VUT1)�A���A_21B�:�
�:�2Ne�31^*�1n���+*2QR���S@9*�NO����Q

a0 + a1x+ ...+ asx
s as 6= 0

���21Ã�:��,�Ne����NO�M�2�8�:��1^ö
ê§ßg½)¼kÈuÀ-ÈuÀ�Õ6�5¹�Ô��P*�1

a
÷
b

1)d:NO�������]� �P*Ê,����Å()�����3�+�3ô����]N=*Ê÷9�2� ��� ø 4)� P ö , ��NO�����<�8*��
ø 4)� loga(n)

÷
logb(n)

�E�j1Ã�:��,�Ne����NO�O�2�P�:��1^ö
ê§ßg½)¼kÈuÀ-ÈuÀ�Õ6�5³�Ô��P*

l(n)
��,�,��P@9*��D�3�+NO�e1n��()���D�+*�1n��ö , ��NO�����<�8*��£,S*e���S@�4:�A��1)�!�\�P*9�:�ZÓ1^*M�:�¼�31n��,Y4¸���A�21n���OM

O(1) ⊂ O(l(n)) ⊂ O(n) ⊂ O(nl(n)) ⊂ O(n2) ⊂ O(en)

ê§ßg½)¼kÈuÀ-ÈuÀ�ÕÂ�^·ÄÔ��P*�1
T

÷
S

��45�������A�21n���X���P*�,��������21;ô2*�,��2� ���H()�����3�<�3ô����'ö , ��NO�����<�8*��
ø 4)�����

T
�:�2Ne�31^*O*

S
��1)���21n�����

T
�:�2Ne�31^*M*

T + S
ö

, ��NO�����<�8*�� Q$4¸�'*�1^�:�¾��,¶*�(7*��D�A*9�:�a*�1)�����D�A�2��Q ø 4)�����¼4:1Ù*�,b@:�2�D�3�+NO�
A1

�<�A��1n����2NO�\WD4:1n���A_21�1)d:NO�����Ã�:�&��()���P*:���A�21n������1 ��,�(5���2�;�:�;,����&�P*2�����
T

÷Ã� ����(5�����+�ÜÓô2*�NO��1)���04:1 *�,b@:�2�D�3�<NO�
A2

�+�A��1n�=, *
WD4:1n���A_21
S
QJ÷

T
�:�2Ne�31^*¥*

S
Q¼��1)�!�21n�����e,S*���2N¶(^,��VCD�+�9*9���:��,¶*�,b@:�2���3�+NO�6������4:,Y�A*9�:���:�f� � *�,Y�SZ�*�����4)�D���D�3ô2*ÊNO��1)���
A1

÷
A2

���
O(T + S) = O(T )

ö
á `3bed>fr_yh�t�xz^�xz}w��`�_��ws�nose`w�o`yd>s­^�`3sih�}znoh�dgtubedj"
• srh T (n) dgs3�odg^©_yh�si_�x�xzfi�odgt´l)nod�^�`���not�|gh��zt S(n) = n

sid�¢P`k¸o^j`��od
ÈzÕ�ãäé/¿-½Zß4À-Ç¯¾PÇÅ¿6À-Ö¯½<¾o¿� 

• srh T (n) dgsX�od>^Ì_yh�sr_yx�xzfi�odgtäl)nod S(n) = n2
�od>|gh�_yxzs\ÈzÕKãNé�¿�½>ßgÀ6Ç¯¾PÇ

ÈuÉ¯¾PÇ¯¼cíHÂºÀ6Èz¾nF
• `ksr�Ksino|gd>srh¤«k`w_ydgtubedq|>xz_ypo^�d�¹ih��P`w�y|gË�¸oh�|g`��H|gno�wfibrh�|4`H � ¤ �¨�d>t�}zdgtod>fe`w^KÈzÕKãÃÿ

é/¿-½ZßgÀ6Ç¯¾PÇÅé�ÕK¿-À-Ö
Õ�ã9ÀÜ¾P¿
sih
dg^
xzfi�odgt»�od
T (n)

dgs­d>^
�od�not»p�xz^�h�toxz_'h�x7F
• srh T (n) dgs��od>^§_yh�sr_yxaxwfr�od>t�l)nod l(n) srd3¢P`k¸o^j`a�od'ÈzÕ�ãäé/¿�½>ßgÀ6Ç¯¾PÇ:¿-Õ[ÿîm¾o¼k(ÜÂºã9À-Èw¾�F
• srh T (n) dgs���dg^�_yh�si_�xXxzfr�od>t�l)nod en srd�¢P`w¸�^j`��od�ÈzÕ�ãäé/¿�½>ßgÀ6Ç¯¾PÇ´½)Ù�é¡Õ[ÿÖ¯½<Ö/ÈuÀ�¾P¿â 

I¡xz^¤«zdg_yxzs©`�|>xz_ydgtubv`wf©`wl)no�+^�`�|>nodgs�beh��zt��od�^�xzs{p�frxz¸o^�dg_�`ws{l)nodqsrxzt�frdg`w^�_yd>tH�
brd�frd>srxz^�no¸o^�d>sXd>t9n�t9_yx<�od>^�x»|>xz_�p�n�bv`w|>h�xzto`w^6 �]�s�bv`w_yxzs\dgt)brxzto|>dgs�p�frdgx<|>nopP`k�oxzs
p�xwf~pofixz¸o^�d>_�`ws�l)nod�pofrd>|gh�sr`wt �od�not�beh�dg_yp�x�fe`w£>xztP`w¸�^�dXpP`kfe`�srdgf~frd>srnod>^�brxzsg qõ/xwf



Ø7���¸�Ùª]�l¤&�R¦��Îö¯§!¢X�¶¢ ²z²?ç
dâ¹idg_ypo^�x�sinop�xzto}z`w_�xws�l)nodXnot `w^�}wxzfrh¤br_yx

A1
brh�dgt�dX|>xz_ypo^�d�¹ih��P`w�

O(T1) = O(n)
�

notµ`w^�}zxzfih¤be_'x
A2
beh�dgt�d3|>xz_ypo^�d�¹ih��P`k�

O(T2) = O(n2)
¨�notµ`k^�}zxzfih¤be_'x

A3
brh�d>tod

|gxz_ypo^�dâ¹ih��o`w�
O(T3) = O(n6)

 ©�Hnop�xzto}z`w_yxzs�l<n�dX^�`'xzp�d>fe`w|>h��wt�¸o�wsrh�|4`'srd\frdg`w^�h�£4`
dgt'noto`��o�>|gh�_a`~�od©srdg}wnoto�ox� Ì�<hHbexz_�`w_yxzs/notP`qdgtubefe`k�P`q�od©bv`k_a`k³ox

103
�ud>t)bexwto|gd>s

frdgsip�dg|Zbeh�«c`w_ydgt)brd�"
T1(10

3) = 103, T2(10
3) = 106 T3(10

3) = 1018.

��h�d>t)befr`wsÊdg^Kp�frh�_ydgfÌ`w^�}zxwfrh¤br_yx\d>_�po^�d4`X`wp�dgto`ws©��xzs{_yh�t)n�bexzs>�<d>^Ksrd>}znoto�ox�dg_ypo^�d4`
`w^�}wx�_a�ks/�od{not����j`�¨Xd>^<bed>fr|gd>frxqdg_ypo^�d4`­_a�ws
�od{_�h�^u_�h�^�^�xwtodgs
�od©`k³oxzs�d>t3`wp�xzfibe`wf
^j`�se`w^�h��P`� 
ù~tP`w^�h�|>dg_yxzs©^�`3|gxw_�p�^�dâ¹ih��P`w���od�^�xzs���xzs­`w^�}wxzfrh¤br_yxws©�od�¸oËosil<n�dg�P`� 
Ä�Õ�ãäé/¿�½>ßgÀ6Ç¯¾PÇÝÇ¯½'¿�¾�ð�Ü/ÁE�+É
½<Ç
¾�Ág½<ÈuÉ¯½<Ö/ÈuÀ�¾P¿�óÌ]�^Hp�d>xzf��od{^�xzs/|g`wsrxzs�dgs§�wl)nod>^�d>t
l<n�d

a
toxydgs�bv�yd>t�^j`3^�h�sibe`3l)nod\srd\toxzs�¢P`'pofrxzp�xwfr|gh�xztP`w��xo Ê¥{xz_yxytoxws­h�tubed>frdgsr`y^�`

|gxz_ypo^�dâ¹ih��o`w�\tox~toxws�pofidgx<|>nopP`w_yxzs/�odÊ^j`ws/`wsih�}zto`w|gh�xztod>s/l)nod{sid{¢P`w|>dgt3`w^)pofrh�to|gh�poh�x
¨y`k^ à to`w^Psrh�tox\�od�|gnP�kt)bv`ks¡«zdg|>dgsÊsrd­fidgpoh¤bed�d>^P¸ono|g^�dw �]�sibrxXsid§¹inosibrh à |g`�dgt�d>^P¢odg|v¢ox
�od�l<n�d

O(1 + T ) = O(T )
srh
T
�oxw_�h�tP`»`

1
 �¥{xw_�x

a
tox�dgs�bv��dgtä^j`�^�h�s�bv`��¯dg^

¸ono|g^�d�srd3frd>poh�brd
n
«zdg|>dgsg�
¨�dgt�|g`w�P`�notP`��od3d>^�^�`ws~¢P`4¨��oxzsq|gxz_ypP`wfr`w|gh�xztod>sg�+notP`

`wsrh�}ztP`w|>h��ztÝ¨µnoto`�srno_�`��
dgsX�odg|>h�fg�/¢o`?¨
4(n − 1)

xzp�dgfr`w|gh�xztod>sg �õ/xzf�bv`wtubex�d>sibed
`w^�}wxzfrh¤br_yx�dgs��od\ÈzÕKãNé�¿�½Zß4À-Ç
¾PÇÅ¿-À6Ö¯½)¾P¿â 
Ä�Õ�ãäé/¿�½>ßgÀ6Ç¯¾PÇCÇ
½µ¿-¾äð�Ü/ÁE�+É
½<Ç¯¾´ð�À-Ö
¾o¼cÀ�¾�ó\]�^
pKd>xzf~��d�^�xzs­|4`wsixzs~dgs~�od�t)nod>«zx
dg^�|g`wsix9dgtAl)nod

a
toxädgsibe�ädgtA^�`N^�h�s�bv`�l<n�d sid�toxzsa¢P`Npofixzp�xzfr|>h�xwtP`w�oxo :¥{xw_�x

srdg³o`w^j`k_�xzsqdgtµdg^§dâ¹idg_ypo^�x»`kt)bed>frh�xzfg��pP`wfr`�|g`w^�|>no^j`kfq^j`�|gxw_�p�^�dâ¹ih��P`w� toxzs�h�t)brdgfrd>se`
|gnP�wtubv`ks�«zd>|gd>sqsrdXfrd>poh�brdXd>^
¸on�|g^�dk mI¡d4`k_�xzs­noto`�h���d4`�`w|>dgfi|4`��odXdgs�bed�t)Ëo_ydgfrx��od
frdgp�dZbeh�|gh�xwtodgs> N¥©`k�P`�«zdg£�l<n�d�srd�frdg`w^�h�£4`�d>^{¸ono|>^�d�d>^Êbv`k_a`w³�x��od�^j`�^�h�s�bv`»l<n�dg�P`
frdg��no|gh��oxL`ä^j`µ_�h¤bv`w�+ :�
fe`ks�dg^�pofih�_ydgfypP`wsixLp�xwfadg^�¸ono|>^�d�brdgtod>_�xws�noto`9^�h�s�bv`
�od�bv`k_a`w³�x

n/2
�©brfe`ws�dg^­srd>}znoto�ox9pP`wsix9srd>fe�änoto`ä^�h�sibe`µ��d�bv`w_�`w³ox

n/4
¨J`wsr�

srno|>dgsrh¤«k`w_ydgtubed�d>t
s
pP`ksrxzs~p�xzf~d>^/¸ono|>^�dXbrdgto��frdg_yxzs~noto`a^�h�sibv`y��d�be`w_�`w³ox

n/2s  õ/xzf�bv`kt)bex��z|gxw_�xqd>^�pofrx<|>dgsrx�brdgfi_�h�tP`�|gnP`wt��ox�^�`~^�h�sibe`�dgs�bv�q��xwfr_�`w�P`�p�xzf§n�t'Ë�toh�|>x
dg^�d>_ydgt)brxo�osid�beh�dgtodj"

1 = n/2s,dgs­��dg|>h�fg�
s = log2(n).�~d�dgs�bv`N_�`wtod>fe`��Êdg^­`w^�}zxzfih¤be_'x��od»¸oËosrl)nod>�P`ä¸oh�to`wfrh�`Ýpofrd>srd>t)bv`äÈzÕ�ãäé�¿�½Zß4À-Ç
¾PÇ

¿-Õmîm¾o¼k(�Â?ãäÀ-Èz¾+ 
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õ�frxzpoh�`w_ydgtubed�^�xzs3�oxzsy`w^�}wxzfrh¤br_yxws3t�xNpon�dg�od>tÅsrdgfy|>xz_ypP`wfr`w�oxzs>�Ì¨u`µl)nod»^�xzs

�o`kbexzs
��dÊd>t)befr`w�P`­�odÌnotox­¨�xwbrfrx­tox�srxwt�d·¦o`k|>bv`k_�d>t)bedÌh�}zno`w^�d>sg�ºdgt�d>^)srdg}wnoto�ox~|g`wsrx
��dg¸�dgt�dgs�bv`wf¡xzfi�odgtP`k�oxzsg §ù~si�Pponodgs>��`knotol)nod�`�sih�_ypo^�d{«<h�sibv`�dg^Psrd>}znoto��x�`w^�}zxwfrh¤br_yx
fidgsino^�be`3_ydâ¹ixzf�Ã-fidg|>xzfr�od>_�xws�l)nod

O(l(n)) ⊂ O(n)
ÆZ��^�x�l<n�d�pofixzpohj`k_�d>t)brdqsid��od>¸�d

|>xz_ypP`wfe`kf{d>s�d>^�`w^�}zxzfrhæbe_yxX��dq¸oËosrl)nod>�P`'srd>|gn�dgto|gh�`w^�|>xzt�not�`w^�}zxzfih¤be_'xXfrdgsino^�be`w�ox
��dqfrdg`w^�h�£4`wfÌsrn�|gdgsih�«k`k_�d>t)brd�not�`w^�}zxzfih¤be_'xX�odqxwfr�od>tP`w|gh��zta¨�^j`X¸oË�srl)nodg�P`3¸oh�tP`wfrh�`� 
á xXl)nod�si��sid�ponod>�od~|>xzto|>^�noh�f¡�od>^K`wto�w^�h�srh�s¡`wtubedgfih�xzf�dgsÊl)nod�|>nP`wto�oxX^�xzs¡�o`kbexzsÌ�od­^j`^�h�s�bv`�dgs�bv�wt»xwfr�od>tP`w�oxws�dgtubexzt�|gdgs­`w_�¸�xzs�`w^�}wxzfrh¤br_yxws{srd�pon�dg�od>t�`wpo^�h�|g`wfÊ¨�frd>srno^¤bv`
_��ws�d à |gh�dgt)brd\^�`3¸oË�srl)nodg�o`�¸oh�tP`kfrhj`H 
ê§ßg½)¼kÈuÀ-ÈuÀ�ÕÂ�~�:ÒT���+4[���+*��$,S*B���2N¶(^,��VCD�+�9*9���:�$,����=*�,b@:�2�D�3�<NO���e�:�O�2�8�:��1^*:���A_21;(^���ZÓ����1)�A*9�:���'ö
ê§ßg½)¼kÈuÀ-ÈuÀ�ÕÂ�h��ÒT���+4[���+*���,S*\���2N¶(^,��VCD�+�9*9�¼�:��,7*�,b@:�2�D�3�<NO���:�]k'd9� ø 45�P�9*�� ����4`,Y�A*9�:�¼�:����21n�P*�����1^*��\��,~*�,b@:�2�D�3�+NM�=�`�$�2�8�:��1^*:���A_21Bk'4`�Kk'4DCK*&���21º��,~*�,b@:�2�D�3�+NO�s�:�\k'd9� ø 45�P�9*k'�31^*��D�+*9öXÏ?�2N¶([*��8*��
���21f,S*����2N¶(^,��VCD�+�9*9�s�:�o,S*Mk'd9� ø 45�P�9*0������45��1n���+*�,Sö
�/d>fr_yh�to`w_�xws{dg^+|4`wpo�¤beno^�x�|gxwt�dg^�h�t)brdgfrd>se`wtubed�|>xzto|>dgp�brxy�od�ÈzÕ�ãäé�¿�½Zß4À-Ç
¾PÇ1À6Ö�ÿ

Ú¯½)¼º½HÖ�Â?½�¾ É
Ö é/¼ºÕmð�¿�½<ãä¾� $�Hd»brfe`kbe`µ�od»dgto|>xzt)brfe`wfydg^�_�d�¹ixzfy`w^�}zxzfrh¤br_yxÝl<n�d
fidgsinodg^¤«zd�not»p�frxz¸o^�dg_�`�Ã-sih�dg_ypofid���dgsr��d\d>^�ponot)brx'�odq«<h�sibe`3�od>^�|gxzt�|gdgpHbexy�od�|gxw_'�
p�^�dâ¹ih��P`w��pofrd>srd>t)be`w�ox)Æ· 
ù~si�¯�oh�frd>_�xws�l)nod\not»é
¼ºÕ�ð/¿�½HãN¾�½HÁyÇ¯½ ÈzÕKãNé�¿�½Zß4À6Ç¯¾PÇ

O(T )
|gnP`wt��ox["

hÜÆ¡¢o`?¨�not�`w^�}zxwfrh¤br_yx\l<n�d�fidgsinodg^¤«zd���h�|v¢ox�pofixz¸o^�dg_�`X|>n�¨u`���noto|>h��ztat<Ëo_ydgfix��od
xwp�dgfe`k|gh�xwtodgs�d>t�d>^
p�dgxzf���d\^�xzs�|4`ksrxzs�dgs��odg^
_yh�sr_yx�xzfr�od>t»l<n�d

T
F

h�hjÆ�|4`k�P`�`k^�}zxwfrh¤br_yx�l)nodyfidgsrn�dg^�«wd�d>^¡pofixz¸o^�dg_�`��
|>n�¨u`���noto|>h��zt�t<Ëo_ydgfix»�odyxc�
p�d>fe`w|>h�xzt�dgsXdgt9d>^Ìp�dgxwf���da^�xzs\|4`ksrxzsX^j`»��dgtoxwbe`w_yxzs

S
�/«zdgfih à |g`�l<n�d

T ∈ O(S)
 

]�s�bex3d>sg��|>nP`w^�l)noh�dgfÊxwbrfrx�`w^�}zxzfih¤be_'xXl)nod~frdgsinodg^¤«zdqdg^Kpofixz¸o^�dg_�`\brh�d>tod~|>xz_ypo^�d�¹ih��P`k�
h�}znP`w^+x'_a`4¨zxzf�l)nod�dg^
�od���noto|>h��zt

T
 

�~dg_yxzs�befe`kfrdg_yxzs�|>xz_�x�dâ¹id>_�p�^�x�_��ws�`w��dg^j`kt)bed�Ã-|gno`wto�ox»¢o`w¸o^�d>_�xws���dy�wfr¸�xk�
^�dgsX�oda�od>|gh�srh��wtmÆ�l)nodadg^Êp�frxz¸o^�dg_�`»�odaxzfi�odgto`w|gh��ztä�oda^�h�sibe`ws\dgs��oda|>xz_ypo^�d�¹ih��P`k�
O(nl(n))
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½\¼ºÕmð�¿�½HãN¾�ñÌ�P`w�P`XnotP`X^�h�sibv`��od~t<Ë�_�d>frxzs£*3¨ynot�t<Ë�_�d>frx;kq�odZbedgfi_�h�tP`wfÌsihK�oh�|v¢ox
t)Ëo_ydgfrx'dgs�notoxy�od�^�xzs�dg^�dg_ydgtubexzs��od�^j`�^�h�sibv`H 
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]¡^~pofrh�_�d>f�`w^�}wxzfrh¤br_yxäl)nod�p�frdgsidgtubv`w_yxzs�bexz_�`änotP`L^�h�s�bv`ä�odÝt)Ëo_ydgfrxwsÂ*J¨Anot
t<Ëo_ydgfix¥k\¨���d>«<nod>^�«zdXnot»«zd>|>bexwf���xzto�od\|g`w�P`'dgt)brfe`w�o`ydgsK"Ênot�n�tox�srh
^j`3dgtubefr`w�P`
�od�^j`�^�h�s�bv`�|>xzfrfidgsip�xzto�oh�dgt)brd\dgs�h�}zno`w^�`&k�¨�n�t�|>dgfix�d>t�|g`wsrxy|gxwt)brfe`wfrh�xo 

> �iþ:�����©ý'<6>��iý0�����?�-<�<?
 	�ÿ��'1@(A�
> 
������:
"��1NI=1Q	C<
> �B<6>�kÜÿ&þ�!=�?���*I=1?I�>
L������
����ÿD�E������nP<
> m��©ýM	om�ý��^8pLq���o������ÿ��?���U���
> 	�m"�-k�	�n�>�(
> ���3þ��T�=kE	�n'<6>3L�m
	C<
> ���'<
> ��� þ��:�'<
> �iþ:�����©ý#�:k]L_1?J=1?�=1.S�1?W*n�1.S
�D�

[0, 0, 0, 1, 0]

ê�ßg½<ãäé/¿�Õ��od�notP`y`kpo^�h�|4`w|>h��wt�`3^j`�bed>xzfr��`3�od�t)Ëo_�d>frxzsK"
�~dZbedgfi_�h�tP`wf©srh ç # - d>s­dg^�|gnP`w��fe`w�oxy��d\n�t�t)Ëo_ydgfrx'dgtubed>frxo 
¥{xz_yx ²?°
�HR Õ ²?°w° ¨ Rk°3�HR Õ ü °z° dgtubexzt�|gdgs�srh ç # - ��nod>fe`�not�|gnP`k�ofe`w��x'^�x�srd>fr��`�od\not�t)Ëo_ydgfix�dgtubefid ²z² ¨ ²�¬ FPbexw_a`kto�oxy^�`'^�h�sibe`3�od\�oh�|v¢oxws­|gnP`k�ofe`w��xzs­pKx<��dg_yxzs«zdgf�srh ç # - d>s­not»|>nP`w�ofr`w�oxo 
> �iþ:�����©ý#�:kcÿ%þ�!=�N�0 �J#1,��>3L�L����QL�¡0��n�1,R W�¢0�D�

[0, 0, 0, 0, 0, 0, 0, 0, 0]

¥{xz_yx toxÝd>sibv� dgtL^j`�^�h�s�bv`9Ã-p�nodgs3^j`�se`w^�h��P`���dg^{pofrx<|>dg�oh�_�h�dgtubex�m^�������2��d>sibe�
��xzfr_�`w�P`�Ëot�h�|g`w_�d>t)brd�p�xwf�|gd>frxzseÆ�tox'ponod>�od\srdgf�not»|gno`w�ofe`k�oxo 
�q`w��x�dgs�bed�`k^�}zxzfih¤be_'x3srd\ponod>�odXfrd>srp�xzt��odgf~`'�oh�s�beh�t)bv`ks�p�frdg}wnot)be`wsg�m|gxw_�x'pKxwf

dâ¹idg_ypo^�x["
`uÆ+dg^udg^�dg_ydgtubex
kÊdgs�bv�­d>tX^�`�^�h�sibv`¼*\sih)d>^)fidgsrn�^�bv`k�ox­�odÌ`wpo^�h�|g`wf�dg^upofix<|gdg��h�_yh�dgtubex

m^�������2�'`�*�|>xzt)brh�d>tod\`w^�}zËot�n�tox[F
¸mÆÌd>^Kt<Ë�_�d>frx���dqn�toxzs{�od£m^�������2�©I!*LK��oh�|gd�|gnP�wtubv`ks{«zdg|>dgs�d>sibv�;kqdgt�^j`\^�h�sibv`O*5F
|?Æ�sihm¨u`\srd­se`w¸�d­l<n�d�srd­beh�dgt�d­not�dg^�d>_�d>t)brxX��d�^�`�^�h�sibv`H�usrd­ponodg��d~|>xztosibrfrnoh�fÌnot

srdgt�|gh�^�^�x'`k^�}zxwfrh¤be_'x�l)nod\xz¸�brdgto}z`3bex<�oxws�^�xws�^�no}u`kfrd>s���xzto�od�dgs�bv�'dg^
dg^�dg_ydgtubex&k�ö
õ�`wfr`'frd>srp�xzt��odgf�`3^j`ws�p�frdg}wnot)be`ws�`zÆ{¨�¸PÆZ 
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 	�ÿ��'1@(A�
> 
����*� 
F	D1�
C1��B<
> 
=<6> �*���#�.�3þ:�%�0�&ý#�E�=16(3�BkE	%n-1Q	%>3LD�����
����ÿD�,�iþ������©ý-�?�#1@(A�����C<
> 	�m7
�>��;���3þ��
> �B<6>'k����C1N��n þ 
�ÿ&þ��B<6>�kcÿ 	D1E
�nFm�	C<
> ���£þ�� �'<
á x�`wp�^�h�|g`w_yxws�`'not»d�¹idg_ypo^�x3|gxzt�|gfrdZbex["
> ��ý�þ��*)����:�3ÿ���X*('�:kQLZ1?J=19LZ1NR#1?�=19LZ1?�*n�1OL��D�

[si , 3]

õ�`wfe`3frd>srp�xzto��dgf�`'^�`3pofidg}zn�t)bv`'|4Æ
> ��ý�þ��*)����:���B<.>��iý�� �D�E�-<�<N
:	5ÿ%��16(3�
> 
����*� 
"��1?I=1]	C<
> �B<6>'kcÿ&þ�!=�E�:�*I=1?I�>3LD�����iý�þ��*)������iÿ*�*X�(��E�=16(3�Bk.J�n��%n'< I-<.>
LD<
> m��©ýM	om�ý0�^8pLq�0�
> ������ÿD�?���U���
> 	�m&�iþ:���0�&ý#�?�=16(3�BkE	%n�>3L����0þ��
> �Bk.I�n'<6>0	C< I-<.>�I�¤
LD< m�	C< ���P<
> ���£þ�� �'<
á x�`wp�^�h�|g`w_yxws�`'not»d�¹idg_ypo^�x3|gxzt�|gfrdZbex["
> ��ý�þ��*)����:���D��k]L_1NJ#1OL_1,R-1N�#1OL_1N��n-19L*���

[1, 3, 6]

]�tL|gnP`w^�l)noh�d>f�|g`wsrx dgsibrxzs3`w^�}wxzfrh¤br_yxws�beh�d>todgtLÈzÕ�ãäé/¿-½Zß4À-Ç
¾oÇ�¿6À-Ö
½)¾P¿{¨u` l)nodk�
|>nP`wto��xqsrdÌbeh�d>todÊn�tP`�^�h�s�bv`��odÌbv`w_�`w³�x
1y�wfrdg`w^�h�£4`wt\dgsidgto|>hj`k^�_ydgt)brd¥�21�xzp�d>fe`w|>h�xzt�dgs
|>xztG��|>xztosibe`wt)brdw Ê¥{xz_�p�frxz¸P`k_�xzs©d>sibv`'Ëo^¤beh�_y`3` à fr_�`w|gh��zt� 
]�^
pofrx<|>dg�oh�_�h�dgtubex�«zdg|ZbexzfK"I¡dg|ZbexzfK"ÖÕqpofix<|uÃ-`7"�" ^�h�sibg� ¸mÆ
^�x<|g`w^�|k� ¹>� h<"
|�"ÆÕ � sidglKÃ °�¦ ¹>� ¹ÜÕ ²  ¤  t�xzpos?Ã-`uÆrÆ6�A"�Ã-srd�¢P`w|>dgtº1N`wsih�}ztP`k|gh�xztodgseÆ
��xzf�h���fixz_ ² bexyt�xzpos?Ã-`uÆ©�ox�Ã-not»¸on�|g^�d�l<n�d\srd�frdgp�h�bede1 «zd>|gd>svÆ
h��/` � h§�¨Õq¸�be¢od>t»| � h§�<"ÖÕ ² à "�x<��"­Ã-srd�¢P`w|gd�notP`3|gxz_ypP`kfe`w|>h��zta¨�notP`'`wsrh�}ztP`w|>h��ztPÆ
|�FPd>to��"� ÕPÂ?¾o¿�ñ T 1º�D()���8*:���A�21n���
]�^
pofrx<|>dg�oh�_�h�dgtubex3pofrd>}znotubv`wsr`?¨<¸�"
pofrd>}znotubv`wsr`?¨<¸�"ÆÕ�p�frx<|uÃ-`7"S" ^�h�s�b4� ¸PÆ
^�x<|g`w^�h6� ^6� |�"
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^A"ÆÕ�`w�o�
ÃVI¡dg|Zbexwf?Ã6`�� ¸mÆ � h¨�Î� hªÕ ²  ¤  toxwpos?ÃVI�dg|>brxzf?Ã-`�� ¸mÆrÆiÆ�"�Ã-sid�¢P`w|>d�d>^¡pofix<|gdg��h�_yh�dgtubexI¡dg|Zbexzf�p�xzf©bv`wtubex T 1µxzp�dgfr`w|gh�xztod>sg�P^�nodg}zx3srd\¢P`k|gd>t�|gxz_yx'_��c¦Hh�_yxM1Ýsrn�_a`ksvÆ
h��
^ªÕ ° be¢od>t�|j"ÖÕ � toxo� ° �ÊÃ-n�tP`'|gxw_�pP`kfe`w|>h��zt�¨�n�tP`y`wsih�}ztP`k|gh��wtmÆ
dg^�srd�|j"ÖÕ � srh6� ^¨� à "�|�F
dgt���"
� ÕmÂ4¾P¿«ãâ4)1�/1-���(5���8*:���A�21n���
]�^
pofrx<|>dg��h�_yh�dgtubex\(^� �A@�4`1)�A*:�j"
pofidg}znotubv`k|�"ÆÕ�p�frx<|uÃ-`7"S" ^�h�sibg� ¸PÆ
|�"ÆÕ � sidglKÃ °�¦ ¹>� ¹ÜÕ ²  �  pofrd>}znotubv`wsr`?¨<¸¯Ã6`H� ¸mÆ � R �ÜÆ6�A"#Ã�srdµ¢P`w|>dNd>^�pofix<|gd>�oh�_yh�d>t)brx´pofrd·�}znot)be`wse`4¨<¸ap�xzf�bv`kt)brxD4)1�/1-�xwp�dgfe`k|gh�xztodgs>�<^�n�dg}zx�srd­¢P`w|gd>ta|>xz_�x�_a�º¦�h�_yx01�`wsih�}k�

tP`w|gh�xztod>svÆ
¹K"ÆÕ ² "­Ã ² `wsrh�}ztP`w|>h��ztPÆ
��xzf©hK��fixz_ ² bex3toxzpos4Ã6`uÆÊ�ox�Ã�not�¸on�|g^�dql)nod�srd�fidgpoh¤bed$1�«zd>|gd>s�¨�|g`w�P`�«zd>£�l)nod

srd\fidgpoh¤bed�¢P`w|>d ç xzp�dgfr`w|gh�xztod>svÆ
h���I¡dg|Zbexzf4Ã6`�� ¸mÆ � h¨�ªÕ ² be¢�dgt�| � ¹,�<"ÆÕqhA"K¹K"ÆÕÌ¹E© ² "
à "�x<��"¡|jF
dgt���"
� ÕmÂ4¾P¿©"£ªÊ1�/ T
ê�Á>Â4½�¾P¿�îmÕm¼kÀÜÂºãNÕ�Â?À-½<Ö¯½�ÈzÕKãNé�¿�½>ßgÀ6Ç¯¾PÇÅ¿-À6Ö¯½)¾P¿ ~ �rÖÅ�
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�Hd�befr`kbv`��od�not�`w^�}zxzfrh¤br_yx�l)nod�bexz_�`�notP`3^�h�sibv`�xzfr��dgtP`w�o`'�od�_ydgtoxzf�`'_�`?¨wxzf��od
t<Ëo_ydgfixzs�¨�frdg`w^�h�£4`�^j`3¸oËosil<n�dg�P`�|gxz_ypP`wfr`wto�ox&kX|gxwt�dg^¯d>^�d>_�d>t)brxyl)nodXd>sibe��d>t�dg^
_�d>�oh�x'��d\^j`3^�h�sibe`� Ê�<h¯d>s�h�}znP`w^6��dg^¯`w^�}wxzfrh¤br_yx�brdgfi_�h�tP`7Fosih¯dgs­_ydgtoxwfg�obrfe`w¸P`º¹r`3|gxzt
notP`�t)nod>«k`�^�h�s�bv`ÝÃ�^j`a�od3^�xzs~dg^�d>_ydgt)brxzsq_�d>toxzfrd>s�l)nod'dg^§d>^�d>_�d>t)brx�h�t)brdgfi_�d>�oh�xuÆ­d
h�bed>fe`�d>^)`w^�}zxwfrh¤br_yx7Fcsih)d>s
_�`?¨zxzf>�?befe`k¸P`c¹r`©|gxzt\notP`�t<n�d>«k`­^�h�sibe`�Ã-^�`��od¡^�xzs
d>^�d>_�d>t)bexws
_a`4¨zxzfrd>s�l)nod\d>^
dg^�dg_ydgtubex'h�tubed>fr_ydg�oh�x)ÆÌ¨�¢P`w|>d\^�x'_yh�sr_yx� 
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"��1Q	D1NI=16t'1gÿB<
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> m��©ýÙÿ4m�ý0�^8pLq�0�o���%��ÿD�?���4���A	*
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L�< m�	C<
> 	�m
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LD< m�	C<
> 	�m2(�®��-klt n&���0þ��7I-<6>*t
«:LD< m�	B< ���'<
> 	�m$��>
L¯���3þ��
> °�c�±�² °�³#�«ÿ 	��qþ 
Eÿ&þ;°�c�±*² °�³#�.��� �fm�	C<
> þ�� �P<¥{xz_ypofrxz¸�d>_�xws�dg^¯`w^�}zxzfih¤be_'x3d>t�`k^�}znot�xzs�d�¹idg_ypo^�xzsK"
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	[�0�%ý�	��B��k6R-1.S�1NW#1N¢#1,´-1,´'�.W#1,u-1N¡�n-1N´��,J�W0�D�

no
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	[�0�%ý�	��B��k6R-1.S�1NW#1N¢#1,´-1,´'�.W#1,u-1N¡�n-1?¡����
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> `
	[�0�%ý�	��B��k6R-1.S�1NW#1N¢#1,´-1,´'�.W#1,u-1N¡�n-1,S����
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	[�0�%ý�	��B��kcÿ%þ�!#�,�� �J#1.� >
L%�-���.J����%n-19L�¢�¡����
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]�t�dg^�Ëo^�brh�_yx�dâ¹id>_�p�^�x3^j`�se`w^�h��P`�d>s����Kp�xwfrl)nod
169 = 132

 
õ�`wfe`�d>sibeno��hj`wf�^j`q|>xz_ypo^�d�¹ih��P`k�3d>sÌfidg^�dZ«k`wtubed�sr`w¸�dgf¡|>nP�wtubv`ws�«zdg|>dgsÌ|gxz_yx�_��c¦Hh¤�

_yx~srd{frd>poh�brd{d>^H¸ono|g^�dw�k¨u`ql)nodk�u|g`w�P`�«zd>£�l)nod©sid©fidgpoh¤bedw�wd>^Ht<Ëo_ydgfixq�od{xzp�d>fe`w|>h�xzt�dgs
l)nodXsrdXdZ��dg|ZbeËP`kt d>s�|gxztos�bv`wtubedk ­¥{xz_yx�^�`'^�h�sibv`3sid\«k`���h�«<h��oh�dgto��xydgt�notP`y^�h�s�bv`3�od
be`w_�`w³ox3^j`�_�h¤bv`w�+��¢P`ksibv`3l<n�d\l)nodg�P`yn�tP`'^�h�sibe`�|gxzt»n�t�Ëot�h�|>xyd>^�d>_�d>t)bex��odg^
¸�no|g^�d
sid\fidgpoh¤bed�|gxz_yx'_��c¦Hh�_yxM,��P@3Ii1&K ��xzto�od0,��P@»d>s­dg^
^�xz}u`kfrh¤be_'x�dgt»¸P`wsrd¶µH À{h�to`wfrh�`7"ÆÕ�p�frx<|zÃ6`7"S" ^¤h�sibg� ¸PÆ
^�x<|g`w^�|k� h6� ¹>�ÝÈm� s'"¡hA"ÆÕ ² "�¹K"ÖÕqtoxzp�s?Ã6`zÆ�"¡|j"ÖÕ ° F
Ã�brfrdgs­`wsih�}zto`w|gh�xztod>svÆ
dg^
¸on�|g^�d�srd\fidgpoh¤bed�^�xz}PÃ-tmÆÌ«zd>|gd>s­¨�|4`w�o`3«zdg£\sid\¢P`w|>d
��xzf�s���frxz_ ² bex'toxzp�s?Ã6`zÆ{û�¢oh�^�dÊ¹â��h

>
� ² �ox�Ã-notP`3|gxz_ypP`wfr`w|gh��ztmÆÈ5"ÖÕ~¶Px<xzf4ÃrÃ�h·©Ì¹eÆ ± µwÆ�"�Ã-notP`'`wsrh�}ztP`w|>h��ztPÆ
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Â9À ö:Í0Ã ÄÆÉ§ÀNÁ�ÃÌÇ*È?ú�ÂOÍ0Ã�ú�Ã ú�Â¹ÊËÂOÍ�Ç*È¥Ã Ê¾Ã^ü*Ç�È��9Ç�ÍrÄ§Ç*À£ÊËÉÆÀNÊ¾Ç�ÀeÂ9Ä§Â9ÊËÂ9Í�ÁEÇ*À���ö�Â�GCÝ
�9Ü
Ú^Ó�Ù�Î*×�Ð���ÀÛ×�ÙûÖDÏ�� Ó ÒÛÓ�ÐiÓ�Ü3Ú^Ï��

	þÍ�ÃëÇ*ø
ÂOÈEÃ
�OÉ��*Í���ö�Â�
�Ã
�9Â��ÔÃ�Ä¨Á�ÃûÂOÍhÂOÀNÁEÂ Ã�ÄÆÅ*Ç�È?É¨Á?ÊËÇûÂ9À ÉÆÍ�ÁEÂOÈ��[Ã�Êùõ�É Ã�Èþú:Ç*À Â9Ä§Â��
Ê¾ÂOÍ�ÁEÇ�À9ý�Â9Ä������9À?É§ÊËÇùüëÂOÄ������9ÀNÉÆÊËÇ�ý:ú:Âãö�Í0Ã Ä§ÉÆÀ,Á�Ã���ö�ÂãÄÆÄÆÃ�ÊËÃ�Ê Ç*À������� "!�Ý$#DÃ�ÉÆú�Â9Ã%��ö�Â
& Ã�ÊËÇ*ÀeÃÌö:ÁEÉ§ÄÆÉ('9Ã�È�ø0Ã�È?ÃùÂOÄÆÄ§Ç)�OÇ*Í�À?É§ÀNÁ?Â ÂOÍëÉÆÍ�ÁEÈ?Ç�ú�ö*�9É§È'ö�Í0ÃùÍ�ö�Â & Ã & Ã�È?É Ã�õ�ÄÆÂ Á?ÈEÃ�Í:À?É§Á?Ç+�È?É Ã ý:ÄÆÄ Ã�Ê¾Ã�ú0Ã, .-�/�0213üëÀ?ÂOÅ*ö�ÉÆÈ£Ä§Ç*ÀeÁEÈNÂ9À¥ø0Ã�À?Ç�À ÀNÉÆÅ*ö�É§Â9Í�ÁEÂOÀ43

• ô#È?É§Ê¾ÂOÈ?Ç�3þÃ�Ä§ÊûÃ+�9ÂOÍ0Ã�È?ÂOÊËÇ*ÀHÂOÄ��OÇ*Í�Á?Â9Í�É§ú�Çëú�Â5������ 6!87"� 9:-[Í�ÄÆÃ & Ã�ÈNÉ Ã�õ:ÄÆÂ¶Á?ÈEÃ�Í:À?É;�ÁEÇ�È?É Ã, .-�/�0=<

• > ÂOÅ*ö�Í�ú�Ç*3�É§Í�Á?È?Ç�ú�ö��OÉÆÊËÇ*ÀZÂOÄ?�9Ç�Í�ÁEÂOÍ�É§ú�Ç ú�Â@������ 6!87A��9PÂ9Í¹Â9Ä�Ä§ö�Å�Ã�È������� 6!87"� 9B<DCE
�Ç*È?Ã
������ 6!87"� 9¶ü������� "!87A��9)�OÇ*Í�ÁEÉÆÂOÍ�Â9ÍaÂ9ÄZÊ¾É§À?ÊËÇ�ú0Ã%ÁEÇ�Ý

• ôCÇ*È:�:Ä§ÁEÉ§ÊËÇ��9Ç*ø:É Ã�ÊËÇ*À�Â9Ä@�OÇ*Í�Á?Â9Í�É§ú�Çsú:ÂrÄÆÃ & Ã�È?ÉÆÃ�õ�ÄÆÂÿÁ?ÈEÃ�Í�ÀNÉ§Á?Ç*È?ÉÆÃF .-�/�0&ÂOÍ
������ 6!87A��9B<

ôCÇ�ú�ÈHG Ã�ÊËÇ*À£ø
Â9Í�À?Ã�ÈE��ö:ÂÌÂOÄI�B��ú�ÉÆÅ�ÇËÀ?ÉÆÅ�ö�ÉÆÂOÍ�ÁEÂãÍ�Ç*À È?ÂOÀ?ö�ÂOÄ & Â¶Â9ÄDø�È?Ç*õ:ÄÆÂ9Ê¾Ã:ý�ø3ÂOÈ?Ç
ø�È?ÂOÀ?Â9Í�Á�ÃËö�Í�Ã ú�É(J2�Oö�Ä§ÁEÃ�úaÃ�ÄDÃ�À?ÉÆÅ�Í0Ã�È & Ã�Ä§Ç*È?ÂOÀ Ã�Ä ÃùÄÆÉÆÀ,Á�Ãùú:Â¹ÂOÍ�Á?ÈEÃ�ú0ÃK3
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> e
fhgKikj+fmlonqp
r*l�sKeutvf�w�juw�x�y
> z{s�emfKz}|~n |~nqp�f$�vj��~n
> f$�vjh�on.p�f$��xm�~n f$�qxm�onqpm|~n f����+�*�on
> e
fhgKikj+fmlRt�����wH�Rw��$wq�XwH�RwN¢?�$w4��w?¢�yI�
�h�h�?�8�u���v�B�����B�m�����8�K���8�+�h �¡m�h�£¢{¤� ���¥F��¥
�������h�£¦m�8�?�B�� 8§? 8�

¿#Ä�ø�ÈNÇ*õ�Ä§Â9Ê¾Ã & ÉÆÂOÍ�ÂGú:ÂGÄ ÃiÃ�À?É§Å*Í0Ã
�OÉ��*ÍZ!87"� 9B¨ª©�!87A��9]ÝZ«�Â9Í�ÂOÊ¾Ç�À¬��ö�ÂGÂOÀ��9ÈNÉÆõ�É§È?Ä§Ç
ö:ÀEÃ�Í�ú:Ç¾ÂOÄ��9Ç*Ê¾Ã�Í�ú�Ç,��­*®���¯°0jüÿÂ9ÀNÁEÃ�õ�Ä§Â4�9É§Â9Í:ú�ÇËö�Í0Ã��OÇ*ø�ÉÆÃ�ú�ÂãÄ ÃùÄÆÉÆÀ,Á�ÃùÉ§Í�É��OÉ Ã�Ä�ý:Ã�ÀHG63

> ±8��|��ml2e
fhgKikj
fml~n.pmrKl2s�eIt°z*j?²h|*fRw�jIwHx2y
> z{s�emfKz
> z{s�em³KzKj?²�|�f�wq|*�+g�r~�
> z{s�em³KzKj?²�|�f$nqp*z*j?²h|*fR�
> |*�hgKr´n.p*z{sKe
³*zKj{²�|�f$�°j��X�
> z{s�em³KzKj?²�|�f$nqp�²�µ{ik²?shrXtBjhp�z{sKe
³*zKj{²�|�f$��xm�Xwvz�s�em³Kz*j?²h|*f2yu�
> z{s�em³KzKj?²�|�f$nqp�²�µ{ik²?shrXtvx?p?|*�+g�r~wvz�s�em³Kz*j?²h|*f2yu�
> z{s�em³KzKj?²�|�f��
> �+�K�~n

> ±8��|��ml2e
fhgKikj
fml$t*�q�Rw���wH�Rw��$w���w4���?�$w4��w?¢�yI�
[10, 2, 3, 4, 5, 3]

> ±8��|��ml2e
fhgKikj
fml$t*����w?¢�wH�Rw��$wN´Rw?¢m�XwH�RwH�2yu�
[1, 7, 3, 4, 6, 6]

¶ Ù�ÖDÓ�Ü�×�Î)À¸·
Ü}�V¹DÙh�V¹�Õ9×
C�
�Ç�ÈEÃ�ü�Ã ø
Ç�ú:Â9ÊËÇ*À¥ÂOÀ��9ÈNÉÆõ�É§È£Â9ÄDÃ�ÄÆÅ*Ç*ÈNÉ¨ÁEÊ Çùú�ÂãÇ*È?ú�ÂOÍ0Ã
�OÉ��*Íîõ�ö�ÈNõ�ö%÷?Ã*3
> º?µKl?i{µ�x{f$nqp
r*l�sKeutvf�y
> z{s�emfKzZjuw�x�w"�owHf*z{s�eV�
> �´n.pm�»s�r�²utvf�yI�
> fKz{sKeDn.p�f��
> ¼�s+l½j¾¼{l2s�g¿�F|2s¾�3«*�À��s
> ¼�s+lZxÁ¼{l2s�g¿�F|2s¾�3«�j¾��s
> j�¼Ât�fKz{s�e��qxm� ¬�fKz�s�e��qx�¤����»y}|?Ã��+�ÄfKz�s�eDn.p2±���|*�?l2emfhgKikj
fml$t�f*z{sKeVwHx�w�x�¤k�?y
¼»jI�
> s+�on
> s+�on °{Å�±*² ° ³Rt�fKz�s�eKyu�
> �+�K�~n
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ô#È?Ç*õ�Ã�Ê¾Ç�À£Â9ÄDÃ�Ä§Å*Ç*ÈNÉ¨ÁEÊ ÇùÂ9Írö:ÍrÂ6÷NÂ9ÊËø�ÄÆÇ*3
> º?µKlmi�µ�x{fDt*���RwH�Rw�ÐRw��Rwq�Xw��$w,´$w,´$wB���»yI�

[1, 2, 2, 3, 4, 5, 7, 7, 8]

Ñ�Ò6Ó´Ò"Ñ òFÔ�ÕEÖ�×�Ø$Ù=ÚqÛ$×ÂÜ�Ö�ÝqÖ�Ù=Ù=ÚqÛ$×
ÞþÂ4�OÂ9ÀNÉ§ÁEÃ�Ê¾Ç�Àeö:Íëø�È?Ç��OÂ9ú�É§Ê¾É§Â9Í�ÁEÇÈ��ö:Âß�[Ã�Ä��Oö�ÄÆÂþÂ9Ä3ÄÆö�Å*Ã�Èo��ö�Â�Ç��9ö�ø�ÃùÂ9Ä3Â9Ä§Â9ÊËÂ9Í�Á?Çùú�Â
ö�Í0Ã Ä§ÉÆÀNÁEÃ���ö�Â¹ú0Ã�Â9Ä_Ê:GÆÍ�É§Ê Ç�ú:Â¹ú:É��°
0Ã Ä§ÉÆÀ,Á�Ã*3

> g=j8�kj8g�s�n.p
r*l2s�eIt�f�y
> z{s�e
f*zàeIw�juw�x$n
> eDn.p�fX���8�on
> ¼�s+l½j¾¼{l�s�gÎ�á|»s¾�»s�r�²It�f�y}��s
> j�¼àf$�°j��Kâ*e}|?Ã��+�ãe�n.p�f$�vjh�ä¼�jVn
> s+�on
> x$n.p��In
> å?Ãkjmz?�äf$�qxm�*â{æ*eá��s
> x$n.p�x{ç��
> s+�on
> x��
> �+�K�on
> g=j8�kj8g�sIt*����w���wH�Rwq�Xw���w�è$é��m��yu�

6

> g=j8�kj8g�sIt*����w��$w�è$é.Ð$w�ê?ë$wH��èm��yu�
3

C�
:Ç*ÈEÃûø
Ç�ú�Â9ÊËÇ*À�Ä§Ä Ã�ÊËÃ�ÈþÃÿÂOÀNÁEÂ�ø�ÈNÇ��9ÂOú�ÉÆÊËÉÆÂOÍ�Á?Çÿø�Ã�ÈEÃì�9Ç*Í�À,ÁEÈ?ö:ÉÆÈHÂ9Ä=Ã�Ä§Å*Ç*È?É¨Á?ÊËÇ
ú�Â ÀNÂ9Ä§Â4�4�OÉ���ÍZÝ%íþÃ^ü���ö�Â��9Ç�Í�ÀNÁ?È?ö�É§È ö�Í0ÃëÄ§ÉÆÀNÁEÃì�[Ã�ú0Ã & ÂB'ËÊïî�À�ø
Â4��ö�ÂBð0ÃaÂ�ÉÆÈ]�9Ã�Ä��OöK�
Ä Ã�Í�ú:ÇËÄ§Ç*À£ÊïG§Í�É§ÊËÇ�À£ø�Ã�ÈEÃ É§Í�Á?Â9È��9Ã�Êùõ�ÉÆÃ�ÈeÄ§Ç*À & Ã�ÄÆÇ�È?Â9À¥ÀNÉDÂOÀþÍ:Â4�OÂ9ÀEÃ�È?ÉÆÇ:ÝP¿#ÍrÄÆö�Å*Ã�È£ú�Â
�9Ç*Í�À,ÁEÈNö�ÉÆÈ£ÄÆÉÆÀ,Á�Ã�À´�9Ã�ú0Ã & Â4'¹Êïî�À£ø
Â4��ö�Â4ð�Ã�À9ý
Ä§Ç���ö�Â & Ã�ÊËÇ*À¥Ã�
0Ã
�OÂ9È¥Â9À É§È£ø
Ç*Í�É§Â9Í:ú�Ç
Â9Ä & Ã�Ä§Ç*ÈPÉÆÍKJ0Í�É§Á?ÇùÂOÍîÂ9Ä=�9Ç�È?È?ÂOÀ?ø
Ç*Í:ú�ÉÆÂOÍ�ÁEÂ�Á��9È?ÊËÉÆÍ:Çùú�Â�Ä ÃÌÄ§ÉÆÀNÁEÃ¶ú�Â ÊËÇ�ú�Ç���ö�Â�ý��9Ç*ÊËÇ
ÉÆÍ*J0Í:É§ÁEÇ¾ÂOÀ�ÊûÃ[ü*Ç*ÈE��ö�Â��9ö0Ã�Ä(��ö�ÉÆÂOÈHÍ{��ÊËÂ9È?Ç:ýAÀNÂÌÁEÂ9Í:ú�Èvîì��ö�Â�ÃûÄ Ãï
�Ç�ÈEÃûú�Â)�[Ã�Ä(�9ö:Ä Ã�È
ÊïG§Í�É§ÊËÇ�ÀeÂ9À,ÁEÂãÁ��9È?ÊËÉÆÍ:Ç Í:Ç & ÃËÃ�ÉÆÍ�ÁEÂ9È & Â9Í�É§È£Í�ö�Í*�[Ã:Ý
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> ²
�Kz?�*e{e�jmsh�´nqp
r*l�sKeutvf�y
> z{s�emfKz�iow�eIw�juw6g@n
> i´n.pKf$n
> eDn.pKf$n
> ¼�s+l½j¾¼{l2s�g¿�F|2s¾�»shr�²ut�f�y}��s
> g�n.p
g=j8�kj4gksItqikyDn
> j�¼òi´�vj��Kâ�æ+i´�ªg��ä|?Ã2�+�
> i´n.p»±8��|*�ml»e
f+g�i=j+f?lRtqiow�juw"g=yDn
> eDn.p»±8��|*�ml»e
f+g�i=j+f?lRt�eIw�juw"g=yDn
> ¼»jVn
> i´�vjh�on.p2j8�*¼»j��kj�|�ó~n
> s+�on eI�
> �+�K�~n
> ²
�Kz?�*e{e�jmsh�Xt��q�RwB��w��$wHêRwH�?�»yI�

[1, 2, 3, 5, 6]

> ²
�Kz?�*e{e�jmsh�Xt��q�RwH�Rwq�Xw��$wB��wHè?�»yI�
[0, 1, 2, 3, 4, 5]

ô ÞHõ ö�÷ZêeâBïPäOïPäQáÌç
¿#ÍûÁ?Ç�ú�Ç*À'ÄÆÇ�À�Â.÷NÂ9ÈH�9É(�9ÉÆÇ�À'ÂOÀ��9ÈNÉÆõ�É§È�Â9Ä3Ã�ÄÆÅ�Ç*È?É¨Á?ÊËÇø��ö�ÂHÀ?ÂHø�É§ú�Â�ý Ã�ø�Ä§É��9Ã�È?Ä¨Ç¶Ã¶ú�Ç�ÀPÂ6÷NÂ9Ê%�
ø:ÄÆÇ*ÀeüëÂOÀNÁ?ö�ú�É Ã�È¥À?öÏ�9Ç�Ê¾ø�Ä§Â.÷NÉ§ú0Ã�úZÝ
ù=Õ9Ó�Ù�ÎuÀÔÎuÀÛÏáú=ûZÝ�ü�Ã�ú0Ã�ö�Í0Ã�ÄÆÉ§ÀNÁ�Ãaú�ÂûÍ���ÊËÂ9ÈNÇ*ÀÌÂ9Í�ÁEÂ9ÈNÇ*À9ýR�OÇ*Í�ÀNÁ?È?ö�É§ÈÌö�ÍqÃ�ÄÆÅ*Ç�È?É¨Á?ÊËÇ
��ö�Âø�[Ã�Ä(�9ö�Ä§Â Â9Ä_Êïîhý ÉÆÊËÇùú�ÂãÀ?ö�À & Ã�Ä§Ç*È?ÂOÀ Ã�õ:À?Ç*Ä§ö:ÁEÇ*ÀOÝ
ù=Õ9Ó�Ù�ÎuÀÔÎuÀÛÏþú»úDÝ > ö�ø
Ç*Í�Å�Ã�Ê¾Ç�À���ö�Âø��ö�É§ÁEÃ�ÊËÇ*Àeú�Â Í�ö�ÂOÀNÁEÈNÇËÊ¾Ç�ú:Â9ÄÆÇ��OÇ*Ê¾ø:ö:Á�Ã
�OÉÆÇ*Í�Ã�Ä
ÄÆÃ�À=Ç*ø
Â9ÈEÃ+�9É§Ç*Í�Â9À#õ2î�ÀNÉ��9Ã�À-ú:Â¥ø�È?Ç�ú:ö��OÁ?Çãü�ú:É & ÉÆÀNÉ��*Íùú�Â¥Í{��Ê¾ÂOÈ?Ç*À#ÂOÍ�ÁEÂOÈ?Ç*ÀOÝXÿPÇ*Í:ÀNÁEÈNö�ÉÆÈ
ö:Í�Ã�ÄÆÅ*Ç*ÈNÉ¨ÁEÊ Çùø0Ã�ÈEÃ ý�ú0Ã�ú�Ç*À¥ú�Ç�À¥Í���ÊËÂ9ÈNÇ*À¥ÂOÍ�ÁEÂOÈ?Ç*ÀOý»�[Ã�Ä��Oö�Ä Ã�ÈeÀNörø�ÈNÇ�ú�ö��QÁEÇ�Ý
ù=Õ9Ó�Ù�ÎuÀÔÎuÀÛÏ:ú��ZÝ�ÿPÇ*Í�ÀNÁ?È?ö�É§ÈCö:ÍùÃ�ÄÆÅ*Ç�È?É¨Á?ÊËÇ¥ø0Ã�ÈEÃ:ý�ú0Ã�ú�Ç*ÀCú�Ç�ÀCÂ9Í�Á?Â9ÈNÇ*À

a
ü
n
�9Ç*Í:ÀNÁEÈNö�ÉÆÈ

ÄÆÃ�ø
Ç�Á?Â9Í��OÉ Ã
an Ý

ù=Õ9Ó�Ù�ÎuÀÔÎuÀÛÏÏú��ZÝ#¿#À��OÈ?É§õ�ÉÆÈ-ö�ÍûÃ�ÄÆÅ*Ç�È?É¨Á?ÊËÇãø�Ã�ÈEÃø�[Ã�Ä(�9ö�ÄÆÃ�È#Ä ÃãÊËÂ9ú�ÉÆÃ¹Ã�ÈNÉ§ÁEÊ:�QÁEÉ(�9Ããú:ÂþÄ§Ç*À
ÂOÄÆÂOÊ¾ÂOÍ�ÁEÇ�À¥ú:Â¹ö�Í�Ã ÄÆÉÆÀ,Á�Ãùú:Â¹Í{��ÊËÂ9È?Ç�À¥Â9Í�ÁEÂOÈ?Ç*À9Ý
ù=Õ9Ó�Ù�ÎuÀÔÎuÀÛÏïú��AÝB¿#À��9ÈNÉÆõ�É§ÈCö�Í�Ã�Ä§Å*Ç*ÈNÉ¨ÁEÊ ÇÌ��ö:Âeú0Ã�ú0Ãþö�Í0ÃHÄ§ÉÆÀ,Á�Ã ú�ÂPÍ{��Ê¾ÂOÈ?Ç*ÀCÍ0Ã�ÁEö:ÈEÃ�Ä§Â9À
üaÇ�ÁEÈNÇûÍ{��Ê¾ÂOÈ?ÇûÍ0Ã�Á?ö�ÈEÃ�Ä�ÉÆÍ�ú:É���ö�Â¶À?ÉI
0Ã^ürÃ�Ä§Åm��ÍrÊ%�:Ä§ÁEÉ§ø:Ä§ÇËú�ÂÌú:É��°
�ÇûÍ���ÊËÂOÈ?ÇûÂ9Í�ÁEÈ?Â
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ÄÆÇ*ÀûÂOÄÆÂ9ÊËÂ9Í�ÁEÇ�Àÿú�ÂGÄÆÃiÄÆÉ§ÀNÁEÃ:ý£À?ÂBð0Ã�Ä§Â��Oö2î�Í�ÁEÇ*Àëú:ÂGÂ9À,ÁEÇ*ÀëÊ���Ä¨ÁEÉ§ø�Ä¨Ç*Àï
0Ã[üoüUÂOÍÁ��ö��
ø
Ç*À?É(�9ÉÆÇ�Í�Â9À£ú�ÂãÄ ÃùÄÆÉ§ÀNÁ�ÃÌÂ9ÀNÁvî�ÍZÝ
ù#Õ9Ó�Ù%ÎuÀ�ÎuÀÛÏZú��ZÝ üHÉÆÀ,Á�Ã�Í��OÉ Ãhú�Â�íþÃ�ÊËÊ¾É§Í�Å:ÝÁü�Ã�ú�Ã�Àûú�Ç*À¾ø0Ã�ÄÆÃ�õ�ÈEÃ�ÀËú�Â�Ä ÃhÊËÉÆÀNÊûÃ
ÄÆÇ*Í�Å�É§Á?ö�ú:�OÇ*Í�ÀNÁ?È?ö�É§ú0Ã�Ào�OÇ*Íì�9ÂOÈ?Ç*À�üËö�Í�Ç�ÀPÄÆÃãú�ÉÆÀ,Á�Ã�Í��OÉ Ããú�Â�íHÃ�Ê¾ÊËÉ§Í�ÅãÂ9Í�ÁEÈ?ÂþÂ9Ä§Ä Ã�À�ÀNÂ
ú�ÂBJ0Í:Âï�OÇ*Ê¾ÇîÂOÄ-Í{��ÊËÂ9È?Çîú�ÂËÄÆÂQÁEÈ?Ã�Àãú:É(�ÛÂ9ÈNÂ9Í�ÁEÂOÀ¹Â9Í�ÁEÈ?Â ö�Í0Ãëü�Ç�ÁEÈEÃëø0Ã�ÄÆÃ�õ�È?Ã�
ÔÄ§ÂOÁ?ÈEÃ�À
ú�É(�ÛÂOÈ?Â9Í�ÁEÂOÀ�ÀNÉ§ÁEö�Ã�ú0Ã�À#Â9Í¾ÂOÄ0Ê¾É§À?ÊËÇ Ä§ö�Å�Ã�È���3�ø
Ç*È-Â6÷NÂ9ÊËø�Ä§ÇãÄ Ã�ú�ÉÆÀ,Á�Ã�Í*�9É Ã�ú�ÂÌíHÃ�ÊËÊËÉÆÍ:Å
Â9Í�Á?È?Â Ä Ãëø�Ã�Ä Ã�õ:ÈEÃ¬M L üGÄÆÃëø0Ã�ÄÆÃ�õ�È?Ã¬MmMëÂ9À¹ö�Í:Çaø3Ç�È���ö�ÂËÄÆÃëø�È?É§ÊËÂ9ÈEÃÿÄÆÂQÁEÈ?ÃëÂ9À¹É§Å*ö0Ã�Ä
ü�Ä Ã�À?ÂOÅ*ö�Í�ú0Ãiú:ÉÆÀNÁ?ÉÆÍ�Á�Ã:Ýá#DÃhú�ÉÆÀ,Á�Ã�Í*�9É Ã�ú�Â íHÃ�ÊËÊËÉ§Í�ÅhÂOÍ�Á?È?Â LmLmL ü¾M L MhÂ9Àûú:Ç*À9Ý
ÿPÇ*Í�ÀNÁ?È?ö�É§È'ö�ÍëÃ�Ä§Å*Ç*È?É ÁEÊËÇø��ö:Â�ú0Ã�ú�Ã�ÀPú�Ç�ÀPø0Ã�ÄÆÃ�õ�ÈEÃ�À'ú�ÂE�9Â9ÈNÇ*À'ü¾ö�Í:Ç*ÀPÍ�Ç*ÀPú:Â & ö�Â9Ä & ÃÀ?örú:ÉÆÀNÁEÃ�Í��OÉ Ãùú�Â_íHÃ�ÊËÊËÉÆÍ:Å�Ý
ù#Õ9Ó�Ù%ÎuÀ�ÎuÀÛÏ%ú��ZÝDü�Ã�ú�Ã ö�Í�Ã Ä§ÉÆÀNÁEÃeÇ*È?ú�ÂOÍ0Ã�ú0Ã¥ú�Â-Ê¾ÂOÍ�Ç*ÈDÃ¥ÊûÃ[ü*Ç*È_ú�Â-Í���ÊËÂ9ÈNÇ*ÀDÂ9Í�ÁEÂ9ÈNÇ*À
üîÇ�Á?È?ÇËÍ{��ÊËÂ9È?ÇËÂOÍ�ÁEÂOÈ?Çï�OÇ*Í�ÀNÁ?È?ö�É§È¥ö�Í�Ã�ÄÆÅ�Ç*È?É¨Á?ÊËÇ%��ö�Â¹ÉÆÍ�ÀNÂ9È,ÁEÂ¹ú�É(�°
�ÇËÍ���ÊËÂ9ÈNÇËÂ9ÍrÂ9Ä
ÄÆö�Å�Ã�È´�9Ç*ÈNÈ?Â9ÀNø
Ç*Í�ú�É§Â9Í�ÁEÂ¹ú�ÂãÄÆÃ�Ä§ÉÆÀNÁEÃùÉÆÍ�É(�9ÉÆÃ�ÄÔÝ
ù#Õ9Ó�Ù%ÎuÀ�ÎuÀÛÏ����_Ý ü�Ã�ú0Ã�Àaú�Ç�ÀaÄÆÉ§ÀNÁ�Ã�À

a1, .., an
ü
b1, ..., bm

ú:ÂhÍ���ÊËÂ9ÈNÇ*ÀaÂOÍ�ÁEÂOÈ?Ç�À9ý
�9Ç*Í�À,ÁEÈNö�ÉÆÈ=ö�ÍËÃ�ÄÆÅ*Ç�È?É¨Á?ÊËÇHø0Ã�È?Ãß�9Ç�Í�ÀNÁ?È?ö�É§È#ÂOÄ0ø:È?Ç�ú�ö��QÁEÇø�[Ã�ÈNÁEÂOÀ?ÉÆÃ�Í�Çãú:Â¥ÄÆÃ�À=ú�Ç*À#Ä§ÉÆÀNÁEÃ�À9ý
Â9ÀNÁ?Ç¾ÂOÀ9ý0Â9Ä��OÇ*Í%÷Nö�Í�ÁEÇ:�9Ç�Ê¾ø:ÄÆÂOÁ?Ç ú:Â¹Ä§Ç*À£ø0Ã�È?Â9À¥Ç*ÈNú�Â9Í0Ã�ú�Ç*À¥ú�ÂãÄ Ã)�ÛÇ*È?Ê¾Ã

(ai, bj)
Ý

ôËÞ�� ö�÷Aêeâ=ï'ä9ïPäQáÌçpâBê¥ç��ëê£ßQåDáÌç
ù#Õ9Ó�Ù%ÎuÀ�ÎuÀÛÏ����_Ý$#_ÉÆÀNÁEÃ�ú�Â��6Í�Å*ÈNÂ9À?Ç�À43���ý� �ý! �Ý$#_ÉÆÀ,Á�Ã�ú:Â#"ãÃ�ÀNÁ?Ç*À43$ �ý 
 Ý

¿#Í�Á?ÈEÃ�ú0ÃK3%� ý! �ý! !&! �ý 
 Ý
I := 5

ý
i := 1�9Ç�Ê¾Ç

1 ≤ 2
Â9Í�ÁEÇ�Í��9ÂOÀ

i := 2
ý
I := 5 + 4�9Ç�Ê¾Ç

2 ≤ 2
Â9Í�ÁEÇ�Í��9ÂOÀ

i := 3
ý
I := 13�9Ç�Ê¾Ç

3 > 2
ÀEÃ�ÄÆÂ ú�Â9Ä_õ�ö*�9Ä§Â�Ý

Ingresos := 13

G := 4
ý
j := 1�9Ç�Ê¾Ç

1 ≤ 1
Â9Í�ÁEÇ�Í��9ÂOÀ

j := 2
ý
G := 4 + 3�9Ç�Ê¾Ç

2 > 1
ÀEÃ�ÄÆÂ ú�Â9Ä_õ�ö*�9Ä§Â�Ý

Gastos := 7

Balance := 13− 7 = 6

ù#Õ9Ó�Ù%ÎuÀ�ÎuÀÛÏ�û��_ÝË¿#Ä�Ã�ÄÆÅ*Ç�È?É¨ÁEÊ ÇûÁEÂ9ÈNÊ¾É§Í0Ãÿø
Ç*È���ö�ÂËÂOÄ#õ�ö��9Ä§Â À?ÂËÈNÂ9ø�É¨ÁEÂ Â�ý:Ã
�OÁEÃ�Ê¾ÂOÍ�Á?Â
n− 1 & ÂB�9ÂOÀ9Ý¿#Í�Á?ÈEÃ�ú0ÃK3 L ý ñ ý2M:Ý
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a := 1
ý
i := 1�9Ç*ÊËÇ

1 ≤ 2
Â9Í�ÁEÇ*Í��OÂ9À

i := 2
üîÃ�ÄZÀ?Â9È

1 < 2
Â9Í�ÁEÇ*Í��OÂ9À

a := 2�9Ç*ÊËÇ
2 ≤ 2

Â9Í�ÁEÇ*Í��OÂ9À
i := 3

üîÃ�ÄZÀ?Â9È
2 < 0

Â9Í�ÁEÇ*Í��OÂ9À
a := 2�9Ç*ÊËÇ

3 > 2
ÀEÃ�Ä§Â ú�Â9Ä_õ�ö��OÄÆÂ�Ý

> Ã�Ä§ÉÆú0Ã*3 a = 2
Ý

ù=Õ9Ó�Ù�ÎuÀÔÎuÀÛÏ�û('0Ý�¿#ÄDÃ�ÄÆÅ*Ç*ÈNÉ¨ÁEÊ ÇùÈ?Â[Ã�ÄÆÉ('[ÃùÄÆÃ�À?É§Å*ö�É§Â9Í�ÁEÂ À?ö:ÊûÃ*3

Σn
i=1Σ

i
j=1j.

ù=Õ9Ó�Ù�ÎuÀÔÎuÀÛÏ�û��ZÝX#_É§ÀNÁ�ÃK3 L ý 
 ý�� ý�) ý�*:Ý
+~��ÀH��ö:Â9ú0Ã¾ÀNÂ4�Oö�Â9Í��9ÉÆÃ�Ä63
i := 1


 L Ç�ø
Â9ÈEÃ+�9É(�*Í��
ÿPÇ*ÊËÇ

1 ≤ 5
ü
1 6= 9

ÂOÍ�ÁEÇ�Í��9ÂOÀ
i := 2

Ý,
- ËÇ�ø
Â9ÈEÃ+�9ÉÆÇ�Í�Â9À��
ÿPÇ*ÊËÇ

2 ≤ 5
ü
3 6= 9

ÂOÍ�ÁEÇ�Í��9ÂOÀ
i := 3

Ý,
- ËÇ�ø
Â9ÈEÃ+�9ÉÆÇ�Í�Â9À��
ÿPÇ*ÊËÇ

3 ≤ 5
ü
5 6= 9

ÂOÍ�ÁEÇ�Í��9ÂOÀ
i := 4

Ý,
- ËÇ�ø
Â9ÈEÃ+�9ÉÆÇ�Í�Â9À��
ÿPÇ*ÊËÇ

4 ≤ 5
ü
7 6= 9

ÂOÍ�ÁEÇ�Í��9ÂOÀ
i := 5

Ý,
- ËÇ�ø
Â9ÈEÃ+�9ÉÆÇ�Í�Â9À��
ÿPÇ*ÊËÇ

5 ≤ 5
ø
ÂOÈ?Ç

9 = 9
Â9Í�Á?Ç*Í��OÂ9À ÀEÃ�Ä§Âãú:Â9Ä_õ�ö��OÄÆÂ�Ý.
 ñ Ç*ø
Â9È?Ã
�9É§Ç*Í�ÂOÀ/�

ÿPÇ*ÊËÇ
5 ≤ 5

ÂOÍ�Á?Ç*Í��9ÂOÀþÄÆÃ�À?Ã�ÄÆÉ§ú0ÃùÂ9À10�2·Ý.
 ñ Ç*ø
Â9È?Ã
�9É§Ç*Í�ÂOÀ/�
«�Ç�ÁEÃ�Ä_ú:Â¹Ç�ø
Â9ÈEÃ+�9É§Ç*Í�Â9ÀB3 ñKL Ý

+~��ÀH��ö:Â9ú0Ã¾õ:ÉÆÍ0Ã�ÈNÉ Ã*3
i := 1

ý
j := 5


 ñ Ç*ø
Â9ÈEÃ+�9É§Ç*Í�Â9À��
ÿPÇ*ÊËÇ

1 < 5
ü
1 6= 9

ÂOÍ�ÁEÇ�Í��9ÂOÀ
m := 3

Ý,
� Ç*ø
ÂOÈEÃ
�OÉÆÇ*Í�ÂOÀ/�
ÿPÇ*ÊËÇ

5 < 9
ÂOÍ�ÁEÇ�Í��9ÂOÀ

i := 4
ý
j = 5

Ý,
� Ç*ø
ÂOÈEÃ
�OÉÆÇ*Í�ÂOÀ/�
ÿPÇ*ÊËÇ

4 < 5
ÂOÍ�ÁEÇ�Í��9ÂOÀ

m := 4
Ý,
 
 Ç*ø
ÂOÈEÃ
�OÉÆÇ*Í:Â9À/�

ÿPÇ*ÊËÇ
7 < 9

ÂOÍ�ÁEÇ�Í��9ÂOÀ
i := 5

ý
j = 5

Ý,
� Ç*ø
ÂOÈEÃ
�OÉÆÇ*Í�ÂOÀ/�
ÿPÇ*ÊËÇ

5 = 5
ÂOÍ�ÁEÇ�Í��9ÂOÀþÀ?Ã�ÄÆÂ ú�ÂOÄDõ:ö��9Ä§Â�Ý,
 L Ç*ø
ÂOÈEÃ
�OÉ���Í��

ÿPÇ*ÊËÇ
a5 = 9

Â9Í�ÁEÇ*Í*�9Â9À Ä ÃùÀEÃ�Ä§ÉÆú0ÃÌÂ9À�0�2·Ý.
 ñ Ç*ø
ÂOÈEÃ
�OÉÆÇ�Í�Â9À��
«�Ç�ÁEÃ�Ä_ú:Â¹Ç�ø
Â9ÈEÃ+�9É§Ç*Í�Â9ÀB3 ñ M:Ý
ù=Õ9Ó�Ù�ÎuÀÔÎuÀÛÏ�û»ûZÝX#_É§ÀNÁ�ÃK3 L ý 
 ý ñ ý�*:ý�� ý! �Ý

ÿPÇ*ÊËÇ
a1 < a2

Â9Í�Á?Ç*Í��OÂ9À Í�ÇËÀ?Âø
0Ã
�OÂ¹Í�É§Í�Å*ö:Í0Ã�Ç*ø
Â9È?Ã
�9É(�*ÍZÝ
ÿPÇ*ÊËÇ

a2 > a3
Â9Í�Á?Ç*Í��OÂ9À

a2 = 2
ü
a3 = 3

Ý
ÿPÇ*ÊËÇ

a3 < a4
Â9Í�Á?Ç*Í��OÂ9À Í�ÇËÀ?Âø
0Ã
�OÂ¹Í�É§Í�Å*ö:Í0Ã�Ç*ø
Â9È?Ã
�9É(�*ÍZÝ

ÿPÇ*ÊËÇ
a4 > a5

Â9Í�Á?Ç*Í��OÂ9À
a4 = 5

ü
a5 = 9

Ý



Y*[��8[¾Ê	�hÊ$`ßNDa�NDa�W@d `EÊXd�TIÊ$UuS~W@d L�ñ �
ÿPÇ*ÊËÇ

a5 > a6
Â9Í�ÁEÇ*Í*�9Â9À

a5 = 4
ü
a6 = 9

Ý
üHÂãÂ9ÀNÁ?Â¹ÊËÇ�ú�Ç ÄÆÃ�ÄÆÉ§ÀNÁEÃùÂ9À Ã

�Ç*È?Ã*3 L ý ñ ý 
 ý�� ý! �ý�*:Ý
¿#ÄDÃ�Ä§Å*Ç*È?É¨Á?ÊËÇùÈNÂ4�9Ç�Ê¾É§Â9Í�'9Ã%�9Ç*ÍaÄ ÃùÄÆÉ§ÀNÁEÃ*3 L ý ñ ý 
 ý�� ý! �Ý
CHÄ�È?ÂB�9Ç*ÈNÈ?Â9È'ÂOÀNÁ�Ã¶Í�ö:Â & ÃÌÄ§ÉÆÀ,Á�Ã:ý�Â9Ä
Êïîhý ÉÆÊËÇ:ý{��ö�ÂþÂ9ÀPÂOÄ�� ý�À?ÂE�9Ç*Ä§Ç��[Ã¹ÂOÍÿÂOÄ���Ä§Á?ÉÆÊËÇ

ÄÆö�Å�Ã�ÈPüëÄ ÃùÄÆÉ§ÀNÁ�Ã)��ö:Â9ú0ÃËÇ*ÈNú�Â9Í�Ã�ú0Ã:Ý
ù#Õ9Ó�Ù%ÎuÀ�ÎuÀÛÏÀû�úDÝ�ôBÃ�ÈEÃÿÃ�ø�È?Ç & Â4�°
0Ã�ÈHÂ9ÄBÃ�ÄÆÅ*Ç*ÈNÉ¨ÁEÊ ÇËú�Â9ÄCÊïîhý ÉÆÊËÇËÇ*õ�ÀNÂ9È & Ã�Ê¾Ç�À���ö:ÂùÂ9Ä
ÊïG§Í�É§ÊËÇ¥ú�ÂPö�Í0ÃþÄÆÉ§ÀNÁ�Ã

a1
ý:Ý¨Ý¨Ý§ý

an

Â9ÀBÂ9Ä�Êìî�ý:É§ÊËÇ#
ª�9Ã�Êùõ�É Ã�ú�Çþú:ÂPÀ?É§Å*Í�Ç3�_ú�ÂPÄ§Ç*À & Ã�Ä§Ç*È?ÂOÀú�ÂÌÄ Ã¾Ä§ÉÆÀ,Á�Ã −a1 ýCÝ¨Ý§Ý¨ý −an

ÝHôCÇ*ÈþÁEÃ�Í�Á?ÇÿÀNÉCÄÆÄ Ã�Ê¾Ã�ÊËÇ�À
M

Ã�ÄCÃ�ÄÆÅ�Ç*È?É¨Á?ÊËÇ:��ö�Â��9Ã�Ä��Oö�Ä Ã
Â9Ä_Êïîhý ÉÆÊËÇÌÁEÂOÍ�Â9ÊËÇ*À@��ö�Â
3

¿#Í�Á?ÈEÃ�ú0ÃK3
a1
ýZÝ§Ý¨Ý¨ý

an
Ý40Ç*È

i = 1
ÁEÇ

n
bi := −ai

m := −M(b1, ...bn)
> Ã�Ä§ÉÆú�Ã*3 m Ý

ù#Õ9Ó�Ù%ÎuÀ�ÎuÀÛÏ�û��_Ý > Â[Ã ÄÆÃ�Ä§ÉÆÀNÁEÃ
L
365 L ý 
 ý ñ ý�*:ý�� ý! �Ý

ÿPÇ*ÊËÇhÂ9Ä¥Ê:GÆÍ�É§ÊËÇGú�ÂaÄ Ã�Ä§ÉÆÀ,Á�Ã
L

Â9À
a1 = 1

ÂOÍ�Á?Ç*Í��9ÂOÀûÍ�ÇsÀNÂ 
0Ã
�OÂrÍ�É§Í�Å*ö�Í0Ã
Ç*ø
Â9È?Ã
�9É(�*ÍZÝ

L :=

 ý ñ ý�*:ý�� ý! �Ý

ÿPÇ*ÊËÇ Â9Ä_Ê:GÆÍ:ÉÆÊ Çùú�ÂãÄ ÃùÄÆÉ§ÀNÁ�Ã
L
Â9À

a3
Â9Í�ÁEÇ*Í*�9Â9À

a2 = 2
ü
a3 = 3

Ý
L :=


 ý�*:ý�� ý! �Ý
ÿPÇ*ÊËÇHÂOÄ ÊïG§Í�É§ÊËÇ ú:ÂPÄ Ã ÄÆÉ§ÀNÁ�Ã

L
ÂOÀ
a3

Â9Í�Á?Ç*Í��OÂ9À=Í�Ç�ÀNÂ´
�Ã
�9ÂPÍ�É§Í�Å*ö�Í�ÃþÇ*ø
Â9È?Ã
�9É(�*ÍZÝ
L :=

*:ý�� ý! �Ý
ÿPÇ*ÊËÇ Â9Ä_Ê:GÆÍ:ÉÆÊ Çùú�ÂãÄ ÃùÄÆÉ§ÀNÁ�Ã

L
Â9À

a6
Â9Í�ÁEÇ*Í*�9Â9À

a6 = 9
ü
a4 = 4

Ý
L :=

� ý�*:Ý
ÿPÇ*ÊËÇ Â9Ä�Ê:GÆÍ�É§Ê Ç�ú:Â¥ÄÆÃ�ÄÆÉ§ÀNÁEÃ

L
Â9À
a5

Â9Í�ÁEÇ*Í��OÂ9À-Í�ÇãÀ?Â�
0Ã
�9Â£Í�ÉÆÍ:Å*ö�Í0Ã�Ç*ø
ÂOÈEÃ
�OÉ��*Í
üëÂ9ÄDÃ�ÄÆÅ*Ç*ÈNÉ¨ÁEÊ Ç�
0Ã�ÁEÂOÈ?ÊËÉÆÍ�Ã�ú�Ç�Ý

> Ã�Ä§ÉÆú�Ã*3 L :=
L ý ñ ý 
 ý! �ý�� ý�*:Ý

ù#Õ9Ó�Ù%ÎuÀ�ÎuÀÛÏÀû��_Ý ¿#ÄCø
Â9Ç*ÈHú�ÂÌÄÆÇ*ÀE�[Ã�À?Ç*À�ÂOÀßî
��ö�Â9ÄBÂOÍ���ö�Â�ÄÆÃûÃ�ÀNÉÆÅ*Í0Ã+�9É(�*Í
a := ai

ÀNÂ

0Ã
�9ÂãÀ?É§Â9ÊËø�È?Â�ý�Â9À,ÁEÇËÂ9À9ý2�9ö0Ã�Í�ú�ÇËÄ ÃùÄÆÉ§ÀNÁ�ÃÌÂ9ÀNÁvîËÇ*ÈNú�Â9Í�Ã�ú0Ã ú�ÂãÊËÂ9Í�Ç�È Ã�Ê¾Ã^ü*Ç*ÈOÝ

a1 ≤ a2 ≤ ... ≤ an.

ù#Õ9Ó�Ù%ÎuÀ�ÎuÀÛÏcû��AÝ�üHÂ9ÊËÇ*À,ÁEÈEÃ�Ê¾Ç*À@��ö:Â
P (x) = a0 + a1x + ... + asx

s Â9Àþú�Â9Ä�ÊËÉÆÀNÊ¾Ç
Ç*È?ú�ÂOÍ¾��ö�Â

xs Ý¾#DÃhÇ�õ�À?ÂOÈ & Ã+�9É���Í\�Ûö�Í�ú0Ã�Ê¾ÂOÍ�ÁEÃ�Ä£ÂOÀï��ö�Âaö�Íoø
Ç�ÄÆÉÆÍ:Ç*ÊËÉ¨ÇGú�ÂaÅ*È?Ã�ú�Ç
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s
ÁEÉ§Â9Í�ú�Â�Ã

+∞ 
¸�9ö0Ã�Í:ú�Ç
x
ÁEÉ§Â9Í�ú:Â Ã

+∞ �E�9ö�Ã�Í�ú�ÇîÀNöþ�9Ç�Â�J2�9É§Â9Í�ÁEÂ�ø�È?É§Í��9É§ø0Ã�Ä8
ÛÂ9Ä
�OÇ�ÂBJ2�OÉÆÂOÍ�ÁEÂ¶ú�ÂOÄ�ÊËÇ*Í�Ç�Ê¾É§Ç�ú�Â¶Ê¾Ã^ü*Ç�È Å�ÈEÃ�ú:Ç3�eÂ9Àþú�Â¶ÀNÉÆÅ*Í:Ç¾ø
Ç*ÀNÉ§Á?É & Ç�ÝPôCÇ*È¥ÁEÃ�Í�Á?Ç¾Â9Í
ÁEÃ�Ä��[Ã�ÀNÇ¶À?öËÀ?ÉÆÅ�Í�ÇãÂ9À�ø
Ç*ÀNÉ§Á?É & Çãø�Ã�ÈEÃ�ÁEÇ�ú�Ç x ÊûÃ[ü*Ç*È#Ç¹É§Å*ö0Ã�Ä���ö�Â ö�Í:�9É§Â9ÈNÁ?Ç

n0

Ôø�Ã�ÈEÃ

ÂOÄ���ö�Â¹Í�ÇËÀNÂ¶Ã�ø
Ç�ÈNÁ�Ã�ö:Í0Ã Â�ý ø�ÈNÂ9À?É(�*ÍrÂ�ý ø�Ä�G(�9É§ÁEÃ9�QÝ
¿#Ä-ø
Ç�ÄÆÉÆÍ:Ç*ÊËÉ¨Ç

xs ú�Ç�Ê¾É§Í0ÃëÃ
P (x)

ü�Ã¬��ö�ÂËÀ?É=ÁEÇ*Ê¾Ã�ÊËÇ*À
k > as

ÀNÂ ÁEÉ§Â9Í�Â%��ö:Â
kxs − P (x) = (k − as)x

s + ... + (−a0)
ý=��ö�ÂùÀ?ÂOÅm��ÍGÄ ÃËÇ*õ�À?ÂOÈ & Ã
�9É(�*Í�Ã�Í�ÁEÂOÈ?É§Ç*ÈþÂOÀ

ø
Ç�À?É§Á?É & Ç�ø0Ã�È?Ã�Á?Ç�ú�Ç
x ≥ n0

Ý
P (x)

ú�Ç*ÊËÉÆÍ�ÃîÃ
xs ü�ÃÏ��ö�ÂËÀ?É#ÁEÇ�ÊûÃ�Ê¾Ç�À

k > 1/as

ÂOÍ�Á?Ç*Í��9ÂOÀ
kP (x) − xs =

(kas − 1)xs + ...+ ka0
Ý

ù=Õ9Ó�Ù�ÎuÀÔÎuÀÛÏÏû:�ZÝ=¿-À-ö�Í0Ãß�9Ç*Í:À?Â4�Oö�Â9Í��9ÉÆÃ¹ú�É§È?ÂB�OÁ�Ã ú:Â¥Ä Ã��¸�*È?Êùö�ÄÆÃHú�Â9Ä��[Ã�Êùõ�É§Ç ú�Â¥õ0Ã�À?Â
3

loga(n) = loga(b)logb(n).

ù=Õ9Ó�Ù�ÎuÀÔÎuÀÛÏáû��ZÝìC£ú%÷Nö�Í�ÁEÃ�ÊËÇ*ÀãÄ Ã�ÀãÅ�Èvî+J2�9Ã�À¹È?ÂOø�È?ÂOÀ?ÂOÍ�Á�Ã�ú0Ã�À)�OÇ*Í<;rÃ�ø�ÄÆÂ�ý�ú�Ç*Í�ú:Â¾À?Â
Ç�õ�À?ÂOÈ & Ã�ÍrÄÆÃ�À£ú�É§ÀNÁEÉ§Í�ÁEÃ�À£ÈNÂ9ÄÆÃ
�9É§Ç*Í�ÂOÀ£ú�Âãú�Ç*ÊËÉÆÍ0Ã�Í*�9ÉÆÃ:Ý

#DÃ:�Ûö:Í��9É(�*Í
l(n)

ú�Ç�Ê¾É§Í0ÃËÃËÄÆÃ��Ûö:Í��9É(�*Í L ø
Ç*È���ö�Â
l(n) > 1

ø0Ã�ÈEÃ:�9Ã�ú0Ã
n ≥ 3

Ý
¿#ÍîÂB�ÛÂB�OÁ?Ç�ý�Ä ÃÈ�Ûö�Í��OÉ��*Í

g(n) = l(n)− 1
Â9À£ø
Ç*ÀNÉ§ÁEÉ & ÃÌø0Ã�È?Ã��[Ã�ú�Ã n ≥ 3

ø�ö�Â9À,ÁEÇ���ö:Â
g(3) > 0

üëÂ9À@�9ÈNÂ4�9É§Â9Í�ÁEÂ=
ÛÀ?öaú�Â9ÈNÉ & Ã�ú0Ã g′(n) = 1/n > 0
�QÝ

> Â & ÂOÈ?É(J��[Ã���ö:Â n > l(n)
ø0Ã�È?Ã��[Ã�ú0Ã

n ∈ N
Ý&¿#ÍUÂB�ÛÂ4�QÁEÇ:ý¥ÀNÂ[ÃiÄ Ãþ�Ûö:Í��9É(�*Í

h(n) = n − l(n)
ýZÀ?Â & Â9ÈNÉ(J2�9Ã,��ö:Â h(1) > 0

ü ��ö:Â�Â9À ÀNÉÆÂOÊ¾ø:È?Â)�9È?ÂB�9É§Â9Í�ÁEÂùü�Ã,��ö�Â
h′(n) = 1− 1/n > 0

Ý
#DÃ�À¥ú�ÂOÊìî�À£ú�Ç*ÊËÉÆÍ0Ã�Í��9ÉÆÃ�ÀeÀNÇ*ÍÏ�9Ç*Í�ÀNÂ4�Oö�Â9Í��9ÉÆÃËú�Âø��ö�Â
3

r(n) = nl(n)− n r(3) > 0 r′(n) = l(n) > 0

s(n) = n2 − nl(n) s(1) > 0 s′(n) = 2n− l(n)− 1 > 0

t(n) = en − n2 t(1) > 0 t′(n) = en − 2n > 0.

ù=Õ9Ó�Ù�ÎuÀÔÎuÀÛÏ�ú:�_Ý > É T ú�Ç�Ê¾É§Í0Ã Ã
S
Â9Í�ÁEÇ*Í��OÂ9ÀþÂ�ý ÉÆÀ,ÁEÂOÍ

n0 ∈ N
ü
k ∈ R+ ú�Â¹Ê¾Ç�ú:Ç

��ö�Âãø0Ã�ÈEÃ%�[Ã�ú0Ã
n ≥ n0

ÀNÂ & ÂOÈ?É(J��[Ã

S(n) ≤ kT (n).
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üHÂ¹ÂOÀNÁEÂãÊ¾Ç�ú�Ç�ø0Ã�È?Ã��9Ã�ú0Ã
n ≥ n0

À?Â & Â9È?É;J2�[Ã

S(n) + T (n) ≤ (k + 1)T (n).

#_Ç:��ö�Â¹Êùö�ÂOÀNÁ?ÈEÃ���ö�Â
T

ú�Ç*ÊËÉÆÍ0ÃùÃ
S + T

Ý
#DÃ¥À?ÂOÅ*ö�Í�ú0ÃÌ�Oö�Â9À,ÁEÉ���Í¶ÂOÀ�À��*Ä§Ç¥Ç*õ�À?ÂOÈ & Ã�ÈI��ö:Â�Ä Ã´�Ûö�Í*�9É���Í¹Í��:Ê¾ÂOÈ?Ç ú:Â�Ç*ø
ÂOÈEÃ
�OÉÆÇ*Í:Â9À

ÂOÍrÂOÄ_ø
Â9Ç*È¥ú:Â¹Ä§Ç*À��9Ã�À?Ç*À¥ú�Â9ÄDÃ�Ä§Å*Ç*ÈNÉ¨ÁEÊ Ç���ö:Â_�9Ç*Í*�[Ã�Á?Â9Í0Ã
A1

ü
A2

Â9À
T + S

Ý
ù=Õ9Ó�Ù�ÎuÀÔÎuÀÛÏ�úA'0Ýe¿#Ä�Ã�ÄÆÅ�Ç*È?É¨Á?ÊËÇ�ú�Â¹Ç*È?ú:Â9Í0Ã+�9É���Írõ�ö:È?õ�ö%÷?ÃËÂOÀþö�Í�Ã�ÄÆÅ�Ç*È?É¨Á?ÊËÇ�ú�Â_�9Ç�Ê��
ø:ÄÆÂ.÷NÉ§ú0Ã�ú��9ö0Ã�ú�Èvî�Á?É��9Ã

O(n2)
Ý#¿#ÍûÂ��ÛÂ4�QÁEÇ�ý��[Ã�ú0Ã & Â4'E��ö:ÂþÀ?ÂþÂ6÷NÂ4�9ö Á�Ã¶Â9Ä�õ�ö*�9ÄÆÂ ÂOÍ j Â9Äõ:ö��9Ä§ÂPÂOÍ

i

0Ã
�OÂPö�Í0ÃE�[Ã�Í�ÁEÉ§ú0Ã�úÈ�9Ç*Í:ÀNÁ�Ã�Í�ÁEÂPú:ÂPÇ*ø
ÂOÈEÃ
�OÉÆÇ*Í:Â9À�ü¹Ä Ã�ÀI
0Ã
�OÂPÂ�ý�Ã+�OÁ�Ã�Ê¾ÂOÍ�ÁEÂ

n− j & ÂB�9ÂOÀ9ý��9Ç�Ê¾Ç

1 + 2 + 3 + ..+ n = n(n+ 1)/2,

ÀNÂãÁ?ÉÆÂ9Í:ÂãÂ9Ä_ÈNÂ9ÀNö�Ä§ÁEÃ�ú�Ç�Ý
üHÂËÉÆÅ*ö�Ã�Ä=Ê¾Ã�Í�ÂOÈEÃîÂOÄ�Ã�ÄÆÅ*Ç�È?É¨Á?ÊËÇëú�Â À?ÂOÄÆÂ4�B�9É(�*ÍsÂOÀ_�9ö0Ã�ú�Èvî�Á?É��OÇaø�ö�ÂOÀ¶ÂOÄ-õ�ö*�9ÄÆÂ

jÀNÂ¶È?ÂOø�É§Á?Â
n− 1 & Â4�OÂ9Àþü¬�[Ã�ú�Ã¾ö:Í0ÃËú�Â¶ÂOÄÆÄÆÃ�À¥Ä§Ä Ã�ÊËÃ�ÃËö�ÍjÃ�ÄÆÅ*Ç�È?É¨Á?ÊËÇ�ÄÆÄ Ã�Ê¾Ã�ú�Ç

min��ö�ÂãÂ9À Ä§ÉÆÍ�Â9Ã�Ä�Ý
ù=Õ9Ó�Ù�ÎuÀÔÎuÀÛÏÏú��ZÝ#¿#Ä
Ã�Ä§Å*Ç*ÈNÉ¨ÁEÊ Ç ú�Â Ç*È?ú:Â9Í0Ã
�OÉ���Í¾õ�ö:È?õ�ö%÷?ÃãÂ9Ào�Oö0Ã�ú:Èvî�Á?É��9Çãü�Â9Ä
Ã�ÄÆÅ*Ç�È?É¨Á��
ÊËÇ¹ú�Âþõ���ÀH��ö:Â9ú0ÃÌõ�ÉÆÍ�Ã�È?ÉÆÃãÂOÀ'ÄÆÇ*Å�Ã�È�G¨Á?ÊËÉ;�9Ç�ý�ø
Ç�È�ÁEÃ�Í�Á?Ç¶Ä Ãø�OÇ*Í��[Ã%ÁEÂOÍ0Ã
�9É(�*Íûú:ÂHÃ�Êùõ
Ç*À
ÂOÀÌ�Oö0Ã�ú�È�î�ÁEÉ(�[Ã:Ý;rÉÆÂOÍ�Á?ÈEÃ�ÀOý0Ä Ãùõ���ÀH��ö�Â9ú0Ã¾ÀNÂ4�Oö�Â9Í��9ÉÆÃ�Ä_Â9À Ä§ÉÆÍ:Â[Ã�Ä�Ý

¿#ÍGÄ§Ç*À À?ÉÆÅ�ö�ÉÆÂOÍ�ÁEÂOÀþÂ.÷NÂOÈ��9É(�9É§Ç*À9ý
ú�Â.÷?Ã�Ê¾Ç*ÀþÃ�Ä�Â9À,ÁEö�ú�ÉÆÃ�Í�Á?ÂÌÄ ÃËø�Ã�ÈNÁ?ÂÌú�ÂùÃ�ø�ÄÆÉ(�[Ã�È¥Ä§Ç*À
Ã�ÄÆÅ*Ç*ÈNÉ¨ÁEÊ Ç*À£Ã�ÄÆÉ§ÀNÁEÃ�À´�9Ç*Í��OÈ?ÂQÁ�Ã�ÀOÝ

ù=Õ9Ó�Ù�ÎuÀÔÎuÀÛÏ�úkû_Ý$üþÂBJ0Í�É§Ê¾Ç�Àeø�È?É§Ê¾ÂOÈ?Çùö�ÍaÃ�ÄÆÅ*Ç�È?É¨Á?ÊËÇ)��ö�Âß�[Ã�Ä(�9ö�ÄÆÃÌÂ9Ä & Ã�Ä§Ç*ÈeÃ�õ�ÀNÇ*ÄÆö:Á?Çú:Â¹ö�ÍaÂOÍ�ÁEÂOÈ?Ç:Ý
¿#Í�ÁEÈ?Ã�ú0Ã*3

a�"�
a < 0

Á�
�Â9Í |a| := −a ÂOÄÆÀ?Â |a| := a
Ý

> Ã�Ä§ÉÆú0Ã*3 |a|B õ�À?ÂOÈ & Ã�È@��ö:Â −a = a ∗ (−1) Ý¿#Í�ÁEÇ�Í��9ÂOÀùÃ�ø�ÄÆÉ(�[Ã�Ê Ç*À�Â9Ä�Ã�ÄÆÅ*Ç�È?É¨Á?ÊËÇ
M

��ö�Âï�9Ã�Ä��Oö�ÄÆÃëÂ9Ä#Êìîhý É§Ê¾ÇëÃaÄÆÃëÄÆÉ§ÀNÁ�Ãÿú�Â
Ä§Ç*À & Ã�ÄÆÇ*ÈNÂ9À¥Ã�õ�À?Ç�ÄÆö:Á?Ç*À9Ý
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¿#Í�Á?ÈEÃ�ú0ÃK3

a1
ýZÝ§Ý¨Ý¨ý

an

Ý40Ç*È
i = 1

ÁEÇ
n

ai := |ai|
> Ã�Ä§ÉÆú�Ã*3 M(a1, ..., an)¿#ÄþÃ�Ä§Å*Ç*ÈNÉ¨ÁEÊ Ç�ú�Â9Ä¥Êìîhý É§Ê¾Ç�ÂOÀ¾ú�Â �9Ç*ÊËø�Ä§Â.÷NÉ§ú0Ã�ú¯ÄÆÉÆÍ:Â[Ã�Ä�ý�Â9Ä@�8î�Ä(�9ö�Ä§Çhú�Â9Ä & Ã�ÄÆÇ�ÈÃ�õ�À?Ç�ÄÆö:Á?Ç Â9Àÿú�Â��OÇ*ÊËø�ÄÆÂ6÷NÉÆú0Ã�ú��OÇ*Í�ÀNÁEÃ�Í�Á?ÂC


T (n) = 3
�QÝ #DÃiÈ?Â9Ã�À?É§Å*Í0Ã+�9É���Í4ú�ÂjÄ Ã

ÄÆÉÆÀ,Á�Ã�Á?ÉÆÂ9Í:ÂÈ�9Ç�Ê¾ø�Ä§Â.÷NÉ§ú0Ã�úaÄ§ÉÆÍ�Â9Ã�Ä>

T (n) = 5n + 3

�]Ý ôCÇ*È Á�Ã�Í�ÁEÇ¾Â9ÄCÃ�Ä§Å*Ç*ÈNÉ¨ÁEÊ ÇËÂOÀHú�Â
�9Ç*ÊËø�Ä§Â.÷NÉÆú�Ã�úëÄ§ÉÆÍ�Â9Ã�Ä�Ý
ù#Õ9Ó�Ù%ÎuÀ�ÎuÀÛÏ5ú»úDÝ=¿#Ä0ø:È?Ç�ú�ö��QÁEÇãú�Â¥ú:Ç*À-ÂOÍ�Á?Â9È?Ç�À-ø
Ç*À?É¨ÁEÉ & Ç�À=Í�ÇãÂ9À-Êïî�À���ö�Â¥À?ö�Ê¾Ã�È=ö�Í�Ç
ú�Â¶ÂOÄÆÄ§Ç*À£ÁEÃ�Í�ÁEÃ�À & ÂB�9Â9À��OÇ*Ê¾ÇËÉ§Í�ú�É(�[Ã ÂOÄDÇ�ÁEÈNÇ�Ý�ÿPÇ�Ê¾ÇËÂ9ÄDø�ÈNÇ�ú�ö��QÁEÇ¾Â9ÀE�OÇ*Í�Êùö:Á�Ã%ÁEÉ & Çü ÄÆÃ�ÀNö�ÊûÃ�ö�Í0ÃjÇ*ø
Â9È?Ã
�9É(�*Íqõ�î�À?É(�[Ã:ý#ÂOÄÆÂ9Å�ÉÆÊËÇ*À¶ÂOÄeÊ:GÆÍ�É§Ê Ç�ú�ÂÿÄÆÇ�Àùú�Ç�À�ø0Ã�ÈEÃjú�ÂB�9É§È
�9ö2î�Í�Á�Ã�À & Â4�OÂ9Àø
0Ã[ü ��ö:Â ÀNö�Ê¾Ã�È9ÝD;aö�Ä§Á?ÉÆø�Ä§É(�9Ã�ÊËÇ�ÀþÂ9Í�ÁEÇ*Í��OÂ9ÀãÄ§Ç*À & Ã�Ä§Ç*È?ÂOÀ Ã�õ:À?Ç*Ä§ö:ÁEÇ*Àüëú�Â9ÀNø�ö��OÀ�Ã%ÁEÂ9Í:ú�Â9ÊËÇ*À Ã�ÄZÀ?É§Å*Í�Ç*3

¿#Í�Á?ÈEÃ�ú0ÃK3
a, b.

a1 =
Ê:GÆÍ�É§Ê Ç {|a|, |b|} ý a2 := Êìîhý É§Ê¾Ç {|a|, |b|} Ý

p := 0
ý
i := 1EÁ
�É§ÄÆÂ
i ≤ a1

p := p+ a2
i := i+ 1�"�

a > 0, b < 0
Áv
�ÂOÍ

p := −p ÂOÄÆÀ?Â��"�
a < 0, b > 0

Á�
�Â9Í
p := −p

> Ã�Ä§ÉÆú�Ã*3 p¿#ÄCÁ�Ã�Ê¾Ã
ð�Çûú�Â�ÄÆÃûÂOÍ�ÁEÈ?Ã�ú0ÃÿÂ9ÀãÃ+��ö�G=ÂOÄ & Ã�Ä§Ç*È�Ã�õ�ÀNÇ*ÄÆö ÁEÇÿú�ÂOÄ=Ê:GÆÍ�É§Ê Çûú�Â�Ã�Êùõ
Ç*À
Í���ÊËÂ9ÈNÇ*À1
ÛÂ9ÀNÁ?ÇùÂ9À

n = a1
�]Ý-¿#Äk�4î�Ä��Oö�ÄÆÇ¶ú�ÂOÄ3ÊïG§Í�É§ÊËÇãü¾ÂOÄ3Êïîhý ÉÆÊËÇ¹À?Ç*ÍëÃ�Ä§Å*Ç*ÈNÉ¨ÁEÊ Ç*À

ú�Â,�9Ç*ÊËø�Ä§Â.÷NÉÆú�Ã�úiÄ§ÉÆÍ�Â9Ã�Ä�ýBÂOÍ¯ÂOÀNÁ?Â5�[Ã�ÀNÇGÀ?ÂîÃ�ø�ÄÆÉ(�[Ã�Í Ã�ÄÆÉ§ÀNÁEÃ�À¶ú�ÂÿÄÆÇ*Í:Å*É§Á?ö�ú ñ ý=ÄÆö�ÂOÅ*Ç
È?Â[Ã�ÄÆÉ('[Ã�Íùö�Í0Ãß�9Ã�Í�ÁEÉÆú�Ã�ú%�9Ç*Í�À,Á�Ã�Í�ÁEÂ£ú�Â¥Ç�ø
Â9ÈEÃ+�9É§Ç*Í�Â9ÀOÝ#¿#Í Â9Ä0Ã�Ä§Å*Ç*ÈNÉ¨ÁEÊ Ç]��ö�Â£Â9ÀNÁEÃ�ÊËÇ*À
Â9ÀNÁ?ö�ú�ÉÆÃ�Í�ú�Ç,
0Ã[ürø�ÈNÉÆÊËÂ9ÈNÇ¾ú�Ç*À�Ã�ÄÆÅ�Ç*È?É¨Á?ÊËÇ�ÀÌ�9Ç�Í�ÀNÁEÃ�Í�Á?Â9À9ýZú:Â9À?ø:ö��9À ö�Íjõ�ö��OÄÆÂ)��ö�ÂùÀNÂ
È?Â9ø:É§ÁEÂ

n = a1
& Â4�OÂ9ÀrüÁ��ö�ÂsÈNÂ[Ã�Ä§É�'9ÃF�[Ã�ú0Ã & ÂB'���ö�ÂsÀ?ÂhÂ.÷NÂ4�Oö:Á�Ã�ö�Í0Ã\�9Ã�Í�Á?ÉÆú0Ã�ú

�9Ç*Í�À,Á�Ã�Í�ÁEÂ�ú�ÂùÇ*ø
Â9È?Ã
�9É§Ç*Í�ÂOÀ9ÝD4BÉÆÍ�Ã�Ä§ÊËÂ9Í�ÁEÂ¶ö�Í0ÃëÃ�À?É§Å*Í0Ã
�OÉ��*Í�ú�Â�ÀNÉÆÅ*Í:Ç�ý=��ö:Â ÀNÂ%
0Ã
�OÂ
Ê¾ÂOú�É Ã�Í�ÁEÂjö�Í0ÃF�[Ã�Í�ÁEÉ§ú0Ã�úÁ�OÇ*Í�ÀNÁEÃ�Í�Á?Âhú:Â�Ç*ø
Â9È?Ã
�9É§Ç*Í�ÂOÀ9Ý CHÀHG Â9Ä Ã�ÄÆÅ*Ç�È?É¨Á?ÊËÇ ÂOÀaú�Â
�9Ç*ÊËø�Ä§Â.÷NÉÆú�Ã�úëÄ§ÉÆÍ�Â9Ã�Ä�Ý
ù#Õ9Ó�Ù%ÎuÀ�ÎuÀÛÏþú��_Ý

¿#Í�Á?ÈEÃ�ú0Ã
a
ý
n
Ý�"�

a = n = 0
Áv
�ÂOÍ

p :=
ÉÆÍ�ú:ÂOÁEÂOÈ?ÊËÉÆÍ0Ã+�9É(�*Í

Â9Ä§À?Â�"�
n ≥ 0

Á�
�Â9Í
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p := 1
ý
i := 1EÁ
�ÉÆÄ§Â
i ≤ n

p := p ∗ a
i := i+ 1Â9Ä§À?Â

p := 1
ý
i := 1EÁ
�ÉÆÄ§Â
i ≤ |n|

p := p ∗ (1/a)
i := i+ 1

> Ã�Ä§ÉÆú0Ã*365 p¿#Ä
ÁEÃ�Ê¾Ã
ð�Ç¹ú�ÂþÄ Ã¹ÂOÍ�Á?ÈEÃ�ú0Ã¶ÂOÀ |n| üËÄ Ãø�9Ç*ÊËø�Ä§Â.÷NÉÆú�Ã�úËú�ÂOÄAÃ�ÄÆÅ*Ç�È?É¨Á?ÊËÇãÂ9ÀPÄ§ÉÆÍ�Â9Ã�Ä�ü�Ã
��ö�ÂPÂ9Ä õ�ö*�9ÄÆÂ'À?ÂPÈ?Â9ø:É§ÁEÂ'Â�ý�Ã+�OÁ�Ã�Ê¾ÂOÍ�Á?ÂPÁ�Ã�Í�Á�Ã�À & ÂB�9ÂOÀR�9Ç*ÊËÇHÂ9Ä�Á�Ã�Ê¾Ã
ð�Çþú�ÂPÄÆÃþÂOÍ�Á?ÈEÃ�ú0Ã Ý

ù=Õ9Ó�Ù�ÎuÀÔÎuÀÛÏ�ú��ZÝ > ö�Ê¾Ã�È?ÂOÊ¾Ç*À ÁEÇ�ú:Ç*À¶Ä§Ç*À¹ÂOÄÆÂOÊ¾ÂOÍ�Á?Ç*À¹ú�Â¾Ä ÃîÄ§ÉÆÀNÁEÃëü�Ä ÃîÀ?ö:ÊûÃaÄÆÃaú:É;�
& É§ú�ÉÆÊËÇ*Àþø
Ç*È�Â9ÄBÍþ�:Ê¾ÂOÈ?Çëú�ÂùÂ9ÄÆÂOÊËÂ9Í�Á?Ç*À9Ý¶¿#ÄBø�È?Ç�õ�ÄÆÂOÊûÃ¾Â9À?ÂOÍ��9ÉÆÃ�Ä=ÂOÍ�Â9ÄBú�ÉÆÀNÂ4ð�Çëú�Â
ÂOÀNÁ?ÂûÃ�Ä§Å*Ç*ÈNÉ¨ÁEÊ ÇëÂ9À_��ö�ÂËÍ�ÇîÁEÂ9Í:Â9ÊËÇ*À¹ö�Í�ÃaÇ*ø
ÂOÈEÃ
�OÉ��*Í�õ2î�ÀNÉ��[Ã¬��ö�Â:�[Ã�Ä��Oö�ÄÆÂ�ú�É & É§À?É§Ç+�Í:Â9À¥üÿÂ�ý ø�È?ÂOÀ?Â¶ÂOÄ_È?Â9ÀNö�Ä§ÁEÃ�ú�Ç��9Ç�Ê¾Ç Í{��ÊËÂ9ÈNÇËú�ÂB�9É§ÊûÃ�ÄlÝ�#DÄÆÃ�ÊËÂ9ÊËÇ�À£Ã ÂOÀEÃ Ç*ø
Â9È?Ã
�9É(�*Í
div(a, b)

üiÂOÄPÈ?Â9ÀNö�Ä§ÁEÃ�ú�ÇjÂ9À a
b

�OÇ*ÍZý#ú�ÉÆÅ�Ã�Ê¾Ç�À9ý
2
ú�Â4�OÉÆÊ¾Ã�Ä§Â9À9Ý�¿#Í�ÁEÇ*Í��OÂ9ÀOý'Í�ö�ÂOÀNÁEÈNÇ

Ã�ÄÆÅ*Ç*ÈNÉ¨ÁEÊ ÇùÂ9À Êùö üëÀNÉÆÊËø�ÄÆÂ+3
ü�Ã�Á?Ç*À¥ú�ÂãÂ9Í�ÁEÈEÃ�ú�Ã*3

a1, a2, ..., an

c := 040Ç*È
i := 1

ÁEÇ
n

c := c+ ai

media := div(c, n)

�6Ê¾ø:ÄÆÂ9ÊËÂ9Í�ÁEÂOÊ¾Ç�ÀBÃ+
�Ç*È?ÃþÄ Ã Ç*ø
Â9È?Ã
�9É(�*Í
div(c, n)

ú�ÂPÄÆÃþÀNÉÆÅ*ö�É§Â9Í�ÁEÂ'Ê¾Ã�Í�ÂOÈEÃ*3
c1 :=

|c|/n , r1 := |c| mod n
c2 := (10 · r1)/n, r2 := 10 · r1 mod n
c3 := (10 · r2)/n, r3 := 10 · r2 mod n¿#ÄDÃ�ÄÆÅ*Ç�È?É¨Á?ÊËÇ��9Ç�Ê¾ø�Ä§ÂOÁ?Ç�ý:ø0Ã�È?Ã��9Ã�Ä��Oö�Ä Ã�ÈeÄ ÃùÊ¾ÂOú�É Ã��9Ç�Írú:Ç*À¥ú�Â4�OÉÆÊ¾Ã�ÄÆÂOÀ9ý:À?ÂOÈ�G Ã
ü�Ã�Á?Ç*À¥ú�ÂãÂ9Í�ÁEÈEÃ�ú�Ã*3

a1, a2, ..., an

c := 040Ç*È
i := 1

ÁEÇ
n

c := c+ ai

c1 := |c|/n , r1 := |c| mod n
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c2 := (10 · r1)/n, r2 := 10 · r1 mod n
c3 := (10 · r2)/n, r3 := 10 · r2 mod n�"�
c > 0

Áv
�ÂOÍrÊËÂ9ú:É Ã*365
c1′c2c3

Â9ÄÆÀNÂãÊ¾ÂOú�É ÃK3H5 −c1′c2c3ÿPÇ*ÊËø�Ä§Â.÷NÉÆú�Ã�úZÝ�íHÃ[ük3
L �´	þÍ�ÃËÃ�À?É§Å*Í0Ã
�OÉ���ÍZý
ñ �X	þÍÿõ�ö��OÄÆÂ���ö�ÂHÀ?Â�ÈNÂ9ø�É¨ÁEÂ

n & Â4�OÂ9Àeü¾Â9Í,�[Ã�ú0ÃÌø0Ã�ÀNÇ�ÀNÂ]
0Ã+�9ÂHö�Í0ÃÌÀ?ö:ÊûÃ¹ü¾ö�Í0Ã
Ã�À?É§Å*Í0Ã
�OÉ��*ÍAÝ�«�Ç�Á�Ã�Ä 3

2n
Ç*ø
ÂOÈEÃ
�OÉÆÇ*Í:Â9À9Ý
 �þ¿-ÄD�4î�Ä��Oö�ÄÆÇûú�Â�ö�Í��9Ç��OÉÆÂ9Í�ÁEÂÌü�ö�Í�È?ÂOÀNÁ?Ç�ý_ú:Ç*À Êùö�Ä¨ÁEÉ§ø�Ä¨É(�[Ã+�9É§Ç�Í�Â9Àþü�ú�Ç�À ú�É & ÉÇ�À?ÉÆÇ�Í�Â9ÀOý
ÂOÄu�8î�Ä(�9ö�Ä§ÇËú�Â¹ú�Ç*À È?ÂOÀNÁ?Ç*À ü

6
Ã�À?ÉÆÅ�Í0Ã
�9É§Ç*Í�ÂOÀ9ý�Ã�ú�Êïî�À¥ú�Â¹ö�Í0Ã:�9Ç�Ê¾ø0Ã�ÈEÃ
�OÉ��*Í

üëø
Ç*À?É§õ�ÄÆÂOÊËÂ9Í�Á?Â ö�ÍÏ�[Ã�Êùõ�ÉÆÇ�ú�ÂãÀ?É§Å*Í�Ç:ÝR«�Ç�Á�Ã�Ä 3
16

Ç*ø
Â9È?Ã
�9É§Ç*Í�Â9ÀOÝ
¿#Í�Á?Ç*Í��OÂ9À9ý

T (n) := 2n+ 12
ÝXÿPÇ*ÊËø�ÄÆÂ6÷NÉÆú0Ã�úëÄÆÉ§Í�Â[Ã�Ä�Ý

> Éo�[Ã�Ä��9ö:Ä î�È?Ã�ÊËÇ*À¹Ä ÃrÊËÂ9ú�ÉÆÃ �9Ç�ÍqÊìî�ÀÌú�ÂB�9ÉÆÊ¾Ã�Ä§Â9ÀOý=ÂOÄPÍ��:Ê¾ÂOÈ?Çjú�ÂÿÇ�ø3ÂOÈEÃ+�9ÉÆÇ�Í�Â9À
À?Â9ÈHG Ã�Ê¾Ã^ü*Ç*Èeø
Â9È?ÇËÄÆÃ%�OÇ*ÊËø�ÄÆÂ6÷NÉÆú0Ã�úÿÀ?ÂOÅ*ö�ÉÆÈHG ÃùÀ?É§Â9Í�ú:ÇËÄÆÉ§Í�Â[Ã�Ä�Ý
ù#Õ9Ó�Ù%ÎuÀ�ÎuÀÛÏþú��AÝ

ü�Ã�Á?Ç*À¥ú�ÂãÂ9Í�ÁEÈ?Ã�ú0Ã*3
a1, a2, ..., an, a

i := 0 , j := 0EÁ
�É§ÄÆÂ
i ≤ n− 1

i := i+ 1
b := ai mod a�"�

b := 0
Áv
�ÂOÍ

j := j + 1
ý
dj := ai

ü
ej = i

> Ã�Ä§ÉÆú�Ã*3£íHÃ[ü j
Ê���Ä§Á?É§ø�Ä§Ç�Àûú:Â

a
Ý7¿#ÀNÁ°î�Í;ÂOÍ;Ä Ã�Àÿø
Ç�À?É��OÉÆÇ*Í:Â9À

e1, ..., ej

ü4À?ö�À
& Ã�Ä§Ç*È?ÂOÀ¥ÀNÇ*Í d1, ..., dj

Ý
ÿeÃ�Ä(�9ö�Ä§Â9ÊËÇ*ÀeÄ Ã��9Ç*ÊËø�Ä§Â.÷NÉÆú�Ã�úZÝ�íHÃ[ük3
L �Pú�Ç*À Ã�À?ÉÆÅ�Í0Ã
�9É§Ç*Í�ÂOÀeüëÂ9Ä��4î�Ä(�9ö�Ä§Ç ú:Â

n− 1
Ý$«�Ç�ÁEÃ�Ä63 
 Ç*ø
Â9È?Ã
�9É§Ç*Í�ÂOÀ9Ý

ñ �Bö�Í¾õ:ö��9Ä§Â@��ö:ÂþÀNÂ È?ÂOø�É§Á?Â
n & Â4�OÂ9ÀOÝXüHÂ9Í�ÁEÈ?Ç¹ú�Â9Ä0õ�ö��OÄÆÂ@
0Ã[ük3Bú�Ç�À'Ã�ÀNÉÆÅ�Í0Ã
�9É§Ç*Í�ÂOÀ9ýÂ9ÄV�8î�Ä(�9ö�Ä§Çûú�Âùö:ÍGÈ?ÂOÀNÁEÇÿürö�Í�ÃÿÀ?ö:ÊûÃ ýAö�Í0Ãì�9Ç*Í:ú�É��OÉÆÇ*Í�Ã�ÄI�OÇ*ÍGö�Í0Ãì�9Ç�Í�ú�É��OÉ���Í�ü�ýZÂOÍ

Â9Ä_ø
ÂOÇ*È¥ú�ÂãÄÆÇ*À´�[Ã�ÀNÇ*À9ý�ÁEÈ?ÂOÀþÃ�À?ÉÆÅ�Í0Ã
�OÉÆÇ*Í�ÂOÀeüëö�Í�Ã À?ö�Ê¾Ã:ÝR«�Ç�Á�Ã�Ä 3
9n

Ý
 ��üHÂ9Ä�õ�ö*�9ÄÆÂ�À?Â'À?Ã�Ä§ÂX�9ö0Ã�Í�ú�ÇHÄÆÃ@�9Ç*ÊËø0Ã�È?Ã
�9É(�*ÍãÂ9ÀI�ÔÃ�Ä§ÀEÃ:ÝI«�Ç�ÁEÃ�Ä63u	 Í0Ã Ç*ø
Â9È?Ã
�9É(�*ÍZÝ
T (n) = 3 + 9n+ 1 = 9n+ 4

Ý
#DÃ��OÇ*ÊËø�ÄÆÂ6÷NÉÆú0Ã�úëÂ9À¥ÄÆÉ§Í�Â[Ã�Ä�Ý

ù#Õ9Ó�Ù%ÎuÀ�ÎuÀÛÏ\ú��ZÝ > Â[Ã�Í a1, a2, ..., an

ÄÆÃ�Àß�9É;�ÛÈEÃ�À ÂOÍsõ�É¨ÁEÀ ú�Â ö�Í�Çaú�Â ÄÆÇ�À Í���ÊËÂ9ÈNÇ*À ü
b1, b2, ..., bn

ÄÆÃ�À£ú�ÂOÄ_Ç�ÁEÈNÇ�Ý
ü�Ã�Á?Ç*À¥ú�ÂãÂ9Í�ÁEÈ?Ã�ú0Ã*3

a1, a2, a3, ..., an
&
b1, b2, ..., bn

c := 040Ç*È
i = 1

ÁEÇ
n
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�"�
ai 6= bi

Á�
�Â9Í
c := c+ 1

> Ã�Ä§ÉÆú0Ã*3 c
ÿeÃ�Ä��Oö�Ä Ã�Ê¾Ç�ÀeÄ Ã��9Ç�Ê¾ø�Ä§Â.÷NÉ§ú0Ã�úZÝ�íHÃ[ü�3
L �´	þÍ0ÃËÃ�À?ÉÆÅ�Í0Ã
�OÉ��*ÍZÝ
ñ �o	 Íÿõ�ö��9Ä§Â���ö:Â�À?Â�ÈNÂ9ø�É¨ÁEÂ

n & ÂB�9ÂOÀ9ÝoüHÂOÍ�ÁEÈNÇ�ú�Â��9Ä�ý�ü¾Â9ÍÿÂ9Ä3ø
Â9Ç�ÈPú�Â�Ä§Ç*Ào�[Ã�ÀNÇ*À9ý

�Ã^üëö�Í�Ã��9Ç*ÊËø0Ã�È?Ã
�9É(�*ÍZý:ö:Í0Ã À?ö:ÊûÃùüëö�Í0ÃËÃ�À?ÉÆÅ�Í0Ã
�9É(�*ÍZÝD«CÇ�Á�Ã�Ä 3

3n
Ç*ø
Â9È?Ã
�OÉÆÇ*Í�ÂOÀ9Ý

¿#Í�ÁEÇ�Í��9ÂOÀ
T (2n) = 3n + 1

Ç�ø
Â9ÈEÃ+�9ÉÆÇ�Í�Â9ÀI
ÛÍ�Ç�ÁEÂOÊ¾Ç�À,��ö�Â�
�Ã^ü
2n

ú0Ã�ÁEÇ�Àÿú�Â
ÂOÍ�Á?ÈEÃ�ú0ÃJ�QÝ�ô�Ç*È£Á�Ã�Í�ÁEÇ:ý

T (n) = 3
2
n+ 1

Ý
#DÃ��OÇ*Ê¾ø:ÄÆÂ.÷NÉ§ú0Ã�úÿÂ9À Ä§ÉÆÍ:Â[Ã�Ä�Ý

ù=Õ9Ó�Ù�ÎuÀÔÎuÀÛÏ£ú��ZÝ~#DÃ ÉÆú:Â[Ã ú�Â¹ÂOÀNÁEÂ¶Ã�ÄÆÅ�Ç*È?É¨Á?ÊËÇ�ÂOÀþÄ§Â9ÂOÈ¥Ä Ã�ÄÆÉ§ÀNÁ�Ã�
0Ã�À,Á�Ã:��ö�Â¹ÄÆÄ§Â9Å*ö�ÂOÊ¾Ç�À
Ã�ÄCø:ö�Í�Á?ÇëÂOÍGÂOÄV��ö�Âùú�ÂOõ
Â9ÊËÇ*À�É§Í�À?ÂOÈNÁEÃ�ÈþÂ9ÄCÍ{��Ê¾ÂOÈ?Çûú0Ã�ú�Ç

a
ÝECHÄ§ÊûÃ
�OÂ9Í0Ã�ÈþÂOÍ & Ã�ÄÆÇ*Èú:Â£ÄÆÃHÄÆÉ§ÀNÁEÃþÂ9Í�Â9À?Â£ø:ö�Í�Á?ÇãÂOÍ ö:Í0Ã & Ã�ÈNÉ Ã�õ�Ä§ÂPÃ�öKý ÉÆÄ§ÉÆÃ�È�
Ôø0Ã�ÈEÃHÍ�Ç ø
ÂOÈ?ú�ÂOÈ?ÄÆÇ9�Qý*ÉÆÍ�ÁEÈNÇ�ú�ö��9É§ÈÂOÄ & Ã�ÄÆÇ�È a ýDühÃaø0Ã�È,ÁEÉ§Èãú�Â¾Ã�Ä§Ä�GD�9Ç*Ä§Ç��[Ã�ÈãÄ§Ç*Àãú�ÂOÊìî�À¹ÂOÄÆÂOÊ¾ÂOÍ�Á?Ç*À¹ú�ÂËÄ ÃîÄ§ÉÆÀ,Á�Ã:Ý¾¿#ÀNÁEÇ�À

�:Ä§ÁEÉ§ÊËÇ*ÀPÂOÄÆÂ9ÊËÂ9Í�ÁEÇ*ÀeÀ?Âãø�ö�ÂOú�Â9ÍrÈNÂ9ÄÆÄ§Â9Í�Ã�Èeú�ÂOÀ?ú�Â¹ÂOÄ�J�Í0Ã�ÄZú�ÂãÄÆÃùÄÆÉ§ÀNÁ�Ã)
0Ã�À,Á�Ã�Â9ÄZø�ö�Í�ÁEÇ
ÂOÍûÂ9Ä���ö�ÂþÂ9À,Á°î

a

Ôø:È?Ç*õ0Ã�È�Ç�ÁEÈ?Ã�À'Ã�Ä¨ÁEÂ9ÈNÍ0Ã�ÁEÉ & Ã�À#ø0Ã�ÈEÃ_�OÇ*ÊËø�È?Ç*õ�Ã�È$��ö:ÂHÂOÀPÂOÀNÁ�Ã¶ÄÆÃø��ö�Â

ÊËÂ.÷NÇ�È´�Ûö�Í��OÉÆÇ�Í0Ã9�QÝ
ü�Ã�Á?Ç*À¥ú�ÂãÂ9Í�ÁEÈEÃ�ú�Ã*3

a1, a2, a3, ..., an; a
i := 0 , p := 0EÁ
�ÉÆÄ§Â

i ≤ n− 1
Ã�Í�ú

p ≥ 0
i := i+ 1
p := a− ai

c := ai, ai := a40Ç*È
j = 0

ÁEÇ
n− i− 1

an+1−j := an−j

ai+1 := c
> Ã�Ä§ÉÆú0Ã*3 a1, a2,.....,an+1ÿPÇ*ÊËø�ÄÆÂ6÷NÉÆú0Ã�úZÝRíþÃ^ü�3
L �´üHÇ*À Ã�À?É§Å*Í0Ã
�OÉÆÇ*Í:Â9ÀeüëÂOÄ��8î�Ä(�9ö:ÄÆÇ�ú�Â

n− 1
ÝR«�Ç�Á�Ã�Ä 3 
 Ç*ø
ÂOÈEÃ
�OÉÆÇ*Í�ÂOÀ9Ý

ñ �ï	 Ífõ�ö��OÄÆÂ ��ö�ÂjÀ?ÂjÈ?ÂOø�É§Á?Â�ý£Â9ÍfÂOÄHø
ÂOÇ*Èÿú:ÂjÄÆÇ�Àì�9Ã�À?Ç�À9ý
n & Â4�OÂ9À9Ý7¿#Íá�[Ã�ú0Ã

ø�Ã�ÀEÃ�ú�Ã�ú�Â9ÄZõ�ö��OÄÆÂ�Á?Â9Í�ú:È?Â9ÊËÇ*À£ú�Ç�À@�OÇ*ÊËø0Ã�È?Ã
�9É§Ç*Í�Â9ÀOý:ö�Í0Ã Ã�À?ÉÆÅ�Í0Ã
�9É(�*Íûüÿö�Í�Ã�À?ö�Ê¾Ã:ý
Ç�ÁEÈEÃ Ã�À?ÉÆÅ�Í0Ã
�9É(�*Íÿüëö�Í�Ã ú�É(�ÛÂOÈ?Â9Í*�9ÉÆÃ:ÝR«�Ç�ÁEÃ�Ä63

6n.
 �oüHÂ9ÄAõ�ö*�9Ä§Â�À?Â�ÀEÃ�ÄÆÂ��9ö�Ã�Í�ú�Ç�ö�Í�Ãùú�Â�Ä Ã�À~�OÇ*Ê¾ø�Ã�ÈEÃ
�OÉÆÇ�Í�Â9ÀPÀNÂ[Ã)�ÔÃ�Ä§ÀEÃ:ý�ÄÆÇ)��ö�Â ú�Ã
Ä§ö�Å�Ã�È£Ã�Ç�ÁEÈ?Ã�Ç*ø
Â9È?Ã
�9É(�*ÍZÝ 3�´üHÇ*À Ã�À?É§Å*Í0Ã
�OÉÆÇ*Í:Â9À9Ý�«CÇ�Á�Ã�Ä 3 ñ Ç*ø
Â9È?Ã
�9É§Ç*Í�ÂOÀ9Ý�J�e¿#Ä��8î�Ä(�9ö�Ä§Ç ú:Â

n− i− 1
Ý ñ Ç*ø
ÂOÈEÃ
�OÉÆÇ*Í�ÂOÀ
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7 �X	þÍÿõ�ö��9Ä§Â���ö:Â�ý�ÂOÍëÂ9Ä3ø
Â9Ç�Èeú:Â�ÄÆÇ�À~�9Ã�À?Ç�À9ý:À?Â�ÈNÂ9ø�É¨ÁEÂ

n & Â4�OÂ9Àeü¾Â9ÍëÂOÄ=��ö�Â]
�Ã^ü
ö�Í0ÃËÃ�ÀNÉÆÅ*Í�Ã
�9É(�*ÍÿüëÂ9Ä��4î�Ä(�9ö�Ä§Ç ú:Â¹Ä§Ç*À£À?ö:õ�GÆÍ:ú�É��OÂ9À9Ý$«�Ç�Á�Ã�Ä63

4n
Ç�ø
Â9ÈEÃ+�9É§Ç*Í�Â9ÀOÝ)J�´	þÍ�ÃËÃ�À?É§Å*Í0Ã
�OÉ���ÍëüÿÂ9Ä��4î�Ä��Oö�ÄÆÇ�ú�ÂOÄDÀNö�õ�G§Í�ú�É(�9Â�Ý

ÞþÇ�ÁEÂ9ÊËÇ*ÀX��ö�ÂHÂ9À'ÉÆÊËø
Ç*À?É§õ�Ä§Â���ö:ÂHÀ?ÂHÂ6÷NÂ4�Oö:ÁEÂOÍÿÁEÇ�ú0Ã�À'Ä Ã�À�Ç*ø
Â9È?Ã
�9É§Ç*Í�Â9À'ú:Â9Ä
õ�ö��OÄÆÂ
ú�Â ñ �¥ü�ú:Â9ÄBõ�ö*�9ÄÆÂÌú�Â 7 �¥ü�Ã,��ö�Â�ý_ÂOÍ�ÂOÄ & Ã�ÄÆÇ*Èþú�ÂOÄDGÆÍ�ú:É��9Â¶Â9ÍGÂ9ÄV��ö�ÂùÁ?Â9È?ÊËÉÆÍ�Ã¾ö�Í�Ç
ÁEÂ9ÈNÊ¾É§Í0Ã�ÂOÄ Ç�Á?È?Ç�ÝU¿-Í4ÂOÄ ø
ÂOÇ*È¾ú�ÂrÄ§Ç*À��[Ã�ÀNÇ*À9ýeÂ9À¾Â9Ä¥õ�ö��9Ä§Â ñ ��Â9ÄÌ��ö�ÂrÀ?ÂrÂ.÷NÂB�9ö Á�Ã
�9Ç*ÊËø�Ä§ÂOÁ�Ã�Ê¾ÂOÍ�ÁEÂ�Ý

¿#Í �OÇ*Í�ÀNÂ4�Oö�Â9Í��9É Ã Ä Ã��9Ç*ÊËø�ÄÆÂ6÷NÉÆú�Ã�úëÂ9À¥ÄÆÉ§Í�Â[Ã�ÄlÝ
ù#Õ9Ó�Ù%ÎuÀ�ÎuÀÛÏ����DÝ

ü�Ã�Á?Ç*À¥ú�ÂãÂ9Í�ÁEÈ?Ã�ú0Ã*3
a1, a2, ..., an; b1, b2, ..., bn40Ç*È

i := 1
Á?Ç

n40Ç*È
j := 1

ÁEÇ
n

cij := (ai, bj)
> Ã�Ä§ÉÆú�Ã*3 c11, c12, ..., c21, c22, ...., cn1, ..., cnnÿPÇ*ÊËø�Ä§Â.÷NÉÆú�Ã�úZÝìíHÃ[ühú�Ç�À¶õ�ö��OÄÆÂOÀÌÃ�Í�ÉÆú�Ã�ú�Ç*ÀOÝë¿#Ä�ø�ÈNÉÆÊËÂ9ÈNÇaÀ?Â¾È?ÂOø�É¨ÁEÂ

n & ÂB�9ÂOÀÌüÂ9Ä-ÀNÂ9Å*ö�Í:ú�Ç�Ç�Á?ÈEÃ�À
n
Ýû¿#ÍsÂ9ÀNÁ?Â¾À?ÂOÅ*ö�Í:ú�Ç�õ�ö��OÄÆÂ:
�Ã^üGö�Í0ÃrÃ�ÀNÉÆÅ*Í�Ã
�9É(�*ÍZÝËôCÇ*È Á�Ã�Í�ÁEÇ�ý

T (2n) = n2
Ý�ôCÇ*ÈeÁ�Ã�Í�ÁEÇ�ý

T (n) = 1
4
n2
ÝoÿPÇ*ÊËø�Ä§Â.÷NÉ§ú0Ã�ú5�Oö0Ã�ú�È�î�ÁEÉ(�[Ã:Ý
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acbedgfih�d]�Fj�ø*GkhEömlonDf�dpdqfrh?ö�ú!stjvuvî�belknJf%b��mwxdqu�nJf�dqb3h�dqu�nJfOý!fNö!feø!u�n*ømsodOú�j�ú!dqfPüxn*ø:dqu�jh�
�gson�b!dgfOýysob9h�urn�ú�ö��gskdgb:ú!nzh/j�wùõms��gb{ltjvf>b!n��gsknJb!dqf'õ2î�frs��Fjvf'ú!d,ltjzj�u�s|h�w:�qh�s(�Fj1wxn�ú�ömltj�uOÝ
> dãø!u�d}h�dgb:ú!dÈ��ö!dzj�l=J�b�j�lZú!dgl��Fj�ø�Gkh?ö!lon~dql�j�lÆömwxb!n*3
• ÿ�nJb!n
'4�gj�ltj�f�ømu�n*ø!skd9ú!j�ú!dgf õ2î�frs��gj�f ú!d~lonJf�b��!w{dgurnJf1dgb9h�dqu�nJfx
-n*ø:dgu�j
�gsknJb!dqf9ý��j
�}h�nJurs�'gj
�gs(�Jb��QÝ
• ô#ö!d9ú!j¾�Fj�l(�9ö!loj�u�dgl�w:�9ú&ú!dhú!nJf�b��mwxdqu�nJf�dqb3h�dqu�nJfrø:n�u�dglzj�lk�JnJurs|h�w�n¯ú!da#ö��glksÆúmdgf9Ý
• � dFj�lks��qdß�qnJb�f�nJl|hEö!u�j~n*ø:dqu�j
�qsonJb!dqf�dgb�ltj~j�u�s|h�w:�qh�s(�Fj#wxn�ú�ömltj�uOÝ
• � dgf?ömdgl & j:�qnJb!�JuNö!dgb*�gstjvf�losobmdFj�lkdgfPü�frsofih�dgwxj�f£ú!dø�gn�b!�Ju?ömdgb��qstj�fOÝ

�ûÞq� �sá¶ç ì{�îæ êeâCáÌçvìaí åA�ÿâ=íãßOê¥ç�� ßQáÌç ì{�aæ êeâCáÌçTê¥ì�åDê��
âBá¶ç

#�n�f$b{�!w{dgu�n�f$b�j�hEö!u�j�lodqfBü�lknJf�b��!w{dgurnJf�dgb3h�dgurnJfcfrnJb�n*õ�÷rd}h�nJf��gnJb!n��qsÆú!n�f9Ý�a$l!lkd4�}h�nJudgfrhvî���jvwxsklkskj�urs('gj�ú!n%�qnJbaú!s(��
!n�f�n*õ�÷rdqh�nJf£ü5�qnJb�f?ö!f.n*ø:dqu�j
�qson�b!dgfB3

N = {1, 2, 3, 4....}
Z = {0, 1,−1, 2,−2, ...}.

> nJbAý2�qnJw{n�ú!d4�qsow{nJf9ýmn*õ�÷rdqh�n�f@�qnJb�lknJf´��ö!d�dgfrh�j�w{nJf�
�j�õmskhEö!j�ú!nJf	j�h�u�j�õ�j�÷�j�uPü
ú!d@
!d4�°
!nzdgb{dgl��Fj�ø�G|hEö!lkn L 
!dqwxnJf#ö!f�j�ú!n¹ö!b�j ú!d�f?ö!f-ø!u�n*ømsod9ú!j�ú!dqfR�Ûö!b�ú�j�w{dgb9h/j�lkdgf

LG
 �
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ø!j�u�j�ø!urdgf�dqb3h�j�u�ömb�j?h��4�gbms��gjjø:n�h�dgb3h�dÿú!dÿú!dqwxn�frh�u�j
�gs(�Jb���ömd�dqf~dqlPø!ursob��qsÆø!sknrú!dskb�ú�ö��B�gs(�Jb��
Þþö!dqfrh�u�n ø!u�skwxdqu{n�õ ÷rd}h�s & n�dgf=skb3h�u�n�ú�ö��qsou ú!d �-nJurw=jIu�sk�*ö!urnJf�j�dqfrh�n�fen�õ ÷rd}h�nJfq�aDýysofih�dqb & j�urstj�f	wxj�b!dqu�jvf¥ú!dø
!j
�gdqu�lon:ý�ö!b�j úmdzdqloloj�f�
�loj%��ö!d & j�w{nJf�j�dqlodq�Jsou��%dgf�ltjj�ýmsknJwïîvh�s;�Fjm�Rÿ�n�b!f�skfrh�dpdgb¬�Fjvu�j
�}h�dgurs�'gj�u8dql��qnJb%÷Nö!b9h�n

N
ú!dplonJf�b��!w{dqu�nJf8b�jvh?ö!u�j�lkdgf

ø:n�u�jvlo�*ö!b!j�f¶úmd=f?ö!fÌø!u�n*ømsodOú�j�ú!dqf)��ö!defrdeskw¾ø:n�b!dgb��gnJw{n?jhýysonJwxj�f9ý�ú!d=wxj�b!dgu�j
��ö!d,�Oö�j�l���ö!skdguDn�h�u�jrø!u�n*ømsod9ú!j�ú�f�dûú!d9ú:ö��gd�
Ûö!f�j�b:ú!n�loj�fDu�dg��ltj�f¶ú!d=ltjSl(�J�Js(�FjJ� ú!ddqfrh�nJf,jhýyson�w=jvfg�

ô�n�ú!dgw{nJf¶ö!f�j�u¶ø:nJuzd.÷rdqw¾ø!lknSlojÏ�gj�u�j
�}h�dqu�s�'gj
�qs��Jbsúmd
N
�qnJwxn �Oö�j�l(��ö!sodqu_�gnJbK�

÷Nömb3h�n���ömd & dgurs(J2��ö!d�lonJf	lkltj�w{j�úmnJf	�=�¯À-�:���2�~�A�?�p�3�� ��u3
• acb N


�j^üÿö!b�dglodqw{dgb3h�n ú!sofih�skb!�*ö!s§ú!n%��ö!dãú!dgb!n�wxskb�j�w{nJf1'��
• ô�j�u�j��Fj�ú!j

n ∈ N
f�dîú!dBJ�bmdaú!d�w=j�bmdgu�j��mb!s��gjIdql@�4À-¡k¹
À��¢ :£G�¤�A�

n
� > dú!dgb!nvh/j

s(n)
�{a$f¹ö!b�dqlodqwxdqb3h�naú!d

N
ü & dqu�s;J2�Fj¬��ö!d s(n) 6= 1

ø�j�u�j5�Fj�ú!j
n ∈ N

�
• > s s(n) = s(m)

dgb9h�nJb��qdgf
n = m

�
• �D¥cÀ� �¦uÀ-§/À-���A��À¨ A�V¹A¦9¦uÀ¸·� $3Af�s�ö!bxfNö�õ��gn�b%÷Nö!b3h�n A ⊂ N & dqu�s(J��Fj_��ö!d 1 ∈ Aü���ö!d

n ∈ A
sowËø!lks(�gj

s(n) ∈ A
ý�dgb9h�nJb*�gdgf�frd=h�sodqb!dì��ö!d

A = N
��
�a$frh/j

ø!u�n*ømsodOú�j�ú�dgf.loj%��ö!d�f�d¹ö!fH�{dgb�dgl��Fj�ø�Gkh?ö!lon L �H�
¶ �D�g�3¥G©m��¦uÀª·: áû(ª�'�ª�'¬«I¯��ß!F­m�6¯h/:!h��®�-.¯@-�!�°=¯_��-²±
­¢°:®�¯D³% .-}´�µ°-}´°¯ø��¯�°�-�¶4­K�¸·h!
��-}°2�
 .-°�:!Ï�;!�-r­m���� .-}°�µ��ª!S®�-�­y°�! !�0����²µ�!¢µ��²¹�°£�¸°�³?-/µ� ª�¸·h!

s : N → N
®�-%/ì¯g®�¯�¶4­2-ì-��$º°=¯,-°�� ²»Ï-}°��;!ì��/:!G±�-}°�®�-

s
<

a$b¬dqfrh�dþ�gnJb�÷Nö!b3h�nCf�d�ø�ö!dOú!dhú!d�J�b!souëö!b�jqø!u�skwxdqu�j�n*ø:dqu�j
�qs���b;ú!dgb!n�wxskb�j�ú�j
�4¹����Aý-ú!dew=jvb!dgu�j ��ömdëú�j�ú!n�f�úmnJf~b!jvhEö!u�j�lkdgf)�9ö�j�lkdgfH��ö!sodqu�j

a, b ∈ N
f�dëø:ö!d9ú!d

�qnJb!fih�u?ömsouedql�b��!w{dgurn<b�j�hEö!u�jvl
a + b ∈ N

��ö!d�dqf�loj�f?ö!wxj úmd�lknJfûú!nJfq�¼a$frh�jn�ø:dgu�j+�gs���b�frd¹ú!d�J�b!d¹ø:nJu	ltj�f8u�dg��ltj�fB3
• ô�j�u�j%�Fj�ú!j

a ∈ N
f�dãú!dBJ!b!d

a+ 1 = s(a)
�

• ô�j�u�j%�Fj�ú!j
a, b ∈ N

f�dãú!dBJ!b!d
a+ s(b) = s(a+ b)

�
a$f_�qnJb!frd4�Oö!dgb��gstjîú!dql#ø!ursob��qsÆø!sknÿú!d�skb�ú�ö��B�gs(�Jbþ��ö!d{j�fHGR
mdgw{nJf ú!dBJ�bmsÆú!n¬�9ö!j�l;�

��ö!skdgu	f?ö!wxj
a+ b

�qnJb
a, b ∈ N

�>a$b�dB�-dB�qh�n:ý�f�dFj
a ∈ N

ö!b�b{�!wxdqu�n�b�j�hEö!u�j�l²� > dgj
A
dgl2�qnJb%÷Nö!b9h�n¹úmd.lknJf$b{�!w{dgu�n�fcb�jvh?ö!u�jvlodgf

b ∈ N
ø�j�u�j1lon�fR��ö!d

a+b
dqfrh°îãú!d�J�b!s§ú!n!�
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À>j�w{nJf�j¶ú!dgw{nJfih�u�jvu'ø:nJu%sob�ú�ö*�4�gs(�Jbì��ö!d

A = N
�qnJbelkn)��ö!d�ltj�f>u�dg��ltj�f%j�b3h�dgu�sknJu�dqf

ø:dgu�w{skh�dgbîú!d�J�b!sku
a+ b

ø�j�u�j��gj�ú�j ø�jvu¥ú!d�b{�!wxdqu�nJf	b�jvhEömu�j�lkdgf
a, b ∈ N

�Á��2�g�����µÀ� ��I¹A¦3¦uÀ¸·: >ª > dDh�sodqb!dÈ��ö!d 1 ∈ A
ü9jï��ö!d#ltj ø!u�skw{dgu�j�urdg�Jloj{sob:ú!s��gj

��ömd
a+ 1 = s(a)

��p���g�����3À� ��I¹�¦9¦uÀ¸·: >ª$ü�d9õ:dqwxn�fBú!dqwxn�frh�u�j�uI��ö!d�frs
b ∈ A

dgb9h�nJb��qdgf
s(b) ∈ A

�
ÿ�nJw{nùø:nJu~
!sÆø��vh�dgfrsof'ú!dpsob�ú:ö��4�qs��Jb

b ∈ A
dqb3h�nJb��qdgf

a+ b
dqfrhvî�úmdBJ�b!s§ú!n!�R	,f�jvb�ú!nltj�u�dq�Jloj�f�dg��ö!b�ú�jSf�j�õ:dqwxn�fÈ��ö!d

a + s(b) = s(a + b)
�gnJb�lonÏ��ö!d

a + s(b)
dgfih°î

ú!dBJ�bmsÆú!n�üëø:nJu	h�j�b3h�n
s(b) ∈ A

�qnJw{n���ö!dguHGtj�w{nJf£ú!dqwxn�frh�u�j�ug�
a$frh?ö�ú!sodqwxn�f#ltj�dgfrh�u?ö��}hEö!u�j�j�lo�JdOõ!u�jvs��gjaú!dgl'ø�j�u

(N,+)
ý�dqfùú!dB�gsku#ltj�f¶ømu�n*ø!skd��

ú�j�ú!dqf���ö!d & dgu�s;J2�Fjvb�lonJfzb��!w{dgurnJf#b!jvhEö!u�j�lkdgfÈ�gn�b�dgfrh�j?n*ø:dgu�j
�gs(�Jbiú!d=fNö!w=jy� > dh�sodqb!dgb�ltj�f	frso�*ömsodgb9h�dqf43
s¸��ø!u�n�ø!sodOú�j�úÂ�2�g�(¦uÀ��y£ºÀ-©m��3

(a + b) + c = a + (b + c)
ø�j�u�j��9ö!j�lodqf���ö!sodqu�j

a, b, c ∈ N
ýsost�£ø!urn*ø!sodOú�j�ú�¦J�: A�þ¹�£G�y£ºÀ-©m��3£ø�j�u�jì�9ö!j�l���ö!skdguþø�j�u�d6÷�j

a, b ∈ N
f�d#h�skdgb!d)��ö!d

a+ b = b+ a
�

ù$Ãg�3¥�¦uÀ¨¦uÀ-���('¬Ä�-�/ì¯��� ¨´H!�´�Å(02¯�´ß�¸°:®
­�µÆµ��²¹�°Ï��¯
®g´v-
c Ç �;!_0:´v¯°0��6-�®?!9®ì!h��¯Gµ��ª!m ª�¸·h!h1R­���4!�°:®�¯��;!h��´°-²±
�;!h�D®�-ø�;!e®�--Èc°2�²µ��²¹�°�®�-_�;!���­�/:!?<

«�j�wùõ!s(�gb�f�d�ø�ö!dOú!d'úmdBJ�b!skuDö!b�j�f�dq�*ö!b�ú!j,n*ø:dqu�j
�qs���bzdgb
N
��ö!d>dgfAdql3§A¥É�(�V¹A¦�£G�Dýj�f�sk�Jb�j�b:ú!n�j@�Fj�ú�j ø�jvu

a, b ∈ N
dgl�ø!u�n�ú�ö*�qh�nþú!d�jvwùõ:nJf

a·b 
ª� a×b �,frsowËø!lkdgw{dgb9h�d
ab
ý�ö!f�j�u�dqwxn�f.ltj�f	h�urdgf,bmn�h/j
�qsonJbmdgf.skb�ú!skfrh�skb3h/jvw{dqb3h�dG�}�~ü�dzltj�w{sofrw=j�w=j�bmdgu�j���ö!ddgbedglk�gj�f�nùú!d�ltjzf?ö!wxj:ý¢dgfeömb�j)�gnJbmf�d4�Oö!dgb��gsojùú!dqlAømu�sob*�gs§ø!son¹ú!d�sob�ú:ö��4�qs��Jbì��ö!dploj�fu�dg��ltj�fV��ö!d	f�deø!urdgfrdgb3h�j�b{j��gnJb9h�skb�ö�j+�gs���b�frnJb~f?ö*J��gskdgb3h�dgf#ø�j�u�jHú!dBJ!b!sou�dgl ø!u�n�ú�ö*�qh�n

ú!dãú!nJf�b��!w{dqu�nJf�b!jvhEö!u�j�lodqf
a, b ∈ N

�
• ô�j�u�j��Fj�ú�j

a ∈ N
frd�h�skdgbmdø��ö!d

a · 1 = a
&

• ô�j�u�j��Fj�ú�j
a, b ∈ N

frd�h�skdgb!dß��ö!d
a · s(b) = a · b+ a

�
ù$Ãg�3¥�¦uÀ¨¦uÀ-�����NÄ�-�/ì¯��� ¨´H!�´v1�­?�4!�°:®�¯À-��D0:´��¸°�µ��A0��6¯�®�-Ï�¸°:®
­�µ/µ��²¹�°*1�¶4­2- �;!h��´°-²±
�;!h�
!�°2 q-}´��6¯�´v-°��02-}´�/%�� q-}°�®K--È$°2�¸´´-��80:´v¯g®
­�µ� .¯�®�-�µ�­*!
�|¶4­��6-}´�0*!�´�®�->°�Ê�/ì-}´v¯��>°�!
 ­¢´H!
��-°�4<

#(nJf=b{�!w{dgu�n�f=b�jvh?ö!u�j�lkdgfï�qnJb¤dgfih/j�n*ø:dgu�j
�gs(�Jb4ú!d�ø!u�n�ú:ö��qh�n�ý
(N,×) ý8h�skdgb!dqbltj�f1frso�*ö!skdgb9h�dqfãø!u�n�ø!sodOú�j�ú!dqf9ýI��ö!d{f�dËø:ö!d9ú!dqbiú!dqwxn�frh�u�j�uãömf�j�b�úmnSdgl#ø!ursob��qsÆø!sknëú!dsob�ú�ö*�4�qs��Jbëü�loj�f	u�dq�Jltjvf£ú!dãú!dBJ!b!s��qs��Jbîú!dql_ø!u�n�ú�ö��}h�n*3

L �ùø!urn*ø!skd9ú�j�úC�2�g�(¦uÀ-�m£ºÀ¸©m��3
(a × b) × c = a × (b × c)

ø!j�u�jþ�9ö!j�lodqf���ö!sodqu�j
a, b, c ∈ N

ý
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ñ �.d�ýmskfrh�dgb��qstjûú!d��¢Ë��¢���¢ :£G�C ���¹�£G¥É�u3.d�ýysofrh�d
1 ∈ N

h/j�lV��ö!dùø�jvu�jì�9ö!j�l���ö!skdgub{�!w{dgu�n�b�jvh?ö!u�jvl
a ∈ N

f�d1h�sodqb!dø��ö!d
a× 1 = 1× a = a

ý
 �c§A¥É�:§/À-�y�����C¦J�: A�þ¹�£G�y£ºÀ-©m��3Cø�j�u�jÈ�9ö�jvl���ö!sodqu'ø!j�u�d6÷�j
a, b ∈ N

frd,h�sodqb!dE��ö!d
a× b = b× a

�
#�j�f ú!nJf1n*ø:dgu�j
�gsknJb!dqf9ý�lojefNö!w=jûüÌdgl=ø!u�n�ú:ö��qh�n�ýu��ö!dOú�j�b�u�dgloj
�qsonJb�j�ú�j�f�ø:n�u1ltj

ømu�n*ø!skd9ú�j�úaú!skfrh�ursÆõ�öyh�s & j*3
 3��§A¥���§/À��¢�����Í�
Àª�q£G¥cÀª�V¹(£ºÀ¸©m��3Ìø�jvu�j �9ö!j�lodqf���ö!skdgu�j

a, b, c ∈ N
f�dxh�skdgb!dï��ö!d

a× (b+ c) = a× b+ a× c
�

	,b�j & dB' úmdBJ�b!s§ú!nJfplonJf�b{�!wxdqu�nJfpb!jvhEö!u�j�lodqf9ý�lonJf�b{�!wxdqu�nJfpdqb3h�dgu�n�f�frd�ø�ö!dOú!dgb
�qnJb!fih�u?ömsou=jsø�j�uih�skuËú!d?lknJf{b�jvhEömu�j�lkdgf¾úmd?ltj�frso�*ömsodgb9h�d�w=jvb!dgu�jm�Á«�n�w=j�w{nJf ú!nJf
�qn*ø!soj�fûúmdglE�gnJb%÷Nömb3h�n ú!d?lon�fxb��!w{dgurnJf=b�jvh?ö!u�j�lkdgfOý�wxj�uH�Fj�b:ú!n�lonJfxdqlodgw{dqb3h�n�fûú!d
ömb�j¶ú!d.dglkltj�f$�qnJbûömb=f�sk�Jb!nDw{dqb!nJfg�R#(loj�w=jvw{n�f

N+ = {1, 2, 3, 4, ...} jzlojãø!u�skwxdqu�j�qn*ø!sojÌü
N− = {−1,−2,−3,−4, ...} j�ltj#f�dq�*ö!b�ú!jm�X#�n�f	b{�!wxdqu�nJf8dgb9h�dqu�nJf	f�nJb�lojömb!s��Jb�ú!d

N+ ý N−
üGö!b��qnJb%÷Nö!b9h�n¬�-nJu�wxj�ú!nëø:nJuãö!b�dqlodqwxdqb3h�nîú!sofih�skb!�*ö!s§ú!n�ý���ömddqf��qu�sÆõmsow{nJf��qnJw{n {0} 3

Z = {1, 2, 3, ...} ∪ {0} ∪ {−1,−2,−3, ...} = N+ ∪ {0} ∪ N−.
«�jvb3h�n

N+ �gnJw{n N− & sodqb!dgbÌú!n�h/j�ú!nJfCúmd�fNö�urdgf?ø:dB�qh�s & n]�qnJb��gdOømh�nHú!d@���|±
­K�6-}°2 .-Qý��ö!d�ú!dqb!n�h�j�wxn�f�u�dqf?ø:dB�qh�s & j�w{dgb9h�d s+
ü
s−
�ãC,f�Gpf�d�h�skdgb!d�ýþø:nJu�d6÷rdgwËø!lon:ýÌ��ömd

s+(5) = 6
ü���ö!d

s−(−5) = −6 ��a$fih/j�fùú!n�f�b!n��qsonJbmdgfÌø:dgu�w{skh�dgbiú!dBJ!b!sou#dqb<dgl
�qnJb%÷Nö!b9h�nÿú!d�lknJf,b��!w{dgurnJfpdqb3h�dgurnJf�ö!b��gn�b��gdOømh�nëú!dï���|±
­��6-}°2 .- ú!dgbmn�h/j�úmn5�qnJwxn

süÿö!bÏ�gnJb��qd9ømh�n¾ú!dï!�°2 q-}´��6¯�´]ý�ú!dqb!n�h/j�ú!n:�gn�wxn
a
ý0ú!d�w{n�ú!n���ö!d+3

• ô�j�u�j%�Fj�ú!j
n ∈ N+ frd�h�sodqb!dø��ö!d s(n) = s+(n)

ý

• s(0) = 1
ý

• s(−1) = 0
ý

• ø�j�u�j,�gj�ú�j
n ∈ N−

ý
n 6= −1 ý�d�ýysofih�d m ∈ N−

ú!d~w{n�ú!n,��ö!d
n = s−(m)

�acb9h�nJb*�gdqf
s(n) = m

�
• ô�j�u�j%�Fj�ú!j

n ∈ N−
frd�h�sodqb!dø��ö!d

a(n) = s−(n)
ý

• a(0) = −1 ý

• a(1) = 0
ý
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• ø�j�u�j��gj�ú�j
n ∈ N+ ý n 6= 1

d�ýysofrh�d
m ∈ N+ ú!dewxn�ú!n ��ömd

n = s+(m)
�a$b3h�nJb��qdgf

a(n) = m
�

ÎS��£G��¦uÀ¸·: �	,f�jvu�dgw{nJf�dql(f�Gkwùõ:nJlon ∅ ø!j�u�j~u�dOø!u�dqf�dgb9h/j�u.dql��gnJb�÷Nö!b3h�n & j
�BGon!�
Ï �qnJw{nhü9j�f�d4ð!j�ltj�w{nJf��9ö�j�b:ú!nc
!j�õ!loj�wxn�f ú!d?loj�skb�ú�ö��B�gs(�JbÐdgfih�u?ö��}hEömu�j�l,frd

& dgu�s;J2�gj ��ömd
3ï��� A ⊂ Z
·
-}´�� È8µ�!�¶4­»-

A 6= ∅ ³:0*!�´H!�µ�!9®?! n ∈ A
��-: �6-}°=-e¶4­2-

s(n) ∈ A
³
a(n) ∈ A

-}°2 .¯�°�µ°-°�
A = Z

<
#�j�n*ø:dgu�j
�gs(�Jb��8¹A���Ñ���C �Ò����¢¥É���S�y :£G�3¥����{f�dï�gnJbmfrh�uNö:üJdej�ø:n�ü?îvb�ú!nJfrd=dqbltj�f?ö!wxj ú!d�lon�feb��mwxdqu�nJf�b!jvhEö!u�j�lkdgf9ý ú!d�w{n�ú!nc��ömdIltjvfef�sk�*ö!skdgb9h�dgfeu�dq�Jltjvfef�nJbf?ö*J2�qsodqb3h�dqf43
• ô�j�u�j��Fj�ú�j

n ∈ Z
frd¹úmdBJ�b!d

n+ 1 = s(n)
�

• ô�j�u�j��Fj�ú�j
n ∈ Z

frd¹úmdBJ�b!d
n+ (−1) = a(n)

�
• ô�j�u�j��Fj�ú�j

n,m ∈ Z
f�dãú!dBJ!b!d

n+ s(m) = s(n+m)
�

• ô�j�u�j��Fj�ú�j
n,m ∈ Z

f�dãú!dBJ!b!d
n+ a(m) = a(n+m)

�
ù$Ãg�3¥�¦uÀ¨¦uÀ-���»ûNÄ�-�/ì¯��� ¨´H!�´�0»¯�´��¸°:®
­�µÆµ��²¹�°¾-°�� �´�­�µ� ª­y´H!
�%¶4­»-�µ�¯�°F�Ç!+�{´v-²±
�;!h�ì!�°2 .-��´��6¯�´v-°�]��-D®K--È$°=-

n+m
0*!�´�!�µ�!9®?!

n,m ∈ Z
<

Ï¤lon�fAb��!w{dgurnJf�dgb9h�dgurnJfD�gn�b�ltj�n*ø:dgu�j
�gs(�Jb¶ú!d�fNö!w=j,j�f�G��qnJb!frh�u?ö!s§ú�j:ý
(Z,+)

ý & d��u�s(J��Fj�bxltj�f>f�sk�*ö!skdgb3h�dgf'ø!urn*ø!skd9ú�j�úmdgf9ýK��ö!d�f�dHø�ömd9ú!dqbëú!dgw{nJfrh�u�j�u�ö!f�jvb�ú!n�loj�f%urdg�Jloj�f
ú!dãú!dBJ�bms��gs(�Jbîú!d�ltj�f?ö!wxjùü�dgl_ømu�sob*�gsÆømsonùú!d�sob�ú�ö*�4�qs��Jb�dgfih�uNö��qh?ö!u�j�l 3

s¸��ø!u�n�ø!sodOú�j�úÂ�2�g�(¦uÀ��y£ºÀ-©m��3
(a + b) + c = a + (b + c)

ø�j�u�j��9ö!j�lodqf���ö!sodqu�j
a, b, c ∈ Z

ýsost�¥ømu�n*ø!skd9ú!j�úI¦J�: A�þ¹�£G�y£ºÀ-©m��3¥ø�j�u�j,�Oö�j�l(��ö!sodquHø�j�u�d6÷�j
a, b ∈ Z

f�d�h�sodqb!d���ö!d
a+ b = b+ a

�soskst�>d�ýyskfrh�dqb��qstj ú!d��¢Ë��¢���¢ :£G�� ���¹�£G¥É�u3$d�ýysofih�dãö!b�dgb9h�dgurn
0 ∈ Z

h�j�l���ö!d¹ø�j�u�j
�9ö�j�l(��ö!sodqu	b��!w{dgurn{dqb3h�dgu�n

a ∈ Z
f�d1h�skdgb!dß��ö!d

a+ 0 = 0 + a = a
ýs & �	d�ýyskfrh�dqb��gsoj¾ú!d#�¢Ë-�y���y :£G�LÀ¨ :©:�¢¥h�g�u3eø!j�u�j:�9ö�j�l(��ö!sodqu,dqb3h�dgu�n
a ∈ Z

d�ýysofih�dn�h�urn�dgb3h�dgurn¾ú!dqb!nJw{sob!j�ú!n −a ∈ Z
h/j�l���ö!d

a+ (−a) = (−a) + a = 0
�

ÎS��£G��¦uÀ¸·: >ª>a$b#ltj ø!urn*ø!skd9ú�j�úDs & �_ø�j�u�jÌ�Fj�ú!j a ∈ Z
ú!dqb!n�h/jvwxn�fV�gn�b −a dql¢sob & dqu�frnú!d

a
� > dûø�ö!dOú!dÿú!dqwxn�frh�u�j�uÈ��ö!d+3{frs

a = 0
dqb3h�nJb��gdqf −a = 0

&$��ö!defrs
a ∈ N+dgb3h�nJb��qdgf −a dgfzf?ö��qnJu�u�dqf?ø:nJb:ú!sodqb3h�dûø!j�u�d6÷�j�wxj�u��gj�ú�j�dqb

N−
üþ��ö!dxfrs

a ∈ N−dgb3h�nJb��qdgf −a dqf#f?ö��gn�u�u�dqf?ø:nJb�úmsodqb3h�dûø!j�u�d6÷�jSdqb
N+ ��ömskh°îvb�ú!nJlkd{loj�wxj�u��gjm�ëô�nJu
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d6÷rdgwËø!lon −(−5) = 5
ý −0 = 0

ý −(5) = −5 �ca$f��qu�s§õ!sourdgw{nJf a− b
ø�j�u�jDf�sowËø!lks;J2�gj�uloj~d�ý ø!u�dqf�s���b

a+ (−b) �
ü�d4�qsow{nJf�dqb3h�n�b��gdqf���ö!d

(Z,+)
dqfeö!b�¡�¥h¹A§$��¦J�� A�þ¹(£G�m£ºÀ¸©:��
ª�Oö�j�l���ö!skdguo�gn�bK�

÷Nömb3h�nF�gn�b;ö!b�j�n*ø:dgu�j
�gs(�Jb & dgurs(J2�gj�b�úmn]ltj�fûø!u�n�ø!sodOú�j�ú!dqf�s¸�xj�s & �xdqfîömbÓ�Ju?ö�ø:n
�qnJb!wùömh�jvh�s & n3�}� B õmf�dgu & j�w{nJf���ö!d�j�lI�qnJb!frh�u?ö!sku,lonJf.b��mwxdqu�nJf,dgb9h�dqu�nJf�
!dgw{nJf�j�w%�ømlostj�ú!npdql��qnJb%÷Nö!b9h�nãú!d	lknJf�b{�!w{dgu�n�f$b�jvh?ö!u�jvlodqf#ø!j�u�j]��ö!d	ltj�n*ø:dgu�j
�gs(�Jb~u�dqfrh�j1h�dgb!�Jjfrsodqw¾ø!urd~frdgb9h�sÆúmn!��ô�n�u1d.÷rdqw¾ø!lkn

5 − 7
dgfãö!b�jëú!s;�-dgurdgb��qstjÿú!d~b��!w{dgurnJf1b�jvh?ö!u�j�lkdgf

�Oö:üJn{urdgf?ömlkh/j�ú!n�b!n~dgf¥ömb�b{�!w{dgu�n~b�jvh?ö!u�jvlZø:dqu�n�f�GZö!b�b��mwxdqu�n~dgb3h�dgurn�ý −2 ∈ Z
�

ü�d=loj�w{sof�wxj�w=j�bmdgu�jÏ��ö!dì�qnJb�ltj�n�ø:dgu�j+�gs���biú!dxloj�f?ö!wxj:ý�jvh�dgb�ú!skdgb�úmnÌjSltj
�gj�f?ö*Gofrh�s��gjHú!dglmfrso�Jbmn�ý�f�deø�ö!dOú!d£ú!d�J�b!sou�n�h�u�j�n*ø:dqu�j
�qs���b�f�n*õ!urd8lonJf�b��!w{dgurnJf�dqb3h�dgu�n�f
��ö!dpdgf8dgl3ø!u�n�ú�ö*�qh�n*3#ú�j�ú!n�feú!nJf8b{�!w{dgurnJf8dqb3h�dqu�nJf

a, b ∈ Z
f�d�ø�ömd9ú!dß�qnJb!fih�u?ö!sku�dgl

ømu�n�ú�ö��}h�nËú!dzj�wùõ:nJf
a× b ∈ Z

�
ù�Ãg�3¥v¦uÀ�¦uÀ-����úÍÄ)-°�Gµ}´��ª®4�¸´Ì­y°Iµ°¯�°8��­¢°2 q¯~®�-p´v-²±
�;!h�Ì��­ÆÈ8µ��6-}°2 q-°�X0*!�´H!x®�--Èc°2�¸´ø-��?0:´°¯h�®
­�µ� .¯

ab
®�-�µ�­*!
�|¶4­K�6-}´�0*!�´�®�-?°�Ê�/ì-}´v¯��£-}°2 q-}´v¯��

a, b ∈ Z
1,!
 .-}°:®
�6-}°:®�¯c!F�;!h�®
���� ª�¸°2 6!+�´02¯����ª®4������®?!9®�-°�o0*!�´H!ì��¯��]���|±�°=¯��z®�-

a
³
b
<

a$bSdgfih/j�n*ø:dgu�j
�qs��Jb�f�d1h�skdgb!dqb�ltj�f	w{skf�wxj�feø!urn*ø!sodOú�j�úmdgf@��ö!dzdgb
N
3

L �ùø!u�n�ø!sodOú�j�úC�2�g�(¦uÀ-�m£ºÀ¸©!��3
(a × b) × c = a × (b × c)

ø�j�u�jþ�9ö�j�lkdgfH��ömsodqu�j
a, b, c ∈ Z

ý
ñ ��d�ýmskfrh�dgb��qstj¾ú!d#�¢Ë-�y���y :£G�< A��¹(£G¥É�I38d�ýysofih�dÌömbÌdgb9h�dqu�n

1 ∈ Z
h/jvlI��ö!dÌø�j�u�j

�Oö�j�l(��ömsodgu	b{�!w{dgu�n�dgb9h�dqu�n
a× 1 = 1× a = a

ý
 �,§�¥É��§/À��¢�����Ô¦J�: A�þ¹�£F�m£ºÀ-©m��3þø!j�u�j,�9ö!j�l���ö!skdgu�ø�jvu�d.÷�jÿú!d~dqb3h�dqu�nJf
a, b ∈ Zfrd�h�sodgbmdø��ö!d

a× b = b× a
�

ô�dgurnxdgf@�gltjvu�n���ö!d�ý�dgbS�Jdqb!dqu�j�l�ý�b!n{d�ýysofih�dzdqlodqwxdqb3h�n�sob & dgurf�n�ý0ø:nJu	d.÷rdqw¾ø!lkn�ý!dqlskb & dqu�f�nËú!dgl�b{�!wxdqu�n{dgb9h�dqu�n
2
úmd9õ:dguHGtj�f�dqu,dql�b��!w{dqu�n

1/2
��ö!dzb!nxdqfþö!bSb{�!w{dgurndqb3h�dgu�nm�,
 #�j~f?ö��qdgfrs & j{j�wËø!losoj+�gs(��bëúmd

Z
ø�j�u�j%��ömdzlojùú!s & skf�s���b�frdFj ö!b�j~n*ø:dqu�j
�qs��Jb��ö!d1h�dgbm�9j�f�dqb3h�sÆú!n{dqfÌ�qnJb!frh�u?ö!sku�dql��gn�b%÷Nö!b3h�nËú!d�lonJf8b��!w{dgurnJf�u�j+�gson�b�j�lkdgf

Q
�H�

#�j�fëú!nJf�n�ø:dgu�j+�gson�b!dgfOý,ltj�f?ö!wxjiü¤dgl�ømu�n�ú�ö��}h�n�ýE��ö!dOú�j�bZý�sk�*ö�j�lE��ö!d�dgb
N
ýurdgloj
�gsknJb�j�ú!j�f£ø:n�u�loj�ø!urn*ø!skd9ú�j�úîú!skfrh�ursÆõ�öyh�s & j*3

 3��§�¥É��§�À-�¢�A���Í�
À �}£G¥cÀª�V¹�£?À¸©m��3ùø�j�u�j �Oö�j�lkdgf���ö!skdgu�j
a, b, c ∈ Z

f�d=h�sodqb!dì��ö!d
a× (b+ c) = a× b+ a× c

�
a$b3h�n�b��gdqfûú!dB�gskwxn�f���ömd

(Z,+,×) dqf¾ö!bÐ�� 
À�Ë¨Ë-�Ô¦J�: ��þ¹(£G�m£?À-©:�Õ
Ôú!d�b�ö!d & n�Oö�j�l(��ömsodgu~�qnJb%÷Nö!b9h�n%�gnJbëú!nJf8n*ø:dgu�j
�gsknJb!dqf & dqu�s;J2�Fj�b:ú!n�loj�fPø!u�n�ø!sodOú�j�ú!dqf	s¸�>j�s & �-üL �	j~ 3��dgf¥ö!b?jvb!solklkn��gn�b!wùömh/jvh�s & n3�Æ�
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a$l,dqfrhEö:ú!soniú!d?loj�fxdqfrh�u?ö��}hEö!u�j�f�j�lk�Jd9õ!u�j�s��gj�f{dqf=sowËø:nJurh�j�b3h�dîüÐj�õ!urdSh�n�ú!n�dgl

�Fj�wËø:n¯ú!d�ltj�few=j�h�dgwïîvh�s(�Fjvf,�gn�b!n��gs§ú!nÀ�gn�wxn<×�Ë-¡:�{�A¥É��� ÿ8j�ømh/j<ltj�dgfih�uNö��qh?ö!u�j
ø!u�n
�Ûömb�ú�jsú!dSlonJf:�qnJb%÷Nö!b9h�nJf¾ú!n�h�j�ú!nJf¾ú!dSn*ø:dqu�j
�qsonJbmdgfËü�ø:dgu�w{skh�daú!dqf��qu�sÆõmsou{f?ö!f
ø!u�n*ømsod9ú!j�ú!dqf�ü<dqfrhEö:ú!stjvu��gj�u�j+�qh�dqu�Gkfrh�s(�Fjvf~�Jdgbmdgu�jvlodqfg�]a$l@îvlo�JdOõ!u�jÌdqf{dqb3h�nJb��qdgf{dgldgfrh?ö�ú!sknùú!d,ltj�f.´°-²±
�;!h�p®�-��h��­2-²±�¯%ý��gnJw{n#dqbedgf�n�f�÷Nö!dq�JnJf'ú!d�w{dgf�jÈ��ö!d�f�dHø!u�dqf�dqb3h/jvb
�gnJb�ú!skfrh�skb3h�n1jvf?ø:d4�}h�nãø:dqu�n�j�lylodqdgu�f?ö!f$urdg�Jloj�fBú!dqf��9ö:õ!u�skwxnJf=ö!bþ÷Nö!dq�Jn�ü9j]�qnJb!n��gs§ú!n!�
ù$Ãg�3¥�¦uÀ¨¦uÀ-�����ÙØo¯h/�0:´°¯
®°!�´z¶4­2-È�;!h�È/:!
 �´��²µ°-°�#®�-È 6!
/:!�Ú=¯

2× 2
µ°¯�°�µ°¯�--È8µ��6-}°2 .-°�

-}°2 q-}´v¯��X��¯�°:­y°,!�°2��� ��¯�°=¯Dµ°¯�°2/%­� 6!
 �¸·
¯�ÅH-°�� .¯È-°�°1D-���0:´°¯g®
­�µ� .¯p°=¯_-°�.µ�¯�°2/%­� 6!
 �¸·
¯ Çµ°¯�°��;!:��­�/:!=³5-��*0:´v¯g®
­�µ� .¯�Û*!{®4�� ª­*!
��-°�D®�-_/:!
 �´��²µ°-°�4<
�=Ü�ô Ýiê	Þ�ßCê¥æ í èëêáà9í èëäÆâûäOç_ä9ð¶ì

CHö!b���ö!d{dgb�dglcj�b!sklol|nëú!d�lon�f1b��!w{dgurnJf�dgb9h�dqu�nJfzb!n�frdËø�ö!dOú!dËú!s & s§ú!souOýZø:nJu���ö!d{lknJf�gn��gskdgb9h�dqf	b!n�f�nJb�dqb3h�dqu�nJfOý!f�G�f�d�ø�ö!d9úmdß
�j
�qdgueö!b�jùúms & sofrs��Jbxdgb3h�dgu�j:ýmn*õmh�dqb!s��qb�ú!nJfrdö!b,�gn��qsodqb3h�dþüËö!beu�dqfrh�n!�ca$frh�jùúms & sofrs��Jb{b!nJf & j#jÌø:dqu�w{skh�sku-ø:nJu'ö!beloj�ú!nÈ�gn�b!frh�u?ö!skuö!bIj�lo��nJu�s|h�w{n¾ø�jvu�j=dglD�4î�l��Oö!lonûú!dql�wìî�ýmskw{nì�qnJw��!bjú!s & skf�nJuþú!dùú!nJfpb{�!w{dgu�n�fpf�skbb!d4�qdgf�s§ú�j�ú�úmd5��j+�qh�nJu�s('Fj�urlon�f¶ü ø:nJu�n�h�u�n�dgfih/j�õmlodB�gdgu�ö!b�j�urdgloj
�gs(�Jb ú!d�d4��ö!s & j�lkdgbK��gstj ýAloj�¦J�: �¡�¥+¹��¢ �¦uÀ-�Â��·(�V¹AË-�á¹� Ô�y :£G�3¥É��ýI�qnJb�sob9h�dqu�dgf�j�b3h�dgf¶öyh�solks§ú�j�ú!dgf ø�j�u�jh�u�j�õ�j�÷�j�uDdgb<j�b!solklkn�f¹ø�j�u�dB�gs§ú!nJf�j?lknJfDdgb3h�dgurnJfùø:dgu�n��qnJbqö!b!j��gj�b3h�sÆú�j�ú�J�bmskh/jrú!ddglodqw{dgb3h�nJfg�
C�b9h�dqfHú!d#dqb�ö!b��qstj�u üaú!dqw{nJfrh�u�j�u.dgl�h�dqnJu�dqw=jËú!dglAu�dqfrh�nûú!d9õ:dqw{nJfHú!d}h�dgbmdgu�bmnJf

ö!bSwxnJw{dqb3h�n{j�u�dqã!d�ýyson�b�j�u.frn*õ!u�dzdgl(nJu?ú!dqb ��ö!d¹ø!u�dqf�dgb9h/j�b?lon�f�b��!w{dqu�nJf.b!jvhEö!u�jh�lodgfãüIlon�fzb{�!wxdqu�nJfzdgb9h�dqu�nJfq�¬CHömb���ö!d & nJl & dgu�dqw{nJfDfrn*õ!urdxdglkltj�f�dqb�dglX�gj�ø�G|hEö!lkn 7 ýú!dBJ�b!j�w{nJf�lon%��ö!dzdgf¥ö!b�j�urdgltj+�gs(�Jbëú!d�nJu?ú!dqb��
ä��9å� /À�¦uÀª·: �û(ªk��ª�'æ0�-�!

A
­¢°Ìµ°¯�°8��­¢°2 q¯�1u��-�®�--Èc°=-@­y°�!�¥É�yË-��¦uÀ¸·: }-}° -���µ°¯v°4��­y°2 .¯

A
µ°¯h/,¯]­¢°ï��­*®}µ°¯�°8��­¢°2 q¯

R
®�-��h0:´v¯g®
­�µ� .¯#µ�!�´� q-°���ª!�°=¯

A×A = {(a, b) : a, b ∈ A} 1®�-�/ì¯g®�¯�¶4­»-�®�¯��:-���-�/ì-}°2 q¯��
a, b ∈ A

-°�� ç»�°�´v-��;!¢µ��6¯�°�!9®�¯��ø���%³ì��¯h�;!
/ì-}°2 .-_���o�;!
0*!�´°-¸�B!

(a, b)
-°�� ²»Ï-}°

R
<

ù$Ãg�¢��§�Ë�����û�ªo��ªk�N¯@¯g®�-�/ì¯��Ì®�--Èc°2�¸´ ­¢°�!]´v-��;!¢µ��²¹�°Z-}°Z-���µ°¯�°8��­¢°2 q¯xÈc°2�� .¯
A =

{1, 2, 3, 4} µ°¯h/ì¯
R = {(1, 1), (2, 1), (1, 2)},

-°�~®�-/µ��¸´v1Ì-���ºì��-#´v-��;!¢µ��6¯�°�!Sµ°¯�°c-���ºIÅq!�·
-/µ°-°��-°�Gµ}´��� .¯
1R1 Ç ³�µ°¯v°c-���è�Å 1R2 Ç ³-��(èï��-z´v-��;!¢µ��6¯�°�!�µ°¯�°�-��AºÌÅçè�épº Ç <
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êA°�!=´v-��;!¢µ��²¹�°SÛ*!?®4�� ­*!
�D-°�_�;!�¶4­2-#®�--Èc°=-_��¯���°�ÊK/ì-}´v¯���´�!¢µ��6¯�°�!
��-°�4<{ë�¯h/ì-�/ì¯��
-���µ°¯�°8��­¢°2 q¯�®�-Ï�;!h��ìÆ´H!¢µÆµ��6¯�°=-°�

F = {p/q : p, q ∈ Z, q 6= 0} ³�®�--Èc°2��/ì¯��5�;!´v-��;!¢µ��²¹�°
R
®�-�/ì¯g®�¯�¶4­2-

p/q
��-�´v-��;!¢µ��6¯�°�!?µ°¯�°

r/s
���%³ì��¯h�;!
/ì-}°2 .-_���

ps = qrÅ(0:´v¯g®
­�µ� q¯x®�-ø/ì-�®
�6¯��)-°�ø�|±
­�!
�u!_0:´v¯g®
­�µ� .¯x®�-%-r­m �´v-�/,¯�� Ç <
ä��9å� 
À�¦uÀª·: }û�ªk��ª�û¼0�-�!

A
­y°]µ°¯�°8��­¢°2 q¯�1~­y°�!�¥É�¢Ë-��¦uÀª·: 

R
-}°

A
��-�®
�²µ°-~¶4­2-ï-°����Ì��¥����y }���$·
-}´�� È8µ�!ï�;!h�´0:´v¯°0��6-�®?!9®�-°�4¨

� Ç,í �9î��9�¯À-©m�u¨ a ��-,´v-��;!¢µ��6¯�°�!�µ°¯�° a 0*!�´H!{µ�­�!
�|¶4­��6-}´ a -}° A 1X-°�� .¯�-°� (a, a) ∈
R
0*!�´H!�µ�!9®?!

a
®�-

A ï��� Ç �� :£ºÀ �gÀ���ð9£F¥cÀ-¦J�u¨���� (a, b) ∈ R
³
(b, a) ∈ R

-}°2 q¯�°�µ°-°�
a = b ï����� Ç�ñ ¥É�� I�4À-£?À-©m�u¨���� a ��-p´v-��;!¢µ��6¯v°»!eµ°¯�° b ³ b ��-1´v-��;!¢µ��6¯�°�!eµ°¯�° c -}°2 q¯�°�µ°-°� a��-�´v-��;!¢µ��6¯�°�!�µ°¯�°

c
1�-°�D®�-/µ��¸´]���

(a, b) ∈ R
³
(b, c) ∈ R

-}°2 .¯�°�µ°-°�
(a, c) ∈ R

<
a$b�dql=�qnJb%÷Nö!b9h�nùú!dplon�f�b{�!wxdqu�n�f8b�j�hEö!u�j�lodqf~
�j^ü¾ö!b!j�u�dqltj
�qs��Jb¾ú!dpnJuNú!dgbëúmdgb!nh�h�j�ú�jø�gn�bxdgl�frso�Jb!n ≥ ý�ø:n�u>lojø��ö!d�ý ø:nJucd6÷rdgwËø!lon

5 ≥ 3
ü
100 ≥ 34

ü���ö!d,frd ø�ö!d9úmd
úmdBJ�b!skuÌú!d=lojSfrso�*ö!skdgb9h�dxwxj�b!dqu�j*3ùú�j�ú!n�f

a, b ∈ N
frdÿú!s(�gdï��ö!d

b ≥ a
f�s%n�õ!skdgb

b = a
n¹õmsodgb{d�ýysofrh�d ö!bxb{�!w{dgurnzb�jvhEömu�j�l

c
h/j�l���ö!d

b = a+ c
��acfih�d.nJu?úmdgb�jvwxskdgb3h�n

úmdzlonJf	b{�!wxdqu�nJf�b�j�hEö!u�j�lodqf�f�dzfNö!dglkdzu�dOø!u�dqf�dqb3h/jvu,f�n�õ!u�d¹ö!b!j{frdgw{souru�d4�}h/jS
¸
�j
�qstj~ltj
úmdgu�dB��
!jxlknJf & j�lonJurdgf	w=j[üJnJurdgf/��3

1 2 3 4 ...
• • • • ...ÿ�nJb!frsÆú!dqu�dgw{nJf
N+ ⊂ Z


�j & dB�gdqfÌúmsou�dqw{nJf1frdgb��qsolkltj�w{dqb3h�d N ⊂ Z
�pj�f�G$n�u?ú!d��b!j�ú!n�frdg�m�!b�dgl�nJuNú!dgbIj�b9h�dgurson�u�w{dgb3h�dÌúmdgf��qu�s|h�n!�pÀ>j�w{nJfpj=d�ý¢h�dqb�ú!dgu ú!s��°
!nenJuNú!dgbjÌlonJf#b��!w{dgurnJf~dgb9h�dqu�nJfOý'ú!d�wxj�b!dqu�j���ö!d�f�d�u�dqf?ø:dqh�d�dql8nJu?úmdgbÀ��ömd�h�dqb!dgw{nJf~dgb

N+ �:#�j�urdgloj
�gs(�Jb�úmd{n�u?ú!dqb�f�d ú!dBJ�bmsouvîëú!d�ltj�frso�*ömsodqb3h�d~wxj�b!dqu�j*31frdFj�b
a, b ∈ Zdqb3h�nJb��gdqf

a ≥ b
f�sZü�frnJltjvwxdqb3h�dpf�s

a− b ∈ N+ ∪ {0} �a$frh�dDnJu?ú!dqb?f�n*õmu�dDdglI�qnJb%÷Nö!b9h�nûúmdDlonJf�b��!w{dgurnJf,dqb3h�dgu�n�f�f�dDf?ömdglodDurd9ø!urdgfrdgb9h/j�udqbrö!b!j�u�dB�qh/jS
¸
�j
�gsoj~loj�ú!dqu�d4�°
�j{lknJf & j�lknJu�dqf�wxj^ü�nJu�dqf/��3

... −2 −1 0 1 2 ...

... • • • • • ...

	.b�h�dgn�u�dgwxj��Ûö!b�ú�jvwxdqb3h�j�l�f�n*õmu�d�dgl��gn�b%÷Nö!b3h�n
N
dgf.dql(f�sk�*ö!skdgb3h�d
3

ñ �3��¥��¢����û�ªo��ªÇúòØ$!9®?!5��­*®}µ°¯�°8��­¢°2 q¯�°=¯�·h!¢µ}26¯
A
®�-

N
 ª�6-}°=-�­¢°¾-���-�/ì-}°2 .¯5/~2��°2��/ì¯

m ∈ A
®�-È/:!�°=-}´H!�¶4­2-@0�!�´H!Sµ�!9®?! -���-�/ì-}°2 .¯

n ∈ A
��-) ª�6-}°=-�¶4­»-

n ≥ m
<Äß�²µ/Û»¯ì-���-�/ì-}°2 .¯

m
-°�)!9®�-�/{»h�1Ê¢°2�²µ°¯
<
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Ä�-�/ì¯��� ¨´H!¢µ��²¹�°�< > ö�ø:nJb!�Jj�wxn�fE��ö!d A b!nxh�skdgb!dzwïGkb!skw{n:ý�dgb9h�nJb��qdgf�úmdgw{nJfrh�u�j�w{nJf
ø:nJuxsob:ú�ö��4�qs��Jb¾�gnJwËø!lkdqh�j£��ö!d

N − A = N
ý8lon���ö!d ��ö!skdgu�drú!d4�qsouï��ö!d

A
dgf=dql

�gnJb%÷Nömb3h�n & j
�4Gkn!�ÿ�nJw{n
A
bmn~h�skdgb!dpw:Gob!skw{n#dqb3h�nJb��gdqf

1 /∈ A
ýmdgfrh�n{dqf9ý

1 ∈ N−A
� > dph�sodgbmd1lojõ�j�f�dãú!d�sob�ú:ö��4�qs��Jb��

C�
mnJu�jGõ!skdgb]f�s
1 /∈ A

ý
2 /∈ A

ý.�|�k�¨ý
n /∈ A

dqb3h�n�b��gdqf
s(n) /∈ A

ø�ömdgf{frdguHGtjwïGkb!skw{nm��ü�dzdqfrh�dzw{n�ú!n~f�d�h�sodqb!d�dql_ø�j�frnËú!d�sob�ú�ö*�4�gs(�Jbëüëø:nJu8h/j�b9h�n
A = ∅ �í,dqw{nJfãú!dqwxn�frh�u�j�ú!n�ltjed�ýyskfrh�dqb��gsojîú!d ö!b�w:Gobmsow�n�ý & dFj�w{nJf1f?öhö!b!s��qsÆú�j�ú�� > s

m
ü
m′ frnJb<w:Gob!skw{n�fzdgb3h�nJb��qdgf~f�d=h�skdgbmd,��ö!d m ≤ m′ ü m′ ≤ m

ø:nJu#lon ��ö!d
m = m′ �-ô�nJu8h/j�b9h�n�dgl(w:Gob!skw�n�dgfÌ�!bms��qn!�
ÎS��£G��¦uÀ¸·: >ª > s a ≥ b

ü
a 6= b

dgfH�gursÆõ!sku�dgw{nJf
a > b

�@#�j{d�ý ø!u�dqf�s(�Jb
b ≤ a

dgf,n�h�u�jw=j�bmdgu�jùú!dzdqf��qu�s§õ!sou
a ≥ b

�
¶ �D�q�¢¥G©m��¦uÀ¸·� áû�ªk�(ªk�Nóo�

1
³ì-�� −1 ��¯�° ��¯���Ê¢°2�²µ°¯���°�ÊK/ì-}´v¯��_-}°2 .-}´°¯��1¶4­2-] ª�6-}°=-}°�¸°�·
-}´°��¯�0*!�´�!ï-��m0:´°¯g®
­�µ� q¯�1

1× 1 = (−1)× (−1) = 1
<�ó$�� .¯��1®�¯��,°�Ê�/ì-}´°¯��@��-p®�-��°=¯h/%�¸°�!�°�¹A /À��A�!�A���{®�-��k!�°2������¯#®�-E��¯��ø-}°2 .-}´°¯��4<%ôá0�!�´� ª�¸´p®�-]!�Û2¯�´H!) ¨´H!?®°!H�B!�´°-�/ì¯��

���6-�/�0:´°-Sµ°¯�°Â°�Ê�/ì-}´v¯��)02¯����� ª�¸·
¯��4<Ð¯´!�´H!<µ�!
/:®4�ª!�´ -��X���|±�°=¯þ!£­y°Â°�ÊK/ì-}´v¯£®°!h�� 6!
/%­K�� ª�A0����²µ�!�´o02¯�´]�iºh1R­y°:0:´v¯Gµ°-°��¯�ìq»¢µ�����/ì-}°2 q-�´°-}·
-}´v���ª®4��-4<	ó$�� .¯��¸°:®
�²µ�!x¶4­2-ß ¨´H!?®°!H�B!�´µ°¯�°Ì°�ÊK/ì-}´v¯��´02¯����� �¸·
¯��~0*!�´�!ï�;!e®
�¸·������²¹�°?°=¯5-°�ø­y°�!�±�´�!�·
-�´v-°�� �´��²µÆµ��²¹�°�<
Ï%j~dqfrh/j�w{nJf	dqbÏ�gnJb:ú!s��qsonJb!dqf£ú!d�dqb�ö!b*�gsoj�ueüëúmdgw{nJfrh�u�j�u8dgl�h�dgn�u�dgwxj�úmdgl(urdgfih�n!�

ñ �3��¥É�y����û�ªk��ªo�¼0�-�!�°
a, b ∈ Z

µ°¯�°
a ≥ 0

³
b > 0

1.-}°2 q¯�°�µ°-°��-r­m���� .-}°õ®�¯��
-}°2 q-}´v¯��

q
Å,µ°¯Gµ��6-}°2 .- Ç ³ r Åtu�dqfrh�n Ç Ê¢°2�²µ°¯��_ 6!
��-°�#¶4­2- q ≥ 0

1
0 ≤ r < b

³���-ø �6-}°=-
�;!Ï-r­B0:´v-°���²¹�°

a = bq + r
-°�� q¯,-°�°1�®
�¸·���®�-}°:®�¯ì-°�ø�|±
­*!
�I!e®
�¸·�����¯�´~02¯v´#µ°¯Gµ��6-}°2 q-ß/{»h��´°-°�� .¯
<
Ä�-�/ì¯��� ¨´H!¢µ��²¹�°�<Xÿ�n�wxdqb�'FjvwxnJf£ú!dqwxn�frh�u�j�b�ú!n�ltj�d�ýysofih�dqb��gsoj ú!d

q
ü
r
�

> s a < b
dgb9h�nJb*�gdgf

q = 0
ü
r = a & dqu�s;J2�FjvbSloj�f�
!s§ø���h�dqf�sofq�

> s a = b
dgb9h�nJb*�gdgf

q = 1
ü
r = 0 & dqu�s;J2�Fj�b�loj�f�
!s§ø���h�dqf�sofq�

> s a > b
dqb3h�n�b��gdqfch�nJwxj�w{nJf�dql��gn�b%÷Nö!b3h�n

A = {a−nb : n ∈ N}∩(N+∪{0})��ömdedqfÌö!b�fNö�õ��gn�b%÷Nö!b3h�n�bmn & j
�BGon�úmd
N+ ∪ {0} �rô�nJuzh�j�b3h�n�ý�n

0 ∈ A
ü�dqfÌö!bdglodqw{dgb3h�nSwïGkb!skw{n:ýAn

0 /∈ A
ü�dglch�dqnJu�dqw=jSj�b9h�dqu�sknJuz�9jvu�j�b9h�s('Fj¬��ö!d

A
h�skdgb!dËö!bdglodqw{dgb3h�n�wïGkb!skw{nm�\ü�dgbmnJwxskb�j�w{nJf

r ∈ A
jvl�w:Gobmsow�n!�\ü�d�dgfih�dSw{n�ú!n�d�ýysofih�d

q ∈ N
h�j�l���ö!d

a− qb = r
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n�lon%��ö!dzdgf�lon~wxskf�w{n
a = qb+ r.ô�jvu�jhú!dqwxn�frh�u�j�u���ömd

r < b
frdSu�j+'gnJb�j�ø:nJu{u�dOú�ö��B�gs(�Jb¤j�l�j�õ!fNö!u?úmn!� > s r ≥ bdqb3h�nJb��gdqf

r = b+ l
�gnJb

l ∈ N+ ∪ {0} ý�ú!d�wxn�úmn���ö!d
a = (q + 1)b+ l

dqb3h�nJb��gdqf
l
dgfHö!b?dqlodgw{dgb9h�n¾ú!d

A
dqfrh�urs��}h/j�w{dgb9h�dDw{dqb!nJuÌ��ö!d

r
dgb �gnJb9h�u�j�ú!s��B�gs(�Jb

�qnJbÏ��ö!d
r
dgf�dgl(w:Gob!skw�nùú!d

A
�

#�j ö!bms��gs§ú�j�ú�dqfÌ�qnJb!frd4�9ömdgb��gstj{dqbSlknJf£ø!ursow{dgurnJf��gj�f�n�f ú!d�ltjùú!dqf�so��ö�j�lÆú!j�ú
a ≤ b

ü?dqbIdglD�!l|h�skw{nûú!d�ltj¾ö!b!s��qsÆú�j�újú!dgl�wïGkb!skw{nËü�ú!dglD
!dB��
!nîúmd%��ö!d�ú!nJfpdglkdgw{dgb9h�nJf
úmd

A
ú!s(J�dqu�dqb�dgbrömbSw��mlkh�s§ø!l|nùú!d

b
�

�xÜr� öø÷Æâx÷gù(÷qú�÷gàq÷Fû�üDû�ýÌþ ÿ8û � ��üzÿ���Þ�ß�÷��	üzÿ�÷����
ÿ�n�wxn	�9j_
!dqwxn�f>f�dBð�j�loj�
!n
�3ltj1b!nDd�ýysofrh�dgb
�qstj�
md,skb & dqu�f�n���jvu�j�dgl��!urn�

�
�}h�n�
!d.b��K�w{dgurnJf%dgb9h�dgurnJf´
!j��gd����!dplojzn��:dgu�j��gs(�Jb�
!d�
!s & sof�s(�Jbxbmn�f�d��
�!d�
�j#u�dFjvlos�'gj�ucf�sodqw��!u�d
-so���!j�l����md�b!n�f�d��
�!d�
md{d��-d��}h���j�u1f�skdgw��!u�d�ltj=u�dqfrh/j�dgbIlonJfpb��!w{dgu�n�f1b�jvh �!u�j�lkdgf��}�
C!�!b
���!dpf�d"�
�md�
!d"
!s & s#
!souc �dqb3h�u�d ñ �xn�$mh�dqb!dqu%�!beb��!w{dgurn�dqb3h�dqu�n
�yf�sob=dgw&$�jvu��Jn
�loj�
!s & skf�s(�Jb��#dgb9h�u�d 
 b!n~f�d'�
�md�
!d1dB�-d��qh��!j�uz
�fH�Jlon&�:n�
mdgw{nJf8n�$mh�dgb!dqu(�!b)�gn��gskdgb9h�d
�)�!b?urdgfih�nxf�dq���!b?dgl(h�dgnJurdgwxj{j�b3h�dgf*
!dgw{nJfih�u�j+
!n3�}��a$fih�n�
!j{l,�m�9j�u�j��mb�j{b!n��gs(�Jbskb3h�dgu�dqf�j�b9h�d	���!dzdqf.ltj&
!dz�/À¸©¯À.-4À0/�À-Ë-À-�����>�
1@Ò.1@Ò32 4ÁÖ65]×EÚqÙ=Ú87$×�Ö�Ü:9�;$ÜKÚqÙkØXÜ
ä��9å� 
À�¦uÀª·: }û�ª(û�ª¨'æ0�-�!�°

a, b
®�¯���°�Ê�/ì-}´v¯��ï-}°2 q-}´v¯��°1~��-�®�<²µ°-�¶4­2-

a
�
À-©¯À��A�I�

b³ ��- -°�Gµ}´=<ª®�-
a|b �><_-r­�<��� .-,­y°Â°�Ê�/ì-}´v¯�-}°2 .-}´v¯ c  6!
�	¶4­»- b = a × c

<Në2!
/:®�<@?}°®�-/µ><�/ì¯��z¶4­2-
b
-°�.�IÒ�Ë¸£ºÀ¸§�Ë¸�]®�-

a
¯x¶4­»-

a
-°�ø­y°)A²��¦�£G��¥S®�-

b
<

a$f�
!d��qsou���dqbÌdqlB�Fj�frnC
!s & sof�s#$!lkd���f�d��
�!d�
!d�d>D-d��}h���jvu�ltjE
!s & skf�s,F�b b dgb9h�u�d a ��f�dn�$mh�skdgb!d��!b�b��mwxdqu�nedgb9h�dgurn
��dgfih�n�dgf���jvl�G�j��gdqupltjH
!s & skf�s,F�b?dgb9h�dqu�jedgb9h�u�d b �
a
dglurdgfih�n{dgfEMy�

ù�Ãg�¢��§�Ë-�cû�ª(û�ªk�Nó~�:°�ÊK/ì-}´v¯:-}°2 q-}´v¯
12
®�<¸·I<�®�-ß!

60
02¯�´r¶4­»-

60 = 5× 12
02-}´v¯

12°=¯x®�<¸·I<�®�-È!�JLK�<
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¶ /S-q�¢¥G©m��¦uÀ¸·� áû�ª(û(ª(û ë�¯g®�¯�°�Ê�/ì-}´v¯ -}°2 q-}´v¯

a ∈ Z
-°�x®�<¸·I<��><ª®4��-E02¯�´

a
1R02¯�´ −a 102¯�´

1
³ø02¯�´ −1 <

¶ /S-q�¢¥G©m��¦uÀ¸·� áû�ª(û(ªÇúòØ$!9®?!]®�<¸·I<���¯�´
d
®�- ­¢° °�ÊK/ì-}´v¯À-}°2 q-}´v¯�°=¯�°2­K��¯

a ∈ Z·
-}´>< È8µ�! |d| ≤ |a| 1	®�¯�°:®�- |x| -°��-���·h!
��¯�´)!?®���¯h��­� q¯�1@-°�� .¯¬-°�°1I0*!�´H!Sµ�!9®?! x ∈ Z
��-

 T<6-}°=- |x| = x
�><
x ≥ 0

³ |x| = −x �>< x < 0
<

ä��9å� /À�¦uÀª·: �û(ª(û�ªk� êA°c-}°2 .-}´v¯ß0»¯��><� .<¸·
¯
a 6= 1

��-�®�<²µ°-D¶4­»-%-°�È­¢°� �Ò����3¥É��§A¥cÀVU���¾�><$��­{�~Ê¢°W<²µ°¯���ìB!¢µ� q¯�´v-°�E02¯��><� T<¸·
¯��_��¯�°
a
³
1
<=0�<

a
 .<6-}°=-�­y°xìB!¢µ� .¯�´E02¯��><� T<¸·
¯®�<��� T<¸°2 .¯=®�-

a
¹=®�-

1
��-D®�<²µ°-D¶4­2-%-°�,¦J�:��§V¹A��-q£F�D<

ù$Ãg�¢��§�Ë���û�ª�û�ªk�N«u¯��:-}°2 q-}´v¯��
5
1
13

³
19

��¯�°I°�ÊK/ì-}´v¯��@0�´=<�/ì¯��°1
125

³
258

��¯�°µ°¯h/�0k­2-°�� .¯��4<
1ÌÒ.1@Ò"Ñ X}Ý8YZ7RÔ*Ú\[^]_7 Õ�Öa`cbEÙ=ÝqÚqÕ�Ö�Ü:d]ØRÔ�ØãÙ=Ø$ÝqÙeb�ÝqØRÔ}Ö�Ý�]ãÙkÕ
ÿ�nJw{n�f�d	
!d�
^�
�gd�
!d�loj�f(
!n�f�n�$!f�dqu & j��gsknJb!dgff
!dglg�2îvu�u�jhD-n{j�b9h�dqu�son�u	dqlg�qnJbhi3�!b9h�n�
!d

!s & sofrnJu�dqfj�:nJf�s|h�s & nJfk
!df�!b{b��!w{dgu�n�b!jvh��!u�j�l

a
dqfl�!b��gn�bhi3�!b3h�nzb!n & j+�4Gknx
0�9j'���md,j�lwxdqb!nJf

a
�
1
f�nJbH
!s & skf�nJurdgfl
!d

a
�S�%J�b!s|h�n=
V�9j����!d,dqfrh°î��gn�b3h�dqb!s,
mnDdgbxdgl��qnJbhi3�!b9h�n

{−a,−a+ 1, ..., a− 1, a} �%�:n�u�lknE���!d�h�sodqb!d�frdgb3h�s,
!n�ltj�f�so���!sodqb3h�d'
!dBJ!b!s,�qs,FJb��
ä��9å� /À�¦uÀª·: �û(ª(û�ªt�ÔÄÈ!9®�¯��?®�¯��S°�Ê�/ì-}´°¯��þ-}°� q-}´v¯���02¯��><� T<¸·
¯��

a
³
b
��-Ì®�--Èc°=-�-��

/{»F­�<�/ì¯�µ°¯h/~Ê¢°�®�<¸·I<���¯�´D®�-
a
³
b
³���-�-°�Gµ}´=<ª®�-

mcd(a, b)
µ°¯h/ì¯5-���/:!�³{¯�´D®�-È��¯��®�<¸·I<���¯�´°-°�#µ°¯h/%­¢°=-°�D®�-

a
³
b
<

À>j�w{nJf1jC
!dgf�j�u�urnJloloj�u��!b�j�lk�JnJu�s h�w{n���jvu�j)�gj�l#���!loj�u�dgl�w���
m
!d�
!n�f�b��!w{dgu�n�fg�acfl�mbxj�lk�JnJu�s h�w{n��gl�î�f�s#�gn'�qnJb!n��gs#
!n	�qnJw{nzj�lk�JnJurs|h�w�n"
!d�al�^�glos#
!dqfg�RÞ.d��qdgfrskh/jvu�dgw{nJf
��j�u�j~dgfih/jE�gn�b!frh�u3�
���qs,F�bSdgl(frso���!sodqb3h�d1lkdgwxjm�
n>�¢����û�ª(û�ªk�¼ÄÈ!9®�¯��Ì®�¯��?°�ÊK/ì-}´v¯��£-}°2 .-}´°¯��:02¯��><� T<¸·
¯��

a
³
b
1
a > b

-}°2 q¯�°�µ°-°�
mcd(a, b) = mcd(b, r)

®�¯�°:®�-
r
-°��-��(´v-°�� q¯x®�-#®�<¸·I<�®�<¸´

a
-}°2 �´°-

b
<

Ä�-�/ì¯��� ¨´H!¢µ><²¹�°�<�À>jvwxnJf8j�
!dgw{nJfih�u�jvu%���!dpdgle�gn�bhi3�!b9h�n�
!d"
!s & skf�nJurdgfo�gnJw&�!b!dqf	j¬!
��®�dqf	sk����j�l����!d1dqle�qnJbhi3�!b9h�n&
!d"
!s & sof�n�u�dqfo�gnJw&�!bmdgf	j5®��=je´Æ�ca$fih�n~skwH�!lksp�Fj����!d
mcd(a, b) = mcd(b, r)

�a$bSd>D-d��}h�n
��f�s
p


!s & s#
!d�j a ��j
b
dqb3h�n�b
�gdqf,d�ýyskfrh�dqbSb��mwxdqu�nJf�dqb3h�dqu�n�f

s, t ∈ Zh/j�lkdgf(���!d
a = ps b = pt,
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mdew{n�
!nq���!delojSsk����j�l#
�j�
r���!dC
�jSdgl>h�dgnJurdgwxjq
!dql%u�dgfih�n
a = qb + r

frdC�^�!d�
!ddqf �qu�s,$msou(�gn�wxn
r = a− qb = ps− qpt = p(s− qt)lknE���!d�
mdgw&�!dqfrh�u�j����!d
p


!s & s#
!d�j�j r �
� d��4G#�!u�n��gj�wxdqb3h�d�frs p 
!s & s#
!d�j b ��j

r
dgb3h�nJb
�qdgf

b = pt r = pu,
�qnJb�lon�����jvl

a = qb+ r = qpt+ pu = p(qt+ u),lknE���!d�
mdgw&�!dqfrh�u�j����!d
p


!s & s#
!d�j a �cacfih�n�J�b�j�lks�'gj�ltj&
!dgw{nJfrh�u�j��qs,F�bs
!dgl(lkdgwxjm�
t�nJu�h�j�b3h�n�f�sl
!s & s#
!sow�nJf a dgb9h�urd b dgll�!urn�$!lodqwxjs
mdH�gj�l#���!loj�u1dgl

mcd(a, b)
f�durd�

�^�gd�j�lB�8î�l#���!lkn�
!dql

mcd(b, r)
���!d�f�nJb�j�G!nJu�j=b��mwxdqu�nJf�wïî�f��:d����md4ð!nJf'�:nJu�dqlh�dgnJurdgwxjE
!dzlojE
ms & sofrs,FJb��$Þ!�!d & j�w{dgb9h�d��:n�
mdgw{nJf*
ms & s,
!sku b dqb3h�urd r ��n�$mh�dqb!dgu*�!burdgfih�n

r1
���:nJu.lon����!dDdglu�!urn�$!lodqw=j~dgf!�gj�l,���!ltj�u	dgl

mcd(r, r1)
�´C,f�GAf3�
�gdqf�s & j�w{dgb9h�dfrd & j�bq�Fj�l#���!loj�b

mn

r2
�
r3
�k�|�����!dDfrnJbSb��!w{dgurnJf.dqb3h�dgu�n�f!�:nJfrskh�s & nJf(���md & jvbv
md��qu�d>w

�qsodqb

!n�

r1 > r2 > r3...

�}�R#(lodq�9j�uvî�dgb9h�nJb
�qdgf%�mbewxn�wxdqb3h�nDdgbedqlx���!d
rn = 0

�ydqfrh�nskwH�mlosp�FjE���!d
rn−1


!s & s#
!dDj rn−2

�dglAu�dqfrh�nC
!d#ltj�
ms & sofrs,FJb�dgf rn = 0

�f��dqb3h�n�b
�gdqfdql
mcd(a, b) = mcd(rn−2, rn−1) = rn−1

�
ù�Ãg�¢��§�Ë-�cû�ª(û�ªk�ÙØ$!
�oµ�­K�;!�´)-���/{»F­�<�/ì¯=µ°¯h/~Ê¢°I®�<¸·I<���¯�´z®�-#º�è�yx³Hz{zW|FèK<
ü,s & s,
!skw{nJf @�@ ) ñ dqb3h�u�d L�ñ �&��j�u�j�n�$mh�dqb!dguB3

8872 = 125× 70 + 122
#(nE���mdzsob^
!s,�gj����!d+3

mcd(8872, 125) = mcd(125, 122).
ü,s & s,
!skw{nJf L�ñ ��dgb9h�u�d L�ñmñ 3

125 = 122× 1 + 3.
t�n�u	h/jvb3h�n*3

mcd(125, 122) = mcd(122, 3)
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ü�dzb��!d & n*3

122 = 3× 40 + 2,
�)�:nJu8h/j�b9h�n�3

mcd(122, 3) = mcd(3, 2).B h�u�j & dB'
3
3 = 2× 1 + 1,lon����mdzf�sk�Jb!s(J
�Fj*3

mcd(3, 2) = mcd(2, 1).acl�u�dqfrh�n�
!d�
!s & s#
!souZ�:n�u L dgf8frsodqwH�mu�d]M���n�u�lon����!dpdql
mcd(8872, 125) = 1

�ca$frh�nf�def3�!dglkd=sob

ms,�gj�u��gnJw{nv���!d @�@ ) ñ � L�ñ ��f�n�b�0:´=<�/ì¯I}¬-}°W~�´v-�}}2.
�n�´v->�p��~T<¸·h�
/ì-}°W~.-
0:´><�/ì¯I}��Æ�
ä��9å� /À�¦uÀª·: �û(ª(û�ª�'3� 0�<�®K¯I}�°�ÊK/ì-}´v¯I},-}°W~q-}´v¯I}ß02¯I}><V~.<¸·
¯I}

a, b ∈ Z
·
-}´=< È8µ ��°]¶4­2-

mcd(a, b) = 1
}�-D®�<²µ°-}°e§A¥kÀ�����-��¢ �£G¥É��-L��ÅH¯�¥��¢Ë-�m£ºÀ¸©!�!���¢ �£G��§A¥cÀ¨����- Ç <

ù$Ãg�3¥�¦uÀ¨¦uÀ-�����ÙØl���oµ�­��p�ø02¯�´)->�B��� ±�¯�´=<V~ª/ì¯x®�-pó~­�µ>��<�®�-�}�->�
mcd(247, 9981)

<
ÎS��£G��¦uÀ¸·: >ªÄC�l,u�dqfrh�n�
!d�
!s & s,
!sku a dgb9h�u�d b lkn�
!dgb!nvh/j�urdgw{nJf

a mod b

.�gn�wxnf�d4ð!j�ltjvwxnJf8dgb�dglg�gj���Gkh �!lon�jvb3h�dgu�sknJu/�Æ�

ù$Ãg�3¥�¦uÀ¨¦uÀ-�����Ôól}Gµ}´><ª®�-�-}°ï0W}�-�­m®�¯Éµ/¹g®�<|±�¯ï->�B��� ±�¯�´=<V~ /ì¯{®�-1óo­�µ>��<�®�-�}4<
n>�¢����û�ª(û�ª�':' Å ®�-��]- �h¯h­�~ Ç 0�- ��° a, b ∈ Z

°�Ê�/ì-}´v¯I}:-}°W~q-}´v¯I}Ì02¯I}><V~T<¸·
¯I}°1Ì-r­�<,}>~.-}°®�¯I}%-}°W~.-}´v¯I}
s
³
t

~@����-�}#¶4­2-
mcd(a, b) = sa+ tb.

Ä�-�/ì¯I}>~¨´3�¢µ><²¹�°�<=a$f��!b!jc�gnJbmf�d����!dgb
�gsojq
!dgl>j�lk�JnJurs|h�w�ns
md=aj�
�qlos#
!dgf���u�d��gnJu3
!dgw{nJf
���md���f3�
�:nJb!skdgb

mnH���!d

a ≥ b
�!h�dgb�Goj�w{nJf%�!b�j�d�ý^�mu�dgfrs,FJbc
!d�ltj&D-n�u�wxj*3

a = q0b+ r0
b = q1r0 + r1
r0 = q2r1 + r2�|�k�
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rn−3 = qn−1rn−2 + rn−1

rn−2 = qnrn−1
mnJb

!d
rn−1 = mcd(a, b)

�À>j�w{nJf#jv
!dgw{nJfrh�u�j�u����!dC��j�u�jq�Fj�
�j
ri



i ≥ 0

�zd�ýysofih�dgb<dqb3h�dqu�nJf
si

�
ti


!dw{n�
!nE���!d+3
ri = sia+ tib.a$frh�n��gn�b
�gl#�^�Jdzdql(lodqw=j&�:nJu3���!d
rn−1 = mcd(a, b)

�
#�jH
!dqwxn�frh�u�j��gs#FJbq���!d & j�wxn�f�j��!u�dqf�dgb9h/j�u�dqf��x
!d#j�lk���!b�j�wxj�b!dgu�j^���gnJbmfrh�u3�
�>wh�s & jy� > s�
!dqf �:d\i�j�w{nJf

rn−1

dgbÌltj��:dgb��mlkh�skwxj{so����j�l#
�j�
6��d�ý^�mu�dgf�j�w{nJfpdgl
mcd(a, b)�qnJw{nv�qnJw&$!sob!j��gs#FJb�loskb!dFjvlcdqb3h�dgu�jq
!d

rn−3
�
rn−2


-dgfih�n����!skdgurd�
!d��gsku����mded�ýysofRwh�dgbr
!nJf�b��!w{dgu�n�f�dgb9h�dqu�nJf
A

�
B


!d�wxn�
mns���!d
mcd(a, b) = Arn−3 + Brn−2

�}�
> s & j�w{nJf	
!dgf3�:d8i�j�b^
!n

rn−2
dgb�ltj�f�sk���!sodqb3h�d�so���!j�l,
�j+
6�

rn−3
dqb�loj�j�b9h�dqu�son�ug�|�k�E�urd����!u�urdgb3h�dgw{dgb9h�d & j�w{nJf{f3�!frh�skh����Jdgb

!n�dqbÂltj�f�d�ý��!urdgf�sknJb!dqf�jvb3h�dqu�sknJu�dqf��8j�l�J�b�jvld�ý��!u�dqf�j�w{nJf

mcd(a, b)
�qnJwxn��gn�w�$msob�j��qs,F�b�lksob!dgj�l(dqb3h�dgu�jH
!d

a
�
b

���!d#dqfji3�!frh/j�ww{dgb9h�d�lknE���!d	���mdgu�dqwxn�fg�4�nJu�wxj�lks;'Fj�w�nJf8dql(u�j
'qnJb�j�w{skdgb3h�n��:nJu	sob


�^���gs#FJbs�gnJw��!lkdqh�j~dqb
i
�a$lg�Fj�frn

i = 0
dgf*�qsodqurh�nE�
�mdgfrh�nH���!d
3

r0 = a− q0b.

t�n�u	h/jvb3h�n
s0 = 1

�
t0 = −q0.a$lB�Fj�frn

i = 1
dgf.h/j�w&$ms,�gbc�qsodguih�nH�^�!dgfih�nC���!d

r1 = b− q1r0
�@ü�dDdgfih�d#w{n�
!n
�f3�!frh�skh����Jdgb

mn=loj~sk����j�l#
�j�
�j�b3h�dgu�sknJu�h�dqb!dgw{nJf43

r1 = b− q1(a− q0b) = (1 + q1q0)b− q1a.

t�n�u	h/jvb3h�n
s1 = −q1

�
t1 = 1 + q1q0

�ÀcdFjvwxnJf.j+G!nJu�jE���!dzf�s(dgl�lkdgwxj~dgf*�qsodguih�n��!j�u�jE����j�l,���!skdgu & j�lon�u�dqfrh�u�s,�}h/j�w{dqb3h�dw{dgbmnJu(���!d
i
h/jvw�$ms,�qb�lkn�dqf*��j�u�j

i
�a$bSd�D-d��qh�n
�!h�dqb!dgw{nJf43

ri = ri−2 − qiri−1.�.f�j�b^
!nxloj�Gms,��F�h�dgf�skf(
!d�sob


�^���gs#FJbs��j�u�j
ri−1

�
ri−2

f�d�n�$mh�sodqb!d
3
ri = (si−2a+ ti−2b)− qi(si−1a+ ti−1b).

t�n�u	h/jvb3h�n
ai = si−2 − qisi−1
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�

bi = ti−2 − qiti−1G�j��gdqbq���!dzfrd	�Jdgurs(JW���!d�dgl(lkdgwxjm�

ù$Ãg�¢��§�Ë���û�ª�û�ª�'¢�Nó�­B0:´v-�}���´ì->�
mcd(35, 20)

µ°¯h/ì¯?µ°¯h/:®�<¸°��¢µ><²¹�°���<¸°=- ���$®�-�J�yS³è^�
<
��j�f�d�ý^�mu�dgfrsonJbmdgf*
!dgl�j�lk�JnJu�s h�w�n�
mdDaj�
�qlos#
!dgfB3

35 = 20× 1 + 15
20 = 15× 1 + 5acb9h�nJb^�gdqf���
!dqf �:d8i�jvb

!n#dql��pdgbxloj1f�dq���!b

�jzsk����j�l#
�j�
~n�$yh�dgbmdgw{nJf

5 = 20−15×1
�

ü�dgf3�:d8i�j�b

mn�dql L �{dgbÌltj��!ursow{dgu�j{so���!j�l,
�j+

15 = 35 − 20 × 1

� > �!fih�s|h��^�Jdqb

!n�dqlf�dg���!b

!n���j�lon�u	dgb�ltj&�!ursow{dgu�j�sk����j�l#
�j�

5 = 20− (35− 20× 1

�>�!dgff
!d��qsouB3
5 = 2× 20 + (−1)× 35.

� ��¥É�:Ë��m¥kÀ-��û�ª(û(ª�'�û¼06� ��°
a, b ∈ Z

®�¯I}�°�Ê����}´v¯I}�°=¯�°e�²±{��~T<¸·
¯I}4<x0�<
1 < p < ab��}ï­¢°��}°W~\�}´°¯��2¯I}><V~.<¸·
¯?¶4­��=®�<¸·I<�®������e�:´°¯g®
­�µ>~.¯

ab
³
mcd(a, p) = 1

�}°W~q¯�°�µ���}
p®�<¸·I<�®����

b
<

Ä&�>�ì¯I}>~¨´3�¢µ><²¹�°�< ÿ�n�wxn
mcd(a, p) = 1

�f
!dql�lodqw=jr
!d�+�d��qn��mh��.f�d�
!d�
^�
�gd����!dd�ýysofih�dgb�dgb3h�dgurnJf
s, t ∈ Z


!d�w{n�
!nE���!d��
1 = sa+ tp.

;q�!lkh�s,�!lks#�gj�b

mn��:nJu
b
f�dzn�$mh�skdgb!d'���!d��

b = sab+ tpb.

ÿ�nJw{n
p


!s#�¢s#
!d�j
ab
frd�h�skdgbmd	���!dzd�ýmskfrh�d

c ∈ Z
h�j�l6���!d

ab = pc
�

!d�dgfih�dzw{n�
!n
�

b = spc+ tpb = p(sc+ tb).

Ï��:nJu8h/j�b9h�n
p


!sp�ys#
!d�j
b
�

� ��¥É�:Ë��m¥kÀ-��û�ª(û(ª�'?ú 06� ��°
p � p1 � <�<�< � pn

°�Ê����}´v¯I}g�:´=<V�ì¯I}4<�0�<
p
®�<¸·I<�®��o�����:´v¯g®
­�µ>~.¯

p1...pn

�}°W~.¯�°�µ���}&�r­�<,}>~\�
i � ~����A¶4­W�

1 ≤ i ≤ n
³
p = pi

<
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Ä��>�,¯I}>~�´3�¢µ><²¹�°�< � j��qnJb�j�w{nJf%�:nJu8sob

^�
���qs,FJb�dgb
n
�
���!d�dgf	dgl�b��!w{dgurnE
!d"D�j��}h�nJurdgf

�mu�sow{nJfq�
> s n = 1

dqlg�gn�u�nJloj�u�skn�dgf	h�u�sp�¢stj�lT���:nJu(
!d�J�b!s,�qs,FJbs
mdzb��!w{dgu�nE�!u�skw{n!�
> s p 
!sp�ys#
!d�j

p1...pnpn+1

dgb9h�nJb^�gdqf��9loloj�wxjvb

!n
a
j�l��!u�n�
^�
�qh�n

p1...pn

�vh�dgbmdgw{nJf
���!d

p

!s#�¢s#
!d�j�lS�!urn�

�
�qh�n

apn+1

� > s mcd(a, p) = 1
dgb9h�nJb^�gdgf��u�:nJupdglS�gnJurnJloj�u�sknjvb3h�dqu�sknJu��

p
dgfl�!bxb��!w{dgurn��!ursow{n'���!d*
!sp�ys#
!d�j

pn+1
�����!d�h�j�w&$!s,�qb�dqfZ�!u�skw{n!�St�n�uh�j�b3h�n��gnJb^�gl,�msow{nJf(���!d

p = pn+1

�ot�n�
!dqwxnJf�dgb9h�nJb
�qdgf,f �^��n�b!dgu
r = mcd(a, p) 6=

1
�ca$b)��j�uih�s#���!loj�u

r

ms#�¢s,
!d�j

p
���^�qnJw{n

r 6= 1
�
p
dqf%�!u�skwxn^�¢dqb3h�n�b
�gdqf

r = p
�Rü�ddqfrh�d�w{n�
!n

r = p

!sp�¢s,
!d8j

a = p1...pn

��frd(�gnJb^�gl,���Jdf�:n�ukG!s,��Fvh�dgfrsofS
!d	sob^

�
���gs,F�b��
1@Ò.1@ÒT1 �ÌØ$Ù�[�7RÔ�Ú8�=Ø$Ù=ÚqÛ$×
4�sob�j�lksp�Fj�w{n�f�dgfih/jÐfrd����qs,FJba�qnJb��!b�jP�!u�n��msod�
!j�
 D0�!b

!j�w{dgb3h�j�l	
md�lon�f�b��!w{dgu�n�fdqb3h�dgu�n�f��yltj	
md,ltj'D�j+�qh�n�u�s,�gj��qs,FJbE�!b!s#�Fj��qnJw{n��mu�n�

�
�}h�n�
md,b��mwxdqu�nJfZ�!ursow{nJfg��a$frh�ndqf��u�gj�
�j�b��!w{dgurn�dqb3h�dqu�n�f�d��
�!d�
!d�dgf3�gu�s#$!sou�
!d&D-nJu�wxj��!b!s#�FjC�gnJw{n)�!urn�

�
�}h�ns
!db��!w{dgu�n�ff�!u�skwxn�fg�
ñ �3��¥��¢����û�ª�û�ª�'¢� ë�¯g®�¯�°�Ê����}´v¯��}°W~8�}´v¯

a ≥ 2
��­W��®��*��}Gµ}´=<ª®�<¸´�}I�8®���ì8¯�´>���pÊ¢°W<²µ �ÅT}���� ·
¯��2¯I}><ª®��,��}�´��°¯�´r®��}°�����<@�}°W~q¯I} Ç µ°¯h�ì¯"�:´v¯g®
­�µ>~.¯x®��z°�Ê����}´v¯I}%�:´><V�ì¯I} �

a = pa1

1 × pa2

2 × ...pan

n®�¯�°:®�����¯I}{°�Ê����}´v¯I}
a1 � <�<�< � an

}�¯�°<°�Ê����}´v¯I}�°���~ ­¢´3���,��}{°=¯�°2­���¯I}{³
p1 � p2 � <�<�< �

pn
}�¯�°�°�Ê����}´°¯I}*�:´=<V�ì¯I}~®�<,}>~.<¸°W~q¯I}4<zô¡�p�v�r­��:´���}><²¹�°�®��

a
®�����´}´=<ª®���}I�&�,���V�p�����

A²��¦�£G��¥cÀ.¢9��¦uÀ¸·: <§A¥cÀ¨���?�A�
a
¯1�A��-F¦J�:��§$��-4À¨¦uÀ¸·: <�¢ PA²��¦�£G��¥É��-#§A¥cÀ¨���x-D���

a
<

Ä��>�,¯I}>~�´3�¢µ><²¹�°�<$ÿ�nJb!fih�u3�^�9j�w{nJf%�!b�j�lk�JnJu�s h�w�n���j�u�j�D�j��qh�nJu�s#�Fj�u%dql�b��!w{dgu�n�dqb3h�dqu�n
a ≥ 2

�Ca$fih�dSj�lk�JnJurs|h�w�nÌu�d��qnJ�Jd�dql(�!u�n��qd�
!skwxskdgb9h�n��ql î�frs,�gn�
!d�sou&�!urn�$�j�b^
!n�nJu8w

mdgb�j�
!j�wxdqb3h�d�frs	lonJf~b��!w{dgurnJf�w{dgb!nJurdgfE���!d

a

0��w=jL�JnJu�dqfE���!d L ��lknm
ms#�¢s,
!dqb6�


mdqh�dqb!s,�qb

!nJbmnJf	dqb�dgl�wxn�wxdqb3h�nDdgb)���!dpdgb
�qnJb9h�u�jvwxnJfo�!bC
!s#�¢sofrnJu�
!d
a
� > sxG!dqwxn�flklodq�9j�
!n�G�jvfrh/j

a
dgb3h�nJb
�qdgf

a
b!nph�sodqb!d%
!s#�¢skf�nJurdgfS����n�u�h/j�b9h�n1dqfl�mb�b��!w{dgurn'�!u�skwxn!�

> s�dqb
�gn�b3h�u�j�w{nJf��!b£
!sp�yskf�nJu
p < a

j�l%frdgu�dqlo�!ursow{dgurnv���!dedgb
�qnJb3h�u�j�w{nJf��$b!d��gd=wf�j�u�soj�w{dgb3h�d�dqf	�mu�sow{n!�za$b�d>D-d��}h�n
�g�gn�wxnedgf�dqlk�!ursow{dgu�n����md�dgb
�qnJb3h�u�j�w{nJf��
p
b!nh�sodqb!d�
ms#�¢sofrnJu�dqfpwxdqb!nJu�dqf'���!dE�ql@�6�
�mdgf�frdgu�Goj�b�
!s#�¢skf�nJurdgf"
!d

a
�#acbIdqfrh/j�frdg���!b^
�j

�:n�f�s,$msolosp
�j�
q
ms#�¢s,
!skw{n�f
a/p

�?dqwH�:d��Fj�w{nJf�
md�b��md��Jn�dgl��!u�n��qdgfrns�qnJbÌdgl��gn��qsodgb9h�d
a/p

�
acb9h�u�j�
�j^�

a


a > 2

�
i := 2
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¤ G!sklod

a mod i 6= 0
i := i+ 1��D
i < a

h G!dgb
r :=

<o��}$ì��¢µ>~.¯�´D®��
a
dglkf�d

r :=
�c��}%�:´><V�ì¯

> j�lks,
�j�� r
a$b��Fj�frn�
!d!���md

a
b!n�D0�mdgu�j��!u�skwxn�u�d��:dqh�skw{nJf>dgl��!u�n��qdgf�n��gn�bedql��qn��gsodqb3h�d

a/i
�

ù$Ãg�¢��§�Ë���û�ª�û�ª�'¢�ÙØl���oµ�­��,�>�ì¯I}'�p�.ì��¢µ>~q¯�´=<p�I�¢µ><²¹�°�®��Dº�J�y{<
ÿ�nJw{n LG
 ��bmn{dgff��j�u��!b!n�dgf*
ms#�¢sofrs,$!lkd"�:n�u ñ �
> s^
!sp�ys#
!sow�nJf�dgb9h�urd 
 n�$mh�dqb!dgw{nJfj���!d

135 = 3×45
�kt�n�u�h�j�b3h�n 
 dgfj�!b�D�j+�qh�nJu

�!u�skwxn&
!d LG
 �y�
� dgsobms,�qstj�w�nJf�dql�j�lk�JnJurs|h�w�nc�gnJb� 3�y��
 Þ,nvG!j��gdHD�jvlkh/js�!u�n�$�j�u��qnJb�lknJf��mu�sow{nJf

���mdzb!n�
!s#�¢s#
�Gtj�b�jvl(b��!wxdqu�n�
md���jvurh�s#
�j^�^�:nJu ���!dzb!n��
�md�
!dqbv
!s#�¢s#
!sou8j�lg�qn��gskdgb3h�d��
�Jdgu�d8irdgu3�gs#�gskn�f�sk���!sodqb3h�dG�}�

ü�d�b��!d>�Jnxdgff
!s#�¢sofrs,$!lkd�dgb3h�u�d 
 �!dgfih�n{dgf
45 = 3× 15

�a$lg�gn��qsodqb3h�d	
!d�b��!d��Jnxdqf*
!sp�¢sof�s#$!lkdpdqb3h�urd 
 �
15 = 3× 5

�Ï
5
dgff�!b�b��!w{dgurn��!ursow{n
�

135 = 33 × 5
�

ù$Ãg�3¥�¦uÀ¨¦uÀ-�����¼06� ��°
a, b, c

�}°W~\�}´°¯I}��2¯I}><V~T<¸·
¯I}4<¤0»­I�»¯�°¢±{���ì¯I}�¶4­W�
b
®�<¸·I<�®��c�

c
<Ä&�>�ì¯I}>~¨´3��´z¶4­W�'}><

a
°=¯x®�<¸·I<�®����

c
�}°W~q¯�°�µ���}

a
°=¯x®�<¸·I<�®�������µ°¯Gµ><@�}°W~\�D®��

c
�}°W~¨´��

b
<
a$l�j�lk�JnJu�s h�w{n��!urdgfrdgb9h/j�
!n~w&�!dqfrh�u�j#lojD�9�¯À.-q£G�¢ �¦uÀ-�H
!d�ltj	D�j��qh�nJu�s#�Fj��qs,FJbe��
!d�$:d=wwxnJf!�gnJw��!urn�$�j�u�j�G!n�u�j=ltjì¹A /À�¦uÀ��A���:
!d�loj=w{sofrw=jy� � j��qnJb�j�w{nJf!�:nJu�u�d�

�
���qs,F�bj�l(j�$!f �mu 
!n!�
> �
�:n�b!�9j�w{nJf(���!dzloj&D�j��}h�nJurs,�gj��gs#FJb�b!n�dgf*�mb!s,�gj�dqb3h�nJb
�gdqf��

a = pa1

1 × pa2

2 × ...× pan

n = qb1
1 × ...× qbm

m .

t�nJu	h�j�b3h�n
�n�$msodgb�d�ýysofih�d
qi


msofrh�sob9h�n�j	���!j�l,���!skdgu�j'
!d�lon�f
pj

�3lkn	���!d.dgfZ�mb�j	�gnJb9h�u�j+
!s,���gs#FJb
�:nJu ���!d�dgb9h�nJb^�gdgf%�:nJu��!b=ltj�
!n

qi


!sp�ys#
!d�j
a

���:nJu%dgl:n�h�urn
qi

bmn&
ms#�¢s,
!d,j
a

¨j�����Gf�dzdqfrhvî��!f�j�b

!n{dglg�qnJu�n�ltj�urskn 
 � 
 � L  3�Æ&nE$!skdgb

n = m
���!u�dqnJu 
!dqb�j�b

mn{f�s�dgf�b!d��gdgf�j�u�skn
�

p1 = q1
�(�|�|�#�

pn = qn

�ed�ýmskfrh�d
ai 6= bi

� > �
�:n�b!�9j�w{nJf����!d
ai > bi


�frs>bmnqD0�mdgu�jSj�fHG>dql>u�j��gn�b�j�w{sodqb3h�n�f�dHG�jvu�Gtj
�Fj�w&$!soj�b

!n�lknJfj��j��:dglkdgfZ
!d.loj

a
�~ltj

b
��dgb9h�n�b
�gdqf%h�nJw=jvb

!n�dglW�gn��gskdgb9h�d

c := a/pbi

if�d8h�skdgb!d%���!d(�:nJuk�!b�loj�
!n
pi


!s#�¢s#
!d	j
c
���:nJu�dql!n�h�u�n

pi

b!n'
!sp�ys#
!d8j
c
���Jj'���!d

c
dgf
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�mu�n�

�
�}h�n�
!d��!ursow{nJfl
!sofih�sob9h�nJfZ
md
pi


¨j+���*Gx
md�b��md��Jn�f�d�dqfrh°î��!f�j�b^
!n�dgl��gn�u�nJloj�u�skn
 � 
 � L  3�%lon����!dzdgff�!b�jE�qnJb3h�u�j�
!s#���qs,FJb��
t�nJu�h/j�b9h�nH�gn�b
�gl#�!sow{nJf�lojE
!dgw{nJfrh�u�j��qs,FJbc
!dgl(h�dgn�u�dgwxj^�:j�luG!j�$:dgu!
!dqw{nJfrh�u�j�
!nh�j�b3h�n{loj~d�ýysofrh�dgb
�qstjE�qnJw{n�ltj&�!b!s#�gs,
!j�
s
!d�loj&D�j��}h�nJurs,�gj��gs#FJb)
!d

a
�

��j,f�sk���!sodqb3h�d��mu�n��:nJfrs,�qs,FJb#j+�!wxdqb3h�j,b!nvh/j�$!lkdgw{dgb9h�d>ltj.d�JW�gskdgb^�gstj!
mdglyj�lo�Jn�u�s|h�w{n

md	D�j+�qh�n�u�s,�gj��gs#FJb��
�z¥É��§c��-4À�¦uÀ¸·: }û�ª(û�ª�'!�òë�¯g®�¯�°�Ê����}´v¯'�}°W~\�}´v¯1µ°¯h���k­W��}>~.¯

a
~.<@�}°e�X­¢°	ì��¢µ>~.¯v´6�:´=<V�ì¯

p 6= 1
���}°=¯�´)¯�<|±
­^���A¶4­W� √

a
<

Ä��>�,¯I}>~�´3�¢µ><²¹�°�< � j��gnJb!j�wxn�fS�:n�u�urd�

�^���gs#FJb�j�lyj�$!f �mu 
!n!� > �
�:n�b!�9j�w{nJfS���!d�h�n�
!n�flknJfCD�j+�qh�n�u�dgf)�!u�skwxnJf�
!d
a
f�nJb dqfrh�urs,�}h/j�w{dgb9h�d�w=jL�JnJurdgf)���md √

a
� ÿ�nJw{n

a
dqf

�qnJw��
�!dgfih�n
�mh�dgbmdgw{nJf
a = pa1

1 × ...× pan

n
mnJb

!den�$!sodqb
a1 > 1

n�$!sodqb
n > 1


-nIjvw�$!j�f��gn�f�j�f��}��a$b:����j�l#���!sodqu�jv
!delknJf
�gj�f�n�f��B�qnJw{nsGmdgw{nJf�f3�
�
�!dqfrh�nq���md

pi >
√
a

��j�u�j)�gj�
�j
i = 1...n

�(f�d~h�skdgb!d����!d
a > (

√
a)2 > a

lknE���!dzdqf*�!b!jE�gnJb9h�u�j+
!s,���gs#FJb��
ÀcdFjvwxnJf(�!b�d8irdqwH�mlon�
!nJb

!d�f�d�w&�!dgfih�u�j~ltj&�mh�sklos#
!j�
)
!dql(lodgwxjm�

ù�Ãg�¢��§�Ë-�cû�ª(û�ª�'y�¦¥6�¢µ>~q¯�´=<²µ��>�ì¯I}	z{zW|Fè�<
ÿ�nJw{n�dgf*�mbSb��!w{dgurn���j�u

8872 = 2× 4436
�a$l^�gn��gskdgb9h�d8dgfk
!d8b��!d>�Jn	��j�u

8872 = 22×2218
��
!d8b��!d>�Jn

8872 = 23×1109
�

ÿ�nJw{n √
1109 = 33.3001

�h
!d�$:dgw{nJfB�mu�n�$�jvuu�qnJbDlknJfg�!u�skw{nJf(w{dqb!nJu�dqfAn�so���!j�lodqf
���!d 
*L �
���!dzfrnJb ñ � 
 �:���:)�� L
L � LG
 � L )�� L *^� ñ�
 � ñ *�� 
*L �a$f��!b�jH�gn�wH�!urn�$�j��qs,F�bc�Jdqu����!d#b!sobm���!b!nH
!dDdglklonJf�lon�
!s#�¢s,
md����:n�u.h/jvb3h�n LmL M�*dqf*�!ursow{n&��loj�
!dqf �qnJwH�:n�f�s,�qs,F�b�dqf

8872 = 23 × 1109.B $!f�dqu3�vj�u�loj�w{d8irnJu�j&���md�G!j�skb3h�u�n�

�
�qs,
mn~dgl6G!d��=G!n�
!d1f FJlkn�h�dgbmdguf���!d	�!urn�$�j�u
�qnJb�lonJf%�!u�skwxnJf%G!j�frh�j�ltj�u�j
G#�'
!d LmL M�*m�
ù�Ãg�3¥v¦uÀ�¦uÀ-�����¦¥6�¢µ>~q¯�´=<p�I�eº�§�y�J{<
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��j�u�dqltj��qs,F�b�
!do
!s#�¢sofrs,$!skl|s#
�j+
��#frn�$!urd�h�n�
!n�ltj!�!ursowxj�lksp
�j�
�
!d�b��!w{dgurnJf�dgb9h�dgurnJff�nJb��gn�b
�gd��mh�nJfZ�!urn�D0�!b

!j�wxdqb3h�d�losk�9j+
!nJf$j1ltj'-g�3¡�¹A¥cÀ¨�����9À� uAç��¥v��×m£ºÀ�¦J�~dgb{lon'���!df�do
!dqb!nJw{sob!j,¦J¥cÀ�§�£G��¡:¥É�^A\���e��u�d�D-dqu�dqb3h�d8j,loj�h�u�j�b!frwxskf�s#FJb�
!d%wxdqb!f�j�irdgf��gn�
!s;JW�Fj+
!nJf

��j�u�j~b!n��:n�
!dqu.frdguf
!dgf3�gs#D-u�j�
!n�f*�:nJu(�!bSjhirdqb!nxj�l�f�skfrh�dqw=jy�Z��j~s,
!dgj�D0�mb

�j�w{dgb9h/j�ldgf*���!dzlknJf�j�lk�JnJu�s h�w{n�f%���!dzf�d	�gnJbmn��qdgbq��j�u�j�f�j�$:dgu�f�sg�!b�b��!w{dgurn{dqf.n{b!n��mu�sow{n
�!u�d��gsof�j�bm
!dgwxj�frstj�
!n=h�sodqw���nm�#a$fih�nc��jvu�d��gd�sob^
!s,�gj�u����!d�f�s�f�d~dgb���Goj)�!bIb��!w{dgurn
�!u�skwxnÌ
�nC�qnJwH�^�!dgfih�n3�.f �*JW�qsodqb3h�dqwxdqb3h�d~�Ju�j�b

!d+�6�!b��:n�f�s,$mlodDu�d��gd��yh�nJupsob^
!dgfrdFj�
!n

!dgl�wxdqb!f�j�ird�b!nC��j�j=f�dgu"�Fj��!j���
md~f�j+$:dgu1frs�dql�b��!w{dgurn�dqf'�!u�skwxn=ned�ý¢h�u�j�dgupf �!f
D�j��qh�nJu�dqfg�a$l
�!u�n�$!lodqw=j�
!d	ltj�
!sofih�u�s#$
�
�qs,FJb&
!d	lonJfk�mu�sow{nJf�dgb�dgl
�gn�bhi3�!b9h�n	
!d	lonJf�dqb3h�dgu�n�f��dgf�
!d��gsou��¢dgl�
!d!�gn�b!n��gdqu%dgl��mu�sow{n�dgb
�qf�sow{n
���:dgurw=j�bmd��qd�w{sofih�dqu�son�f�nzj��:dgf�jvu�
!d,f�dqu
�!b�jr���mdgfrh�s,FJb©���!dqG�jmD�jvf �gskb�j�
mn�jIw=j�h�dgwïîvh�s#�gnJf�
!d�h�n�
!j�f{ltjvfE���:n��Fjvfg�Ña$bÂloj
�2î��Jskb�j ¤ d�$m
!d�ltjejvf�so��b�jvh��mu�j=frd��
�!d�
!d~lodgdqu"�mb�j�uihvG,���!lkn�
!s#���!lk�9jvh�sp�Jn�
!d{;���CD�
C�$2î�b!j�
!dqf=f�n�$mu�d?j�lk���!b!nJf{j�f �:d��qh�nJf=sob9h�dgurdgf�j�b3h�dgfH
!dSltj�h�dqnJu�Gojm
!dSlonJf�b��!w{dgurnJf
�!u�skwxnJfq�

��jE
!sp�¢sof�s#FJb�dgb9h�dqu�j{b!n�f,j+$!u�d�dglg�gj�wH�:nE
!d�ltj�jvu�skh�w��qh�s#�gj�w{n�

�!ltjvu��^���!dzdqf.dglu�dgf3�!lkh�j�
!n�
!dedgfrh�j�$!lkd��qdgu��!b!j�f�u�dgloj��gsknJb!dqf�
!d�d����!s#��j�lodqb
�gsoj?dgb<lonJf#dqb3h�dgu�n�f���j�u�j
�gnJb!fih�u3�!sou%n�h�u�nJf�j�b!sklol|nJfZ�qnJbC�!beb��!w{dgu�nÈJ�b!s|h�n�
!d�dglkdgw{dgb9h�nJfZ�H�mu�n��!skd�
!j�
!dgf�w&�^�sob3h�dgurdgf�jvb3h�dgfg�
�=Ü�ª «­¬	àgüzÿ�÷qÞ��s¬�ùÙû)¬ ÿ%Þ��)®�ß��)¬f��ÿ�÷qü

C��!b
���!d'�JnJlp�Jdgu�dqwxn�f	f�n�$mu�d�dqloloj�f8dqbc�!urn�D0�!b

ms,
�j+
�dqb�dgl6�!l|h�skw{n&�gj���G|h��!lkn
��
!dBJ!b�jhwwxnJf	lknE���!d�dgf*�mb�j�¥É�yË-��¦uÀ¸·: Â���Ì��¯�¹
À-©m��Ë-�y A¦uÀ-���
ä��9å� /À�¦uÀª·: �û(ªÇú�ª�'æ06� �

A
­¢°]µ°¯v°�°�­y°W~.¯ � ­y°��~¥É�yË-��¦uÀ¸·�  R

�}°
A

}I��®�<²µ��~¶4­W�H��}�A�?��¯�¹/À¸©!�!Ë��¢ A¦uÀ��m}><$·��}´=< È8µ �H�p�h}%�:´v¯���<@��®{�9®���}4¨
< Ç.í �9î��9�¯À¸©!�u¨ a }I�.´��>�p�¢µ><6¯�°���µ°¯�°

a
�^��´3�{µ�­^���|¶4­�<@�}´

a
�}°

A � ��}>~.¯E��}
(a, a) ∈

R
�^��´ ��µ �9®{�

a
®��

A ï<V< Ç�± À¨��ð3£F¥kÀ-¦J�u¨o}><
a

}L��´��>�p�¢µ><6¯�°��{µ°¯v°
b

�}°W~.¯v°�µ=��}
b

}I��´��>�p�¢µ><6¯�°��xµ°¯�°
a � ��}>~q¯

��} � }><
(a, b) ∈ R

�}°W~q¯�°�µ���}
(b, a) ∈ R ï<V<V< Ç1ñ ¥É�� B-4À¸£ºÀ-©m�u¨%}><

a
}I�1´��>�p�¢µ><6¯�°��eµ°¯�°

b
³
b

}I�1´��>�p�¢µ><6¯�°��=µ°¯�°
c

�}°W~.¯�°�µ���}
a}I�z´��>�p�¢µ><6¯�°���µ°¯�°

c � ��}#®��/µ><¸´�}><
(a, b) ∈ R

³
(b, c) ∈ R

�}°W~.¯�°�µ���}
(a, c) ∈ R

<
ä��9å� /À�¦uÀª·: �û(ªÇú�ªk�¼06� �

Z
�>��µ°¯�°L°�­¢°W~q¯<®�����¯I}Ì°�Ê����}´v¯I}��}°W~\�}´°¯I}?³

p ∈ Z
­¢°°�Ê����}´v¯r�}°W~8�}´v¯

p > 1
<�Ä&�-Èc°W<V�ì¯I}H�p��´��>�p�¢µ><²¹�°Ð®��~¦J�: �¡�¥+¹��¢ �¦uÀ-� ��·(�I¹AË��

p �
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¶4­W�~®��}°=¯h~@���ì¯I}
a ≡ b mod p � ®����p�H}><|±
­�<@�}°W~8������°e�}´3�?¨

a
��}�µ°¯�°¢±�´�­��}°W~\��µ°¯�°

b�=¹g®
­���¯
p

}><�³E}�¯h�p�����}°W~\�"}><
a− b

��}	��Ê���~.<²����¯=®��
p
<

¶ /S-g�3¥G©m��¦uÀª·: áû(ªÇú�ª(û¼0�<
a
³
b

}�¯�°)�2¯I}><V~T<¸·
¯I}��}°W~.¯�°�µ���}
a ≡ b mod p

}><%³�}�¯h�p��³
���}°W~\�"}><

a mod p
©
b mod p

<
ù�Ãg�3¥v¦uÀ�¦uÀ-�����¼Ä��>�ì¯I}>~¨´3��´'�p�x·��}´ �¢µ><�®{�9®=®��	�p�Ï¯
®>}I�}´Æ·h�¢µ><²¹�°���°W~\�}´=<6¯�´B<
�z¥É��§c��-4À�¦uÀ¸·: }û�ªÇú�ªÇú «6�S´��>�p�¢µ><²¹�°<®��eµ°¯�°¢±�´�­��}°�µ><.�v��°W~\��}x®��-Èc°W<�®{����}:­¢°��?´��>�p��³µ><²¹�°I®��&��¶4­�<¸·h���#�}°�µ><.�?<
Ä��>�,¯I}>~�´3�¢µ><²¹�°�<$ü�d�$:dgw{nJf*�qnJw��!u�n�$!j�u	loj�f8h�urdgff�!u�n��msod�
�j�
!dqf��

í �9î��9�¯À¸©!��ª > d=h�sodqb!delojv�!urn��!sod�
�j�
�u�dqã!d�ýys#��j��9j����mds�!j�u�jv�Fj�
!j
a ∈ Z

frd
�Jdqu�s;JW�Fj

a− a = 0 = 0× p
�

± À���ð9£G¥cÀ�¦���ª > s a ≡ b mod p
dqb3h�n�b
�gdqf{d�ýmskfrh�ds�!b]dgb9h�dqu�n

c

!d�w{n�
!n����!d

a− b = pc
�W
!d�dqfrh�dzw{n�
!n

b− a = p(−c) �qnJb�lon����!d
b ≡ a mod p

�
ñ ¥É�� B-4À¸£ºÀ-©m��ª > s a ≡ b mod p

�
b ≡ c mod p

dgb9h�nJb
�qdgf%d�ýysofih�dgb
q, r ∈ Z

h/jvlodgf
���!d

a− b = pq

b− c = pr.

> �!w=jvb

!n{j�w&$�j�f	urdgltj+�gson�b!dgf	frdzn�$yh�sodqb!d+�
a− c = (a− b) + (b− c) = pq + pr = p(q + r).

ÿ�n�bSlknE���!d
a ≡ c mod p

�qnJw{nE���!dguHGtj�w{nJf(
!dqw{nJfrh�u�j�ug�
ù�Ãg�3¥v¦uÀ�¦uÀ-���(' Øo¯h���:´v¯
®���´"�p�h}"}><|±
­�<@�}°W~\��}�´��>�p�¢µ><6¯�°e��}z®���µ°¯�°¢±�´�­��}°�µ><.�?¨

2 ≡ 4 mod 2 13 ≡ −2 mod 5 15 ≡ 3 mod 3.

��j~frso���!skdgb9h�d"�!urn��:nJfrs,�gs#FJben�$!frdgu3��jE���!d�ltjvf8n��:dqu�j��qsonJb!dqf(
!d1ltj�j�urskh�w��}h�s#�gj#dgb�wh�dgu�j^��dqfrh�n�dqf���f �!wxjC���mu�n�

�
�}h�n
�(u�dgf3�:dqh�j�b�dgfih/j�urdgltj+�gs,F�b�
!d�d����!s#�vjvlodqb
�gsojm��t�n�uh�j�b3h�n<frd��
�!d�
!d�G�j�$!loj�u�
!d�j�urskh�w��}h�s#�Fj�wxn�

�mltj�uq�ÔacfC
!d��qsou���f�d��^�!d�
!dqb G�j��qdguf3�!wxj�f(�)�!urn�

�
�}h�nJf�wHF�

�mlon��!bc�qsodguih�n�dqb3h�dqu�n!�
�z¥É��§c��-4À�¦uÀ¸·: }û�ªÇú�ªk�Í0e����°

a, b, c, d, p ∈ Z
°�Ê����}´v¯I}s�}°W~\�}´v¯I}�µ°¯�°

p > 1 � ~@���,��}¶4­W�
a ≡ c mod p

³
b ≡ d mod p

<.06�z·��}´=< È8µ �e¶4­W�4¨
< Ç a+ b ≡ c+ d mod p ï<V< Ç ab ≡ cd mod p.
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ù$Ãg�3¥�¦uÀ¨¦uÀ-����� êg}���´��p�?®��-Èc°W<²µ><²¹�°�®��=µ°¯�°¢±�´�­��}°�µ><.�&�^��´3�?®��>�ì¯I}>~�´ ��´&�p���:´v¯��2¯I}><V³µ><²¹�°m��°W~8�}´=<6¯�´B<
ù$Ãg�¢��§�Ë���û�ª;ú�ªk� ë�¯h���>�ì¯I}'�p�=´��>�p�¢µ><²¹�°�®��~µ°¯�°¢±�´�­W�}°�µ><.���e¹g®
­���¯Hy?<ó����W�/µ��>�ì¯I}v��<¸´3��°:®�¯���¯I}Ì°�Ê����}´°¯I}��2¯I}><V~T<¸·
¯I}4< Øo¯h�ì¯

a ≡ b mod 5
}><#³

}�¯h�p�����}°W~8�*}=<l�>��´���}>~q¯�®��1®�<¸·I<�®�<¸´
a
¯
b

�}°W~¨´��	yC��}��>�x��<,}>�ì¯eÅ#�2¯�´��p�,¯
®>}I�}´Æ·h�¢µ><²¹�°
J{<²K�<´J ÇI� °=¯I}!<¸°W~8�}´���}���}��?®>�}´1µ�­!»�°W~@�h}Z�2¯I}><ª®�<V��<�®{�9®���}"�r­�<,}>~8�}°&�^��´3�{®�<²µ/Û2¯D´���}>~.¯
<	¯Ì¯�´
�>��~\�°¯�´��>���1®��Z�p�1®�<¸·I<,}=<²¹v°H�}°W~\�}´3���>�3·h����¯�´%®��>�9´���}>~.¯p®���®�<¸·I<�®�<¸´6�2¯�´�y���}X­¢°�°�Ê����}´v¯µ°¯h����´��}°:®�<�®�¯&�}°W~¨´����#³�K�<�Ä�����}>~@������°e�}´3�E�>�^��´��/µ��}° � ����~�´ �?®��3°���´*�=¹g®m­���¯&y � ��¯I}°�Ê����}´v¯I}�¶4­��p®{��°�´���}>~.¯E�&����®�<¸·I<�®�<¸´j�2¯�´�y�Å3��}�®��Æµ><¸´f��¯I}!�~Ê���~T<²����¯I}�®��"y ÇI� ��¯I}�¶4­��®{��°Ì´���}>~.¯=º � ��¯I}#¶4­W�#®{��°Ì´���}>~q¯�è � J�¹�K�<ó%°©��}>~8�&}I�}°W~.<�®K¯ � ���j~.¯h����´~´��>�µ�yµ><²¹�°��=¹g®
­���¯qy � }I�E~T<@�}°e�}°£yr�>�,�>���}°W~.¯I} � ��¯I}¶4­��'}L�z´��>�p�¢µ><6¯�°���°�µ°¯�°��>�S� � µ°¯�°��>�Aº � <�<�< � µ°¯�°��>�
K�¨
• 0 ≡ 5 ≡ 10 ≡ 15 ≡ 20... mod 5
• 1 ≡ 6 ≡ 11 ≡ 16 ≡ 21... mod 5
• 2 ≡ 7 ≡ 12 ≡ 17 ≡ 22... mod 5
• 3 ≡ 8 ≡ 13 ≡ 18 ≡ 23... mod 5
• 4 ≡ 9 ≡ 14 ≡ 19 ≡ 24... mod 5«I¯I}�°�Ê����}´°¯I}�°e�²±{��~.<¸·
¯I}	~@���:®�<@?}°q}�¯�°I®������ ±
­y°=¯x®��&��}�¯I}	~T<²�2¯I}4¨
• 4 ≡ −1 ≡ −6 ≡ −11 ≡ −16... mod 5
• 3 ≡ −2 ≡ −7 ≡ −12 ≡ −17... mod 5
• 2 ≡ −3 ≡ −8 ≡ −13 ≡ −18... mod 5
• 1 ≡ −4 ≡ −9 ≡ −14 ≡ −19... mod 5
• 0 ≡ −5 ≡ −10 ≡ −15 ≡ −20... mod 5

a$frh�n�sob

!s#�Fj����!d���j�u�j�G�j��qdgu�n���dqu�j+�gson�b!dgf��gnJbC�mbedgb9h�dqu�n
a
wHF�
^�!lon��!bC�qsodqurh�nb��!w{dgurn

p
�:n�
!dgw{nJfS�mh�sklos#�gj�uAdqlmu�dqfrh�n'
!d%
!sp�¢s,
!sku

a
�:nJu

p
��acfih/jpdqlod����gs#FJb�frsow��!losÇJW�Fjltj�f	n��:dgu�j+�gson�b!dgfq�

t�nJu�d8irdqwH�!lkn
�Éf�s����!dqu�dqwxnJfAw&�!l|h�s#�!lksp�Fj�u�w�F�

�!lkn,�	lonJf(b��!w{dgurnJf�)� ñKL � L�ñ  9��*mM^�dgb=l#�!�9jvul
!d*G�j��qdgu>ltj1w��mlkh�s#�mlks#�gj��gs#F�bE
!sku�d��}h/j�w{dqb3h�d+�3h�nJwxj�w{nJf$lon�fcu�dgfih�nJf>wHF�

�mlon�&��jvf�G
7421× 124592 ≡ 1× 2 ≡ 2 mod 5.

ù$Ãg�3¥�¦uÀ¨¦uÀ-���»û­¶��W�}´ ���=¹F®
­���¯c| � ¯
®�~8�}°W<@�}°:®�¯%­¢°�´���}�­���~@�9®�¯)�}°W~�´����{³)§
¨

2345 + 214× 432, 2419 + 987.
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��jHD-nJu�wxj�lksp�Fj��qs,F�bq
!d�dqfrh�nJf"�gnJb^�gd��yh�nJf��(f�n�$!u�d#ltjH���!d&�!u�n+D0�!b

!s#�Fj�urdgw{nJf,dgb�dql
�gj���G|h��!lkn 7 frdzdgb^���!dqb3h�u�j{dgb�ltj�f	frso���msodgb9h�dqff
!d�J�b!s#�gson�b!dgf��
ä��9å� 
À�¦uÀª·: }û�ªÇú�ª¸�õ06� �

A
­y°Ñµ°¯�°L°�­y°W~.¯?³ ∼ ­y°���´��>�p�¢µ><²¹�°Ð®��c��¶4­�<¸·h���,�}°�µ><.�r�}°

A
<�¯(��´3�Ìµ �9®{���>�,�>���}°W~.¯

a ∈ A
}I��®��-Èc°e���p�x¦9Ë-�W-g��������¯�¹
À-©m��Ë-�¢ �¦uÀ-�<�A�

a � ³}I�1®��}°=¯h~����2¯�´
C(a)

¯!�2¯�´
a � µ°¯h�ì¯��>�(µ°¯�°L°�­y°W~.¯~®��"~.¯g®�¯�}'�9¶4­W�>�V��¯I}��>�,�>���}°W~q¯I}p®��

A
¶4­��"}I�z´��>�p�¢µ><6¯�°���°�µ°¯�°

a
¨

a = {b ∈ A : b ∼ a}.

ä��9å� 
À�¦uÀª·: }û�ªÇú�ªo�¼06� ��°
A
­¢°<µ°¯�°L°�­y°W~.¯x³ ∼ ­¢°���´��>�p�¢µ><²¹�°�®��E��¶4­�<¸·h���,�}°�µ><.�c�}°

A
<~06�~®��-Èc°e���>��¦J�: yÃ4¹� �£F�Ð¦J�(¦)À-�¢ �£G��®��

A
�2¯�´��p��´��>�p�¢µ><²¹�°�®��H��¶4­�<¸·h���,�}°�µ><.� ∼µ°¯h�ì¯��>��µ°¯�°L°�­¢°W~q¯x®��	�p�h}~µ>�p�h}I��}z®�����¶4­�<¸·h���,�}°�µ><.�?¨

A/∼ = {a : a ∈ A}.

a$b3h�n�b
�gdqf#loj�j�u�s|h�w��qh�s#�FjewHF�
^�!lon)�!b�dgb9h�dqu�nq�:nJfrskh�sp�Jn
p
frnJb�ltjvf�n��:dqu�j��qsonJbmdgf

���!d�f�d�u�dgj�lks,�Fjvb�dgb�dqlj�gn�bhi3�!b9h�nc�qn��gskdgb3h�dE
!d
Z

�:nJu1lojeu�dgloj��gs#FJb�
mdE�gnJbm�Ju �!dqb
�gsojw�F�

�!lkn
p
�ÏC dgfih�d��gnJbhi3�mb3h�nv�gn��qsodqb3h�d=lonq
mdgb!nvh/j�urdgw{nJf

Zp

��jvh�dqb

!sodqb

!nÌjSloj�f
�qnJb!frs,
!dqu�j��qsonJbmdgf.j�b3h�dgursonJurdgf��

Zp = {0, 1, ..., p− 1}.

ù�Ãg�¢��§�Ë-�cû�ªÇú�ªk�NóZ}>~ª­m®�<@�>�ì¯I}��p�h}�¯��W�}´3�¢µ><6¯�°e��}z®��"}�­����x³	�:´v¯g®
­�µ>~q¯C�}°
Z7
<

a$frh°î�D-nJurw=j�
mn��:nJu,)&�gloj�f�dqf*
mdzd����ms#�vjvlodgb^�gsoj^�
Z7 = {0, 1, ..., 6}.

a$bSltj&�gloj�f�d'
!d�d����!sp�vj�lkdgb
�qstj�
!dql
0
dgfih°î�b�lonJf8w��mlkh�s#�mlknJfo
!d#)¢�a$b�ltjs�qltj�frd�
!dxd����ms#�vjvlodgb^�gsojc
!dql
1
dqfrh°îvb�h�n�
!nJfzlknJf�b��!w{dgurnJf��:nJf�s|h�sp�JnJf	���!d


!j�b�u�dqfrh�n L j�lg
ms#�¢s,
msouo�:nJu,)��W�:nJu	d8irdqwH�mlon
� @ � L ��� ñ
ñ �RC(
!dgwïî�f�dqlew 7 ��w LG
 ��w ñ Mm�|�k�ÏÍj�fHG(dgbc�Fj�
!jE�gloj�f�d	
mdzd����!s#��j�lodqb
�gsojm�
t�j�u�j#f �mw=jvuo$�j�frh�j�f�j+$:dgu8lon����!d1n����!u�urd1j�lxG�j+�gdgu8loj�f�f3�!wxj�f8w�F�

�!lkn~)�
!dplknJfb��!w{dgu�n�f�
!dqlXMSj�l 7 �Ilkn�w{sofrwxn)�!j�u�j�dgll�mu�n�

�
�}h�n!���(n�u�d��mu�dgfrdgb9h/j�w{nJfzdgb�
!nJfh�j�$!loj�f��
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+ 0 1 2 3 4 5 6
0 0 1 2 3 4 5 6
1 1 2 3 4 5 6 0
2 2 3 4 5 6 0 1
3 3 4 5 6 0 1 2
4 4 5 6 0 1 2 3
5 5 6 0 1 2 3 4
6 6 0 1 2 3 4 5

× 0 1 2 3 4 5 6
0 0 0 0 0 0 0 0
1 0 1 2 3 4 5 6
2 0 2 4 6 1 3 5
3 0 3 6 2 5 1 4
4 0 4 1 5 2 6 3
5 0 5 3 1 6 4 2
6 0 6 5 4 3 2 1

��j�f	h�j�$!ltjvf(
!d�ltjvf	f �!wxj�f(�elonJf(�mu�n�

�
�}h�nJff
!d�lonJf8b��!w{dgurnJf
0, 1, ..., p− 1

�gnJb9h�skdgb!dqb]h�n�
!nJf~lknJf&�!urn�

�
�}h�nJf&��f �!wxj�f�
md�loj�jvu�skh�wH�}h�s#�gj?w{n�

�!loj�u�
0��j�u�j��!b
�gsodqurh�n�dgb3h�dgurn

p
�}�

í,dqw{nJf=j+$!sodqurh�n�dqb3h�n�b
�gdqf=dgl*�gj�w��:n�
!dSloj�j�u�s|h�w��qh�s#�Fj�wxn�
^�!ltjvug�·t�n�
!dgw{nJfd�D-d��}h���jvu�n��:dgu�j+�gsknJb!dgf�
.G�j��qdgu	f3�!w=jvf%�C�mu�n�

�
�}h�nJf���wHF�

�mlon&�mbs�gsodqurh�n~b��!w{dgurn
p
�

«	sodqb!d{dgb3h�nJb
�qdgfDf�dgb9h�s#
!nq�!loj�b3h�dFj�u1d�����j��qsonJb!dqf���G�j��qdguzn�h�u�j�f�n��:dgu�j��gsknJb!dgf��Ah�u�jvh�j�u

!d�u�dgfrnJl#�Jdqu�f�skfrh�dqw=jvff
!d�d�����j��qson�b!dgfq�k�|�
�=Ü ¸ ¹x÷qù6�u¬�þ üDù û)¬º¬�ÿ8��üzÿ�÷qÞ��)¬�ùÙþ �xû���àqÞ ¬f���u¬8ß�Þ#ù
ÿ�nJw{n�
!d��BGtjvwxnJf�j�l�J�b!j�los#�Fj�u8ltj~f�d����qs,FJb?j�b9h�dqu�son�u��!ltjvf�n��:dqu�j��qsonJbmdgf*
mdzltj�j�u�s|h�w��>wh�s,�gj�w{n�

�!loj�u$b!nJfZ�:dqu�w{skh�dqb��!loj�b3h�dFj�ucd����!j��gsknJb!dqf%nDf�skfrh�dgwxj�fZ
md,d�����j+�gson�b!dgfq�RC�f�G
�:n�
!dgw{nJf(G!j�$!loj�u%
md	�mb�j�¦J�: A¡�¥h¹A�¢ A¦uÀ��IË-À¨ ��3��Ëu�gnJw{n��!b!j~d�����j��qs,FJb�lksob!dgj�lx
!d1loj
D-nJu�wxj

ax+ b ≡ c mod p

!nJb

!d

a, b, c, p
f�nJb�dqb3h�dqu�nJf�J+i�j�
!nJf��

p > 1
�
x
dqf*�!b�j~sob

!d}h�dqu�w{sob�j�
!jm�
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ù�Ãg�¢��§�Ë-�cû�ªk��ª�'æ06� ���2¯�´&�0°L�>������¯E�p��µ°¯�°¢±�´�­W�}°�µ><.�
3x+ 3 ≡ 4 mod 5

<�06��~�´ ��~@�®��%®4­{}Gµ ��´�~q¯g®�¯I}��9¶4­W�>�V��¯I}#°�Ê����}´v¯I}��}°W~\�}´°¯I}
x

~����,��}~¶4­W�E���B�%­���~T<²����<²µ ��´=��¯I}f�2¯�´�J³�}�­�����´=�,��}�J�}�¯�°�µ°¯�°¢±�´�­W�}°W~8��}�µ°¯�°CK��=¹g®
­���¯Hy?<

> s�u�j+�gnJb!j�wxn�f��gnJw{n#f�s�D0�!dqu�j�bed�����j��qsonJbmdgf%
!d��!ursow{dgu>�Ju�j+
!n#h�u�j�
ms,�gsknJb�jvlkdgf��¢lon
���!dCG�j��qdgw{nJf&�!ursow{dgurn?dgf&��j�f�j�u�dql 
 u�dgfih/j�b

mn�jvl%n�h�urnÌwxskdgw&$!urnv�!j�u�j?dqf �gurs,$!sku
3x ≡ 1 mod 5

��a$frh�nedqf���f3�!wxj�u(w 
 
0F ñ �9jH���!d −3 ≡ 2 mod 5
��j=j�w&$:nJf�ltj�
!n�f


mdzltj~d����!sp�vj�lkdgb
�qstjy�%a$frh�j{n��:dgu�j��gs#FJb�bmnxf3�
�:nJb!dzb!sob!���!bc�!u�n�$!lodqw=j&�:nJu ���!dzdgbSdqljvb!solklkn	
!d.lonJfcb��mwxdqu�nJf>dgb9h�dgurnJf��:n�
!dgw{nJf>u�dqfrh/jvup
�d�ýysofrh�d,dgl�sob{�Jdgurf�n��!j�u�jzloj�f �!wxj9�
�ef�dzurdgf3�:dqh/jvb?loj�f	u�dqltj+�gson�b!dgf(
md��qnJb!�Ju3�!dgb^�gstjy�

C�G!n�u�jxlknH���!d����mdgu�uHGtj�w{nJf.dqf��!j�f�j�u,dql 
 
ms#�¢s,
msodgb^
!n
��lonH���!dDdgb?lonJf.b��!w{dgu�n�fdqb3h�dgu�n�fDb!nq�:n�
!dqwxn�f�G�j��qdgu��:nJu ���!dxdqlcsob{�Jdgurf�nq
!d 
 dqfDltjCD-u�j����gs#FJb L�»�
 ���!dxbmndqf��!b�b��!w{dgurn�dgb9h�dqu�n!���Aj)���!dqfrh�s#FJb�b�jvh �!u�j�l�dgfzf�j�$:dgu�f�scj�l�h�u�j+$�jhi�jvu1w�F�

�!lon��
-n?w�F�

�!lon�n�h�u�nJfzb��!w{dgurnJfDdgb9h�dgurnJf/�zdql 
 h�sodqb!dxn?bmnÌskb��Jdqu�f�nv��jvu�jSdql��!urn�

�
�}h�nw�F�

�!lkn
p
��t�jvu�jÌf�j�$:dqu����2îvb

!nIn����!u�u�dedgfrh�nIb!d��qdgfrskh�j�wxn�f~dql8lkdgwxjv
!d�+%d��qn��mhL�


mdgw{nJfrh�u�j�
!n{j�b9h�dgursonJurwxdqb3h�d��
ñ �3��¥��¢����û�ªo��ªk�¼06� ��°

a, p ∈ Z
°�Ê����}´v¯�}%�}°W~\�}´v¯I}6�»¯I}><V~.<¸·
¯I}c°=¯�°2­���¯I}4<80�<

mcd(a, p) =
1

�}°W~.¯�°�µ���}s�r­�<,}>~\�s�>�Z<¸°�·��}´�}�¯?®��
a

�^��´3���>�6�:´°¯g®
­�µ>~q¯ � ��}e®��/µ><¸´:­¢°¼�}°W~8�}´v¯
b

~@���¶4­W�
a× b ≡ 1 mod p

<
Ä��>�,¯I}>~�´3�¢µ><²¹�°�<�ÿ�nJw{n

mcd(a, p) = 1
dglmlkdgwxj!
!d	+�d��qn��mh$�9j�u�j�b3h�s,�gj,ltj,d�ýysofih�dqb
�gsoj


md�
!n�f�b��!w{dgurnJf�dqb3h�dqu�nJf
s, t ∈ Z


mdzw{n�
!nE���!d+�
1 = sa+ tp

�C��n�u	h�j�b3h�nxjvl�h�u�j�$!jhi�jvu	w�F�

�!lon&��h�dgbmdgw{nJf��
1 ≡ sa mod p,t�n�u	h/jvb3h�n

s
dgf�dgl(skb��Jdqu�f�n�
!d

a
��j�u�j�dqlg�!u�n�

�^�qh�n{w�F�

�!lkn

p
�

¶ /S-g�3¥G©m��¦uÀª·: áû(ªk��ª(û¼06� ��°
a
³
p

�}°W~8�}´v¯I} � µ°¯�° p > 1
<�0�<'�r­�<,}>~\�

b
�}°W~\�}´v¯v~����¶4­W�

ba ≡ 1 mod p
�}°W~.¯�°�µ���}

b
��}�Ê¢°W<²µ°¯��=¹g®
­���¯

p
<

ä��¢����-q£G¥É��¦uÀ¸·: >ª > �
�:nJb!�9jvwxn�f ab′ ≡ 1 mod p
�.a$b9h�nJb
�qdgf

ab − ab′ ≡ 0 mod p
�dqfrh�n�dqf��

p

!sp�ys#
!d�j

a(b−b′) � > s mcd(a, p) = 1
�:n�
!dqwxn�fk�!f�j�u�dql2ÿ�nJurnJltjvu�skn 
 � 
 � LG


�=j�fHG
p


!s#�¢s#
!dpj
b− b′

lon����!d"�gnJb^�gl,���Jd1loj�
!dqwxnJfih�u�j+�gs#FJb�� > s r = mcd(a, p) 6= 1
�dqb3h�nJb
�gdqf,d�ýmskfrh�dgbSdqb3h�dqu�nJf

s
�
t
h�j�lodqf(���md

a = rs
�
p = rt



1 < t < p

�Æ�Xü�d�dgfrh�dw{n�
!n
�
abt ≡ 0 mod p

�oÿ�nJw{n
ab ≡ 1 mod p

dgb9h�nJb^�gdgf
t
dgf*�mbSw&�!lkh�s#�!lkn&
!d

p
lkn

���!d�dgf*�!b!jE�gnJb9h�u�j�
!s,���gs#FJb6���9jE���!d
1 < t < p

�
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¶ /S-q�¢¥G©m��¦uÀ¸·� áû�ªk�(ªÇúÍó%°v�p�h}"��<,}>���h}zµ°¯�°:®�<²µ><6¯�°e��}1®��>�x~\�°¯�´��>��� � }><

mcd(a, p) =
r 6= 1

°=¯C�r­�<,}>~8�
b ∈ Z

~����A¶4­W�
ab ≡ 1 mod p

<

ä��¢����-q£F¥��!¦uÀª·: >ª�ÿ�nJw{n
mcd(a, p) = r 6= 1

�:dqb3h�nJb
�qdgf�d�ýyskfrh�dqbÌdqb3h�dqu�n�f
s, t ∈ Zh/j�lkdgf&���!d

a = rs
�
p = tr

�gnJb
1 < t < p

�cü�d�dgfrh�d�wxn�
mn
at ≡ 0 mod p

�
> �
�:nJb!�Jj�w{nJf(���mdzd�ýysofih�d

b ∈ Z
h�j�l6���!d

ab ≡ 1 mod p
�>a$b3h�nJb
�qdgf��

bat ≡ t mod p

�)
!d�dgfih�dzw{n�
!n
t ≡ 0 mod p

lon����mdzdgff�!b�jE�gn�b3h�u�j�
!s#���qs,FJb)�
�!dgf
1 < t < p

�
ü�d�dgfrh�j{wxj�b!dqu�j~dgl�h�dgnJurdgwxj�j�b3h�dgursonJuo��ltj�f8n�$!f�dqu3�vj+�gsknJb!dgf.f3�
$!f�sk���!skdgb9h�dgff�Fjhwu�j��}h�dgurs,�gj�br����j�b^
!nSd�ýysofih�d{dglcskb��Jdqu�f�nq��jvu�j�dgll�mu�n�

�
�}h�nSw�F�

�!lon

p
��j+
!dgwïî�f�dglh�dgn�u�dgwxj~sob^
!s,�gj��qnJw{nE�Fj�l#���!loj�u�lknm�Rí,jI�)���!d��mf�j�u�dql�j�lo�Jn�u�s|h�w{n&
!dzaj�
�glks,
!dqff��j�u�jlolodq�9j�u8j~ltj�s,
!dqb3h�s#
�j�
)
!dgl(lkdgwxj�
mdD+%d��gn��mhF�

ù$Ãg�¢��§�Ë���û�ªo��ªk�¼06� ��°���¯I}D°�Ê����}´v¯I}&y=³�º9º?<q½W���ì¯I}��Sµ ���oµ�­��p��´��>�u<¸°!·��}´�}�¯=®��
5�=¹g®m­���¯

11
<ÂØo¯h�ì¯)}�¯�°��:´=<V�ì¯I})�}°W~¨´��E}}2"�}°W~q¯�°�µ���})�r­�<,}>~\�

a ∈ Z
~@����¶4­W�

5a ≡
1 mod 11

<DØl���oµ�­��p���ì¯I}!�>�!·h����¯�´�®��
a
<	ó������ ±�¯�´=<V~.�ì¯z®���ó~­�µ>��<�®���}.®{���p��<�®��}°W~T<�®{�9®®��'�"� ��¯+­�~6¨

1 = 11 + 5× (−2).
¯Ì¯�´	~@��°W~.¯ � �=¹g®
­���¯xº9º?¨

1 ≡ 5× (−2) mod 11.

¯Ì¯�´���¯Ð¶4­��
a = 9

��}��>�'<¸°�·��}´�}�¯C®���y©�=¹F®
­���¯Cº9º?< Å�¶@®>}I?}´Æ·���}I�I¶4­�� −2 ≡
9 mod 11

< Ç
acfih�n��:dgurwxs|h�d1urdgfrnJl#�Jdqu�ltj&�gnJb!��u �!dqb
�gsojE���!d��:nJb*Gtj�w{nJf8dqbq�!b�d8irdqwH�mlon�j�b3h�dgu�sknJu��

3x+ 3 ≡ 4 mod 5.

> d4ð�jvltj�w{nJf%���!d�
!s#�=G!jE�qnJb!�Ju3�!dgb
�qstj~dgu�j�d����!s#��j�lodqb3h�d��W��j�f�j�b

!n{dql 
 urdgfrh�j�b

!n^�:j
3x ≡ 1 mod 5.
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t�n�u�dglAh�dgn�u�dqw=j=j�b3h�dgursonJu��x�qnJwxn 
 �Ì�xfrnJb��mu�sow{nJf.dgb9h�u�d#f�G�d�ýysofih�d�dql�skb��Jdqu�f�nC
!d
 wHF�

�mlon��y�)C,l�h�u�j�$�j�i�j�upw�F�

�!lkn��=h�n�
mn�b��!wxdqu�n�dqf	�qnJb!�Ju3�!dgb9h�dE�gn�br�!bmnc
mdgl
�qnJbhi3�!b9h�n {0, 1, 2, 3, 4} �ZtAn�
mdgw{nJf�dqb3h�n�b
�gdqf!$
�!f3�Fj�u�dgl(skb��Jdqu�f�n��!urn�$�j�b^
!n
�

3× 0 ≡ 0 mod 5
3× 1 ≡ 3 mod 5
3× 2 ≡ 1 mod 5
3× 3 ≡ 4 mod 5
3× 4 ≡ 2 mod 5

a$ff
!d��qsou�dql(sob{�Jdgurf�n�
!dql 
 dgf�dgl ñ �^�9jE���!d
3× 2 ≡ 1 mod 5

�
;c�!lkh�s,�!lks#�gj�w{n�f8ltj&�gnJbm�Ju �!dqb
�gsojE�:nJu ñ �eh�dgb!dqw{nJf

3x× 2 ≡ 1× 2 mod 5,

dqf*
!d��gsku��
x ≡ 2 mod 5.

t�n�u$h�j�b3h�n1h�n�
!nJf$lon�f$b��mwxdqu�nJf$dgb9h�dqu�nJf
x

���!d�f�n�b{f�nJl#�
�gs#FJb�
!d�ltj"�gn�b!�Ju �mdgb
�qstj1f�nJb

mdzloj&D-nJurw=j

x = 5K + 2 K ∈ Z.

B $!f�dqu3�vj�u����!d�G!dgw{nJf!�!u�n��^�!dgfih�nC
!nJf�wxj�b!dqu�j�f!
md��Fj�l#���!loj�u.dql�skb��Jdqu�f�n�
!d��!bb��!w{dgu�n
a
wHF�

�mlon

p
�kt�nJuk�mb�loj�
!n��!f�jvu�ltj,s,
!dqb3h�s,
�j�
�
!d	+�d��qn��mh��{�:nJu�n�h�urnpltj�
!n�sou

�mu�n�$�jvb

!n��qnJb=lonJfl
!sofih�sob9h�nJfl�!urn�

�
�qh�nJf
a · 1 � a · 2 �:�|�k�p� a · (p− 1)

G�j�fih/jDdqb
�gnJb9h�u�j�udqlg�!u�n�
^�
�qh�nH���!d'�vj�lk�9j L �
ù�Ãg�¢��§�Ë-�cû�ªk��ªk�ÙØo¯h�ì¯

3 · 1 ≡ 3 mod 6 3 · 2 ≡ 0 mod 6 3 · 3 ≡ 3 mod 6
3 · 4 ≡ 0 mod 6 3 · 5 ≡ 3 mod 6 3 · 0 ≡ 0 mod 6�}°W~.¯�°�µ���}ZJp°=¯f~T<@�}°e�l<¸°�·��}´�}�¯(�=¹F®
­���¯"§
<	¶@®>}I?}´Æ·���}I�>¶4­W�>°=¯(}I�Z~.<@�}°e�}°&�p�h}$Û�<²��¹h~\��}><,}®��>�6~\�°¯�´��>��� � ³���¶4­W� mcd(3, 6) = 3

<
ù�Ãg�3¥v¦uÀ�¦uÀ-����úÍÄ��>�ì¯I}>~¨´3��´z¶4­W���p��µ�¯�°¢±�´�­W�}°�µ><.����<¸°e� ���

3x+ 4 ≡ 5 mod 6

°=¯E~.<@�}°e�'}�¯h��­�µ><²¹�°�<
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ù$Ãg�3¥�¦uÀ¨¦uÀ-�����¦¾	���V�p��´	~.¯g®{�h}	�p�h}'}�¯h��­�µ><6¯�°e��}��}°W~8�}´3�h}D®����p��µ°¯�°¢±�´�­��}°�µ><.�

5x+ 2 ≡ 5 mod 7.

> s¢f�do�^�!d�
!dqb��!ltjvb3h�dgj�uAd�����j��qsonJbmdgf�losobmdFj�lkdqf��vdqf�b�jvh �!u�j�l¢j�G!nJu�j!�!loj�b3h�dFjvu�dql��!urn+w
$!lodqw=j*
md�u�dqf�nJlp�Jdguk-gÀT-q£G�¢���
-.�A�~¦J�: A¡�¥h¹A�¢ A¦uÀ��W-.Ë6À� A�3��Ë-��-���dgfS
!d��gsou���d�ý��!urdgfrsonJb!dqf

!dgl�h�s#�:n

x ≡ a1 mod p1

x ≡ a2 mod p2

...

x ≡ an mod pn

a$l ñ �3��¥��¢����¦h¿
À¨ ��S���=Ë���-�¥���-q£F�x-	dqfcdgl�skb!frh�u �!w{dgb9h�n�j�
!d�����j+
!n���j�u�j1f�j�$:dquf�sg�!b�f�skfrh�dqw=j�
mdzdqfrh�d�h�s#�:n~h�skdgb!d1f�nJl#�
�qs,FJbC�)�:dgurwxs|h�d'�gj�l#���!loj�u�lojm�
ñ �3��¥É�y����û�ªk��ª¸�õ06� ��°

a1, a2, ..., an

°�Ê����}´v¯I}f�}°W~8�}´v¯I}%³
p1, p2, ..., pn

�}°W~\�}´v¯I}u�»¯h³
}><V~T<¸·
¯I}�·��}´=< È8µ ��°:®�¯
¨

< Ç pi > 1
�^��´3��µ �9®{�

i = 1,
<�<�< � n ï<V< Ç mcd(pi, pj) = 1

�^��´3��µ �9®{�
i, j = 1 � <�<�< � n µ°¯�°

i 6= j
<ó�°W~.¯�°�µ���}&�>�e}=<,}>~8�>���

x ≡ a1 mod p1

x ≡ a2 mod p2

...

x ≡ an mod pn~T<@�}°e�"}�¯h��­�µ><²¹�°?Êy°W<²µ �H�=¹g®
­���¯��>�^�:´v¯g®
­�µ>~.¯
P = p1p2...pn

<

Ä&�>�ì¯I}>~¨´3�¢µ><²¹�°�< > dFj�b P = p1...pn

�
Pi = P/pi

�gn�b
i
�!b�dqb3h�dgu�nSdgb9h�u�d L �

n
�

t�nJuoG!s,��F�h�dgfrsof�lknJf
pi

f�n�b)�!u�skwxn�f%dgb9h�u�dpfHGe�gn�b�lon�����j�l
mcd(Pi, pi) = 1

�
i = 1

���k�|�p�
n
�oÿ�n�wxnEG!dqwxn�f(�¢sofrh�nxjvb3h�dgf#
¸«AdgnJurdgwxj 
 �6�y� ñ �o��j�u�jE�gj�
�js<�d�ýysofih�sou�î

qi

h�j�l6���md
qiPi ≡ 1 mod pi.
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> dFj�dgb9h�nJb
�qdgf

x0 = a1P1q1 + a2P2q2 + ...+ anPnqn


mdzw{n�
!nE���!dzj�l�h�nJwxj�u%�gn�b!�Ju �mdgb
�qstj�w�F�

�!lkn
pi

frdzn�$yh�sodqb!d��
f�s
j 6= i

dgb9h�nJb
�qdgf
Pj

dqf*
!sp�yskf�s#$!lkd"�:nJu
pi

�
�:nJu	h�j�b3h�n
Pj ≡ 0 mod pif�s

j = i
dgb9h�nJb
�qdgf

Piqi ≡ 1 mod pi

�
�:n�u�h/j�b9h�n

x0 ≡ ai mod pi



i = 1

���|�k�p�
n
�S�gnJw{n'���!dguHGtj�w{nJfk
mdgw{nJfrh�u�j�uq�DC�f�Gmh�n�
mnJflknJf	b��!wxdqu�nJf(
!d�ltj�D-nJu�wxj

x = x0 +KP
�qnJb

K ∈ Z
f�n�bSfrnJl,�^�gs,F�bs
!dql�frsofih�dgwxjm�

ü�dgw{nJfih�u�jvwxnJfzj�G!nJu�j�ltjs�!b!s,�qs,
�j+
�
!dxloj�f�n�l,�
�qs,FJb�w�F�

�!lon
P
��a$frh�nv�!u3�!d�$�jj+
!dgwïî�fS���!d8h�n�
�j�f�n�l,�
�qs,FJb�
!dqlmf�skfrh�dqw=j,dgfk
!d8loj*D-nJu�wxj

x = x0+KP
�gn�b

K ∈ Z
�

«�n�wxdqwxn�f
α

�
β


mnJf>f�nJl#�
�gsknJb!dgfl
!dql:frsofrh�dgwxj^�3dqb3h�n�b
�gdqf
α−β

dgf%frnJl,�
�qs,F�b�
!dglfrsofih�dgwxj�
!d	�gn�b!�Ju �mdgb
�qstj�f

x ≡ 0 mod p1

x ≡ 0 mod p2

...

x ≡ 0 mod pndqf�
!d��qsou��
α ≡ β mod P

��
V�9j����!d
α − β

dgf�w&�!l|h�s#�!lknE
!d
pi

��jvu�jH�Fj+
�j
i
��lknH���!d


mdgw&�!dgfih�u�j{loj��!bms,�qs,
�j�
)
!d�ltj~frnJl#�
�gs#FJb�w�F�

�!lkn
P
�

ù�Ãg�¢��§�Ë-�cû�ªk��ªk�Né*��}�¯h� ·��}´��>�x}><,}>~8�>���?¨

x ≡ 2 mod 3
x ≡ 3 mod 5
x ≡ 2 mod 7

ÿ�nJw{n 
 �!���e)#frnJb)�!ursow{nJf%dgb9h�urd1fHG@�ydgl:h�dqnJu�dqw=j���G!skb!n&
!dplon�f�u�dqfrh�n�f(�:dqu�w{skh�d
�gj�l,���!ltjvu8ltj&�!b!s#�Fj~f�nJl#�
�gs#FJb�w�F�

�!lkn

3× 5× 7 = 105
�
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> sk���!skdgb

!n~ltj�b!n�h�j��gs#FJbs
!dql�h�dqnJu�dqw=j
P1 = 105/3 = 35
P2 = 105/5 = 21
P3 = 105/7 = 15C�GmnJu�j

q1
dqf~dql�sob{�Jdgu�frn�
!d 
 �SwHF�

�mlon 
 �£ÿ�nJw{n

35 ≡ 2 mod 3
dgb9h�nJb
�qdgfdgb3h�nJb
�qdgf

q1 = 2
�
�9jE���!d

2× 2 ≡ 1 mod 3
�

ü�dDloj�wxskf�wxj~wxj�b!dgu�j
q2
dgf,dgl�sob{�Jdgurf�n�
!d ñKL w�F�

�!lkn=���:dqf!
!d��qsou��:dqlAskb��Jdqu�f�n


!d L w�F�

�!lkn{���
�:nJu	h�j�b3h�n
q2 = 1

�4�skb�j�lkw{dqb3h�d
q3 = 1

�
t�nJu8h/j�b9h�n

x = 2× 35× 2 + 3× 21× 1 + 2× 15× 1 = 233dgf�loj!�!b!s#�Fj,f�nJl#�
�gs#FJb#w�F�

�!lon L M9����
md8w{n�
!n����!d�h�n�
�jvf�ltj�f�frnJl,�
�qsonJbmdgfS
mdglyf�sofih�dqw=jf�nJb6�
x = 23 + 105K K ∈ Z.�,b!jpj��!lks,�Fj+�gs#FJb����!d%�:n�
mu�Gtjvwxn�fB�!u�dqf�dgb9h/j�uk
mdgl¢h�dgn�u�dgwxj!��G!sob!n�
!d�lonJf�urdgfih�nJf�dqfltj�n�$!frdguR�vj��gs#FJbE
!d(���!d	lon�f�u�dqfrh�nJfcw�F�

�mlon"�mbE�gnJb�i3�!b3h�n	
!d	b��!wxdqu�n�fj�!ursow{nJf�dgb9h�urdf�G��:dgurwxs|h�dqbv
!dqh�dgu�w{sob!j�u!�mb�G#�Jn��gj�w{dgb3h�d��mb�b��!wxdqu�nm�]ü,d�dgfih/j=w=jvb!dgu�jxb��!w{dgurnJf


!d=�Ju�j�b�h�j�w=j+ð!nSf�d��:n�
mu�Gtjvb�urd��!urdgfrdgb3h�j�u&�:n�uDf �!f#u�dqfrh�n�f�w�F�

�!lknc�!b!nJf��qsodqurh�n�f
�!u�skwxnJf���jvf�G�u�d�

�
�qsou	f3�!frh�j�b
�qstj�lkwxdqb3h�dpf3��h�j�w=j+ð!n!�$ÿ�n�b�dqfrh�n�f�u�dgfih�nJf	f�d	�
�md�
!dqb
G�j��gdqu�n���dqu�j+�gson�b!dgf"�Ìltjeurd����
�:dgu�j��gs#FJbr
!dql$b��!w{dgu�n�dgbr���!dgfih�s#FJbr��jvf�j)�:nJu1lojeu�d=wf�nJl#�
�gs#FJbq
md��!b?f�sofih�dqw=j�
md��qnJb!��u �!dqb
�gsoj�fg�.a$fih�n=u�dqf�nJlp�Jdgu�Goj���jvu �gsoj�low�dgb3h�d��W�gnJw{n
�Jdgu�dqw{nJf.dqbSdql(d8irdqwH�!lkn�frso���msodqb3h�d+�!ltj�loskw{s|h�j��qs#FJbC
!d	
�Go�Js|h�n�f%
!d	�!b�j�wïî����!skb�jm�
ù$Ãg�¢��§�Ë���û�ªo��ªk�¼0»­I�»¯�°¢±{���ì¯I}%¶4­���~8�}°e�>�ì¯I}X­y°��Dµ ���oµ�­��p�9®�¯�´3�1®��ozD®�2|±�<V~.¯I}%³�¶4­W�>³´��>�ì¯I}~Û^�¢µ��}´��p�q}�­����I®��H��¯I}x°�Ê����}´v¯I}Cy�z{z{z{z�y9º�J�y�z?³?è�y{À�§�JJè¢º�Ku|�<¤ë�¯h�����ì¯I} ��2¯�´C�0°L�>������¯ � ��¯I}{°�Ê����}´v¯I}"��´=<V�ì¯I}C�}°W~�´���}}2.º��{� � À{ÀS³�À
|Sµ�­¢³?¯E�:´v¯g®
­�µ>~q¯

P
��}

À�§{�
<´J���� � ���}°=¯�´z®���z�µ>< ìÆ´ �h}4<
ó��^�:´=<V���}´1°�Ê����}´v¯�·��}´=< È8µ �?¨

5888851358 ≡ 58 mod 100
5888851358 ≡ 72 mod 99
5888851358 ≡ 78 mod 97.ó��e}I�²±
­¢°:®�¯�·��}´=< È8µ �?¨
259632147 ≡ 47 mod 100
259632147 ≡ 93 mod 99
259632147 ≡ 7 mod 97.
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ÁC�^��´3�1Û^�¢µ=�}´%�p�'}�­�����®��h}>~@�1Û^�yµ��}´%�p�'}�­�����®��(��¯I}	´���}>~.¯I} � ³D®���}\��­�?�}	´���}�¯h� ·��}´�>�x}><,}>~8�>���
x ≡ 47 + 58 mod 100
x ≡ 72 + 93 mod 99
x ≡ 78 + 7 mod 97ó%°���}>~\�.Ê���~.<V�ì¯(�^�h}�¯ � �^��´3�#´��/µ�­I�W�}´ ��´"�>��°�Ê����}´v¯ � Û^��³�¶4­W�	Û^�¢µ��}´]¯��W�}´3�¢µ><6¯�°e��}µ°¯�°��}°W~8�}´v¯I}�®����{»h}#®���zS®�2|±�<V~.¯I} � �2¯�´���¯e¶4­�� � �:´°¯���<.�����}°W~\� � µ°¯�°rz�®�2|±�<V~.¯I}	}G¹h��¯

�2¯g®��>�ì¯I}>Û^�¢µ��}´(��´=<V~T��?>~.<²µ ��µ°¯v°H�p�h}8´��\�:´���}I�}°W~��¢µ><6¯�°e��}u�»¯�´Z}�­{}	´���}>~.¯I}(�=¹g®
­���¯�º��{� �À{Àx³CÀ
|�<
«�jvw&$!s,�qbP�
�!d�
mdv�mf�j�urf�dSdgfih�d�h�dqnJurdgwxjr�!j�u�jmG�j��qdgu{u�d����!dgb9h�n�f��gn�bÂb��!w{dgurnJf��u�j�b

mdgfg�

ù�Ãg�¢��§�Ë-�cû�ªk��ª�'¢�Í0»­I�2¯�°¢±{���ì¯I}�¶4­W�&~\�}°e�>�ì¯I}È­y°��)����°W< ìL��}>~��¢µ><²¹�°�¶4­W��}��?®>�>�ì¯I}¶4­W��Û^�Iµ°¯v°3±�´��²±{�9®�¯s�q���}°=¯I}{®���­y°���<V�V�o¹�°<®������}´�}�¯�°��h}~³?¶4­W�}´��>�,¯I} � ®���}g®����p�
¯�´¨±{��°W<p�I�¢µ><²¹�° � }��?®>�}´v�>�	°�Ê����}´v¯£�r­��¢µ>~.¯�®��Ìµ°¯�°¢±�´��²±{�9®�¯I}4<¤«u��}&�W��®�<V�,¯I}�¶4­��)}L�
�G±�´�­I�W�}°C®��=º��{���}°]º��{��³��>��­y°W~@���ì¯I}C�>�c´���}>~.¯
<S¯Ì¯�°¢±{���ì¯I}{¶4­���}�¯�°:J��
<�óZ}>~.¯
<¸°:®�<²µ �=¶4­��&�>�(°�Ê����}´°¯

x
®��%�
��´=~.<²µ><²�^��°W~8��}1·��}´=< È8µ �

x ≡ 30 mod 100.

Ä���}\��­�?�}f�,��}k����®�<V�ì¯I}.¶4­W�(}I���G±�´�­��W�}°q�}°{±�´�­I�»¯I},®���À{À � ³	}�¯
®g´ ��°eè�yD³E�}°{±�´�­I�»¯I}®���À
|#³E}�¯
®g´3��°Iº�J{<�ól}#®��/µ><¸´ � }I��~.<@�}°e���>�x}><|±
­�<@�}°W~8�"}><,}>~\�>�H�=®���µ°¯�°¢±�´�­W�}°�µ><.�h}4¨
x ≡ 30 mod 100
x ≡ 25 mod 99
x ≡ 13 mod 97Øo¯h�ì¯{º��{� � À{À{³�À
|	}�¯�°��:´=<V�ì¯I}��}°W~�´��"}}2 � �>�x}><,}>~\�>����~.<@�}°e�"}�¯h��­�µ><²¹�°�<DØo¯h�ì¯

100 · 99 · 97 = 960.300
�}°W~.¯�°�µ���}��p�SÊ¢°W<²µ �s}�¯h��­�µ><²¹�°q�2¯I}><V~.<¸·h��³c���}°=¯�´�¶4­��C��}I�°�Ê����}´v¯C��}��>��°�Ê����}´v¯x®��(�^��´=~.<²µ><²�^��°W~8��}��}°��p�H����°W< ìL��}>~��¢µ><²¹�°�<

ù�Ãg�3¥v¦uÀ�¦uÀ-�����NÄ��>~8�}´=��<¸°���´)�>�%°�Ê����}´v¯�®����
��´=~.<²µ><²�^��°W~8��}s�}°P�p�r��°W~8�}´=<6¯�´H����°W<V³ìL��}>~@�¢µ><²¹�°�<
�xÜHõ ¹{÷qùg�u¬�þ üDù û)¬Â�{��þ ¬8ß�üzÿ�÷����
«Adqu�w{sob�j�w{nJf~dqfrh�d�h�dqw=jm�qnJbÐdgfih/j�f�d����gs#FJb©
!d�
!s#�Fj+
�j�jIlonJf~f�sofih�dqw=j�fE
!d�b��!wxd=wu�j��gs#FJb6�>dgf�
!d��gsku{j�loj�f&D-nJu�wxj�f�
!d�u�d��mu�dgfrdgb9h/j�uxlknJf~b��!w{dgurnJf�dgb3h�dgurnJfg�·��jm$�j�f�d
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dgf �qnJ�Js#
�jE��j�u�j�ltj~b��!w{dgu�j+�gs#FJb�dgf,j�u $mskh�u�j�u�soj���dgfrhvî��!b!sp�Jdgurf�j�lkwxdqb3h�dzj�
!w{skh�s#
�j�loj
$�j�f�d L M�
�f�skfrh�dqw=j�
!d	b��!w{dgu�j+�gs,F�b�
!d��gskw=j�lt�u���!s,�4î�fj
!d�$!s,
!j�jpb��!dgfih�u�j'�!urn��!stjpjvb�jhwh�nJw:GtjH���md��!urdgfrdgb9h/j L M)
!d�
mnJf	��j�u�jC�:n�
!dgu'�gnJb9h/j�u'�qnJb�dqlolknJfg��t�dgu�n�n�h�u�j�f'$�jvf�dgf

!d�b��!wxdqu�j��qs,F�b�frnJb�h/jvw�$ms,�qb~sow��:nJurh�j�b3h�dgf���loj"$�j�frdf
!nJf.
�f�skfrh�dgwxj'
!d	b��!w{dgu�j��gs#FJb
$!sob�jvu�stjJ�$dqfoD0�!b

�jvwxdqb3h�j�l�dqb�lojDsob�D-nJu�wïîvh�s#�gj	�xltjvf%h�dglkd��qnJw&�!b!s#�Fj��qsonJb!dqf���
!nJb^
!dplojsob^D-nJurw=j+�gs#F�bIdgfih°îq�qnJw��
�!dqfrh/jc
!d��gdgurnJf��m�!b!n�fg&�ltj)$�j�f�d 7 M�dqfzh/j�w&$!s#�gbIsow��:nJuRwh/j�b9h�d�dqb�j�lk���!b!nJf"�Fj�w��:nJfx
0��� d8iq��wxd�
!s,
�jC
!d:î�b!���mlonJf���
!d�$ms,
!nSjvl$��u�j�bIb��!w{dgurn

!d�
!sp�¢sof�n�u�dgf�
mdgl 7 M=
 L � ñ � 
 �y 
�m��� 7 � L M^� L�ñ � L ��� ñ M^� 
 M�� 7 M9�}&3h/j�w&$!s#�gbxloj�$�j�f�d L�ñdgf�u�dqlod���j�b3h�d#dgbÌw{d�
!s#
�j�f�h�dqwH�:nJu�j�lodqf����:nJu,u�j��gn�b!dgf�f�skwxsklojvu�dqf,jxltj�$�j�frd 7 Mm��À>jhwwxnJf8j&�Jdquf���!dph�n�
!nJf8dgfih�nJf�frsofih�dgwxj�f%�:dgurwxs|h�dqb�u�d��!u�dqf�dgb9h/j�u���wxd�
!stj�b9h�d�b!n�h�j��gs#FJb
�:nJf�s#�gson�b�j�lT������j�l#���!sodqu	b��!w{dgurn{dqb3h�dgu�nE�)G�j+�gdgu�n��:dqu�j��qsonJbmdgff�gn�bSdqfrh�j{b!nvh/j��qs,FJb��

ÿo��j�b^
!n~dgf �qu�s#$!sow{nJf%dgl�b��!w{dgurn L�ñ�
  3�zdqbs$!j�f�d L M#dgfih/j�w{nJfo�!f�jvb

!n~lon����!d1frdloltjvwxj� ���£F��¦uÀª·: Ô§$��-4À�¦uÀ��: ���ËZ�m�Fj+
�jc
�Go��skh�neh�skdgbmd��!b�f�sk�Jb!s;JW�Fj�
mnc�:nJu�dglcl#�!�9j�u
���md�n����^��jm�ZC�f�GT��dgw��:d��gj�b

!n£�:nJu=ltj�
!dqu�d���G�j^�.ltj��!u�skw{dgu�j��qs#D-u�j�dqf�loj�
md�loj�f
�!b!s,
!j�
!dqf���ltj�f�sk���!sodqb3h�d1ltj&
!d�ltj�f(
md��qdgb�j�fq�k�|�p�:dgff
!d��qsou��

12345 = 5× 100 + 4× 101 + 3× 102 + 2× 103 + 1× 104.Ïõdgfih�nE���!d1frd'G�j��qd'�gn�b�ltj�$�j�f�d L M^�md�ý��!u�dqf�j�u	dgl�b��!w{dgurn��gn�wxn&�qnJw&$!sob�j+�gs#FJblosobmdFj�lx
md�loj�f%�:n�h�dqb
�gsoj�f(
!d1ltj�$�j�frd���frd	�
�!d�
!d	G�j��qdguf�!j�u�j&�!b)�vj�lknJu	j�u3$!skh�u�j�urskn&
!dltj&$�j�f�dv�
ñ �3��¥É�y����û�ªk��ª¨'æ06� ��°

a
³
b
°�Ê����}´v¯I}C�}°W~8�}´v¯I}"�»¯I}><V~.<¸·
¯I} � µ°¯�° b > 1

<�ó�­�<,}>~\�}°
­y°=¯I}�·h����¯�´���}1Êy°W<²µ°¯I}

a0, a1, ...an � µ°¯�° 0 ≤ ai < b
³�µ°¯�°

an 6= 0 � ®��	�ì¯g®�¯x¶4­W�
a = a0 × b0 + a1 × b1 + a2 × b2 + ...+ an × bn.

Ä&�>�ì¯I}>~¨´3�¢µ><²¹�°�<$ü,s#�¢s,
!skw{nJf
a
dqb3h�urd

b
��j�u�j~n�$mh�dgb!dqu

a = q0b+ r0.acfih�n�w&�!dqfrh�u�jC���!d
a0 = r0

�:nJu3���md
0 ≤ r0 < b

�_C(
!dgwïî�fpw&�!dgfih�u�jeloj��!b!s#�gs#
�j�


!d

a0
�9jE���!dzdgl�h�dgnJurdgwxj�
!dgl(urdgfrh�n{�9j�u�jvb3h�s#�Fj&���!dzdql(u�dqfrh�n{dqf*�!b!s#�gn!�

> sg
!sp�¢s,
!skw{nJf8j�G!nJu�j
q0
dqb3h�urd

b
f�dzn�$mh�skdgb!d

q0 = bq1 + r1��dgb9h�nJb
�qdgf
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a = b2q1 + br1 + a0,

�qnJb�lon&���!j�l
a1 = r1


.
!d1b��!d>�Jn��!b!s#�gn��:nJu ���!d1dgf(�!b�u�dqfrh�n9�>�^��jvf�G�f3�
�gdqf�sp�vj�w{dgb9h�d
G!j�frh�jE���mdzdglg�qn��gsodqb3h�d

qn

frdFj�b�wxdqb!nJu(���!d
b
�

ù�Ãg�3¥v¦uÀ�¦uÀ-�����ÔÄ'<,}I�}Ú���´�­¢°���� ±�¯�´=<V~.�ì¯!�^��´3�C��}Gµ}´=<ª®�<¸´�­¢°?°�Ê����}´v¯H��}Gµ}´=<V~q¯H�}°�®��h}I�º��C�}°þ®��h}I���?<Ä	<,}I�}Ú���´_­y°���� ±�¯�´=<V~.�ì¯��^��´3�v��}Gµ}´><ª®�<¸´_­y°�°�Ê����}´v¯c��}Gµ}´><V~.¯c�}°�®��h}I�����}°�®��h}I�
10
<
Ä	<,}I�}Ú���´_­y°���� ±�¯�´><V~.�ì¯��^��´3�v��}Gµ}´=<ª®�<¸´È­¢°�°�Ê����}´v¯c��}Gµ}´><V~.¯c�}°�®��h}I�

a
�}°�®��h}I�

b
<

ù�Ãg�3¥v¦uÀ�¦uÀ-�����Nól}Gµ}´=<ª®�<¸´'�}° ®��h}I��º�����¯I}f}><|±
­�<@�}°W~8��},°�Ê����}´v¯I} � ��}Gµ}´=<V~.¯I}	�}° ®��h}I�.è �J=³Cyx´���}\�W�/µ>~.<¸·h�����}°W~8�4¨

101001001 12101 342104

ù�Ãg�3¥v¦uÀ�¦uÀ-�����Nól}Gµ}´=<ª®�<¸´��>�(°�Ê����}´°¯xº�Ke§�ys�}°þ®��h}I��è � y=³v|�<

Ï J!b�j�lkwxdqb3h�d�f�dr�
�md�
!dqbædgf �qu�s#$!sou�j�lo��nJu�s|h�w{n�f)�!j�u�j:G�j+�gdqu�n��:dgu�j��gsknJb!dqfc
!df3�!wxjC���mu�n�

�
�}h�nc
md�b��mwxdqu�nJf1dgf3�gurskh�n�f�dgbr����j�l#���!sodqu'$�jvf�dE
!d�b��!w{dgu�j+�gs#FJb6��f�sobwïî�fg���md>h�dgb!dquAdgb����!dgb9h/j*���!d>lonf���!dch�u�j�
!s#�gsknJb�j�l|w{dqb3h�d�f�d>d�ý��!urdgf�j!�gnJw{n	�����V�,�}·
¯
­¢°��������!d�dqbC$�j�frd L MDfrd�G�j��qd����!j�b

!n#f�d�lolkdg�9j�j L M^�¢dgb��!b�j�$�j�frd�
!d�b��!w{dgu�j+�gs,F�b
����j�l#���msodgu�j~f�d	G�j��qd�����j�b

!n{f�d�lolkdg�9j�j�le�vj�lknJu(
mdzloj�$!j�f�dv�
ù�Ãg�¢��§�Ë-�cû�ªk��ªk�¼0»­������ì¯I}��}°£®��h}I��èC��¯I}z°�Ê����}´v¯I}Dº9º���ºx³eº��{��º?<

1101

1001

−−−−

10110

ó%°r�p���:´=<V���}´ �Sµ>< ìÆ´3�=ÛW�>�ì¯I}	}�­����9®�¯�º^Ä.º�¶4­W��®{��è?¶4­W�����oµ ��°��I�s�)�p�Ï®��h}I� � �2¯�´
~@��°W~q¯x®��s��³H���	�V�,�}·
¯xº?<
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ù$Ãg�¢��§�Ë���û�ªo��ª(û¦Å�­���~.<²����<²µ ���ì¯I}&�}°£®��h}I��èC��¯I}z°�Ê����}´v¯I}Dº9º���ºx³eº9º?<

1101

11

−−−−−
1101

1101

−−−−−
100111

ù$Ãg�3¥�¦uÀ¨¦uÀ-���m�¼ól}Gµ}´><ª®�<¸´)��� ±�¯�´=<V~T�ì¯I}��^��´ ��}�­�����´q�}°}®��h}I�eè�³C�^��´3�m�%­���~.<²����<²µ ��´
�}°£®��h}I��è�<
�=Ü�� ö�÷e¬8ß�ÿ%÷gÿ�÷}Þ#ù
ù$Ãg�3¥�¦uÀ¨¦uÀ-����'��lt�nJb!dqu*
mnJf�d8irdqwH�!lknJf(
!d+�s¸�%b��mwxdqu�nJff�qnJb!��u �!dqb3h�dqf!�qnJb ñ w�F�

�!lkn 
 �sost�>b��!w{dgurnJff�gn�b!�Ju �mdgb9h�dgf*�gn�bÌ��wHF�
^�!lon{)��soskst�>b��mwxdqu�nJff�qnJb!��u �!dqb3h�dqf!�qnJb LmL wHF�
^�!lon{���s#�m�cb��!wxdqu�nJf%b!n�b��mlonJf%wHF�
^�!lon L�ñ h�j�l����mdpf �)�mu�n�

�
�}h�n�w�F�

�!lon L�ñ frdFj#b��!lkn
�

�m�8b��!w{dgurnJff
!skfrh�sob3h�nJf%
!d L w�F�

�!lon L �#h/j�l6���!dzf3�q�!urn�

�
�qh�n{f�dFj L �
ù$Ãg�3¥�¦uÀ¨¦uÀ-���!�(�Xÿ8j�l,���!loj�u%�!f�j�b^
!nxdql�j�lk�JnJu�s|h�w{n&
!dzaj�
�qlos,
mdgf��s¸�

mcd(10223, 33341)
�sost�

mcd(385, 1729).

ù$Ãg�3¥�¦uÀ¨¦uÀ-����û��Xü,dgw{nJfrh�u�j�u8ltj#urdg�Jloj&
md	
ms#�¢sofrs,$!skl|s#
�j+
C�:nJu	*^�	°r��}z®�<¸·I<,}><ª®��,���»¯�´	À
}><j�p�E}�­����e®��"}�­�}~µ>< ìÆ´3�h}&��}D®�<¸·I<,}><ª®��,�%�2¯�´�À��
ù$Ãg�3¥�¦uÀ¨¦uÀ-���KúA� � dgj�los#�Fj#ltj�f	frso���msodgb9h�dqf�n��:dqu�j��qsonJbmdgf��s¸� 
{Æ ���! Æ�@ �

9× 8
�
841234

� ñ  3� Æ�LG
?ñKL wHF�

�mlon{�sost�> Æ ��� L M� � Æ1@ �
9× 8

�
841234

� ñ  9� Æ�LG
?ñKL wHF�

�mlon ñsoskst� 
{Æ )J��� ñ�
  Æ  9� @ �
9× 8

�
841234

� ñ  3� Æ�LG
mñKL w�F�

�!lon�)y�
ù$Ãg�3¥�¦uÀ¨¦uÀ-�Ð�!���]ü�dqwxnJfih�u�jvu����!d�dql�f�so���!sodqb3h�d#frsofih�dgwxjH
!d��gn�b!�Ju �mdgb
�qstj�f�b!n=h�sodqb!df�nJl#�
�gs#FJb6�
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x ≡ 2 mod 6

x ≡ 3 mod 9

ù�Ãg�3¥v¦uÀ�¦uÀ-�������Rü�dgw{nJfrh�u�j�u����!dplonJf%frso���msodqb3h�dqf�f�skfrh�dgwxj�f%h�sodgbmdgbef�n�l,�
�qs,FJb��xu�dgfrnJlpw
�Jdqu�lknJf��s¸�

x ≡ 3 mod 5

x ≡ 5 mod 7sost�
y ≡ 5 mod 11

y ≡ 7 mod 13

�xÜ3Ç ö�÷6¬8ß�ÿ�÷qÿ�÷}Þ#ùÈ«­¬�ù��)¬	à>��ÞDù
ù�Ãg�3¥v¦uÀ�¦uÀ-�æ�('��cÿ�nJw{dqb
�Fj�w{nJf&�qnJb

c = 1
��a$b3h�n�b
�gdqfE�!f�j�b^
!nIltj�f#u�dq�Jltj�f�
!d�lojf3�!wxj�f�d1h�skdgb!d

(a+ b) + 1 = s(a+ b) = a+ s(b) = a+ (b+ 1).

C�G!n�u�j�f �
�:n�b!�9j�w{nJff���!d
(a+ b) + c = a+ (b+ c)

�~ü�dzb��!d��JnH
!dzloj�f�urdg�Jloj�f

mdzloj~f3�!w=j~f�d1h�skdgb!d
(a+ b) + s(c) = s((a+ b)+ c) = s(a+ (b+ c)) = a+ s(b+ c) = a+(b+ s(c)).

ù�Ãg�3¥v¦uÀ�¦uÀ-�S���(��4�sÉi�j�w�nJf
n ∈ N

��«AnJw=jvwxn�f$dglW�gnJb�i3�!b3h�n
A = {m ∈ N : nm

dqfrh°î

mdBJ�b!s#
!n } ����jC�mu�sow{dgu�jxu�dg��ltj�
!dqlk�mu�n�

�
�}h�n��9j�u�j�b3h�s,�gj����!d

1 ∈ A
����j=f�dg���!b

�jurdg�Jlojc
!s,�qdH���!defrs

m ∈ A
dgb9h�nJb^�gdgf

s(m) ∈ A
� ü�d=dgfrh�dew{n�
!n

A = N
�:n�uDdgl

�mu�sob^�gs,�mson&
!d�sob


�^���qs,FJb��
ù�Ãg�3¥v¦uÀ�¦uÀ-�]�»û��,4�sÉi�j�w�nJf

n ∈ Z
�Ì«AnJw=jvwxn�f.dgl��qnJbhi3�mb3h�n

A = {m ∈ Z : n +mdqfrhvîv
!d�J�b!s,
mn } �Ïÿ�nJw{n 1 ∈ A
dgb9h�nJb^�gdqf

A 6= ∅ � > s m ∈ A
loj�fzurdg�Jloj�f�h�dqu �qdgu�j

������j�urh�j��9j�u�jvb3h�s#�Fj�b����md
s(m) ∈ A

�����!d
a(m) ∈ A

�Ht�nJu1h/jvb3h�n
A = Z

�:nJuskb


�
���gs#FJb�dgfrh�u �
�}h��!u�j�l²�
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ù$Ãg�3¥�¦uÀ¨¦uÀ-����ú��$+8jvfrh/jph�dqb!dgucdqbH���!dgb9h/j�dgl!f�so��b!n'�&�!f�j�u$dgl
�!u�n�

�^�qh�n����!d	h�dqb!dgw{nJfdgb�lonJf	b��!w{dgurnJf�dgb9h�dqu�nJf.bmn{b!dg�Jjvh�sp�JnJf��

N+ �ü�d�J�b!sow{nJf'�qnJw{n�dgf	G�j+$!skh ��j�l�dglS�vj�lknJu1j�$!f�n�l,�mh�ns
!d
n ∈ Z

�gn�wxn |n| = n
frs

n ∈ N+ � |0| = 0
� |n| = −n frs n ∈ N−

�

• a× 0 = 0× a = 0

• a× b = |a| × |b| f�s(nE$!sodqb
a > 0

�
b > 0

nE$!sodqb
a < 0

�
b < 0

�
• a× b = −|a| × |b| dgb�dgl(urdgfrh�nH
md�lonJf(�gj�f�n�fg�

ù$Ãg�3¥�¦uÀ¨¦uÀ-�������Xüpj�
�j�ff
!nJf�w=j�h�u�s#�gdqf��!f�d	
!dBJ�bmdDloj~f �!wxjE�qnJw{n{loj~f �mw=j�
!d��gj�
�j
�!b�j�
!d8f �mf$dqb3h�u�j�
�j�fq�$ÿ�n�wxn��Fj+
�jpdqb3h�u�j�
�j�dgfih°î�D-nJurw=j+
�j!�:nJuS�mb~b��mwxdqu�npdqb3h�dqu�n
�ltjejvf�n��gsojvh�sp�¢s,
!j�
v
!d�ltjxf �!wxjC
!d�wxjvh�urs,�qdgf�dqf'�gn�b!f�d����!dgb
�gsoj)
!d�ltj=j�f�n��qstjvh�s#�¢s,
!j�


!d�ltj�f �!wxjE
mdzlknJf	b��mwxdqu�nJf	dgb3h�dgurnJfg�c�\
!dgwÙltj&�gnJbmw��yh/jvh�s#�¢s,
!j�
��a$l(dglkdgw{dgb9h�n�b!d��mh�urnxdqf.loj~wxjvh�urs,��b��!loj^�
���^�9j�f.dgb9h�u�j�
�j�f�f�n�bSb��!ltjvfg�

(

0 0
0 0

)

a$l�dqlodqwxdqb3h�n#sob{�Jdgurf�n&��jvu�jDltj�f �!wxj�
!d��!b�jDwxjvh�urs,�
A
dqf�ltjzwxjvh�urs,� −A u�dqf �!lµwh/j�
!n�
!d"�gj�w&$!soj�uZ
!dpfrso�Jb!n��gj�
�j#dgb9h�u�j+
�j�
!d

A
�^
!dqb!nJw{sob�j+
�j��qnJb�lojDlod}h�u�j

a
�xf �

�gnJuru�dgf3�:nJb

!skdgb9h�dzf3�
$�Gob^
!s,�qd��

−A =

(

−a11 −a12
−a21 −a22

)

> dgj�b�
!n�f�wxjvh�u�s,�qdgf
A

�
B

���^�9jvfAdqb3h�u�j�
�j�f(f�n�b�
!dqb!nJw{sob�j+
�j�f�u�dqf �:d��qh�sp�vj�w{dgb9h�d
�gnJbÓltjvfelodqh�u�j�f

a
�
b

0�¤f3�!fs�gnJuru�dqf �:nJb

msodgb9h�dqf�f �^$�Gob^
!s,�qdgf/�Æ� a$l"�!u�n�
^�
�qh�nP
!dw=jvh�u�s#�gdqf	f�d	
!dBJ�bmd��

AB =

(

a11b11 + a12b21 a11b12 + a12b22
a21b11 + a22b21 a21b11 + a22b21

)

ÿ�nJw��!u�n�$�j�w{nJf����!d�dqfxj�f�n��qstjvh�s#�Jn
�cdgfih�n�dqf��
(AB)C = A(BC)

��
!nJb

!d�ltj�fdgb3h�u�j�
!j�f�
md
C
dgfrhvî�b�
!dqb!nJw{sob�j+
�j�fl�gn�b=loj�lod}h�u�j

c
�j�(n�G!j��gdqwxn�f��!j�u�j�ltj�dqb3h�u�j�
�j


!def3�
$�Gkb

!s#�gd LmL 
!dqlo�!urn�

�
�}h�n
�k
!d=so���!j�lcw=j�bmdgu�jSfrdCG�j�uHGtjc��j�u�j?loj�fDn�h�u�j�fDh�u�dqfdgb3h�u�j�
!j�fg�a$bSdqlg�!u�n�
^�
�qh�n
(AB)C

f�d1h�skdgb!d'���md�
!s,��G�j~dgb9h�u�j�
�j�dqf��
(a11b11 + a12b21)c11 + (a11b12 + a12b22)c21.
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a$bSdgl6�!u�n�

�^�qh�n
A(BC)

f�d�h�sodqb!d	���!d	
!s,��G�j~dgb9h�u�j�
!j�dgf��
a11(b11c11 + b12c21) + a12(b21c11 + b22c21).Ï¼dgff�!b�jE�qnJw��!u�n�$!j��gs#FJbC�Jdgu�s;JW�Fjvuf���!dDj�w&$�jvf	d�ý��!u�dqf�sknJb!dgf.f�nJb�sk����j�lkdgfq�

a$l9dqlodqwxdqb3h�n�bmd��mh�u�nf��j�u�j8dgl��!urn�

�
�qh�n�dgf�loj8wxjvh�u�s#��s#
!dgb9h�s,
!j�
6�I�gn�bzloj%
!soj��JnJb!j�l
D-n�u�wxj�
�j&�:nJu(�!b!nJf(��dql(u�dgfih�n��gdqu�nJfq�

(

1 0
0 1

)

«�n�w=jvb

!nE�:nJu	d8irdgw��!lkn�loj�f	wxjvh�urs,�gdqf

M =

(

1 1
0 1

)

N =

(

1 0
1 0

)

f�d��^�!d�
!d��qnJwH�mu�n�$�jvu(���!d
MN 6= NM

�qnJbSlknE���!dzdqlg�!u�n�

�^�qh�n�
!d�wxjvh�urs,�gdqfbmn{dgff�gnJb!w&�mh�jvh�sp�Jn!�
ù�Ãg�3¥v¦uÀ�¦uÀ-�<�����.a$lAu�dqfrh�n�
!d�
!s#�¢s#
!sou�*J* @KL dgb9h�u�d ñ  3)�dqf L M L ��a$lAu�dgfih�n�
!d�
!s#�¢s#
!sou
ñ  3)1dgb9h�urd L M L dgf> 3�y��a$l�u�dgfih�n�
!d*
!sp�¢s,
!sku L M L dgb9h�urd, 3�1dqf LmL �$a$l�urdgfrh�n�
!d*
!s#�¢s#
!sou 9�~dqb3h�u�d L
L dqf L �lt�nJu8h/j�b9h�n
�
mcd(9981, 247) = mcd(247, 101) = mcd(101, 45) = mcd(45, 11) = mcd(11, 1) = 1.

ù�Ãg�3¥v¦uÀ�¦uÀ-�������a$b3h�u�j�
�j^�
a, b ∈ N

�
a ≥ b

i := a
�
j := b¤ G!solkd
j 6= 0

r := i mod j
i := j
j := r

> j�lks,
�j^� i
ù�Ãg�3¥v¦uÀ�¦uÀ-�¤���(� > �
�:nJbm�9j�w{nJf	���!d

a

!s#�¢s,
md{j�lj�qn��gskdgb3h�d

q = c/b ∈ Z
dqb3h�nJb
�qdgfd�ýysofrh�d%�!b�dgb9h�dgurn

s

!d8w{n�
!n����!d

as = q
��a$fih�n1skwH�mlosp�Fj

c = abs
dqb��gn�b3h�u�j�
!s#���gs#FJb

�qnJb�dglgG!d���G!nH
!d	���!d
a
b!n�
!sp�ys#
!d�j

c
�
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ù$Ãg�3¥�¦uÀ¨¦uÀ-�������8a$l�b��!w{dqu�n LF7 � 
 b!nxdqf!��jvu*�:dgurnxf�G�dgf,w&�mlkh�s#�!l|nE
md 
 �8a$b3h�n�b
�gdqf

!s#�¢s,
msodqb

!n�dqb3h�u�d 
 frd�n�$mh�skdgbmd

1653 = 3 × 551
� C�G!n�u�j�$!skdgb

232 = 529
�

242 = 576
��t�nJu	h/jvb3h�nx�J� L G�jE
!d�h�dgb!dqu*�!bcD�j��}h�nJu	w{dgb!nJu	n{so����j�l6���!d ñ�
 �%a$l L *


!s#�¢s,
md�jx��� L � > d1h�sodgbmd	���!d
551 = 19× 29

�oÿ�nJw{n ñ *~dgff�!u�skwxn~frd�h�sodqb!d��
1653 = 3× 19× 29.

ù$Ãg�3¥�¦uÀ¨¦uÀ-�æ���(� > s r = a mod p = b mod p
�cdgb9h�nJb
�qdgf�f�d�h�sodgbmd)���!d�d�ýmskfrh�dgbdgb3h�dgurnJf�b!n=b!dg�9j�h�sp�JnJf

q
�
q′
h�j�lodqf!���!d

a = pq + r
�
b = pq′ + r

� > d#f�sk���!d����!d
a− b = p(q − q′)

�W�qnJb�lon����md
a ≡ b mod p

�
> skb��:dgu3
!s,
�j�
!d���dgb!dqu�j�lks,
�j+
Ìf3�
�:nJb!�Jj�wxn�f

a ≥ b
�	t�n�updql�h�dqnJu�dqw=j�
mdgl�u�dqfrh�n

q, q′ ∈ N ∪ {0} ��dqb3h�dgu�n�f
r

�
r′
h�j�lodqf*���!d

0 ≤ r < p
�
0 ≤ r′ < p

�
a = pq + r�

b = pq′ + r′
��a$b9h�nJb
�qdgf

a− b = p(q − q′) + (r − r′)
�oü�dzdgfrh�dDw{n�
!n

r − r′ =
(a − b) − p(q − q′)

dgf&�!b<w��mlkh�s#�mlknq
!d
p
��ÿ�nJw{n −p < r − r′ < p

dqb3h�nJb
�gdqfb!d��qdgf�jvu�soj�wxdqb3h�d
r = r′

�
�gnJw{nE���!dguHGtj�w{nJf(
mdgw{nJfrh�u�j�uq�
ù$Ãg�3¥�¦uÀ¨¦uÀ-���('��

2 ≡ 4 mod 2
�:nJu3���!d

2− 4 = −2 �
13 ≡ −2 mod 5

�:nJu3���!d
13 + 2 = 5× 3

�
15 ≡ 3 mod 3

�:nJu3���md
15− 3 = 4× 3

�
ù$Ãg�3¥�¦uÀ¨¦uÀ-�����(� > s a ≡ c mod p

dgb9h�nJb
�qdgf.d�ýysofih�d	�!b�dgb9h�dgurn
s
h�j�l6���!d��

a− c = sp.

> s b ≡ d mod p
dqb3h�nJb
�gdqf,d�ýysofrh�d��mbSdqb3h�dgu�n

t
h/j�l6���!d+�

b− d = tp.

> �!wxj�b

mnxjvw&$�j�f	so����j�l,
!j�
!dqf	f�d1h�skdgb!d+�
(a+ b)− (c+ d) = p(t+ s).

ü�d�wxn�
!n����!d
a+ b ≡ c+ d mod p

�
t�nJu	n�h�urn�ltj�
!n~w&�!l|h�s#�!lksp�Fj�b^
!n��:nJu

b
ltj&�!ursow{dgu�j�sk����j�l#
�j�
ef�d1h�sodqb!d��

ab− bc = spb.

;q�!l|h�s#�!losp�Fjvb

!n��:nJu
c
ltj~frdg���!b

�j{sk����j�l#
�j�
ef�d�h�sodqb!d��

bc− dc = tpc.
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> �!wxj�b

!nCloj�fs
!nJf�sk����j�l#
�j�
mdgf�f�d�h�sodqb!dr���!d
ab − dc = p(ab + tc)

�qnJw{n
���!dqu�Goj�wxn�f(
!dgw{nJfih�u�jvug�
ù�Ãg�3¥v¦uÀ�¦uÀ-���»û��

2345 + 214× 432 ≡ 6 mod 7
�

2419 + 987 ≡ 4 mod 7
�

ù�Ãg�3¥v¦uÀ�¦uÀ-�¬��ú�� > s%d�ýyskfrh�d x ∈ Z
h�j�l����!d

3x + 4 ≡ 5 mod 6
�$dqb3h�nJb
�gdqf

3x ≡
1 mod 6

�W
!d�w{n�
!nE���!dzd�ýysofih�d��mbSdqb3h�dgu�n
k
h�j�l6���!d

3x = 6k + 1

lknE���!d�
!jE�!b�jE�qnJb3h�u�j�
ms,���qs,F�bs�
�!dqf L b!n�dgf.w&�!l|h�s#�!l|n&
!d 
 �
ù�Ãg�3¥v¦uÀ�¦uÀ-�����(�Rÿ�nJw{n

5x+2 ≡ 5 mod 7
��j�f�j�w{nJf$dgl

!nJfcurdgfrh�j�b

!n��!j�u�j1n�$yh�dgbmdgu

5x ≡ 3 mod 7
�Xÿ�nJw{n�dgl

mcd(5, 7) = 1
dqb3h�n�b
�gdqf,d�ýyskfrh�d�dql(sob{�Jdgu�frn�
!dD����jvu�j~dgl

�mu�n�

�
�}h�n�w�F�

�!lon�)y�#a$b�d>D-d��}h�n
�g
!s#�=G!n�skb��Jdqu�f�n�dqf 
 �9j)���!d
5 × 3 ≡ 1 mod 7

�
ü,d�dqfrh�dew{n�
!nÌw&�!l|h�s#�!l|s#�gj�b

!nq�:nJu 
 n�$mh�dqb!dgw{nJf

x ≡ 2 mod 7
��a$b3h�n�b
�gdqf~ltj�ffrnJl,�^�gson�b!dgf	f�nJbc
!d�loj~f�sk���!skdgb9h�d"D-nJurw=j&
!n�b

!d

k ∈ Z
�

x = 7k + 2.

ù�Ãg�3¥v¦uÀ�¦uÀ-�æ��������j�f&�gnJbm�Ju �!dqb
�gsoj�f~lksob!dgj�lkdgf��!loj�b9h�dFj+
�j�f#h�skdgbmdgb]frnJl,�^�gs,F�b£�:n�u~dqlh�dgnJurdgwxj��=Gmsob!nE
!d�lonJf8u�dgfih�nJfq�oü�s#��G�j�f�n�l,�
�qs,FJb�dgf 
*LG7 � 
J
 My�
�(nJf�d8irdqu �qs,�gsknJf 7 )J�=� 7J@ �=� 7 *9����)+M9� > d	�!u�dqf�dqb3h/jvbvG!d���G!nJf*�gnJb?;?j+�!lodv�

1@Ò.Ë@Ò32 Ì£ØXÜ�Ö�ÜÀÕEÖà×%b�]ãÖ�Ô�Ø$Ù=ÚqÛ$×ÂÙx7$×ÎÍ Øjd]ÝqÖ
� ����//À���-����v/��W-g������-gÀT-q£G�¢���I���� =¹����3¥É��¦uÀ¸·: ÀcdFjvwxnJf���F�wxn?frdC�
�!d�
!dgb<sow��!lkdgw{dqb3h�j�uzdqbC;?j��mlodH
!sofih�sob9h�nJfDj�lo��nJu�s|h�w{n�f�
!d
�gj�w&$!son�
md�$!j�f�dv�
ù�Ãg�3¥v¦uÀ�¦uÀ-������ªä��v/A�W-g�<'3����/A�W-g�:�

��jCdqb3h�u�j�
!jCdgf�dql�b��!wxdqu�nCdqb3h�dqu�n¬°Ï�Ñltj£$�jvf�d·��� a$lzj�lk�JnJurs|h�w�n£
!d�$:d�sou
�gj�l,���!ltjvb

!n�loj�f(�gs#D-u�j�f(
!dgl(b��!w{dgurn{dgbq$!j�f�d���G�j+�gsodqb

!n�
!sp�¢sof�sknJb!dqf	f �
�qdgf�sp�vj�f!�:nJu
�C��h�nJwxj�b

!nxlknJf.u�dqfrh�nJfg�!��jxf�jvlos,
!j{frdgu�î��!b�jxlksofrh�j

a0
�
a1

�A�k�|�#�
am


!dDwxn�
mnH���md
n
frdzdqf �qu�s,$:d	�gnJw{n

am...a1a0
dgbc$�j�f�dH���
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> e
fhg�i=jms���è{fXnqp
r*l�s�eItq�ow�f�y
> z{s�e
f*z�iow�juw�x�wvzVw°²�n
> jVn.p
��n ²�n.p��un
> å{Ðkjmz?�Äj+â{æ{èò�2s
> i´��²h�~n.p2j\g�s+�Zf$n
> ²Dn.p�²
ç��un
> jVn.p?¼2z{s{s+lRtBj{Ñmf2yu�
> s+�on
> ²
�{Ò�tqi´�qxm�$w�x{p��Ié{é�²�Ó*�myI�
> �+�K�onÀcdgj�wxn�f.jvlo���!bmnJf	d8irdqw��!lonJf
> e
fhg�i=jms���è{f�t�ÐRw���yu�

0, 0, 0, 1

> e
fhg�i=jms���è{f�t�ë��?�$wHê2yI�
4, 0, 2, 3

ÿ�nJw��!u�n�$:dgw{nJf(���!dzdqbSd�D-d��qh�nH�qfrh�d�dgf.dql(u�dqf �!l|h/j�
!n^�
> �WÔ
ê^Õmè?ç�è^Ô
ê
Õ���çK�^Ô
ê
Õm�?ç��
Ômê^Õ
�R�

724B h�urn{d\irdgw��!lkn���f3�q�qnJwH�mu�n�$�j+�gs#FJb6�
> e
fhg�i=jms���è{f�t8���{�?�$wHÐ»yu�

2, 2, 3, 2

> �^ÔutHÐWÕ
è�yhç��
ÔItHÐWÕ*�my+ç��
ÔItHÐWÕ
�2yhçK�^ÔItHÐWÕ+�»yu�
1234

ù$Ãg�3¥�¦uÀ�¦uÀ-�������
> e
fhg�i=jms���è{f�t8�8�*ê{��w��2yu�

1, 0, 0, 1, 1, 1, 0, 1, 1, 0, 1

> e
fhg�i=jms���è{f�t8�8�*ê{��w��2yu�
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0, 3, 3, 1, 2

> e
fhgKikjms���è�fDt8�8�*ê{�Rw�ë»yu�
2, 6, 1, 4

t�nJu{h/j�b9h�n L  7 ��dqb¼$!j�f�d ñ �8dgb�$�j�frdI�m�Cdgb�$�j�frdI)�dqf���u�dqf �:d��qh�sp�vj�w{dgb9h�d+�
L M LmL M L
LmL MmM L � ñKLF
J
 M��� LG7?ñ �
ä��v/A�W-g�:���r/A�W-g�<'3�

a$lg�!u�n��qd�
!skwxskdgb9h�n~dgf�dgl(frso���!skdgb9h�d��
> e
fhgKikjmsmf»�hè$nqp
r*l�sKeut�zVw�f�y
> z{s�emfKzà²Iw�jVn
> ²Dn.p�z����8�on
> ¼�s+l½j¾¼{l2s�gÎ�á|2s¾�»shr�²ut°zKy
> ��s
> ²Dn.p2²+ç*z��vjh�WÔmf^ÕIt�j�ÓK�?yVn
> s+�on
> ²I�
> �+�K�~n
ÀcdFjvwxnJf	d8irdqwH�mlonJf��
> e
fhgKikjms���è�fDtv�{ê{ëRwH�2yI�

0, 0, 0, 0, 1, 2

> e
fhgKikjmsmf»�hèDt���emfhgKikj?s��hè{f�t���ê?ë$w��»y��Xw��»yu�
567

> e
fhgKikjmsmf»�hèDt�����wB��wB��wHèRwB���$w���yI�
23

ù�Ãg�3¥v¦uÀ�¦uÀ-�������
> e
fhgKikjmsmf»�hèDt�����wHèRwHèRwB��wHèRwHèRwB��wHèRwB���$w���yI�

329

> e
fhgKikjmsmf»�hèDt�����wHèRwB��wH�RwB���$wH�2yI�
145
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> e
fhg�i=jmsmf»��è�t��"�XwHè�w4��wH�Rwq�Xw��{�$wHë2yI�
60764ä��v/A�W-g�:�~��/A�W-g�À®

�(nmG�j��qdgw{nJfE�!f�j�b

!n�lknJf��mu�n��gd�
!sow{skdgb3h�nJf~j�b9h�dgfE
!d�J�b!s#
!nJf��Z��j�f�j�b

!nr�:nJu~loj
$�j�f�d L M^�

> e
fhg�i=jmsmf+i´nqpmrKl2s�eut�zDwHfRw"i=y
> z{s�e
f*z}|*�hg�r�n
> |*�hg�r�n.p�e
fhgKi=jms?f»��è�t�zVw�f�yDn
> e
fhg�i=jms���è{f�t�|*�+g�row.i=yu�
> �+�K�on
axirdgw��!lknJf��
> e
fhg�i=jmsmf+iXt�����w4��wHèRw4�8�XwH�Rw��»yu�

2, 0, 1

> e
fhg�i=jmsmf»��è�t�����wB��w�èRwB���$w���yI�
> e
fhg�i=jmsmf»��è�t��q�RwHè�w4���$wH�2yI�

11

11

± ¹A���W-�ÖÐ§A¥É�(�V¹A¦�£G��-��¢ �/A�W-g�I�
a$bSdqlg�!u�n��qd�
!skw{sodgb9h�n~frso���!skdgb9h�d1dql(b��!w{dgurn{wïî�f	ltjvu��Jn&��j�dgbc�!u�skwxdqu	l#�!�9jvug�
> ²�µ?g2f��$n.p
rKl2sKeut�zVw6g�y z�s�e
fKz}|ow�juw°²Iw�l$wHxXn
> |~n.pX�v²
�{Ò�t"g@�°j��Xw�jhpk�Ié{é6�»shr�²It"g�y{yIw°²m�{ÒRt�èRw�j+p��Ié{é6�»shr�²It°z*y�Ó��»shr�²It"g�y{yh�on
> lo�qèm�~n.p�è$n
> jVn.p��
> å{Ðkjmz?�Äj+â+�»shr�²ut°zKy+çk�¾��s
> ²D�vj��~n.p�t°z��°jh��ç?|~�vjh�Kç?l~�vj�ÓK���»y\gks+�à�Xn
> lo�vj��~n.p?¼�z{s�s
lRt�t°z��°jh��ç?|~�°j��Kç?l~�vj�ÓK���»y{Ñm�2yVn
> jVn.p2j+ç��un s+�~n
> ²D�vj��~n.p?lo�vj�Ó*�8�~n
> ��²
�{ÒRt�²D�qxm�Xw�x?pk�ué{é6��s�rk²ut�zKy+ç��?y��X�
> �+�K�on
> ²�µ?g2f��Dt*���8�Xw*�����»yu�
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[0, 1]

> ²�µ?g»f{�Dt*�qèRwB���$w*�����»yI�
[1, 1, 0]

üpj�w{nJfcf F�lon�ltj1s,
!dgj	��jvu�j	�gnJbmfrh�u3�!soucdql:j�lk�JnJurs|h�w�n'
!d.w&�!l|h�s#�!lksp�Fj+�gs#FJb��k×yd*
!d�$:d
G!j��gdqu�lkn�f�sk���!skdgb9h�d��!��j�wxn�f�jew��mlkh�s#�mlks#�gj�u,ltjelksofih/jv���qnJb]°=¯��W}vÅ�� Ç dglkdgw{dgb9h�nJf��Ìltjlksofih/j��­�qnJbÂ°=¯��W}vÅ�� Ç dqlodqwxdqb3h�n�fg�5í�jL�m���md��qnJb!frh�u �!sku��!b�$
�^�glod����!dxu�d��qnJu�urdxltjlksofih/jC�~�Z×ys�ltj�dqb3h�u�j�
�j��!u�skwxdqu�j�dqf*�!b M~b!nEG�j��qd�b�j�
�j^�!f�s�b!n�h�nJwxj~loj�loskfrh/j�� ��×¢slojDdqb3h�u�j�
�j#frdg���!b^
�j�dgf´M#b!n&G!j��gd�b�j�
�j^�yfrs�b!n#h�n�w=jzltjzloskfrh/j����{lod�j
ð�j�
md��!b5M�j�l
Ø b�j�l²�l×��!wxj~ltj&�!u�skwxdqu�j���loj~frdg���!b^
�j{loskfrh�j���j�f Ù6�!u�n��qd�
!dzf3�
�gdqf�sp�vj�w{dgb9h�d��
ù�Ãg�3¥v¦uÀ�¦uÀ-�<��'��s¸�%dgl ñ�Æ1
 5���� ñ�Æøñ × 
 5 @ �sost�%dqlA� Æ )J5&Ú ñ ��dglA� Æ ) × ñ 5&ÚG*m�soskst�>dgljÚ�Ú Æ ��5�Ú 7 �edgljÚ�Ú Æ_ñ × �J5 ñ Ús#�m� 
 �e ?


3× 4 = 12 ≡ 0 mod 12
�>� ñ � 7 


2× 6 = 12 ≡ 0 mod 12
�}�

�m� ñ � @ 

2× 8 = 16 ≡ 1 mod 15

�=�� ��� ?

4× 4 = 16 ≡ 1 mod 15

�Æ�
ù�Ãg�3¥v¦uÀ�¦uÀ-�<�!���s¸�

mcd(10223, 33341) = mcd(33341, 10223)ÿ�n�wxn
33341 mod 10223 = 2672

�

mcd(33341, 10223) = mcd(10223, 2672)

ÿ�n�wxn
10223 mod 2672 = 2207

�

mcd(10223, 2672) = mcd(2672, 2207)

ÿ�n�wxn
2672 mod 2207 = 465

�

mcd(2672, 2207) = mcd(2207, 465)

ÿ�n�wxn
2207 mod 465 = 347

�

mcd(2207, 465) = mcd(465, 347)

ÿ�n�wxn
465 mod 347 = 118

�

mcd(465, 347) = mcd(347, 118)
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ÿ�nJw{n

347 mod 118 = 111
�

mcd(347, 118) = mcd(118, 111)

ÿ�nJw{n
118 mod 111 = 7,

mcd(118, 111) = mcd(111, 7)

ÿ�nJw{n
111 mod 7 = 6

�

mcd(111, 7) = mcd(7, 6)

4�sob�jvlow�dgb9h�d+�
�qnJw{n
7 mod 6 = 1

�

mcd(7, 6) = mcd(6, 1) = 1

��n�ff
!nJf�b��!wxdqu�nJf(
�j�
!nJf�frnJbc�!u�skwxnJf8dqb3h�u�d�f Ù²�sost�
mcd(385, 1729) = mcd(1729, 385)

ÿ�nJw{n
1729 mod 385 = 189

�

mcd(1729, 385) = mcd(385, 189)

ÿ�nJw{n
385 mod 189 = 7

�

mcd(385, 189) = mcd(189, 7)

ÿ�nJw{n
189 mod 7 = 0

�

mcd(189, 7) = mcd(7, 0)

��b��!dqfrh�u�nxwïîhýysow{n&�gn�w��mbc
!sp�¢sof�n�u	dqf.dgl
7
�

ù$Ãg�3¥�¦uÀ¨¦uÀ-����û(�l�,b�b��mwxdqu�n
n


!d��W�:nJbm�9j�w{nJf��
m

�qs#D-u�j�f	f�d	�
�!d�
!dzdgf �qu�s#$!sou(�qnJw{n
n = a0 + a110 + a210

2 + a310
3 + ...+ am10m

f�sodqb

!n
ai

loj��qs#D-u�j
i− �gfrsowxj�
!dql(b��!w{dgurn!�

ÿ�nJw{n
10 ≡ 1 mod 9

dqb3h�n�b
�gdqf
10n ≡ 1 mod 9

�!j�u�j��Fj+
�j
n ∈ N

�øü�d�dgfrh�dwxn�
!n�j�l�h�u�j+$�j�i�j�u	w�F�

�!lkn�*�frd�h�sodqb!d��
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n ≡ a0 + a1 + ...+ an mod 9.�(n)���!d�f�sk�Jb!s Ø �FjH���!d
n
dgfpw&�!lkh�s#�!lknH
!d~*=frs��?frnJltjvwxdqb3h�dDf�s�lon=dgf

a0 + a1 +
...+ an

�
ù�Ãg�3¥v¦uÀ�¦uÀ-�<�Kú��s¸�

3 + 5 = 8
�
8 mod 5 = 3 mod 5

4 + 8 = 12 = 2 mod 5
9× 8 mod 5 = (−1)× (−2) mod 5 = 2 mod 5
841234 mod 5 = (−1)1234 mod 5 = 1 mod 5


0G!dgw{nJf%�!f�j�
mn����!d
84 mod 5 =

(−1) mod 5
�

(245 + 1321) mod 5 = (0 + 1) mod 5 = 1 mod 5sost�
(4 + 5) mod 2 = (0 + 1) mod 2 = 1 mod 2

(1044 + 8) mod 2 = (0 + 0) mod 2 = 0 mod 2
(9× 8) mod 2 = (1× 0) mod 2 = 0 mod 2
841234 mod 2 = 01234 mod 2 = 0 mod 2
(245 + 1321) mod 2 = (1 + 1) mod 2 = 0 mod 2soskst�

(3 + 75) mod 7 = (3 + (−2)) mod 7 = 1 mod 7
(234 + 458) mod 7 = (3 + 3) mod 7 = 6 mod 7
(9× 8) mod 7 = (2× 1) mod 1 = 2 mod 1
841234 mod 7 = 01233 mod 7 = 0 mod 7
(245 + 1321) mod 7 = (0 + 5) mod 7 = 5 mod 7.

ù�Ãg�3¥v¦uÀ�¦uÀ-���!���$a$b��!ursob
�qs,�!skn
�Jb!nzh�sodqb!d*�:n�uZ���
�!G�j+$:dgu>f�n�l,�
�qs,FJb6���9j����!d 7 �{*zbmnfrnJbr�mu�sow{nJf�dgb9h�u�d~f Ù@�e�Ìdgl�h�dqnJu�dqw=jC��G!sob!n)
!d�lknJfpu�dqfrh�n�f�b!n�f�d{j��mlos#�Fjm��Àcdgurdgw{nJf
���!d+��dgb�d�D-d��qh�n
��dgfrh�dzdgff�!b�d8irdgw��!lknE
!d�b!n�d�ýysofih�dgb^�gsojE
!d�f�nJl#�
�gs#FJb��

×ys
x ≡ 2 mod 6

dgb3h�nJb
�qdgf
x
f�d��
�!d�
md#dgf3�gu�s#$!sku*
!dDltj�frso���msodgb9h�d	D-n�u�wxjE
!nJb^
!d

K1 ∈ Z
x = 2 + 6K1�ef�s

x ≡ 3 mod 9
dqb3h�n�b
�gdqf,dqb3h�nJb
�qdgf

x
frd��^�!d�
!d�dgf �qu�s#$!sou%
!d�ltj�f�sk���!skdgb9h�d"D-nJurw=j


mnJb

!d
K2 ∈ Z

x = 3 + 9K2«Adqb!dgw{nJf*�^�!dgf
2 + 6K1 = 3 + 9K2���!d�sow��!lks#�gj
6K1 − 9K2 = 1
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t�dgu�n

6K1 − 9K2 = 3(2K1 − 3K2)
lknE���!dzskwH�mlks#�Fj

3(2K1 − 3K2) = 1

dgf*
md��qsou��
1
dqf*
!sp�¢sof�s#$!lkd"�:nJu

3
�!lon�����jvl(b!n{dqf*�gskdguih�n!�

ù$Ãg�3¥�¦uÀ¨¦uÀ-�C�!�(�.acb�jvw&$:nJf!�gj�f�n�fpfrd�j��!lks,�gj{dqlAh�dgnJurdgwxjH��G!skb!n�
!d#lknJf.u�dqfrh�n�f~

5

�
7
f�n�bq�mu�sow{nJf8dqb3h�urdzf3Ù@�

11
�
13
frnJbc�!u�skwxn�f	dqb3h�u�d�f Ù¸�Æ�s¸�

p1 = 5
�
p2 = 7

�
P = 35

�
P1 = 7, P2 = 5

�c+o�!f3�Fj�w{nJf
q1

�
q2
h�j�lkdgf(���!d

q17 ≡ 1 mod 5

q25 ≡ 1 mod 7

tcurn�$�j�w{nJf�lknJff
!sp�Jdgurf�nJff�vj�lknJu�dqff�:nJf�s#$!lodqf*
md
q1

�C�Jdgw{nJf*���!d
q1 = 3

f�jvh�skf3D�j��qdzlojd����!j��gs#FJb���í�j��qdgw{nJf�lkn=w{sofrwxn��qnJb
q2

�q�gn�wH�!urn�$�j�w{nJf*���!d
q2 = 3

f�jvh�skf3D�j��qd#lojd����!j��gs#FJb��a$b3h�nJb
�qdgf���dgl(b��!w{dgu�nE$
�!f3�Fj�
mnxdgf
x = (3× 3× 7 + 5× 3× 5) mod 35 = 138 mod 35 = 33 mod 35

ü�d�dgfrh�dzw{n�
!n~h�n�
!j�f�loj�f	f�n�l,�
�qsonJb!dqf�frnJbc
!d�ltj�D-nJu�wxj�f�sk���!sodqb3h�d'�gnJb
k ∈ Z

�

x = 33 + 35k

sost�
p1 = 11

�
p2 = 13

�
P = 143

�
P1 = 13, P2 = 11

�8+o�!f �gj�w{nJf
q1

�
q2
h/jvlodgf

���md
q113 ≡ 1 mod 11

q211 ≡ 1 mod 13

tcurn�$�j�w{nJf�lknJff
!sp�Jdgurf�nJff�vj�lknJu�dqff�:nJf�s#$!lodqf*
md
q1

�C�Jdgw{nJf*���!d
q1 = 6

f�jvh�skf3D�j��qdzlojd����!j��gs#FJb���í�j��qdgw{nJf�lkn=w{sofrwxn��qnJb
q2

�q�gn�wH�!urn�$�j�w{nJf*���!d
q2 = 6

f�jvh�skf3D�j��qd#lojd����!j��gs#FJb��a$b3h�nJb
�qdgf���dgl(b��!w{dgu�nE$
�!f3�Fj�
mnxdgf
x = (5× 6× 13 + 7× 6× 11) mod 143 = 852 mod 143 = 137 mod 143

ü�d�dgfrh�dzw{n�
!n~h�n�
!j�f�loj�f	f�n�l,�
�qsonJb!dqf�frnJbc
!d�ltj�D-nJu�wxj�f�sk���!sodqb3h�d'�gnJb
k ∈ Z

�

x = 137 + 143k.
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�Ajs�qnJw&$!skb�jvh�n�u�sojedqfzdgl>jvurh�dE
md��gnJb9h/j�u��Adqf�
md��gsku��u
!d��Fjvl,���mltj�upsob9h�dglksk�Jdgb9h�dqwxdqb3h�d
�Fj�u3
!sob�jvlodqfE
mdc�gn�bhi3�!b3h�nJf��Z�£
!d�dqb��!w{dgu�j�u��%dqfrh�n�dgf��o
mdqh�dqu�w{sob�jvu~lon�f�dqlodqwxdqb3h�n�f

!d	�!bc�gnJbhi3�mb3h�nH
mdgf �qu�s|h�n��:nJu�j�lk���!b�j&�!urn��!sod�
�j�
��ca$f*�mb�jE
!skf �gs#�!loskb!j&�ql î�frs,�gj����!d
�gn�$!u�j�b��!d>�JnSj��!�Jd��gn�b�loj�j���j�urs,�qs,FJb�
!d~lon�f1n�u 
!dqb�j�
!nJurdgf	�:nJu"
!nJf�u�j��gn�b!dgf��'��n�u
�!b=loj�
!n��:nJu>loj	�:nJfrs,$!sklosp
�j�
E
!d!�4î�l#���!lkn����!d!�gfih�nJf�j��:nJuih/j�be���E�:nJu>n�h�u�n��:nJu ���!d,dqbdgl�dqfrh �

!son�
!d�j�lk�JnJurs|h�w�nJf%n~dgb�dgl(jvb2î�lksof�skf�
!d'�!urnJ�Ju�j�w=jvf�lonJfo�!u�n�$!lodqw=j�fo
!dql�h�s#�:n
�8î�l#���!lkn�
!dqlmb��!wxdqu�n"
md8n��:dqu�j��qsonJbmdgf����mb!s,
�j+
!dgfS
!d8w{dgw{nJurstjf���!d	frd%�!urd��gskf�j�b&��j�u�ju�dFjvlos#�Fj�u(�!b!j��gsodqurh�j{n��:dqu�j��qs,F�b6��dqfrh��^
!sonH
mdDlojE�gnJw��!lkd8irs#
�j�
��|�k�>frnJbv�mu�n�$!lkdgwxj�ff
!db�jvh��mu�j�lkd��gjE�qnJw&$!skb�jvh�n�u�sojy�

×yd	�!urdqh�dqb

!d����!dzdgl(j�l,�!w{b!n�jvl Ø b�j�los#�Fj�u�dglg�gj��
Ù|h��!lkn
�
• ü�nJw{sobmd1ltjvf	u�dq�Jltjvf%D0�!b

�j�w{dgb9h/j�lkdgf(
!dqlg�8î�l#���!lkn��gnJw&$!skb�jvh�nJu�sknm�
• a$b3h�sodgb^
�jc�m�mh�sklos#�qd�lon�f��qnJb
�gd��mh�n�f�
!d��vj�urstj��qson�b!dgf����qnJw&$!sob!j��gsknJb!dqf'�r�:dgu8ww&�mh/j+�gsknJb!dgf%�elonJf(�^�!d�
�j{j��!lks,�gj�u%��jvu�j��Fj�l#���!loj�u%�Fjvu 
!skb�j�lkdgf(
!d	�qnJbhi3�!b9h�nJfq�
• tj�!d�
!j�j+�!los#�Fj�u,dqfrh�j�f�bmn��gsknJb!dgf"��j�u�jedgfih��

mstj�uploj��!u�n�$�j�$!sklos#
!j�
v
!d~f3�
�gdqf�nJf


!d�d�ý��:dqu�sow{dgb9h�nJff�qnJbc�!b�jE�gj�b3h�s,
�j+
 Ø b!skh�j�
!d�u�dgf3�!lkh�j�
!n�ff�:nJf�s#$!lodqfg�
ª�Üq� ßx���(ß�Þxû���ÿ8ÿ�÷>���
ÿ�nJw{n�Gmdgw{nJf#f�dBð�j�loj�
!n?dgb<dql��2î�uru�j+D-n?skb3h�u�n�

�
�}h�nJurson
�Adgl��!ursow{dgu��!u�n�$!lodqw=jc���!dh�u�j�h/j�w{nJfg
!d�j�$:n�u 
�j�u�dgf�dql�
!d�¦J�: �£F�!¥��vdgf�
!d��gsku��+�qnJwH�^�mh/j�u�dql¢b��!w{dgu�n*
!d%dqlodqwxdqb�wh�nJf�
!d&�!b��qnJbhi3�mb3h�nm��Ï�j�
!dgwïî�f�G�j+�gdgurlonC
md�w=jvb!dgu�j=sob9h�dqlosk�Jdqb3h�d��ßÿ�nJw{dgb^�gdgw{nJf
�gnJbc�!b�d8irdqw��!lon!�

Ú @ Ú
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ù�Ãg�¢��§�Ë-��ú�ª�'�ª�'æ06� � ­¢°���µ°¯+���W�>~.<²µ><²¹�°£�3°L��®�´��/µ}2,}>~.<²µ ��µ�¯�°©§>Kv�^��´=~.<²µ><²�
��°W~\��}x¶4­W�
}I�j°�­��²±{���2¯�´&�>�e}><,}>~\�>���e®����>��<V��<¸°���~q¯�´=<.� � ��}#®��/µ><¸´ � �}°�µ �9®{�	�^��´=~T<�®{�s�>�:±{��°��9®�¯�´
�^�h}������p�'}><|±
­�<@�}°W~8��ì��h}I�8³��>�h�W�}´r®���®�¯�´�¶4­W��®{���>��<V��<¸°��9®�¯�â%Ä&�>~\�}´>��<¸°���´*�>�m°�Ê����}´°¯®��%�^��´=~T<�®{�h}D¶4­W�'}I�pÛ^��°I®��l°�­�±{��´%�^��´ �¬¯
®�~\�}°e�}´ß­y°�µ �����W�/¹�°�â

t�j�u�jH�mb�j��:dqu�frnJb�jej��qnJfrh �!w&$!u�j�
!j=j�l�f�sofih�dgwxj�
!d#dqlosow{s|b�jvh�nJursojvf�dglB�!u�n�$mlodgwxjfrdzurdgf �mdgl#�Jd	Dªî+�gsolkw{dqb3h�d+�
acw��:d��Fj�w{nJf(�gnJb�ltjvf 
?ñ ��j�urh�s,
�jvf(
!d�lon�f 
?ñ w jL�JnJf(
!d Ø b!j�l²�
tcurnJf�dq���!skwxn�f(�gnJb�ltjvf'Ú 7 
!d�lonJf%
!sod��gsofrdgskf�jL�JnJff
!d Ø b!j�l²�
ü�dgf3�
�
�gf,lon�f @ n��}h/jI�Jn�f*
md Ø b�j�l²�
�(nJff���!jvh�u�nE����jvurh�n�ff
!d Ø b�j�l¨�
��j�ff
!nJf�frdgw{s Ø b�jvlodqfg�Ï¼ltj Ø b�jvl²�

Total : 32 + 16 + 8 + 4 + 2 + 1 = 63.

a$lB�!u�n�$!lodqw=j~h�j�w&$!s,�qb�f�d��
�!d�
md#u�dqf�nJlp�Jdgu!
!d��mb�jxwxj�b!dgu�j{wïî�f.skb3h�dqlosk�Jdqb3h�d'�wïî�f�Dªî��qsoll
!d=�Jdgb!dqu�j�lks,�gj�uDjv�!b�b��!wxdqu�nv����j�l#���!sodqu�jq
!d���j�uih�s#�gs#��j�b3h�dgfq�v��j?s,
mdFj
�qltjL�Jd�dgf~ltjÌfrso���msodgb9h�d+�edqbP�gj�
�j���jvurh�s#
�jÌfrd�dglksow{s|b�jv�!bvi3�!�9j+
!nJug��t�j�u�j����!d�f�dh�dgb!�Jj��!b¤�9j�b!j�
!nJu�G�jI�P���mdÌdglksow{skb!j�u{j�h�n�
!nJfxlonJf"i3�!�9j�
mnJu�dqf=f�j�lp�Jn�j��mb!nÓ
�dql�Jj�b�j�
!n�u/�>�^�:nJu	h�j�b3h�n�dgl(b��mwxdqu�nE
!d	��j�urh�s,
�jvf	dgf��

Total : 64− 1 = 63.

Ï¼w{sodqb3h�u�j�f	loj��mu�sow{dqu�j�D0FJu�w&�!loj�j��!lks,�Fj+
�j&�:nJu	d8irdqwH�!lkn{j{��Ú ñ i3�m�9j�
!nJurdgf�dqf��
256 + 128 + 64 + 32 + 16 + 8 + 4 + 2 + 1 = 511.��j�f�dq���!b^
�jED0FJu�w&�!loj#dgf.frdgb
�qsolkltj�w{dqb3h�d��

512− 1 = 511.ÿ�nJb�dgfih�dxd\irdgw��!lonsG!dqwxnJf	���!dgurs,
!n�wxn�frh�u�j�u1lons���mdxf�d��!urdqh�dqb

!d=j�lj
!dqf�j�uru�n+wlkltj�u�loj]µ°¯h�:®�<¸°���~q¯�´=<.����b!nÌf3FJlonv�qnJb3h�j�uDh�n�
!nJf#lknJfDdglkdgw{dgb9h�nJf����mdC�gnJb^D-n�u�wxj�b��!b
�qnJbhi3�!b9h�n Ø b!s|h�n
�3frsob!n�G�j��qdgu�lkn�
!dfD-nJu�wxj�skb3h�dglkso��dgb9h�df�!j�u�j����!d,frd!�
�!d�
!j�b=n�$mh�dqb!dgu
D0F�u�w&�!ltjvf8�Jdqb!dgu�j�los#�Fj�$mlodqf�j~f�skh ��j��qsonJbmdgf�j Ø b!dqfg�

t�nJu%n�h�urn#loj�
!nzh�j�w&$!s,�qbxltj��qnJw&$!skb�jvh�n�u�soj	�mu�dgfrdgb9h/j&�mb�j�D�j+�gd}h/j�
!sofih�sob9h/j^�3loj�
!d�¢ �¹A���3¥É�!¥�lonJf.dglodqwxdqb3h�nJf�
md&�mb��qnJbhi3�!b9h�n Ø b!skh�n!��a$f"
md��qsou��x
�j+
!nC�!b��gn�bhi3�!b9h�n

md Ø b!s#
!n	�:n�uj�mb�j'�gskdguih/j"�!urn��!skd�
�j+
6�{
!skf�dBð�j�u$j�lo��nJu�s|h�w{n�fS���!d(�!u�dqf�dgb9h�dqb{h�n�
!n�f$lknJfdqlodqwxdqb3h�n�ff
mdglg�gnJb�i3�!b3h�n!�
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ù$Ãg�¢��§�Ë��£ú�ª¨'�ªk�Nó��Dµ°¯�°^}I�0°8¯]®�����<¸°W<,}>~�´v¯I}]Å#�2¯�°¢±{���ì¯I}�¶4­W��}�¯�°Õº{y��W�}´�}�¯�°��h} Ç®��4®>���>�,�²±�<¸´c�<®K¯I}S®��)}�­{}q��<@�>�:®g´v¯I}��
��´3�:�}°�·I<.��´>��¯I}c��­y°�����<,}><²¹�°Ó®����^�I�m�}°
�>�uã�ìÆ´=<²µ �s}�­*®>}���Û^��´=<.�J°��q�¢µ°¯h���
��Ú���°�®�¯)���k��<¸°W<,}>~�´v¯�®����r­�~8�}´=<6¯�´���}�â=Ä��>~8�}´=��<¸°���´µ�­!»�°W~@�h}(�2¯I}><ª®��,��}o�^��´��0°��h}D®����¢µ°¯h���
��Ú���°
~8��},Û^��³�â

×ys�dql6�gn�b!f�d\irn�
!d1w{sob!skfrh�u�nJf%dgfrhvî�D-n�u�wxj�
!n&�:nJu"ÚÉ���:dgu�frnJb�jvf��
�CG�jL�C���!d�dqlodq�Jsou
ñ ��j�u�j{j+�gnJw���j
ð�jvu�j�l�w{sob!skfrh�u�n&
!dzd�ý¢h�dgursonJurdgf���dqb3h�n�b
�gdqf!G�jL��ÚF E�Fj�b^
!s,
�j�h�nJf	dglkd>w�Js,$!lkdgfH���!d��:n�
!dgw{nJf=b��!w{dgu�j�u��gn�bÑltj�fH�gspD-u�j�f�
mdgl�Ú�j�l�ÚF ^��dgfC
!d��gskuefrd��^�!d�
!ddgfrh�j�$!lkd��qdgu��!b!jqD0�mb
�gs#FJb�$ms#�Jd��qh�sp�vj�
-u�d��gnJu3
�j�u�dqwxn�fDf ��
md Ø bms,�gs#FJb�dgb�ltjc�mu F�ýyskw=jf�d����gs#FJb��8dgb9h�u�d�dgl6�gnJbhi3�mb3h�n�
md��:n�f�s,$mlodgf	w{sob!skfih�u�n�f	j��gn�wH��j+ð�j�b9h�dgf%��dglg�qnJbhi3�!b9h�n

N14 = {1, 2, 3, 4, ..., 13, 14}.
a$lo�!urn�$!lkdgwxjSdgf&
!d��qsou�����î�b3h�nJf�������î�lodqf�f�n�b<lonJfDf �
$��qnJbhi3�!b9h�nJf�
!dC
!n�f�dglkd>wwxdqb3h�n�ff
!d

N14

�l��nEG�j��qdgw{nJf�nJu3
!dgb!j�
�j�w{dgb9h�d+�
�(nJf�f3�
$��gn�bhi3�!b3h�nJf����!dc�qnJb3h�sodqb!dgbÐj�l8dqlodqwxdqb3h�n£Ú�frnJbClonJfCÚ 
 f �^$x�qnJbhi3�mb3h�n�f

D-nJu�wxj�
!n�f(�:nJu	dgljÚ'��n�h�u�n�w{sob!skfrh�u�n&����j�l#���!sodqu�j^�mdgfih�nxdqf��

{1, 2}, {1, 3}, ..., {1, 14}.
t�j�u�j,dgl¢dqlodqwxdqb3h�n ñ $�j�fih/j,dglkdg��sou�dgb9h�urd�Ú ñ j��qnJwH�!j
ð�j�b9h�dqf8
.
!dql 
 j�l�ÚF 3�g�:n�u ���!d

�9jEG!dgw{nJf	h�dgb!s#
!n�dgbc���!dqb3h�j{ltj&��j�urd8i�j {1, 2} �lä,f Ù(f�nJbrÚ ñ �

{2, 3}, {2, 4}, ..., {2, 14}.
a$frh�dH�!urn��qdgfrn?frdH�
�md�
!dxsku�urd��!s|h�skdgb

!n)�Idqf �qu�s,$msou�loj�losofih/jC�gnJw��!lkdqh/j��Aj�
!dqwìîvff�souR�Jd	��j�u�jE
mdgw{nJfrh�u�j�u(���!dzloj�f(��j�urd8i�j�f(��n�f�s#$!lodqf�frnJb6�

13 + 12 + 11 + 10 + 9 + ...+ 1.

Ï��:n�u�ltj�D0FJurw��mltj�
!d�ltj�f �!wxj�
!dzlknJf'Ú 
 �!ursow{dgurnJf	b��!w{dgu�n�f�b�jvh �!u�jvlodgf��

(14× 13)/2.

t�nJu.h/jvb3h�n��mu�sob^�gs,�!j�lkw{dgb9h�dD¦J�: �£F�!¥E�:dqu�n=h�j�w&$!s,�qbS�y =¹����¢¥É�!¥�frnJbÌlon�f,n�$�ird>wh�s#�Jn�ff
mdglg�Fj+�
Ùkh �!lon!�



Ú @  àSá PRQ4S�TVUXW¦¨�[ à W@bvM~aqË á S~W�`Ìa á
ª�Üvô Ýæå�ÿ%��÷gÿ8üzù û)¬PßS¬�ÿ��s¬f����Þ
À>jvwxn�f�jE�!urd��gskf�jvu�ltj�f%
!d Ø bms,�gsknJb!dqff
!d�lonJf%�gnJb
�qd��mh�nJf*���!d�G!dqwxnJf(�!u�dqf�dgb9h/j+
!n!�
ä��9å� 
À�¦uÀª·: ¾ú�ªk��ª¨'æ06� ��°

A
³
B
µ°¯�°L°�­¢°W~.¯I} � }I�x®��-Èc°e�%­y°��HA.¹A �¦uÀ¸·� Ô���

A
�¢ 

B
³C}I�{®��}°=¯h~��

f : A → B
�Ï­y°r}�­*®}µ�¯�°L°�­¢°W~.¯�®��>���:´v¯g®
­�µ>~.¯?µ ��´=~8��}><.��°=¯

A × B®��	�p�.ì8¯v´=��� {(a, f(a)) : a ∈ A} ⊂ A×B
â

ä��9å� 
À�¦uÀª·: ¾ú�ªk��ªo�¼06� ��°
A
³
B
®�¯I}zµ°¯�°L°�­¢°W~q¯I},³

f : A→ B
­y°��8ì�­¢°�µ><²¹�°?®��

A�}°
B
¨
06�e®�<²µ��=¶4­��

f
��}�À� xÖ:�¢¦�£ºÀ¸©!�P}><k�^��´3��µ �3®{���^��´=®��)�>�,�>���}°W~q¯I}

a, b ∈ A
¶4­��·��}´=< È8µ ��°

f(a) = f(b)
}I�	~T<@�}°e�D¶4­��

a = b
â06��®�<²µ���¶4­W�

f
��}�-g��/A¥��{Ö:�¢¦�£ºÀ¸©!��}><l�^��´ ��µ �9®{�

b ∈ B
�r­�<,}>~\�,­¢° �>�,�>���}°W~.¯

a ∈ A
®��	�ì¯g®�¯x¶4­W�

b = f(a)
â06�#®�<²µ��D¶4­W�

f
��}*//ÀVÖ:�y¦�£?À-©m�m}><o��}	<¸°�³��/µ>~.<¸·h�x³E}�¯
®g´��}³��/µ>~.<¸·h�{â

ù�Ãg�¢��§�Ë-��-%ú�ªk��ª(ûÍ0e���
A = B = R

³
f : R → R

¶4­W�E�+}=<|±�°��c�Ìµ �9®{�
x ∈ R

�>�·h����¯�´~®���}�­�µ�­^�9®�´ �9®�¯
f(x) = x2

â=06�&~T<@�}°e��¶4­��
f
°=¯q��}�<¸°�³{�/µ>~T<¸·h�&�2¯�´�¶4­W�{®�¯I}°�Ê����}´v¯I}p´�� ���,��}�®�<,}>~.<¸°W~q¯I} � �2¯�´��0°L�>������¯��>�

2
³��>� −2 � ·��}´>< È8µ ��° f(2) = f(−2) =

4
â ëW�����2¯Gµ�¯C��}'}�¯
®g´��}³��/µ>~.<¸·h���2¯�´�¶4­W�1Û^��³=°�Ê����}´v¯I}D´�� ���,��}xÅ�~.¯g®�¯I}���¯I}z°e�²±{��~T<¸·
¯I} Ç¶4­W�z°=¯&}I�(��­W��®��}°���}Gµ}´=<ª®�<¸´#µ°¯h�ì¯C�>��µ�­^�9®�´3�9®�¯x®��ø­y°�°�Ê����}´°¯�´�� ���pâØo¯h�ì¯�°=¯C��}�<¸°�³{�/µ>~T<¸·h�?Åç°W<k~@�����»¯Gµ°¯�}�¯
®g´��}³��/µ>~.<¸·h� Ç °=¯C��})®�<¸³{�/µ>~T<¸·h�{â
ä��9å� 
À�¦uÀª·: ¾ú�ªk��ª;ú 06� ��°

A
³
B
®�¯I}#µ°¯�°L°�­¢°W~.¯I} � }I��®�<²µ���¶4­W�	�¢Ë>¦J�!¥��/À� A��Ë>���

A��-�À-¡�¹A�!ËB¯�¹��{�yËA¦J�m¥v�
À� A��Ë��A�
B � ³'}I�"��}Gµ}´=<ª®>� |A| = |B| � }><B�r­�<,}>~8��­y°��>ì�­¢°�µ><²¹�°

®�<¸³{�/µ>~T<¸·h�?ÅH¯ï®�<¸³��/µ/µ><²¹�° Ç �}°W~�´��
A
³
B

â
ä��9å� 
À�¦uÀ��: A��-�ú�ªk�(ªk� ê�°Ðµ°¯�°L°�­¢°W~q¯

A
}I�{®�<²µ���å� 
À-£G�P}>< � ¯Ï®�<@�}°:��}��>�>µ°¯�°L°�­¢°W~q¯·h�¢µ}26¯ � ¯À®�<@�}°æ�r­�<,}>~8�

n ∈ N
³F­¢°��¾®�<¸³��/µ/µ><²¹�°

f : A → Nn
�}°W~¨´��

A
³

Nn �}><@�}°:®�¯
Nn

�>�pµ°¯�°L°�­¢°W~.¯�®��c��¯I}S°�Ê����}´v¯I}�°���~ ­¢´ ���,��}c���}°=¯�´���}�¯�<|±
­^���,��}?¶4­W�
n �

Nn = {1, 2, ..., n} â0�<
A

��}	�>�(µ°¯�°L°�­¢°W~q¯D·h�¢µ}26¯
A = ∅ ®��-Èc°W<V�ì¯I}'�>�y¦J�!¥��
À¨ ���Ë8®��

A
µ°¯h�ì¯E� � ��}>~q¯

}I�D®��}°=¯h~��?¨
|∅| = 0.0�<

A
��}_­¢°�µ°¯�°L°�­¢°W~q¯	Èc°W<V~.¯{°=¯�·h�¢µ}26¯C�}°W~.¯�°�µ���}%�^��´3�ï­y°�µ><@�}´=~.¯

n ∈ N
�r­�<,}>~\�

­¢°��5®�<¸³{�/µ/µ><²¹�°
f : A→ Nn

³e®��-Èc°W<V�ì¯I}��>��¦J�!¥��/À� A�!Ë,®��
A
µ°¯h�ì¯

n
¨

|A| = n.
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B $!f�dqu3��j�wxn�ff���!d�ltj�b!n��qs,FJb)
!d	�gj�u 
msob�j�l�dqfrh°î�$!sodqbc
md Ø b!s#
�j��:nJu ���!d�frs(d�ýmskfrh�d

�!b�jE$!sp�Jd����gs,F�b�dgb9h�urd
Nn

�
Nm

dqb3h�nJb
�gdqf
n = m

�
ù$Ãg�¢��§�Ë���-�ú�ªo��ªk�ç< Ç 06� �

A
�>�cµ°¯�°L°�­y°W~.¯�®��&�p�h}&�,�>~�´ �h}�®��>�k��� ì��?®>�>~.¯q��}��
��Ú=¯h�pâ�«6�

¯�´�®��}°��¢µ><²¹�°Ï��� ì��?®>?>~.<²µ �Â®��>~8�}´=��<¸°��\­¢°��}®�<¸³{�/µÆµ><²¹�°è�}°W~¨´��
A
³

N29
âÙ¯Ì¯�´�~@��°W~q¯

|A| = 29
â

<V< Ç óo�.µ ��´�®�<¸°����8®��>�.µ°¯�°L°�­y°W~.¯�®��)��¯I}�°�Ê����}´v¯I}�°���~ª­y´3���,��} � N � °=¯���­W��®���}I�}´Èc°W<V~q¯��2¯�´�¶4­W�~°=¯eÛ^��³�°W<¸°¢±
­¢°��v�>����<²µ �¢µ><²¹�°c®�<¸³{�/µ>~T<¸·h���}°W~�´��
N
³Ï­¢°�}�­*®}µ°¯v°�°�­y°W~.¯

}�­y³?¯=®����p�.ì8¯�´=���
Nn

â
À>j�w{nJf�j�j�b�j�lks,�gj�u(jvlo���!b!j�fg
!dcltj�fg�mu�n��!skd�
!j�
!dgfu
!dclon�fg�Fj�u3
!sob�jvlodgf6
!dZ�qnJbhi3�mb3h�n�f

Ø b!skh�nJfg�Z×¢dFj�b�dgbc�Fj�
!jE�Fj�frn
A

�
B


!n�f*�qnJbhi3�!b9h�n�f*
!d	�gj�u 
!skb�j�l Ø b!skh�n!�
�D¥É��§�À-�¢�A�!�Õ'�ªf×ys

A ∩B = ∅ dqb3h�n�b
�gdqf |A ∪B| = |A|+ |B| ��D¥É��§�À-�¢�A�!�Ñ��ª�üpj�
!n�dgl�f �
$��qnJbhi3�!b9h�n
B ⊂ A


!d Ø b!sow{nJf8dgl6�gnJw��!lkdgw{dgb3h�j�u�skn�
!d
B
dgb

A
�!dgf �qu�s|h�n

B
�
�gn�wxn

A−B = {x ∈ A : x /∈ B} dgb9h�nJb
�qdgf
|B| = |A| − |B|.

�D¥É��§�À-�¢�A�!�áû(ªf×ys
A ⊂ B

dgb3h�nJb
�qdgf |A| ≤ |B|.�D¥É��§�À-�¢�A�!��úAª |A ∪B| = |A|+ |B| − |A ∩B|.�D¥É��§�À-�¢�A�!�Ñ�(ª |A×B| = |A| × |B|.acfih/j��!u�n��!sod�
�j�
=��frd,f �mdglod*
!dqb!nJw{sob�jvu�´��²±��p�~®��>���:´v¯g®
­�µ>~.¯��$a$fih/j�$!lkd��qd,lon�f�sk���!skdgb�wh�d��zf�scdqlcb��!wxdqu�nc
!d��:nJfrs,$!sklosp
�j�
!dqf	�!j�u�js�!b�j�f�skh ��j��qs,FJbÐ
.�:n�b!�9j�w{nJf1ltj)�!u�skwxdqu�jlodqh�u�jH
!d&�!b�jC��j�loj�$!u�j9��dgf
n

�?dql�b��!w{dgurn)
md��:n�f�s,$msolosp
�j�
mdgf!��j�u�j=n�h�u�j=f�s|h���j+�gs,F�b
.�:nJb!�Jj�wxn�f%ltjDfrdg���!b^
�j�lodqh�u�j�
!d��!b�j���j�loj�$!u�jJ�cdqf
m

�ydgb9h�n�b
�gdqf	ltj�f��:nJfrs,$!sklosp
�j�
!dqf

!d�ltj�f�
!nJf{frskh��!j��gsknJb!dqfE�gnJbhi3�mb3h/jvwxdqb3h�d�
.
!sk�9j�w{nJf��Z��j�loj�$!u�j�fE
mdq
mnJf{lod}h�u�j�f/��dqf
nm

�
�D¥É��§�À-�¢�A�!�Ó�(ª#�z¥cÀ¨ A¦uÀ-§�À¸�����yË�§��!Ë��:���!¥3ª!×ys |A| > |B| dgb9h�nJb
�qdgf,b!nHG!jI�s�mb�j
D0�!b
�gs#FJb�sob{�Jd��}h�s#��jE
!d

A
dqb

B
�

ù$Ãg�3¥�¦uÀ¨¦uÀ-�����ÔÄ&�>�ì¯I}>~¨´3��´�¶4­W�f�p�h}k�:´v¯���<@��®{�9®���}%J#³�§"}�¯�°q��¶4­�<¸·h���,�}°W~8��}�â�Ä&�>�ì¯I}>³
~¨´3��´	�p�h}(�:´v¯���<@��®{�9®���}zºC�)y{â
¶ /S-q�¢¥G©m��¦uÀ-�� ���-�úAªk��ªt�¦< Ç «6�	�:´v¯���<@��®{�9®�ès�>����<²µ �9®{�H��~¨´���}�µ°¯�°L°�­¢°W~q¯I}�Èc°W<V~.¯I}�}I�
��­���®��,±��}°e�}´3����<p�I��´4¨

|A ∪B ∪ C| =
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= |A|+ |B|+ |C| − |A ∩B| − |B ∩ C| − |A ∩ C|+ |A ∩B ∩ C|.Á©}I�!��­W��®��}°£��}Gµ}´=<ª®�<¸´%ìF¹�´=�%­��p�h}���°:»���¯�±{�h}*�^��´3�Ìµ �9®{�5­y°W<²¹�°{Èc°W<V~@�S®��xµ°¯�°L°�­¢°W~q¯I}Èc°W<V~.¯I}�â
<V< Ç óo��¯�´=<¸°�µ><²��<6¯�®��>��¯(����¯h����´(}I����­W��®��	±��}°e�}´ ����<p�I��´�®����p��}><|±
­�<@�}°W~\������°e�}´ �?¨06� ��°
m,n

°�Ê����}´v¯I}	°���~ª­¢´ ���,��}�µ°¯�°
m > n

â	0�<(¶4­��}´��>�ì¯I},µ°¯h��¯Gµ���´
m
¯
®T°L�>~.¯I}��}°

nµ �3°��h} � �}°c��� ±
­y°���®��'�>�V�p�zÛ^�?®g´�»D°e�/µ���}���´=<.���C�}°
~8��­¢°��xµ ��°W~.<�®{�9®~®��ß¯
®T°L�>~.¯I}*����³?¯�´
¯E<|±
­
����¶4­��	�p���^��´=~8�&�}°W~8�}´3�e®��>��µ�¯Gµ><@�}°W~\�

m/n
â

<V<V< Ç ëW���:®�<@?}°��p�	�:´v¯���<@��®{�9®x®��>�^�:´v¯g®
­�µ>~.¯eµ ��´>~\��}><.��°=¯&}L��±��}°e�}´3����<p�I�?¨
|A1 × A2 × ...× An| = |A1| × |A2| × ...× |An|.ù�Ãg�¢��§�Ë-��-%ú�ªk��ªk��®����>����<²µ �¢µ><²¹�°�®��	�p�h}%�:´°¯���<@��®{�9®���}�â

< Ç 06� �
A

�>��µ°¯�°L°�­y°
~q¯I®��s����­��~°=¯I}�����~¨´=<²µ�­��p�9®�¯�}c�}°���� ±
­¢°����h}><|±�°���~ª­¢´ ��®��
�:´=<V���}´v¯ � B �>�pµ°¯�°L°�­¢°W~q¯�®�������­��~°=¯I}c����~¨´=<²µ�­��p�9®�¯�}��}°���� ±
­¢°��:�h}><|±�°���~ª­y´3�<®��
}I�²±
­¢°:®�¯�âÂó��,µ°¯�°L°�­¢°W~q¯

A
~T<@�}°e�?µ ��´�®�<¸°����%è�y���³£�>�.µ°¯�°L°�­y°W~.¯

B
~T<@�}°e�?µ ��´r®�<¸°����è9è^��â�¾	��³c�r­��¢µ>~@�����}°W~8��y��C����­��~°=¯I}#¶4­W��~T<@�}°e�}°r��� ±
­¢°��s�h}><|±�°���~ª­¢´ ��®��f�:´=<V���}´v¯³���� ±
­y°��<®��)}I�²±
­y°:®�¯�âæó%°W~.¯�°�µ���}��>��°�Ê����}´°¯r~.¯h~����,®��v����­��~°=¯I}?®����:´=<V���}´°¯I³

}I�²±
­¢°:®�¯&}I�}´Æ2.� � �>����<²µ ��°:®�¯��p�{¯%´v¯���<@��®{�9®�Kk¨
|A ∪B| = 250 + 220− 50 = 420.

<V< Ç 06� �
P

�>�1µ�¯�°L°�­¢°W~.¯]®����^���p�?®g´3�h}Ì®���µ�­^��~¨´v¯��,�>~�´3�h}�â 0�<��V�p�������ì¯I}
A

���
��� ì��?®>�>~.¯C��}\�^��Ú=¯h��}I��~.<@�}°e�4¨

P = A× A× A× A.Øo¯�°���¯eµ�­
��� � ­{}���°:®�¯�´��><V~\�}´3�3®{�����}°W~\�'�p�{¯%´v¯���<@��®{�9®Cy?¨
|P | = 294.

<V<V< Ç 0�<B���p��}I�²±
­¢°:®{���,�>~�´3�&�,�j�W��®�<V�ì¯I}.¶4­��(}I� �#·
¯Gµ ��� � �}°W~.¯�°�µ���} � �>��µ�¯�°L°�­¢°W~.¯
R®��*�p�h}j�^���p�?®g´3�h}�®��1µ�­^��~¨´v¯��,�>~�´3�h}�µ�­¢³���}I�ç±
­¢°:®{���,�>~�´3�H��}Ì­y°���·
¯Gµ ���e��}'�>���:´°¯g®
­�µ>~q¯µ ��´=~\��}><.��°=¯

R = A× V × A× A,®�¯�°:®��
V

��}��>��µ°¯�°L°�­y°W~.¯x®����p�h}�·
¯Gµ ���,��} � �2¯�´	~@��°W~q¯
|R| = 293 × 5.

<¸· Ç ó%°�µ�­^���|¶4­�<@�}´1µ�¯�°L°�­¢°W~.¯~®���J�§+z"�W�}´�}�¯�°��h}	Û^�J³~®�¯I}�µ�­y³?¯I}zµ�­����x�#����Ú=¯I}(}�¯�°
�>�*��<,}>�ì¯<®�2.�{âÍó%°è�-ìL�/µ>~q¯ � µ°¯h�ì¯P�>�1µ°¯�°L°�­y°W~.¯<®��H�W�}´�}�¯�°��h}

P
~T<@�}°e��µ ��´r®�<¸°����

����³?¯�´1¶4­W���>��®��1®�2.�h}1®��>�e��Ú=¯
D
Å
368 > 365 = |D| Ç �}°
~q¯�°�µ���} � �2¯�´	�>���:´=<¸°�µ><²��<6¯®��>�W�^����¯h����´ � µ�­
���|¶4­�<@�}´%ì�­¢°�µ><²¹�°�®�� P �}°

D
��}�°=¯�<¸°�³��/µ>~.<¸·h� � ��}~®��/µ><¸´zÛ^��³�®�¯I}

�W�}´�}�¯�°��h}z¶4­���µ�­������,�}°m��Ú=¯I}��>�g��<,}>�ì¯{®�2.�{â
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�D¥É��/�Ë-�¢����ªZüpj�
�j��!b�j��gj�u�urdgu�j��qnJbÏÚÉ�� ���j�uih�s,�qs,��jvb3h�dgf��%
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�:nJf�s#$!lodqf�u�dqf �!l|h/j�
mnJff�
�!d�
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!do��j�uih�s#�gs#��j�b3h�dgf������!d�D-nJu�wxj*�!b&�qnJbhi3�!b9h�n"
!d�ÚG�v �dqlodgw{dgb9h�nJfB���:nJuh/j�b9h�nxj+
!wxs|h�d"�!b�jE$!s#�Jd����qs,FJbc�gn�b

N154


¨jE�gj�
�jE�gnJuru�d�
mnJuf�!bq
!nJurf�j�l(b��!wxdqu�j�
mn3�}�
×ydFj

B
dqlW�qnJbhi3�!b9h�n	
!d�loj�f�h�u�dqfcwxd�
�j�lkltjvf������!d,j+
!w{skh�do�!b�j'$!sp�Jd����qs,F�b��qnJb

N3

.�:n�ud8irdgw��!lkn�dql�n�u�n{j�ljÚ���loj��!ltj�h/j~j�l ñ ��dglg$!urnJb
�gdzj�l 
 �}��×¢d�h�u�jvh/j�
md�
!d}h�dqu�w{sob�j�u8dglb��!w{dgurn�
md	D0�!b^�gsknJb!dgf�skb��Jd��}h�sp�vj�ff
md

N3
dgb

N154
�

�D¥É��/�Ë-�¢������¯�¹
À-©m��Ë-�y :£G��ª_ÿ8j�l,���!ltjvu.dglAb��!w{dqu�n�
!d�D0�mb
�gsknJb!dqf�sob{�Jd��}h�s#��j�f�
md
N3dgb

N154

�
acb�d�D-d��qh�n^��j�w&$:nJf	�!urn�$!lodqwxj�f�f�nJb�d����!sp�vj�lkdgb9h�dgf��:n�u ���!dH�!b�jsD0�!b
�qs,F�b�sob{�Jd��}h�s#��j
f


!d
N3

dgb
N154

�gnJb!frsofih�d�dqba
�j�u
f(1) = a ∈ N154

�
f(2) = b ∈ N154

�
f(3) = c ∈ N154

���!d8f�nJb#h�urdgf�b��!w{dgu�n�fS
!d%
!n�u�f�jvl�
!sofih�sob9h�nJf�
0�9j����!d
f
sob{�Jd��}h�s#��j9�>�

i3�!frh�j�wxdqb3h�dzlknJf(���mdDf3�
$:dgbÌj�l6�:n�
!s,�!wU
�loj��:dgurf�nJb�j��qnJbSdqlu
!n�u�f�jvl
a
�Jj�b�j�dql�n�u�n
�ltj&
!d	
!nJu�f�j�l

b
ltj&�!ltjvh�j&�eltj&
!d

c
dqlg$!u�n�b
�gdF�}�

B $!f�dqu3��j�wxn�f%���!d���j�u�j#dql��9j�b!j�
!nJu�
mdgl�nJurn�G�jI�cÚÉ�v ��:nJfrs,$!sklosp
�j�
mdgf�
.���!j�l,���!skdgu
�gnJuru�d�
mnJu/�Æ&"�!b�j��Jd������!dÌf�dvG�j�dgfih/j�$!lkd��qs,
!n����ms,�qb¼G�j��9jvb�j�
!n�dgl,nJu�n^�(��j�u�j�dgl�9j�b�j+
!nJuo
!d1ltj#w{d�
�j�loloj�
md'�!ltj�h/j�G�jL�vÚÉ� 
 �:nJf�s#$!solks#
!j�
!dgfq&��=f�j+$!sodqb

!n~dgl��9j�b�j+
!nJu

!dglcnJu�ns��lojs�!ltj�h/j�h�dgb!dqwxn�fHÚÉ� ñ u�dqf �!l|h/j�
mnJf���n�f�s#$!lodqf���j�u�j�dgll$!u�n�b
�gdv�¬ü�dxdgfih�dwxn�
!n*G�jI�

154×153×152
�:nJfrs,$!lkdgfAu�dqf �!l|h/j�
!n�f�
!d�loj*�gj�u�u�dqu�j,n�d����!s#��j�lodqb3h�dqw{dgb3h�d

G�jI�
154× 153× 152

D0�!b
�qson�b!dgf�sob{�Jd��}h�sp�vj�ff
!d
N3

dgb
N154

�
a$frh�neb!nJf��:dgurwxs|h�d��!loj�b3h�dFj�u.dglB�!u�n�$mlodgwxj{�Jdqb!dgu�j�l����!d�jvh/j+ð!d�jvlB�gnJb^�gd��yh�n)
!d©!�!¥cÀ-��¦uÀ-�� ���-��

�D¥É��/�Ë-�¢����ªoü�dqh�dgu�w{sob!j�u%dql�b��!wxdqu�n
Vm,n


md!D0�!b
�qsonJb!dqf�sob{�Jd��}h�sp�vj�f�
!dglx�qnJbhi3�!b9h�n
Nn

dgb�dglg�qnJbhi3�!b9h�n
Nm

�

¶ /S-q�¢¥G©m��¦uÀ¸·� �ú�ª(û(ª�'¬ó���¯%´=<¸°�µ><²��<6¯�®��>���^����¯h����´*}I�}Ú����p�=¶4­W��}><
n > m

�}°W~q¯�°�µ���}°=¯~Û^��³�~@���,��}cì�­¢°�µ><6¯�°e��}	<¸°�³{�/µ>~T<¸·h�h} � ��}>~q¯C��} � Vm,n = 0
â
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�.b�j��Jdqb!dgu�j�los#�Fj��qs,FJb�frdgb
�qsolkltj&
!d�lonJf	u�j��gn�b�j�w{sodgb9h�nJf%
!dql�d\irdgw��!lon�j�b3h�dgu�sknJu8sob

!s#�Fj
���!d�f�s

m ≥ n
�

Vm,n = m× (m− 1)× ...× (m− n+ 1) = m!/(m− n)!.

ù�Ãg�¢��§�Ë-��ú�ª(û�ªk�Nóo�(°�Ê����}´°¯x®��cì�­y°�µ><6¯�°e��}	<¸°�³{�/µ>~T<¸·h�h}D¶4­W�	}I�(��­W��®��}°���}>~@�?®��,�/µ��}´
�}°W~�´��

N5

³
N10

��}4¨
V10,5 = 10× 9× 8× 7× 6.

ä��9å� 
À�¦uÀª·: ¾ú�ª(û�ª�ûÔô!��°�Ê����}´v¯
Vm,n

®��(ì�­y°�µ><6¯�°e��}(<¸°�³��/µ>~.<¸·h�h}"�}°W~¨´��@­y°?µ°¯�°L°�­¢°W~q¯®���µ ��´r®�<¸°����
n
³}¯h~�´°¯]®���µ ��´r®�<¸°����

m
µ°¯�°

m ≥ n
}I���,���V�p������ �Ò����3¥É�����©m�!¥cÀ-��¦uÀ��: ���-~�A�

m
�yË-�¢���¢ �£G��-#£G�:�������x-����

n
�¢ 

n
³E}I�	~T<@�}°e�

Vm,n = m× (m− 1)× ...× (m− n+ 1).

ù�Ãg�¢��§�Ë-��-%ú�ª(û�ªÇú º{â8Ä&�>~8�}´=��<¸°���´,®���µ�­!»�°W~@�h}!�H��°e�}´3�h}(}I�l��­W��®��}°v�>�,�²±�<¸´'�>���:´��>³
}><�®��}°W~\��³P�>��·I<²µ��\�:´���}><�®��}°W~8�S®��Ï­y°��:�h}�¯Gµ><.�¢µ><²¹�°Ó®��qJ��{����<@�>�:®g´v¯I}�Å6ì�­y°�µ><6¯�°e��}
<¸°�³{�/µ>~T<¸·h�h}D®��

N2

�}°
N300 Ç â

V300,2 = 300× 299

è�â	Ä&�pµ�­m»�°W~@�h}*����°e�}´3�h}%}I�k��­���®��"�>�,�²±�<¸´�­y°v��¶4­�<²�2¯D®��1µ�­^��~¨´v¯z´��>�,�}·I<,}>~��h}k�^��´3�µ°¯�´Æ´��}´H�}°��p��µ ��´Æ´��}´3�S®��
4 × 100

�}°W~¨´�����¯I}�º��H}I�>�,�/µ/µ><6¯�°��9®�¯I}=Å3�}°W~8�}°:®�<@�}°:®�¯�¶4­W�Û^��³=¶4­W��<¸°:®�<²µ ��´��>�V¯�´�®��}°��}°��>��¶4­��'}I��µ°¯�´Æ´�� Ç â
V10,4 = 10× 9× 8× 7

J�â{0�<*�>�cµ°¯�´Æ´���®�¯�´��{»h}�´�»>��<�®�¯�®��>�l�0°L�>������¯)��°W~8�}´=<6¯�´�~T<@�}°e��¶4­��xµ°¯�´Æ´��}´#°e�/µ��>³
}���´=<.�����}°W~\���}°)�:´=<V���}´���­�±{��´ � �}°W~q¯�°�µ���}E�>�W�:´°¯
®��,�>���q��}{µ ���oµ�­��p��´���¯I}���¶4­�<²�2¯I}~®��
~�´���}z´��>�,�}·I<,}>~@�h}&�}°W~�´�����¯I}�À�}I�>�,�/µ/µ><6¯�°��9®�¯I}�¶4­W�#¶4­���®{��°�â

V9,3 = 9× 8× 7

ü,d�dgfih/j�wxj�b!dqu�j��j
!deltjvf�
!d Ø bms,�qsonJb!dqf���
!deltj?n�$!f�dqu3�vj+�gs,F�b:
!delon�f#d8irdqwH�!lknJf#f�d

md�

�
�qd����!d�����jvb

!nq�Fjvl,���mltj�w{nJf

Vm,n

dgfih/j�w{nJf	�gnJb9h/j�b^
!nSd�ýmj+�qh/jvwxdqb3h�d{loj�f�-g��UË-�¢¦9¦uÀ��: ���-.��¥��A�¢ ����A�
-����
n
�¢Ë��¢���¢ �£F�x-��y £¹A �¦J�� ¢Ã8¹A �£G�����

m
�¢Ë-�y���¢ �£G��-�ª

í ��-4¹��9À-�¢ ����u�!dgf�lon~wxskf�w{n
�
• acl�b��!w{dgurn�
!dzj��!lks,�gj��gskn�b!dgf8sob{�Jd��}h�s#��j�ff
!d

Nn

dqb
Nm

�
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• a$l�b��!wxdqu�n�
!dzfrdglkd����qsonJbmdgf.nJu 
!dqb�j�
�jvf*
!d
n
dqlodqwxdqb3h�nJf�dgbq�!bq�qnJbhi3�!b9h�nH
!d

m
dglodqw{dgb3h�nJfg�

• a$l(b��!w{dqu�n�
md	��j�u�soj��gsknJb!dqf(
!d
m
dqlodqwxdqb3h�nJf	h�nJwxj�
�j�f%
!d

n
dgb

n
��dqfrh�nxdqf��

Vm,n = 0 si m < n

Vm,n = m(m− 1)...(m− n+ 1) si m ≥ n.

;Sn�
!s Ø ���!dgw{nJff�mbq�:n��qn{ltjvf(
!d Ø bms,�qsonJb!dqfg�
ä��9å� /À�¦uÀª·: \úAª(û�ªk�¼06���V�p������ �Ò����3¥É�¬���C©!�m¥kÀ-��¦uÀ-�: A��-Ì¦J�: ¼¥É�3§c�9£ºÀ�¦uÀ¸·: N���
m
�yË-�¢���¢ �£G��-e£G�:��������-S���

n
�y 

n
����°�Ê����}´v¯

V Rm,n

®��	ì�­¢°�µ><6¯�°e��}{®��
Nn�}°

Nm

³�}I��~.<@�}°e�
V Rm,n = mn.

ü�d�wxn�
mns���!d�ltjCGms,��F�h�dgf�skf'���!dEG�jC�vj�urstj�
mns�qnJb�urdgf3��d��qh�n?j�ltjC
!d Ø b!s#�gs#FJb�j�b9h�d>wu�son�ue
.
!d
Vm,n

�zdgf�ltjSsob��Jd��qh�s#�¢s,
!j�
��?ÀcdFj�w{nJf��!b<d8irdqwH�mlonv
!nJb

!def�d�j��!lks,�gjSdgfih�d
�gnJb
�qd��yh�n!�
ù$Ãg�¢��§�Ë��£ú�ª�û�ªk�NÄ&�>~\�}´>��<¸°���´�µ�­m»�°W~��h}g�^���p�?®g´3�h}�ì8¯�´>���9®{�h}6�2¯�´uK:®g³+~\��}l}I�g��­���®��}°µ°¯�°^}>~¨´�­�<¸´�â	¶ê��¶4­�<¸·h���,�}°W~\�>���}°W~8�.µ�­m»�°W~q¯I}8°�Ê����}´°¯I}*�}°W~8�}´v¯I}�}I����­���®��}°��������¢µ=�}°��J´µ°¯�°CK£®g³+~\��}�â

ó��:µ°¯�°L°�­¢°W~.¯�®��%�p�h}��^���p�?®g´ �h}�ì8¯�´=���9®{�h}B�2¯�´.µ�­^��~¨´v¯_®g³h~8��} � ��}�®��/µ><¸´ � �2¯�´,µ�­^��~�´°¯�>�,�>���}°W~q¯I}z®��>��µ�¯�°L°�­¢°W~.¯
B = {0, 1} ��}

B ×B ×B ×B

³'�2¯�´'~@��°W~.¯ � ­�}���°:®�¯��p�'�:´v¯���<@��®��9®{®��>�Aµ���´r®�<¸°�����®��ß­y°H�:´v¯g®
­�µ>~q¯=µ ��´>~\��}><.��°=¯ � }8¯v°
24 = 16

�^���µ�{®g´3�h}�â
;SnJfrh�u�dqwxnJf)���!d��pdqb d�D-d��qh�n^�"�mb�j:��jvltj�$!u�j�
!dI :$��3h�dgf�dqfc�mb�j£D0�!b
�qs,F�bê
!d

N4dgb
N2

�À«�n�wxdqwxnJf��!b�jm$!sp�Jd����gs,F�b
b
dqb3h�urd

B
�

N2

�o�:n�u�d8irdqwH�!lkn
�
b(0) = 1

�
b(1) = 2

�#a$b3h�n�b
�gdqf��mb�jCD0�!b
�qs,FJb
f


!d
N4

dgb
N2

jvf�so��b�j���j�lonJurdgf1j
f(1)

�
f(2)

�
f(3)

�
f(4)

dqb
N2

�Rü�d,dgfrh�j#wxj�b!dqu�j
f(1)

skb

!s#�Fj�ltj	�!u�skw{dgu�j�lkdqh�u�j�
!d,loj���jvltj�$!u�j
���$u�dqf �:d��}h�sp�vj�w{dgb9h�d+�

f(2)
loj?frdg���mb

�j^�

f(3)
ltj�h�dqu �qdgu�jv�

f(4)
lojv����j�uih/jm��t�nJud8irdgw��!lkn
�mf�dgj{ltj�D0�!b
�qs,F�b6�

f : N4 → N2
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f(0) = 2

f(1) = 2

f(2) = 1

f(3) = 1
ÿ�n�u�u�dqf �:nJb^
!d�j�ltjr��j�loj�$!u�j

1100
�äÿ�nJw{n�dqb¤dgfrh�d��gj�f�n�f�dv�:dgurwxs|h�dgb©��j�loj�$!u�j�f

�qnJbIlodqh�u�j�fpu�d��:dqh�s,
�jvf��(ltj�f�D0�!b^�gson�b!dgf'���!d�dgfih/j�w{nJf'�qnJb3h�j�b

!n�b!neh�sodqb!dgbm�:nJu"���^�frdgu�skb��Jd��qh�s#�vj�fq�!t�n�u,d8irdqwH�mlonxloj���j�loj�$!u�j
0000

u�dqf �:nJb^
!d~jxlojED0�!b^�gs,F�bv�qnJb!frh�j�b3h�d
g : N4 → N2


!d Ø b!s,
�j��gnJw{n
g(a) = 1

��j�u�j��Fj+
�j
a ∈ N4

�
a$fo
md��qsou��¢j�G!nJu�jzlon	���md�dqfrh/jvwxnJfZ�qnJb3h�j�b

!nDf�n�bC-g�¢Ë��¢¦9¦uÀ-�� ���-1��¥��A�¢ A�!�A�W-#���

n
�yË-�¢���¢ �£G��-�ër§$�x-gÀ./�Ë��¢���y :£G��¥É�3§c�9£ºÀ����x-�ì,���,¹A �¦J�: yÃ4¹� �£F�Ì���

m
�¢Ë��¢���¢ 6U£F�x-��

ù�Ãg�3¥v¦uÀ�¦uÀ-�<�!�ÙØo¯�°��>�u��� ì��?®>�>~q¯���}\�^��Ú=¯h��®���è�ÀH�,�>~¨´3�h}4¨
< Ç Ä&�>~\�}´=��<¸°���´��>��°�Ê����}´v¯x®��(�^���p�?®g´3�h}z®���yH�,�>~¨´3�h}�â
<V< Ç Ä��>~8�}´=��<¸°���´��>��°�Ê����}´v¯x®��%�^���µ�{®g´3�h}z®���y��,�>~�´ �h}"}><¸°�°
<¸°¢±
­y°��x´��\�W�>~T<�®{�{â
<V<V< Ç Ä��>�Aµ°¯�°L°�­y°W~.¯{®��o�^���p�?®g´3�h}z®��'< Ç ®��>~\�}´=��<¸°���´Dµ�­!»�°W~@�h}D®����>�V�p�h}#µ°¯�°W~T<@�}°e�}°

�H�p���,�>~�´3�5®Iâ
<¸· Ç�í ®��>�ò¶4­W��<V<V< Ç µ°¯�°��>��µ°¯�°L°�­¢°W~.¯=®��%�^���p�?®g´3�h}D®��	<V< Ç â· Ç Ä&�>~\�}´>��<¸°���´pµ�­m»�°W~��h}l�^���p�?®g´3�h}�®��>��µ°¯�°L°�­¢°W~.¯�< Ç �>����<@� �I��°��2¯�´.·
¯Gµ ���pâ í ®��>��^��´3�H�p�h}D®��>��µ°¯�°L°�­¢°W~.¯�<V< Ç â·I< Ç Ä&�>~8�}´=��<¸°���´m�>��°�Ê����}´v¯]®��H�
���p�?®g´3�h}�®���< Ç ¶4­����>���x<@� �L�J°��2¯�´Ì·
¯Gµ ���.³

~\�}´=��<¸°���°H�2¯�´!�Iâ í ®��>� µ°¯�°�<V< Ç â·I<V< Ç Ä&�>~8�}´=��<¸°���´c�>�8°�Ê����}´v¯�®����
���p�?®g´3�h}�®��)< Ç µ�­¢³��+})~¨´���}&�:´=<V���}´3�h})�,�>~�´3�h}
}�¯�°Ì·
¯Gµ ���,��}�â í ®��>� µ°¯�°�<V< Ç â
ù�Ãg�3¥v¦uÀ�¦uÀ-�<�!�ç< Ç Ä&�>~8�}´=��<¸°���´��p��µ ��°W~.<�®{�9®x®��1°�Ê����}´°¯I}�®��(K�µ>< ìÆ´3�h}�¶4­����r­�<,}>~\�}°�â

<V< Ç Ä��>~8�}´=��<¸°���´#µ�­m»�°W~.¯�}D®��&�>�V��¯I}"}�¯�°H�
��´���}�â
<V<V< Ç Ø�­!»�°W~.¯I}'}�¯�°�<V���^��´���}�â
<¸· Ç Ø�­m»�°W~.¯I}'}�¯�°��~Ê���~T<²����¯I}D®���y{â· Ç Ø�­m»�°W~.¯�}�µ°¯�°W~.<@�}°e�}°��p��µ>< ìÆ´ �xè�â·I< Ç Ø�­m»�°W~.¯I}~µ°¯�°W~.<@�}°e�}°��p��µ>< ìÆ´3�xè ¯��p��µ>< ìÆ´3�CJ�â

í ��-4¹��9À-�¢ ����u�!dgf�lon~wxskf�w{n
�
• acl�b��!w{dgurn�
!dzj��!lks,�gj��gskn�b!dgf%
!d

Nn

dgb
Nm

�
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• a$lAb��mwxdqu�nH
!dDf�dglkd����gsknJb!dgf,nJu 
!dqb�j�
!j�f�
md
n
dglkdgw{dgb3h�nJf#
¨j�
!w{skh�skdqb

!n{u�d��:d>wh�s#�gsknJb!dqf/��dqbq�!bc�qnJbhi3�!b9h�n�
!d

m
dglodqw{dgb3h�nJfg�

• a$l�b��!w{dgu�n�
md"�vj�urstj��qsonJbmdgfo�gnJb�u�d��:d}h�s#�gs,F�b)
!d
m
dglodqw{dgb3h�nJf�h�n�w=j+
�j�fo
!d

ndgb
n
�!dgfrh�nxdqf��

V Rm,n = mn.

ª�Ü�ª î ¬�ß�þ �C�Aüzÿ�÷qÞ��)¬�ù
�,b��Fj�frn)��jvurh�s#���!loj�u*
md�loj�f*�vj�urstj��qsonJb!dqf,u�dqf �!l|h/j�����j�b

mn

m = n
��dgf�
!d��qsou��x���!j�b�w


!nSh�u�jvh�j�w{nJf	
!dH�qnJb3h�j�uzdglcb��!w{dgurnq
!d�D0�!b
�qsonJbmdgfDskb��Jd��qh�sp�vj�f�
!d
Nn

dgb
Nn

�)��jn�$!f�dqu3��j��gs#FJbef�so���!sodqb3h�d,w&�mdgfrh�u�j����!d�dgb3h�nJb
�qdgf(
md�$:dgw{nJfo�gn�b3h/jvu�ltjvfZD0�!b
�qsonJbmdgfo$!spw
�Jd��}h�s#��j�f#
-n�$!sp�Jd����gson�b!dgf��(
!d

Nn

dqb
Nn

�
¶ /S-q�¢¥G©m��¦uÀ¸·� �ú�ªÇúAª�' Øl�9®{���>�x�ï<²µ��¢µ><²¹�°�<¸°�³{�/µ>~T<¸·h�

f : Nn → Nn

��}ï­y°��þ®�<¸³{�/µ>³µ><²¹�°�âÐó%° �-ìL�/µ>~q¯ � }><
f : Nn → Nn

��}5­y°����>����<²µ �¢µ><²¹�°P<¸°�³��/µ>~.<¸·h� � �}°W~q¯�°�µ���}q�>�µ°¯�°L°�­y°W~.¯�<V���É±��}°Â®��
f � ��}>~.¯���} � ��¯I}v�>�,�>���}°W~.¯I}�¶4­W��}I����­W��®��}°¼��}Gµ}´><ª®�<¸´�µ°¯h�ì¯

f(a)
�^��´ �

a ∈ Nn � ��}_­y°�}�­*®}µ°¯v°�°�­y°W~.¯e®��
Nn

®��~µ ��´�®�<¸°����
n � �2¯�´�~@��°W~.¯c��}�~.¯g®�¯

Nn

â
ù$Ãg�¢��§�Ë��£ú�ª;ú�ªk�NÄ&��µ�­m»�°W~@�h}��H��°e�}´3�h}E}I����­W��®��}°£}I�}°W~@��´s�}°\­y°�������}��H�:´���}><V³®��}°�µ><.����µ°¯�°�µ><¸°�µ°¯&}><V�V�p�h}	�(¯�}�µ><¸°�µ°¯E��<@�>�:®g´v¯I}z®��	�p��µ°¯h��<,}><²¹�°�â

a$b�d>D-d��}h�n
��dqf��mb�d\irdgw��!lons
!d{ltj�f�s|h���j+�gs#FJb�jvb3h�dqu�sknJu	�:n�u ���!dxfrscltjvf�f�skloloj�f1dqfRwh°î�bIb��!w{dgu�j�
�j�f'
!dgl(Ú{j�lc����dgb9h�nJb^�gdqfDdglk�gnJbhi3�mb3h�nc
md{frsolkltjvfpf�dE�
�!d�
!dE�Jdgu	�gnJw{n
N5

��f�s�lknJf��qnJw{dgb!f�j�lodqf�dqfrh°îvb]b��!w{dgu�j+
!nJf�
!dgl�Ú�j�l8��h/jvw�$ms,�qb�dqlo�qnJbhi3�!b9h�n�
!d
�gnJw{dgbmf�j�lkdgf�frd)�
�!d�
!d�sob9h�dgu3�!u�d}h/j�u��qnJw{n

N5

��×¢deh�u�jvh�j?dgb3h�nJb
�qdgf�
!dedgfrh�j�$!lkd��gdqu
���2î�b9h/jvf%D0�!b^�gson�b!dgf8skb��Jd��qh�sp�vj�f1
¨j&�gj�
�j&�qnJw{dgb!f�j�l�f3��f�skloloj	�=b!n~j&
mnJf%�gnJw{dgbmf�j�lkdgfltj{w{sofrw=jJ�%
md

N5

dqb
N5

f�d��^�!d�
!dqb��gn�b!frh�u �!skug�fä¼loj��:nJfrh�u�dDf�s�jH�Fj�
!j��qnJw{dgb!f�j�lf�d�lkd�jvf�sk�Jb�j��!b�j�frsololojq
!sofih�skb3h/j��$ltjÌj��!los#�Fj+�gs#FJb�frdguvî�$!s#�Jd��qh�s#�vj]
�dqf�f�n�$mu�d��Jd��qh�s#�vj
�:nJu ���!d�b!n{f�n�$!u�j�b�frsololojvf/�}��a$b3h�n�b
�gdqf��

V5,5 = 5× 4× 3× 2× 1.

ù$Ãg�¢��§�Ë��£ú�ª;ú�ª(û¼06� ���>�!µ°¯�°L°�­¢°W~q¯�®��Z��¯I}Z~¨´���}�µ ��°:®�<�®{��~.¯I}
A = {Alicia, Ernesto,

Sara} �&��¯I}!~�´���}�µ ��´²±�¯I}�¶4­W�f}�¯�°
B = {presidente, secretario, vocal} âDØl���oµ�­�³

�p��´p®���µ�­!»�°W~@�h}!����°e�}´ �h}(}I�l��­W��®��}°S®{��´	��}>~.¯I}!~¨´���}zµ ��´¨±�¯I}"�H��}>~��h}!~�´���}l�W�}´�}8¯v°��+}�â
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Øl�9®{�\®�<¸³��/µ/µ><²¹�°Ï�}°W~¨´��
A
³
B

�h}><|±�°��P�¤µ �9®{�v�W�}´�}�¯�°��F­¢°õµ ��´²±�¯<®�<,}>~.<¸°W~.¯�â¯@¯�´H�0°L�>������¯ � ®��}°=¯h~@��°:®�¯���¯I}�°=¯h�:®g´���}xµ°¯�°�}�­m<¸°W<²µ><.���j��<|±
­^�������}°W~\�&��¯I}xµ ��´¨±�¯I} �~\�}°e�>�ì¯I}	�p�h}
6

�»¯I}><ª®��,��}_®�<¸³{�/µ/µ><6¯�°e��}4¨

f1(A) = p, f1(E) = s, f1(S) = v

f2(A) = p, f2(E) = v, f2(S) = s

f3(A) = s, f3(E) = p, f3(S) = v

f4(A) = s, f4(E) = v, f4(S) = p

f5(A) = v, f5(E) = s, f5(S) = p

f6(A) = v, f6(E) = p, f6(S) = s,¶4­W�C<¸°
~8�}´��:´��>~��9®{�h}�µ°¯h�ì¯v�p�h}���<,}>~@�h}Ï¯�´r®��}°��3®{�h}=®����p�h}�<V�{»G±��}°e��}x°=¯I}�®{��°:�p�h}c§
�2¯I}><ª®��,��})¯�´r®��}°��¢µ><6¯�°e��}z®�<,}>~.<¸°W~@�+}D®��>��µ°¯�°L°�­¢°W~q¯

B

{p, s, v}

{p, v, s}

{s, p, v}

{s, v, p}

{v, s, p}

{v, p, s}.
ä��9å� 
À�¦uÀª·: ¾ú�ªÇú�ª;úÍó��3°�Ê����}´°¯

Pn
µ ��´�®�<¸°����3®��>�!µ°¯�°L°�­¢°W~q¯p®��~®�<¸³��/µ/µ><6¯�°e��}%®��>�!µ°¯�°W³

°�­¢°W~.¯
Nn

�}°��>�(µ°¯�°L°�­¢°W~q¯
Nn

}I�1®��}°=¯h��<¸°��p �Ò����3¥����A��§$�3¥��þ¹�£F��¦uÀ��: ���-D���
n�¢Ë-�¢���¢ �£G��-x³�}I��~.<@�}°e�

Pn = Vn,n = n! = n(n− 1)...1.

Ï�i3�!fih/j�w{dgb9h�d8lkn"���!d8dgfrh�j�w{nJfk�qnJb3h�j�b

!n1frnJb~ltj�fS
msofrh�sob9h/j�f�Aç��¥����W-��A����¥v����U ��!¥]¹� Ì¦J�� ¢Ã8¹A �£G�e�A�
n
�yË-�¢���¢ �£G��-��Vÿ8j�
�j*�:nJf�s#$!lodcnJu3
!dgb!j��gs#FJb�
!dZ�!b��gn�bhi3�!b9h�n

A
dgf*�mb�jE�:dgurw&�mh/j��qs,FJb)
!d

A
�

¶ /S-g�3¥G©m��¦uÀª·: �úAªÇú�ªk�N¯Ì¯�´z®��-È$°W<²µ><²¹�°
0! = 1

â
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ù$Ãg�3¥�¦uÀ¨¦uÀ-�����¼Ä&�pµ�­m»�°W~��h}f����°e�}´3�h}o}I�k��­���®��}°�}I�}°W~���´�§(�W�}´�}�¯�°��h}��}°,­¢°�������}��®���§r}><V�V�p�h}�â¼óZ}>~ª­m®�<.��´���¯<¶4­W��¯Gµ�­¢´}´��c}><��p�£����}��·��}?´���®�¯�°:®{��³���¯�Ê¢°W<²µ°¯<¶4­��¶4­��}´��>�ì¯I}C~\�}°e�}´q�}° µ�­W�}°W~@�£��})�p�C�2¯I}><²µ><²¹�°C´��>�p��~.<¸·h� � ��}�®��/µ><¸´ � ¶4­�<@?}°ê��}>~ç»��m�p�®��}´��/µ/Û^�{³e¶4­�<@?}°r�H�p��<p�G¶4­�<@�}´r®{� � <¸°:®��\�W�}°:®�<@�}°W~\�>���}°W~\�z®��	�p��}><V�V�p�e¶4­W�'}I��¯Gµ�­��^�{â
í ��-8¹��äÀ��¢ A�A�u�!dqf.lkn�w{sofrwxn^�
• a$l(b��!w{dqu�n�
mdDj+�!los#�Fj��qson�b!dqf($!sp�Jd��}h�s#��j�ff
!d

Nn
dqb

Nn
�

• a$l(b��!w{dqu�n�
mdzn�u 
!dqb�j��qsonJb!dqff
!sofih�sob9h/j�f%
!d	�!bc�gn�bhi3�!b3h�n�
!d
n
dglkdgw{dgb9h�nJfq�

• a$l(b��!w{dqu�n�
md��:dqu�w&�mh�j��gsknJb!dqff
!d	�!bc�gn�bhi3�!b9h�n�
!d
n
dglkdgw{dgb9h�nJf

Pn = n!.

• a$l(b��!w{dqu�n�
md	��j�u�soj��gsknJb!dqf(
!d
n
dglkdgw{dgb9h�nJf8h�nJwxj�
!j�f(
!d

n
dqb

n
�

t�n�
!dgw{nJfpsob3h�u�n�

�^�gsou�j�G!nJu�jC�!b�jC�:d����!d4ð!js��j�u�soj�b3h�d�dgbIdqlk�!urn�$!lodqw=jH
!dglk�4î�l,���!lon

!d�ltj�f(
msofrh�sob9h/j�f8nJu 
mdgb�j��qson�b!dgfq�
�D¥É��/�Ë-�¢����ª�acfih��

mstj�u(���2î�b3h�nJf�b��mwxdqu�nJf(
!sofih�skb3h�n�f8f�d	�
�!d�
!dgbq�qnJb!frh�u �!sku	u�dqnJu 
!d=wb�j�b

!n�ltj�f(�qs#D-u�j�f(
!dqllÚ ñ ÚJ�

a$f!�gltjvu�n����!d#dqlB�!urn�$!lkdgwxj�b!nxf�dDu�dqf �!dql#�Jd��gj�l#���!loj�b

!n{dqlAb��mwxdqu�nH
!d��:dqu�w&��wh/j��qsonJbmdgfj
!d 
 dglodqwxdqb3h�nJf����Jj	���!d
P3 = 6

���9f�skb�dgw&$�jvu��Jn
��lonJf�b��!w{dgu�n�f$n�$mh�dqb!s,
mnJf
�gnJw{n�u�dqf �!l|h/j�
mn�
!d�urdgnJu3
!dgb�jvu�ltj�f(�qs#D-u�j�f(
!dqllÚ ñ Ú�f�nJbe�

121, 211, 112

dgfrh�nxdqf���f�nJb�f�n�ltj�w{dgb9h�d 
 �
��jSu�j���F�b��:nJuDlojc���!d=b!n?frnJb 7 loj�f��:dgurw��yh/j��qsonJbmdgfDdqf��:nJu3���md=dgl>b��!w{dgu�n�Údgfrhvî�urd��:dqh�s,
!n ñ �Jd��qdgf'���6�:nJu�h�j�b3h�n
�e����jvb

!ns�:dqu�w&�mh�j�wxn�f�lonJf��mb!nJf1dqb3h�u�d~f3Ù@��dglb��!w{dgurn�bmn��vj�u3Ùtjm�$a$f(
!d��qsou��mf�s�dqb�dql�b��!w{dgurn

121
sob9h�dqu �Fjvw&$!stj�w�nJf%ltj��!u�skwxdqu�j��ltj�h�dgu3�gdqu�j&�qs#D-u�jDn�$mh�dgb!dqwxn�f�dgl�w{sof�w{nzb��!w{dgurn
�����!d"
!d�$:dpf FJlkn��gn�b3h/jvu�f�d��!b�j��Jd����

ü�d	dqfrh/jpw=jvb!dgu�j^���qnJw{n1loj�f�w=jvb!dgu�j�fk
!d8u�dqnJu 
mdgb�j�u�lon�fk�mb!nJf$frnJb�d�ýmj��qh�j�wxdqb3h�d

!nJf���frd�
!d�$:d�
!sp�ys#
!souo�:nJu ñ ��jvu�j��gnJb9h/j�urltj�f8f FJlknE�!b�j��Jd����

Total := P3/2 = 3.

Ïæ�Jdqb!dgu�j�los#�Fj�b^
!nDj��!b�jzloskfrh�j	
md
n
dglkdgw{dgb9h�nJfZ
mnJb

!d!G!jI�

s
dqlodqwxdqb3h�nJfZ
!skfrh�skb�wh�nJfl���!d.f�df�vjvbxu�d��!skh�sodqb

!n

n1
�Jd��gdgf%dglW�!ursow{dgu�n^���|�|�#�

ns

�Jd��gdqf�dql��!l|h�skw{n
�vh�dgbmdgw{nJf��
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n1 > 1
ð
n2 > 1

ð�ª-ª�ª0ð
ns > 1

©:�¢¦J��-x¥É��-g§$�¢¦�£ºÀVU©m�����¢ :£G� � µ°¯h�ì¯&�>��°�Ê����}´°¯
PRn1,n2...,ns

n
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PRn1,...,ns

n =
n!

(n1)!...(ns)!
.
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­�<�®{�h}D®��fK�µ>< ìÆ´3�h}�â
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BBK 1224
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­����}°W~@�

~����:®�<@?}°���¯�Û^�¢µ��&�>�^�2¯I}><ª®��,�o�:´��>��<6¯�â

í ��-8¹��äÀ��¢ A�A�u�!dqf.lkn�w{sofrwxn^�
• a$l�b��!w{dgurn�
!d�nJu3
!dgb�j+�gsknJb!dgfl
!df�!b�j�loskfrh�j"
!d

n
dqlodqwxdqb3h�nJfl�qnJb

s
dqlodqwxdqb3h�n�fu�d��:dqh�s,
!nJf��

n1 > 1
�Jd��qdgf,dqlg�!u�skwxdqu�n
���|�|�#�

ns > 1
�Jd��gdqf,dglg�!l|h�skw{n!�

• a$l1b��!w{dgurnP
mdr�:dqu�w&�mh/j+�gson�b!dgf)�gnJb urd��:dqh�s,�qs,FJbê
!d
n
dqlodgw{dqb3h�n�fs�gn�b¬loj�fu�d��:dqh�s,�gsknJb!dqff���!dzf�d�sob^
!s,�gj�b6�

P n1,...,ns

n =
n!

n1!...ns!
.

ª�Ü ¸ ñ¼ÞDþ ú�÷���üzÿ�÷qÞ��)¬�ù
acl��mlkh�skw{n	�gnJb
�qd��yh�n&
!d!�gnJw&$!skb�jvh�nJu�soj'���!d!�vjvwxnJf%j�
!d Ø b!sku%dgf%dgl�
!d�µ°¯h�:®�<¸°��¢µ><6¯h³°e��}%���!d�G!j��gd�u�d>D-dgu�dqb
�qstj{j�l�f�sk���!skdgb9h�d'�!urn�$!lodqw=j��
�D¥É��/�Ë-�¢����ª�üpj+
�j��!b!j��qltj�frd�
!d @ �Sj�l,�mwxb!n�f��S
!d����2î�b9h/j�f#w=j�bmdgu�jvf#f�dC�^�!d�
!ddglodq�Jsku8dgl�h�u3Ùon����!dzskuvî~j�ltjvf	u�d��!b!sknJb!dgff
!dqlg�gltj+�!frh�u�n!�

B $!f �qu3�Jdqf�dE���!d�j�
!spD-dgurdgb
�qstjH
!dglS�!urn�$!lkdgwxjH
!d�loj�f!��j�u�soj��gsknJb!dqf~
.�:n�u�d8irdgw��!lkndglod����qs,FJbs
!d	
!dqlodg�Jj�
!n
�!f3�
$�
!dglkdg�Jj�
!nE�C�Jn��Fjvl¸�8j�GmnJu�j~lon�f8h�u3ÙonJf
{Manuel, Juan, Felipe}

�

{Juan,Manuel, Felipe}f�nJbÌdql�w{sof�w{n?
�lknJf�jvl,�!w{b!nJf.dqlodq�Js,
mnJf!�!j�u�jxsku�jvl��qltj+�!frh�u�n=f�n�bÌlonJf.wxskf�w{nJf�h�u�dqf/�>�dgfrh�n?dgf���b!n?skbmãW���Jdxdgl>nJu3
!dgbÑ
-wxskdgb3h�u�j�f	���!dxdgb�dglZ�!urn�$!lkdgwxjs
!dxltj�dglkd����qs,F�b�
!d

!dglkdg�9j+
!n
��dql(h�u3ÙonE�!ursow{dgu�n~sob

!s#�Fj����!d

Manuel
dgf.dglg
!dglkdg�9j+
!nE��dqb?dql�frdg���!b^
!n
�f�sob�dgw&$�jvu��Jn
�mdgf

Juan
dqlg
!dglkdg�9j+
!n
�
�:nJu	lon����!dzf�n�bq
!skfrh�sob3h�nJf/�Æ�
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4�nJu�wxj�lkw�dgb9h�dpf�d��^�!d�
!d��mltj�b9h�dgj�u	dgl(frso���!sodqb3h�d'�mu�n�$!lkdgwxj�d����!sp�vj�lkdgb9h�d��
�z¥É��/�Ë-�y����ªEü�d}h�dgurwxskb�j�uf���2î�b3h�nJf,f3�
$��gnJb�i3�!b3h�nJf�
!d 
 dglkdgw{dgb9h�nJf�h�sodqb!d��!bv�qnJb�w
i3�mb3h�nE
!d @ ��dglkdgw{dgb3h�nJf��!dgff
!d��gsou��W
!d

N85

�
×ys�dqb�l,�!�Jj�u!
!d�urdgf�n�l#�Jdgu�dglS�mu�n�$!lkdgwxjH�!loj�b3h�dFj�
mn
�e�gj�l#���!loj�w{nJf

V85,3
dgb9h�nJb^�gdgfdqfrh�j�wxn�f(�gnJw��
�mh�j�b

!n^�!b!n�lknJf8f �
$��qnJbhi3�!b9h�nJf���f�skb!n�loj�f8f�dqlod����gsknJb!dqf�nJu 
!dqb�j�
�jvff
!dh�u�dqf	dqlodqwxdqb3h�n�fg�$ü,d1dgfih/j�wxj�b!dgu�j��Fj+
�j�f �^$��gnJbhi3�mb3h�n�
!d 
 dqlodgw{dqb3h�n�f8lkn�dqfrh/jvwxn�f

�qnJb3h�j�b

!n{wïî�f(
!d	�!b�j��Jd��v��aDýmj��qh�j�wxdqb3h�dzlon��gnJb9h/j�w{nJf8h/jvb3h/jvf(�Jd��qdgf!�gnJw{n�wxjhwbmdgu�jvf�
!skfrh�sob3h�j�ffG�jI�9jH
!dDurdgnJu3
!dgb!j�u�lkn
��dgf!
!d��qsou��
P3

�Jd��qdgfq�]ÿ�nJbv�!b?d8irdqwH�!lkn
�%lknJffrdgskf�h�u�sknJf	frso���!skdgb9h�dqf��
{Manuel, Juan, Felipe}
{Manuel, Felipe, Juan}
{Juan,Manuel, Felipe}
{Juan, Felipe,Manuel}
{Felipe, Juan,Manuel}
{Felipe,Manuel, Juan}frnJb�dgl�w{sofrwxnDf �
$��qnJbhi3�!b9h�nE
!d 
 dglkdgw{dgb3h�nJf��ynJu 
!dqb�j�
mnJf	f3�!f	dglkdgw{dgb9h�nJfo
!d�h�n�
�jvfloj�f	wxj�b!dqu�j�f(�:nJf�s#$!lodqfg�lt�nJu8h/j�b9h�n�dglg�mu�n�$!lkdgwxj�f�d�u�dgf3�!dglp�Jd��gnJw��
�mh�j�b

!n^�

Total :
V85,3
P3

.

t�jvu�j^�!d�D-d��qh�s#�vjvwxdqb3h�d+��f F�lonE�qnJb3h�j�uf�gj�
�j�f3�
$��gnJb�i3�!b3h�nH�!b�j��Jd����
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n
�>�,�>���}°W~.¯I}&�}°

Nm � }I��µ ���oµ�­��p�

Cm,n =
Vm,n

Pn

=
m!

n!(m− n)!
.

Î���£G��¦uÀª·: cª8a$f �gurs,$!sku�dqwxn�f
Cm,n

�qnJw{n (m
n

) �
¶ /S-g�3¥G©m��¦uÀª·: �úAªk��ªk�N¯Ì¯�´z®��-È$°W<²µ><²¹�°

0! = 1
³ (m

0

)

= 1
â
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n
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m

-q��/A¥É�
n
â

ù$Ãg�3¥�¦uÀ¨¦uÀ-���»ûÙØo¯h���:´°¯
®���´"�p�.ìF¹�´>�%­��p�C��°W~\�}´><6¯�´=���}°W~\�&��}Gµ}´=<V~��?¨
(

m

n

)

=
m!

n!(m− n)!
.
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C10,5 =
V10,5
P5

=
10× 9× 8× 7× 6

5× 4× 3× 2
.

è Ç Ä&�>~\�}´=�E<¸°��J´f�}°�µ�­m»�°W~.¯I}�®��!�>�V��¯I}e°�­W�²±{�&�>�>°�­J±{�9®�¯�´o�V�p�����9®�¯*Å���´=~¨2¸°�âzÅ²0�¹h��¯
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C10,5 − C9,5 =

(

10

5

)

−
(

9

5

)

¶4­�����}xµ ���kµ�­��p��´��>��°�Ê��C�}´v¯C~q¯h~@���$®�����¶4­�<²�2¯I}~³�´���}>~@��´H�>��°�Ê����}´°¯�®�����¶4­�<²�2¯I}H�}°
��¯I}#¶4­W�z°=¯(°�­W�ç±{�EÅ���´>~�2¸°�â

í ��-8¹��äÀ��¢ A�A�u�!dqf.lkn�w{sofrwxn^�
• a$l(b��!w{dqu�n�
mdzf3�
$��gn�bhi3�!b3h�nJf*
!d

n
dglkdgw{dgb9h�nJf(
!d

Nm

�
• a$l(b��!w{dgurn�
!d�f�dqlod����qsonJb!dqf.b!n{n�u 
!dqb�j�
�j�ff
!d

n
dglkdgw{dgb9h�nJf	dgbc�!bq�qnJbhi3�!b9h�n


!d
m
dglkdgw{dgb3h�nJfg�

• a$lAb��!w{dgurn�
!d��gnJw&$!skb�j��qsonJbmdgf*
md
m
dglodqwxdqb3h�nJf.h�nJwxj�
�j�f*
md

n
dgb

n
��dqfrh�ndgf��

Cm,n = 0 si m < n

Cm,n =

(

m

n

)

=
Vm,n

Pn

si m ≥ n.

��Ë�¡�¹A A�W-~§�¥É��§/À��¢�����A��-{�A�ÌË���-� �Ò����3¥É��-{¦J�:��//À¨ ��m£G��¥cÀ-�x-
×ydFj�b

m
�
n
b��!wxdqu�nJf	dgb3h�dgurnJf

m ≥ n
dgb3h�nJb
�qdgf��
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1)

(

m

n

)

=

(

m

m− n

)

.

2)

(

m

n

)

=

(

m− 1

n− 1

)

+

(

m− 1

n

)

.

3)

(

n

0

)

+

(

n

1

)

+ ...+

(

n

n

)

= 2n.

��j��!urn��!skd�
�j�
¼ÚÉ���¢sodqb!d)
!d�n�$!frdgu3��j�u�dql8f�sk���!sodqb3h�dCG!d���G!n
�esob9h�dqu �!urdqh�dqwxn�f~dqlb��!w{dgu�ns�gnJw&$!skb�jvh�nJu�skn (m
n

) �qnJwxn�dqlcb��!w{dgu�ns
!d{f3�
$��gn�bhi3�!b3h�nJf�
md
n
dglkdgw{dgb9h�nJf


md��!bq�gnJb�i3�!b3h�n
A


md
m
dglkdgw{dgb3h�nJfg�%a$lodg��sou(�mb!nH
!dzdqfrh�nJf,f3�
$��gnJb�i3�!b3h�nJf

B ⊂ A�qnJb!frsofrh�dpdqb)
mdqh�dqu�w{sob!j�u%lknJf
n
dqlodqwxdqb3h�n�fo���!d"�qnJb^D-n�u�wxj�b

B
n#d����!sp�vj�lkdgb3h�dgw{dgb9h�dfrd4ð�jvltj�u{lknJf

m − n
dqlodqwxdqb3h�n�fH���!dq�gnJb^D-n�u�wxj�b

A − B
�êt�nJu�h/j�b9h�n�dgb

A
G�jI�d�ýmj��qh�j�wxdqb3h�d,h�j�b3h�nJf%f3�
$��gn�bhi3�!b9h�nJfo
!d

n
dqlodqwxdqb3h�nJf��qnJw{n�
!d

m−n
dqlodqwxdqb3h�n�fg�

��js�!u�n��!sod�
�j�
 ñ �pf�d�
md�

�
�qdH
!d�lon�frso���!skdgb9h�dv��� b3h�dqu �!urdqh�dgw{nJf�
!d�b��!d>�Jn (m
n

)

�qnJw{n�dql�b��!w{dgu�n'
!d�f �^$��gnJb�i3�!b3h�nJfZ
!d
n
dqlodqwxdqb3h�n�f$dgb

A

 |A| = m

�Æ�$4�sÉi�j�w{n�fS�!bdqlodqwxdqb3h�n
a ∈ A

�(�(nJf.f �^$��gnJbhi3�mb3h�n�f�
!d
n
dqlodqwxdqb3h�n�f*
!d

A
frd�
!s#�¢s,
mdgbSdqb3h�nJb
�gdqfdqbSlknJf(���!d��qnJb3h�sodqb!dgbSj

a
��lknJf(���!dzb!n�lon��gnJb9h�sodqb!dgb��a$l	b��!w{dgurnr
md�f �
$��gn�bhi3�!b9h�nJf�
!d

n
dqlodqwxdqb3h�n�fE
md

A
���!dc�qnJb3h�sodqb!dgbÐj

a
dqfd�ýmj��qh�j�wxdqb3h�d��

(

m− 1

n− 1

)

�9j(���!dl�
�!d�
!dcsob3h�dgu3�!u�d}h/j�urf�dj�gnJw{n	dglJb��mwxdqu�nf
mdcf �^$��gnJbhi3�mb3h�n�fB
!d
n−1 dglkdgw{dgb9h�nJf
md

A− {a} �a$l(b��!wxdqu�nE
md�f �
$��qnJbhi3�!b9h�n�f*
!d
n
dglkdgw{dgb9h�nJf%
!d

A
���!d�b!nE�gnJb9h�skdgb!dqbSj

a
dqfd�ýmj��qh�j�wxdqb3h�d��

(

m− 1

n

)

�9j����!d��
�md�
!dDsob9h�dqu �!urdqh/jvu�f�d��qnJwxn{dql�b��!w{dgurnH
!dzf �^$��gnJbhi3�mb3h�n�f�
!d
n
dglkdgw{dgb9h�nJf


md
A− {a} �t�nJu	h�j�b3h�n{loj��gj�b9h�s,
!j�
�h�n�h�j�l6
!d�f �^$��gnJbhi3�mb3h�n�f!
!d

n
dqlodqwxdqb3h�n�f�dqf��

(

m

n

)

=

(

m− 1

n− 1

)

+

(

m− 1

n

)

.
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��j*�!urn��!skd�
�j�
 
 �(frd��
�!d�
!d�
!d�

�^�gsouB
!d>ltj(D0F�u�w&�!loj(
!dql�//À¨ ��:�9À-�x����ÎS�{ò�£G�: Z�

���mdzu�d��gnJu3
�j�w{nJf��

(a+ b)n =

(

n

0

)

an +

(

n

1

)

an−1b+ ...+

(

n

n− 1

)

abn−1 +

(

n

n

)

bn,

dgf*
md��qsou��
(a+ b)n =

n
∑

k=0

(

n

k

)

an−kbk.

acfih/j�D0FJurw&�!ltjpf�d!�
�!d�
!d�
!dqwxn�frh�u�j�uZ�:nJu>skb


�
���gs#FJbxfrn�$!u�d
n

�!f�j�b

!n#loj�fZ�mu�n��!skd�
�j�w

!dgf*
mdzlknJf	b��!wxdqu�n�ff�gnJw&$!skb�jvh�nJu�skn�fg�

×ys(j��!los#�Fj�w�nJf8dqfrh/j�D0FJurw&�!ltj�j
a = 1

�
b = 1

h�dqb!dgw{nJf��

(1 + 1)n = 2n =

(

n

0

)

+

(

n

1

)

+ ...+

(

n

n− 1

)

+

(

n

n

)

.

a$frh�jps#
!dgb9h�s#
�j�
Dw��mdgfrh�u�j!���md��Jf�syloloj�w{j�w�nJfA§A�!¥G£G��-����
A

��
!dqb!n�h�j�
!n
P (A)

�Jj�l
�gnJbhi3�mb3h�nED-nJurw=j+
!n��:nJu	h�n�
mnJf�lonJf	f3�
$��gn�bhi3�!b3h�nJf!
!d

A
�!dglg�Fj�u3
!sob!j�l6
!d�ltj�f(��jvurh�dqf


!d
A

�Jdgurs Ø �gj^�
|P (A)| = 2|A|.

t�nJu ���!d.dql��qnJbhi3�!b9h�n�h�nvh/j�l

!d�f �^$x�qnJbhi3�mb3h�n�f%f�df�
�!d�
md,dqf �gurs,$!skuj�gnJw{n	�!b!s#FJbE
!d.lknJff �
$��qnJbhi3�!b9h�nJf�
!d Û dglkdgw{dgb3h�nJf��gnJb�lknJf�
!dH�!b�dqlodqwxdqb3h�n
���qnJb�lonJf	
!d ñ �|�k�)G�j�fih/jlolodq�9j�u.j�lB�!b!s#�gnef3�
$��gn�bhi3�!b9h�n)
!d
A


!d |A| dglodqw{dgb3h�nJf����!d�dqfpdgl��mu�n��!skn
A
�pacfih/j

�!lkh�sowxj�D0FJurw&�!ltj~h�j�w&$!s,�qbSf�d��
�!d�
!d&
!dgw{nJfih�u�jvu!�:nJu,sob


�^���qs,FJb?frn�$!u�d#dql��Fj�u3
!sob!j�l

!d

A
�

�,b!jq�Jd����¢skfrh/jvf#dqfrh/jvf&�mu�n��!skd�
!j�
!dgf�
!d=lknJfDb��!w{dgurnJf��gnJw&$!skb�jvh�n�u�skn�f	��dFj�w{nJf
�gnJw{n�f�d	�
�!d�
!dzwxn�
ms Ø �gj�u8dglg�mu�n�$!lkdgwxj&
!d�ltj�f(�qnJw&$!skb�j��gsknJb!dqfg�
�D¥É��/�Ë-�¢����ª�×ydgj�b

x
�
y
�
z
h�u�dqf�sob

!d}h�dqu�w{sob�j+
�j�f���loloj�wxjvw{n�f��ì¯�°=¯h��<6¯=®��1±�´ �9®�¯

d
j��mb�j=d�ý��!urdgf�s#FJb�
!dqlAh�s#�:n

xaybzc �qnJb
a + b + c = d

�]ü�d}h�dqu�w{sob�j�u.dgl�b��!wxdqu�n

!d�wxnJbmnJwxs|nJf%
ms#D-dgurdgb9h�dgff
!d��Ju�j�
!nx�~dqbq
!s#��G�j�f	h�u�dgf�sob^
!dqh�dgu�w{skb�j�
�j�fq�

B $!f�dqu3��j�wxn�f(���!d'�!b�wxn�b!nJw{skn�
!d1��u�j�
!n��#dqf(�:nJu�d8irdgw��!lkn
x3yz

���!d'�:n�
!u Ùojh/j�w&$!s#�gb{dgf �qu�s#$!sourf�d!�gn�wxn
x2yxz

�yn�
md�����j�l#���msodgu>n�h�u�jzw=jvb!dgu�j��:n�f�s,$mlod.u�dqf �!l|h/j+
!n

!d~urdgnJu3
!dgb!j�u1loj�f!�vj�urstj�$mlodgf�
�f�skdgw��!u�dDh�n�w=j�b^
!n=h�urdgf��Jd��gdqfzloj

x
�6�!b�j��Jd��~ltj

y
�

�!b�j��Jd��zltj
z
�}�ca$frh�n{w&�!dgfih�u�jE���!dzdql(nJu 
!dqbq
md�ltj�f	frdglkd����qsonJbmdgf.bmn{dgf�u�dglkd���j�b3h�d��
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ÀcdFjvwxnJf���FJw{nC�gn�b3h/jvupdgfih�nJf1w{nJb!nJw{skn�f!
!d&D-n�u�wxj=skb3h�dqlosk��dgb3h�d��_ÿ�n�wxnC�:n�
!d=ww{nJf8u�dqnJu 
mdgb�j�u	loj�fo�vj�urstj�$!lkdgfo�:n�
!dgw{nJf	f �^�:nJb!dqu*���!d	�gj�
�j~w{nJb!n�wxskn�
!d1�Ju�j�
mnx�dqfrhvî{dqf �gurskh�n��gn�wxn�dqbSloj�
!d Ø b!s#�gs#FJb6�
xaybzc a+ b+ c = 5


mdpw{n�
!n����!dpfrdplkd!�
�!d�
!d1j�f�sk�Jb�jvu��!b!j���j�loj�$!u�j	D-n�u�wxj�
�j��:nJu��!b!n�fo���gdqu�nJfo
!d�ltjfrso���msodgb9h�d1wxj�b!dqu�j
x3yz → 1110101.a$l	b��!wxdqu�nm
!ds�!b!nJfEG�j�fih/jIdgl(�mu�sow{dgu Û sob

ms,�Fj�����î�l	dgf�dgl	d�ý^�:nJbmdgb9h�dq
!d�ltj

x
�


mdgf �^�
�gf�
!dglu�!ursow{dgu Û �sG�jvfrh/j{dql�f�dg���!b

!n Û G!jI�s�!b�Ú����!dDskb

!s#�Fj�dql�d�ý��:nJb!dqb3h�d

mdzloj

y
��dqlg�!lkh�sow{nCÚzdqlg
!d�ltj

z
� B h�u�n�d\irdgw��!lon
�
x4y → 1111010a$lo�!urn�$!lodqw=jSdgf&�:nJu#h/jvb3h�n�

FJb^
!d)�gn�lon��gj�u#dgfrnJf��gskb
�gn��!b!nJf&���md)�gnJuru�dgf3�:nJb

!dqbjc���!dxdglc�Ju�j�
!nq
mdgl>w{nJb!n�wxskn�dgf��qsob
�qn!�5í,jI�m���!dxdglodq�Jsku	�gskb
�qn?l#�!�9jvu�dgf�dgb9h�u�de)

�:n�f�s,$mlodgfS��j�u�j��gnJlkn��Fj�u�lknJfk�mb!nJf��9dgfih�n�dqf��9dgfrh�j�w{nJfk�gnJw��
�mh�j�b

!n1lknJf�f �
$��qnJbhi3�!b9h�nJf

md��qsob
�qn{dqlodgw{dqb3h�n�ff
!d	�!bc�qnJbhi3�!b9h�n�
!dD)~dqlodqwxdqb3h�n�fg�

Total :

(

7

5

)

= 21

�(nJf(��n�
mdgw{nJf�dqf �gurs,$!sku��
x5, x4y, x3y2, x2y3, xy4,

y5, y4z, y3z2, y2z3, yz4,

z5, x4z, x3z2, x2z3, xz4,

x3yz, xy3z, xyz3,

x2y2z, xy2z2, x2yz2.a$frh�dzw{sofrwxn�u�j��gnJb!j�wxskdgb9h�n��:dqu�w{skh�d"�Fj�l#���mltj�u8loj&D0FJurw&�!ltj#�Jdqb!dgu�j�l²�
ä��9å� 
À�¦uÀª·: ¾ú�ªk��ªo�¼06� ��­y°�µ°¯�°L°�­y°W~.¯{®��

m
�>�,�>���}°W~.¯I} � ®��-Èc°W<V�ì¯I}��>��°�Ê����}´°¯�®��¦J�:��//À¨ ���¦uÀ-�� ���-D¦J�: <¥É�¢§$�9£ºÀ�¦uÀ¸·� ��A�

m
�¢Ë-�¢���¢ �£G��-�£F�������A��-#���

n
�¢ 

n
���°�Ê����}´v¯�®���}I�>�,�/µ/µ><6¯�°e��}#°=¯ ¯�´r®��}°��9®{�h}~®��

n
�>�,�>���}°W~q¯I}eÅrµ°¯�°)�»¯I}><ª®��,��}D´��\�W�>~.<²µ><6¯h³°e��} Ç �}°,­¢°Ìµ°¯�°L°�­¢°W~.¯#®��

m
�>�,�>���}°W~q¯I}�â806�,®��}°=¯h~��

CRm,n

³	}I�pµ ���kµ�­��p������®�<.��°W~\�
�p�.ìF¹�´=�%­��p�?¨

CRm,n =

(

m+ n− 1

n

)
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ù$Ãg�¢��§�Ë���-�ú�ªo��ªk� º Ç Ä��>~8�}´=��<¸°���´xµ�­m»�°W~q¯I}��2¯I}><ª®��,��}�´���}�­���~@�9®�¯�}���­W��®��}°£�¢µ°¯�°W~8�>³µ��}´����g�p��°��L�J´'~�´���}#®{�9®�¯I}	<¸°:®�<,}>~.<¸°¢±
­�<ª®��,��}�}><V�%­���~ç»�°e� �����}°W~\�4¨

CR6,3 =

(

8

3

)

= 56.

è Ç 0�<B}I���r­�~�´ ���}°s}><V�%­���~²»�°e� �����}°W~\�Dµ><¸°�µ°¯xµ ��´>~@�h}z®��#µ><¸°�µ°¯�®���´ �3°��h}���}\�^��Ú=¯h�p�h}Å´Ke��µ ��´=~@�h} Ç �>�(°�Ê����}´°¯x®��%�2¯I}><ª®�<V��<�®{�9®���}���}4¨

CR40,5 =

(

44

5

)

.

ù$Ãg�3¥�¦uÀ¨¦uÀ-����ú º Ç Ä��9®{�:­¢°��x°2­*®>�D®���J3º�è���­¢°W~q¯I}D®�< ìL�}´��}°W~\��} � ®�¯�°:®��1°2­y°�µ���~�´���}®����>�V��¯I}���}>~ç»�°v����<¸°e� �9®K¯I} � ®��>~8�}´=��<¸°���´	�>��°�Ê����}´v¯�®��"~�´=<�»�°¢±
­���¯I}1®�<,}>~T<¸°W~.¯I}�¶4­W�!}I�
��­���®��}°#ì8¯�´=����´#µ°¯�°I®�<²µ/Û2¯I}%��­¢°W~q¯I}�â

è Ç 0�<e�}°W~�´��Z��¯I}g��­y°W~.¯I}�®���º Ç �r­�<,}>~\�}°�yZ��­¢°W~q¯I}�¶4­W�(��}>~ç»�°�����<¸°e� �9®�¯I} � µ°¯h����­�~@��´µ�­!»�°W~.¯I}�~�´=<�»�°¢±
­���¯I}"}I�%��­���®��}°#ì8¯�´=����´�â
ù$Ãg�3¥�¦uÀ¨¦uÀ-����� º Ç 06� ��°¦§�®�¯h�:®�¯I}�¶4­���µ°¯�°W~T<@�}°e�}°Nµ �9®{�¾­¢°=¯Â®����>�V��¯I}�yá®�¯h�p�h}°2­����}´3�9®{�h}�®��>�:ºE���xy~®��!�ì¯g®�¯#¶4­W�!�p�h}]®�¯h�p�h}�®���®�¯h�:®�¯I}�®�<,}>~.<¸°W~q¯I}1µ°¯�°v�>����<,}>�ì¯°�Ê����}´v¯q}�¯�°·<¸°:®�<,}>~.<¸°¢±
­�<ª®��,��}q�}°W~�´���}}2.âC¯@¯�´,­y°r�:´v¯Gµ���}�¯����/µ�»�°W<²µ°¯�µ �9®{��®�¯h�:®�¯®��\�2¯�}=<V~��·�}°ä­¢°��Ñµ���}>~@�À­y°��¾®�¯h�p� � }><V�%­���~ç»�°e� �����}°W~\��µ�¯�°æ�>��´���}>~q¯]®��þ®�¯h�ï®�¯I}�âÄ&�>~8�}´=��<¸°���´��>�(°�Ê����}´°¯x®���´���}�­���~@�9®�¯I}%�»¯I}><ª®��,��}�â

è Ç Ä&�>~\�}´=��<¸°���´=µ�­m»�°W~.¯I}x®��C��}>~q¯I}�´���}�­���~��9®�¯I}=µ�¯�°W~.<@�}°e�}°£���k���}°=¯I}%­¢°���®�¯h�p�°2­����}´3�9®{��µ°¯�°��>�uy{â

í ��-8¹��äÀ��¢ A�A�u�!dqf.lkn�w{sofrwxn^�

• a$l(b��!wxdqu�nE
!d�frdglod����qsonJbmdgf�b!n{nJu3
!dgb!j�
�j�fD
0�gnJb�dqlodqwxdqb3h�nJf	u�d��:d}h�s#
!nJf/�o
!d
ndglkdgw{dgb9h�nJf	dgbc�!bc�gnJb�i3�!b3h�n�
!d

m
dqlodqwxdqb3h�n�fg�

• a$l�b��!w{dgu�n�
!d��gn�w&$!sob�j+�gsknJb!dgfl�gnJbeurd��:d}h�s,�qs,F�b
m
dqlodqwxdqb3h�n�f>h�n�w=j�
mnJfZ
!d

ndgb
n
�

CRm,n =

(

m+ n− 1

n

)

.
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�.b�j�
!d�loj�f~j��!lks,�Fj+�gs#FJbmdgf�D0�!b

!j�w{dgb3h�j�lodqf�
md�ltjv�gnJw&$!skb�jvh�nJu�sojSdgf�dql(�4î�l,���!lkn�
!d
�mu�n�$�j+$!solks#
�j�
!dqf���dqf�
!d��qsou���dqfrh�sowxj�u'�gnJb����
�xf�dq���!urs,
�j+
r�vjSj�n����!u�ursou	�mb�f3�
�gdqf�n!�
��j#urdg��ltj�$2îvf�s,�gj��:nJu%ltj����!dpfrdpu�sk�Jdgb=lknJf%d�ý��:dgursow{dgb9h�nJfo���!d�h�skdgb!dqbC�!b�j��Fj�b9h�s#
�j�

Ø b!skh�j��Sd����!s#�!u�n�$!j�$!lod�
!d#u�dqf �!l|h/j�
mnJf�dgf����md�ltjH�mu�n�$�j+$!solks#
�j�
c
!d&���!d�n����!u�u�j��!bf3�
�gdqf�n�
!dqh�dgu�w{sob!j�
!nSdqfDdglZ�qn��gsodqb3h�dH
!dgl>b��!w{dgu�nq
!dH�gj�f�nJfDdgb�lon�f����!dej+�gnJb9h�d��qddqfrh�d�f �
�qdgfrn�dgb9h�urd�lojv�gj�b3h�s,
�j+
�h�n�h/jvl�
!dC�gj�f�nJf&�:nJf�s#$!lodqfg��ä�f Ù8j�l>h�sou�jvu��!b£
�j�
mn
�:dqu3D-d��qh�n�loj��!u�n�$�j�$!sklos#
!j�
£
!dc���!d�f�j�lk�9j��!b 7 dgf

1/6
��lknJf��:nJf�s#$!lodqf�u�dqf �!l|h/j�
mnJf

�qnJb^D-nJurw=jvb=dqlx�gn�bhi3�!b3h�n {1, 2, 3, 4, 5, 6} �{dglx�gj�frn&���mdpb!nJf%sob3h�dgurdgf�je
�dql 7 �cdqf%�mb!n

mdpdgfrh�nJf 7 �:nJfrs,$!lkdgf�urdgf �mlkh/j+
!nJfg�l��j#s#
!dFj�
!d�D-n�b

!n�dgf%���!d1frse�!b!n#h�sou�j�u�j��!b)
�j�
mn
�mb�j'�gj�b3h�s,
�j+
~w&�^��jvlkh�j�
!do�Jd��gdqf��¢lkd8f�j�l,
mu Ùtjvb�
-wìî�f�n1w{dgb!n�f/��ltj�w{skf�wxj!�Fj�b9h�s#
�j�


md#urdgf �mlkh/j+
!nJf�Ú������md ñ �A�|�k�p�x���!d 7 �.a$frh�j=lkd���f�dDf �!dqlod��gnJbmn��gdgu!�gnJw{n��(d��c
!dDlknJf��u�j�b

mdgf�b��!w{dgurnJfg�

t�n�
!dgw{nJf"�qnJw��!los#�Fjvu!�!b��:n��qn�dglS�!urn�$!lkdgwxjH�q�:d�
!skuploj��mu�n�$�j+$!solks#
�j�
q
!d&���mdjvl�h�sou�j�u*
mnJf�
�j+
!nJf��qnJb!f�d����mh�s#��j�wxdqb3h�d�f�d#n�$yh�dgbm�9j^�x�:nJu,d\irdgw��!lon^���!b!j���j�urd8i�jH
!dfrdgskf�dgfq�!�Aj��gn�w&$!sob�j�h�nJursoj~dgf�dqlAsob!fih�u3�!wxdqb3h�n=j�
!d�����j�
mnC��j�u�jHG!j��gdqu�dqfrh�d��8î�l#���!lkn!�
��j��gj�b3h�s,
�j+
?h�n�h�j�lB
!d�urdgf �mlkh/j+
!nJf�dgf

V R6,2 = 36
��dql�urdgf �mlkh/j+
!n

(6, 6)
dqf"�!b!nC
!ddqlolknJf��Z�:nJu~h/jvb3h�nIf �©�!u�n�$!j�$!solks#
�j+
]dqf

1/36
� B $!frdguR�Jdgw{nJfxfrsobCdgw&$�jvu��Jnm���mdSloj

�mu�n�$�j+$!solks#
�j�
�
!d'���!d1f�jvlo�9j��!b 
 ���!b ñ dgf�i3�!fih/j�w{dgb9h�dpdgle
!n�$!lkd��9j����!d1f�n�bs
!nJflknJf	u�dqf �!l|h/j+
!nJff�:nJfrs,$!lkdgf��
(2, 3)

�
(3, 2)

�a$frh�dxh�s,�:nq
!d=dqfrh �

!son?dgf�D0�!b

!j�w{dgb3h�j�lZ��jvu�j?j�f�sk�Jb�jvu��mu�dgw{son�fDdqbci3�!dg��nJf�
!dj+�Fj�u"
!d~w=jvb!dgu�jC���md�f�dgj�skb3h�dqu�dqf�j�b9h�d!i3�!�9j�u��?u�dgb9h/j+$!lod�dgl�i3�!dq�Jn
���!s#�gb!frdgf�d+�B�:nJud\irdgw��!lon^��dgb��!b�jpwïî����!sob!j,h�u�j��9j��:dqu�u�j�fg�St�j�u�j�dgfrh�j�$!lkd��gdqu$dql^�!u�d��gskn'
!d%�!b�j"�:nJlks,�gj

mdzfrdg���mu�nJf.dqbcD0�mb
�gs#FJbc
mdzloj�f(�gj�u�j+�qh�dqu Ùkfrh�s#�Fj�f(
!dqlg�!f ��jvu�sonm�k�|�

ü�d Ø b�j�w{nJff�gnJbc�!urd��gskf�s#FJb�lonJf(�qnJb
�qd��mh�nJfg�
ó Ò.ô@Ò32 õ�7�Ù=Ú87$×�Ö�Ü�9";$ÜKÚqÙkØXÜ
ä��9å� 
À�¦uÀª·: ¾ú�ªk��ª¨'`ê�°��9�(§$�¢¥cÀ����¢ �£G�¬��Ë-�3�m£G��¥kÀ-�è��}5­¢°��:´v¯Gµ���®�<V��<@�}°W~.¯�µ�­y³?¯I}
�2¯I}><ª®��,��}#´���}�­���~@�9®�¯I}8ì8¯�´=����°�­¢°Cµ°¯�°L°�­y°W~.¯?µ°¯�°=¯Gµ><�®�¯=³s~@���$¶4­��E���Z�-ìL�/µ>~ ­^��´H�>�Z�r­�³
�W�}´=<V���}°W~.¯C�>��´���}�­���~��9®�¯,¯
®�~\�}°W<�®�¯x®��\�W�}°:®��z®��>�B�I�I��´�â
¶ /S-g�3¥G©m��¦uÀª·: �úAªk��ªk�Nóo�g~\?}´>��<¸°=¯H�I�I��´%�:´°¯�·I<@�}°e�D®��>��·
¯Éµ �?®���¯{»�´ �?®>���I��³.�I��Û¢´D¶4­W�
}><|±�°W< È8µ ���>��®{�9®�¯!�^��´3�(°�­�±{��´�â.06���2¯g®J´Æ2.��°c<¸°W~�´°¯g®
­�µ><¸´"<¸°W~\�}´���}���°W~8��}zµ°¯�°^}><�®��}´ �¢µ><6¯h³°e��}�Èl��¯I}G¹ È8µ �h}f}�¯
®g´�����}>~\�Dµ°¯�°�µ��\��~.¯�â	Ä&��}q®��	�>�{��­y°W~.¯�®���·I<,}>~��{®����p�h}zµ><@�}°�µ><.�h}1®��
�p�Sµ°¯h����­�~��¢µ><²¹�° � �}°���� ±�Êy°�}I�}°W~.<�®�¯ � �I�I��´z³s��� ±�¯�´=<V~.�ì¯E}�¯�°���°W~ ¹�°W<V�ì¯I}�âpóZ}��%­¢³
<¸°W~\�}´���}���°W~8�'�>��®���}���´Æ´v¯h�V��¯#®��"��� ±�¯�´=<V~.�ì¯I}j�^��´3�&�ì¯g®��>�p��´"�r­��W�}´=<V���}°W~q¯I}!���,� ��~.¯�´=<6¯�}�â
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ù$Ãg�¢��§�Ë���-�ú�ªo��ª(ûN«6��°��I��´�­y°<®{�3®�¯q��}%­¢°©�r­��W�}´=<V���}°W~q¯s���,� ��~.¯�´><6¯��2¯�´r¶4­����>��´��>³
}�­���~@�9®�¯SÅ"­¢°�°�Ê����}´°¯x®��>��º)����§ Ç ®��>�g�p��°��I����<@�}°W~.¯{®��\�W�}°:®��z®��>�B�I�I��´�â«6�c�r­�~�´ �¢µ/µ><²¹�°�®��_­¢°���µ ��´=~@��®��ø­y°��,®��J´3�3°��{â«6�c�r­�~¨´3�¢µ/µ><²¹�°�µ°¯�°^}I�/µ�­�~T<¸·h�x³E}><¸°�´��\�2¯I}><²µ><²¹�°�®��#®�¯I})®�¯h�p�h}�°2­����}´ �9®{�h}D®��ø­y°
®�¯h�:®B¯{¶4­W�~µ°¯�°W~T<@�}°e�#µ�­
��~�´v¯ì®�¯h�p�h}�µ°¯�°���¯I}z°�Ê����}´v¯I}Dº)���
K�â«6�c�>�,�/µ/µ><²¹�°�®���~�´���}z°=¯h�:®g´���}%�2¯�´�}�¯�´>~\�°¯)�}°�­¢°�±�´�­��2¯x®��#º��{�"�W�}´�}�¯�°��h}�â
ä��9å� /À�¦uÀª·: \úAªk��ªÇú 06�q�V�p�����Ì��-g§A��¦uÀ-� �þ¹���-q£G¥É��Ëx®�� ­¢°æ�r­��W�}´=<V���}°W~.¯����,� ��~q¯h³´><6¯�³�}I�S®��}°=¯h~��

Ω
���.µ�¯�°L°�­¢°W~.¯�®��&�2¯I}><ª®��,��}e´���}�­���~@�9®�¯I}S®��S®�<²µ/Û2¯��r­��W�}´=<V���}°W~q¯

���,� ��~q¯�´=<6¯�â
ù$Ãg�¢��§�Ë���-�ú�ªo��ªk�Nó%° �>�f�r­����}´=<V���}°W~.¯����,� ��~q¯�´=<6¯I®��>���p��°��I����<@�}°W~.¯�®��5­¢°Ñ®{�9®�¯ �}�­m��}\�^�¢µ><6¯��%­W��}>~¨´3���S��}

Ω = {1, 2, 3, 4, 5, 6} âó%°£�p�r�r­�~�´3�¢µÆµ><²¹�°<®��:­¢°���µ ��´=~���®���­y°���®���´3�3°�� � Å ®�<|±{���ì¯I}C��}\�^��Ú=¯h�p��µ°¯�°�Ke�µ ��´>~@�h} ÇI� �>����}\�^�¢µ><6¯��%­���}>~�´3���
Ω

��}Ï­¢°æµ°¯�°L°�­y°W~.¯�®��Ìµ ��´r®�<¸°����kKe�~ì8¯�´=���3®�¯��2¯�´µ �9®{�ï­y°��e®����p�h}�µ ��´=~��h}D®����p�,®���´3�3°��{âó%°��p�c�r­�~¨´3�¢µ/µ><²¹�°I®����p�h})®�¯h�p�h}�°2­����}´ �9®{�h}&�>�S��}\�^�¢µ><6¯E�%­W��}>~�´ ���S��}
Ω

<|±
­^���B�
�p�h}o�
��´��0°��h}È¯�´�®��}°��9®{�h}�ÅT}><¸°r�>�,�>���}°W~q¯I}p´��\�W�>~T<�®�¯I} Ç ®��ß­y°�µ°¯�°L°�­¢°W~q¯{®��(Kr�>�,�>���}°W³
~q¯I} � ��}>~q¯C��} � |Ω| = 4× 3

âó���µ°¯�°L°�­y°
~q¯1®��%~�´}26¯I}	®��´­¢°�µ°¯v°�°�­y°W~.¯�®��	º��{���W�}´�}�¯�°��h}f��}!�>����}��
�¢µ><6¯!�%­W��}>~¨´3���
Ω
®��>�8Ê���~.<V�ì¯£�r­��W�}´=<V���}°W~.¯r���,� ��~q¯�´=<6¯�®��s��¯I}��0°L�>������¯I}�³r~.<@�}°e�Ìµ���´r®�<¸°���� |Ω| =

(

100
3

) â

ä��9å� /À�¦uÀª·: \úAªk��ªk�¼06��®��}°=¯h��<¸°���-8¹A¦J��-g�v�zµ �9®{�f}�­*®}µ°¯�°L°�­¢°W~q¯,®��>�^��}��
�¢µ><6¯(�%­W��}>³
~¨´3���

Ω
®��_­¢°��r­��W�}´=<V���}°W~q¯����,� ��~.¯�´><6¯�â

¶ /S-q�¢¥G©m��¦uÀ¸·� �ú�ªk�(ªt�æö_¯I}?µ��}°W~�´ ��´��>�ì¯I}c�}°ê�r­��W�}´=<V���}°W~.¯I}�µ�­¢³{¯���}\�^�¢µ><6¯v�%­W��}>³
~¨´3���S��}ø­y°�µ°¯�°L°�­¢°W~q¯	Èc°W<V~.¯�â
ù$Ãg�¢��§�Ë���-�ú�ªo��ªk�Nó%°·�>�o��}\�^�¢µ><6¯)�%­W��}>~¨´3���>®��>�k�p��°��I����<@�}°W~.¯�®��>�>®{�9®�¯&�2¯g®��>�ì¯I}
�>�,�²±�<¸´��>��}�­�µ���}�¯

S
¨$f�j��gj�uj�!bE�mb!n � µ°¯�´Æ´���}\�2¯�°:®�<@�}°W~8�f����}�­*®}µ°¯�°L°�­¢°W~q¯ß­y°W<V~@��´=<6¯

S =
{1} â&¶¦�>�e}�­�µ���}�¯

S ′
¨%f�j��gj�uf�!b�b��mwxdqu�nE��j�u � µ°¯�´Æ´���}\�2¯�°:®�<@�}°W~\���

S ′ = {2, 4, 6} â

ó Ò.ô@Ò"Ñ `ÏÜ�d]Ø$ÙkÚR7$ÜP]èb�Ö�Ü{[�Ô�Ø$ÝqÖ�Ü:÷!7�]_7lYlø�×�Ög7$Ü
ÿ�nJw{dgb
�qdgw{nJf�dqfrh��^
!stj�b^
!nedqf ��j+�gson�f�w&�!dgfih�u�jvlodgf!
mnJb

!dDh�n�
!nJf,lonJf.dglkdgw{dgb9h�nJf.h�sod>wb!dgb�ltj�wxskf�wxj&�!urn�$�j+$!solks#
�j�
C
!dzj��gnJb9h�d��gdqug�
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ä��9å� 
À�¦uÀª·: ¾ú�ªk��ªo�¼06� �
E
­¢°¼�r­��W�}´=<V���}°W~q¯v���,� ��~q¯�´=<6¯ � Ω }�­©��}\�^�¢µ><6¯c�%­���}>~�´3��� �®��.µ ��´�®�<¸°����/Èc°W<V~.¯p³z®��o�ì¯g®�¯�~q¯g®�¯I}o��¯I}!�>�,�>���}°W~.¯I}	®��

Ω
}�¯�°�<|±
­^�������}°W~8�B�2¯I}><ª®��,��}�â06�D®��-Èc°e�	�p�D§�¥É��/A�
/�À�Ë6À������Â�A��¹� �-8¹�¦J��-g�

S ⊂ Ω
µ°¯h�ì¯C�>��µ°¯Gµ><@�}°W~8�4¨

p(S) = |S|/|Ω|.a$f.ltj í �3¡:Ë�������n>�!§�Ë-��¦J�C���mdDskb

!s,�gj����!dzltj��mu�n�$�j+$!solks#
�j�
)
!d	�!bSf3�
�gdqf�n=ltj

!j�dglg�qn��gskdgb3h�d	
!dgl(b��mwxdqu�nE
!dz¦J�W-g��-�A²�9©:�:¥É�
/�Ë���-�dgb3h�u�d�dglg
!dz¦J�W-g��-�§$�x-gÀ./�Ë���-��
ù�Ãg�¢��§�Ë-��-%ú�ªk��ª�'¢��º Ç Ä&�>~\�}´=��<¸°���´Ìµ�­m»��"��}c�p�c�:´°¯
®��?®�<V��<�®{�9®�®��v�¢µ��}´>~@��´Sº�KÏ�}°
�p�h}#¶4­�<¸°W<@�>�p�h}�â�óo��°�Ê����}´v¯e®��~µ �h}�¯I}cì���·
¯�´3�?®��,��}���}#º � �>��®�����¯I}D´���}�­���~��9®�¯I}#®�����¯I}
�^��´=~.<�®�¯�} � ³&�>�x��}\�^�¢µ><6¯"�%­���}>~�´ ������}

Ω
�>��µ°¯�°L°�­¢°W~.¯D®��(��<,}>~��h}.®��f��¯�°¢±�<V~ª­m®�º�K�®�¯�°:®��µ �9®{�&�>�,�>���}°W~q¯�®��(�p����<,}>~@����}�­y°�º � ­¢°��,­�¯ß­y°=è�â%ô"}}2e�p�(�:´v¯m®��?®�<V��<�®{�9®z®��*�¢µ��}´=~@��´

­¢°���¶4­�<¸°W<@�>�p�s��}
1

314
.

è Ç Ø�­m»�����}q�p�c�:´°¯
®��?®�<V��<�®{�9®�®��e±{��°���´��}°¼�p����¯h~8�}´Æ2.��~¨´3�9®�<²µ><6¯�°������>�S�:´��>��<6¯±�¯�´r®�¯�â%ó��^��}\�^�¢µ><6¯f�%­W��}>~¨´3���+}�¯�°���¯I}c°�Ê����}´v¯I}%®��oyzµ>< ìÆ´3�h} � �»¯�´j~���°W~.¯(}�¯�°{º��{��â.�{�{� ��h}}2k�p�	�:´°¯
®��?®�<V��<�®{�9®x®���±{��°���´���}
1/105.

J Ç ó%°¼�p�r��¯h~8�}´Æ2.�s�:´=<V��<V~T<¸·h��}I�s~.<@�}°e�}°Ó¶4­W���>�,�²±�<¸´q§�°!Ê����}´v¯I}��}°W~�´��EK�Às�2¯�´
~@��°W~q¯E�p���:´v¯
®��?®�<V��<�®{�9®=®��,±{��°���´���}4¨

1/

(

49

6

)

.

K Ç 06�"�r­�~�´3���}°)J{µ ��´=~��h}.®��@­¢°��%®���´3�3°�����}\�^��Ú=¯h�p�xÅ,K��^����¯I} � °2­����}´3�9®{�h}�µ°¯�°C�p�h}µ>< ìÆ´3�h}.®��>��º����6|�³"}�¯h~�� � µ �?®=���´��¯1³�´��}³#®���µ �9®{�%�
����¯ ÇI� ®��>~8�}´=��<¸°���´%�p�(�:´v¯
®��?®�<V��<�®{�9®®���¶4­W�v�p�h}v~�´���}�µ ��´=~��h}r�r­�~�´3��<�®��h}s}I� ��°ê�p�£��<,}>���Ðµ ��´>~@�·�}°æ®�<,}>~.<¸°W~q¯c�^����¯�âNó��°�Ê����}´v¯Ð®��<µ �h}�¯I}��2¯I}><ª®��,��}���} (40
3

) âò«I¯I}�µ �h}�¯I}~ì���·
¯�´3�?®��,��}v}I��µ ���oµ�­��p��°Ô®��r�µ�
}><|±
­�<@�}°W~\�&����°e�}´ �?¨	}�­I�2¯v°3±{���ì¯I}�¶4­W�8ÈW°8¯q�>��°�Ê����}´v¯�º�Å���¯I}E�h}I��} Ç â�ó%°W~q¯�°�µ���}&�µ�
®���´3�3°��Sµ°¯�°W~.<@�}°e�!K��h}I��} � �2¯�´�~���°W~.¯ � �r­��¢µ>~������}°W~\��Û^��³ (4

3

)

= 4
�2¯I}><ª®��,��}�~�´}26¯I}�®��

�h}I��}�âeØo¯h�ì¯H~\�}°e�>�ì¯I}�º����2¯I}><ª®��,��}D°!Ê����}´v¯I}�Û^�J³
10 × 4 = 40

µ �h}�¯I}>ì���·
¯�´ �?®��,��} ��2¯�´'~���°W~.¯
40/

(

40

3

)

.
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ù$Ãg�3¥�¦uÀ¨¦uÀ-�����ÙØl���oµ�­��p��´%�p�f�:´v¯
®��?®�<V��<�®{�9®D®��*�yµ��}´=~@��´.º�J#³�°=¯Dº�Kq�}°��p�h},¶4­�<¸°W<@�>�p�h}�â
í ®��>�¦�^�J´3�C�¢µ��}´=~���´�y=³{°=¯)§C�}°��p�H��¯h~8�}´Æ2.�	�:´=<V�E<V~.<¸·h�{â

t�n�
!dqwxn�fedgb9h�nJb
�qdgf)�!f�jvueltj�fH�!u�n��msod�
!j�
!dgfC
!dÌlknJf��gj�u 
!skb�j�lkdgf�
md��qnJbhi3�mb3h�n�f
Ø b!skh�nJfZ��j�u�j��Fj�l#���!loj�ul�!urn�$�j�$msolosp
�j�
!dqfZ
md,f �
�qdgf�n�f%
!d Ø bms,
!nJf��qnJw{n��!b!sknJb!dqf��¢sob3h�dgu8wf�d����gsknJb!dqf*�)�qnJw��!lodqwxdqb3h�j�u�skn�fg�
�D¥É��§�À-�¢�A�!�õ'�ª�ù1Ë%-8¹A¦J��-q�

Ω
ªßÿ�nJb!f�s#
!dqu�dgw{nJf,dqlAf3�
�gdqf�nC
�j�
!nH�:nJu.dglB�qnJbhi3�!b9h�n

Ω
�!dgf*
md��gsku��mh�n�
!n�dgl(dqf ��j+�gson�w&�!dgfih�u�jvl@�mf�d	��dgu�s Ø �Fj��

p(Ω) = |Ω|/|Ω| = 1.

�D¥É��§�À-�¢�A�!�Ô��ª ± ¹u/c¦9�: ¢Ã8¹A �£G��-�ª�×ys
S ⊂ T ⊂ Ω

dqb3h�nJb
�qdgf |S| ≤ |T | ≤ |Ω| �
|∅| = 0

�Zt�n�u	h/jvb3h�n^�
0 ≤ p(S) ≤ p(T ) ≤ 1.n>�?§A¥É��/A�
//À¨Ë-À¨�����<����¦J������-4¹�¦J��-g����-D�¢ �£F�� A¦J��-)¹A C �Ò����¢¥É��¦J�:��§�¥É�¢ A�/À´U�A���¢ �£G¥É�Ì�rÖæ'�ª

�D¥É��§�À-�¢�A�!�áû(ª�ù� 
Àª·: ¤����-8¹A¦J��-g��-�ª�«AnJwxdqwxn�f(
!nJf�f �^�gdgfrnJf
S

�
T
dqb3h�nJb
�gdqf

p(S ∪ T ) = p(S) + p(T )− p(S ∩ T ).
�D¥É��§�À-�¢�A�!�Îú�ª � �:��§�Ë��¢���¢ :£G�!¥cÀ-�Ó�A��¹A ç-8¹A¦J��-g��ª�×ydgj

S ⊂ Ω
�mb<f3�
�gdqf�ndgb3h�nJb
�qdgf.dgl(f �^�gdqf�n��qnJwH�mlodqwxdqb3h/jvu�skn�dgf

S = Ω− S = {x ∈ Ω : x /∈ S}
��f �c�!u�n�$�j�$!sklos#
�j+
�dgf��

P (S) = 1− P (S).a$frh�j��!urn��!skd�
�j�
� �dgf*�qnJb!frd����mdgb
�gstjE
!dzloj�f�j�b9h�dqu�sknJu�dqf(�9jE���!d
S ∪ S = Ω S ∩ S = ∅.

ù$Ãg�¢��§�Ë���-�ú�ªo��ª�'�'Ï< Ç 06� �v�>�k�r­��W�}´><V���}°W~.¯C���,� ��~.¯�´=<6¯�µ�¯�°^}><,}=~8�}°W~\�E�}°r�p��°��I��´#®�¯�}®{�9®�¯I}Z}�­�µ=��}><¸·h�����}°W~\� � µ ���oµ�­��p��´o�p�o�:´°¯
®��?®�<V��<�®{�9®1®���¶4­W�%�p�"}�­����z®��%��¯I}�´���}�­���~@�9®�¯I}
}I� �mK�âÍóo�(}�­�µ���}�¯

S
¨�
!n�f)�gspD-u�j�f����!d�f �!wxj�bÑ �}I�H��­W��®��H�2¯�°e�}´Iµ°¯h�ì¯�­¢°W<²¹�°®�<,}0°�­y°W~@��®��>��}�­�µ���}�¯
S ′
¨$f�j��gj�uk
!nJfk
!nJf�dqf � ³ S ′′ ¨$f�j��Fj�uk�!b)Ú%���!b 
 Å

S ′∩S ′′ = ∅ Ç âÄ&�	�ì¯g®�¯x¶4­W�4¨
p(S) =

1

36
+

2

36
.
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<V< Ç 06� �À­¢°è��¶4­�<²�2¯<®���±�<V�~°��h}><.�C®���º�����<@�>�:®g´v¯I}�®�����¯I}�µ�­
���,��}c}G¹h��¯c­¢°=¯
}I���>���>�´��<�®{��Å ­yÚ=¯��Iâ¼Ä��>~8�}´=��<¸°���´c�p�v�:´v¯
®��?®�<V��<�®{�9®<®���¶4­W�r�}°ò­¢°è��¶4­�<²�2¯<®���y
��<@�>�:®g´v¯I}r�>�,�²±�<�®�¯I}r�}°W~¨´�����¯I}Iº��·��}>~\?vÅ ­¢Ú=¯��Iâ 06� ���>�*}�­�µ���}�¯

S
¨C;q��ð!n���bmndqfrhvî?dgb�dgl>d����ms,�:n Årµ°¯h�����,�>���}°W~@��´=<6¯S®��>�k}�­�µ���}�¯Ì®��>�%¶4­W��¶4­W�}´��>�ì¯I}�µ ���oµ�­��p��´E}�­

�:´v¯
®��?®�<V��<�®{�9® ÇI� �>��°�Ê����}´v¯�®��H��¶4­�<²�2¯I}H�}°���¯I}�¶4­W�~°=¯q��}>~ç»)Å ­¢Ú=¯��)��}��>��°�Ê����}´v¯®��&��¶4­�<²�2¯I}�ì8¯v´=���9®�¯I}#µ°¯�°���¯I}j°�­J±{�9®�¯�´���}�´���}>~@��°W~8��} � �}°W~q¯�°�µ���}_¨
1− p(S) = 1−

(

9

5

)

:

(

10

5

)

.

ó Ò.ô@ÒT1 `¬Ü�d]Ø$Ù=Ú87$Ü©]æb�Ö�Ü{[�Ô�Ø$ÝqÖ�Ü:÷�Öe[KÖ�Ô^7ZYlø�×EÖg7XÜ
��jeurdg�Jloj�
!d��Aj+�!ltj��qd�G�j�D0�!b
�qsonJb�j+
!nC��j�u�jej�f�sk�Jb�j�u!�!u�n�$!j�$!solks#
�j+
!dgf�dqbm�!b�dgf �!jhw
�qsonew&�!dgfih�u�jvlk
mnJb

!d�h�n�
!nJfpf �!f1dglkdgw{dgb9h�nJfpf�n�bId����!s#�!u�n�$!j�$!lodqf��6�:dgu�n�j�
!dqwìîvf'G!jw{nJfih�u�j+
!n&��FJw{n~j�frso�Jb�jvu��!u�n�$!j�$!solks#
�j�
mdgf%dgb)�!b�dqf ��j+�gson�w&�!dgfih�u�j�lx
!nJb

md1lknJf�dqlod=ww{dgb9h�nJf�
!d

Ω
bmn�frdFj�b<b!d��gdgf�j�u�soj�w{dgb9h�ded����ms,�!urn�$�j�$mlodgf��$dqfrh�n�dqf��j
!deb�jvh �!u�jvlod��gj

Gmdqh�dqu�nJ���gb!dgjm�
ä�f3Ù@�9f�dFj

Ω
dql�dgf �!j��gsknzw&�!dgfih�u�jvl Ø bmskh�n'
!df�!bxd�ý��:dgu�skw{dgb3h�nDj�lkdFjvh�nJu�skn"
!d�wxn�
mn

���!d
Ω = {a1, a2, ..., as}.×ysyb!n�h�n�
!n�f�lknJf�dglkdgw{dgb9h�nJfS
mdglmdqf ��j+�gsonpw&�!dqfrh�u�j�lyfrnJb~d����ms,�!urn�$�j�$mlodgfS�:n�
!dqwxn�fjvf�so��b�j�u�
-dgb¼D0�mb
�gs#FJb¼
!dÌn�$!frdgu3��j��gsknJb!dqf��!�:nJued\irdgw��!lon3�E�!u�n�$�j�$!sklos#
!j�
!dqfej��Fj+
�jdqlodqwxdqb3h�nE
mdgl(dgf3��j��qson{w&�!dqfrh�u�j�l@���)
!d�$:dgbc�Jdgurs Ø �gj�u��

s¸�
1 ≥ p(ai) ≥ 0

��j�u�jE�gj�
�j
i ∈ {1, ..., s} �sost�

p(a1) + p(a2) + ...+ p(as) = 1
�

t�j�u�j)
!d}h�dgurwxskb�j�uploj)�!urn�$�j�$msolosp
�j�
�
!dE�!b�f �^�gdqf�n
S ⊂ Ω

��f�dqb
�qsololoj�w{dgb9h�d�f3��wwxj�w{nJfpltjC�!u�n�$!j�$!sklos#
�j+
�
!d�lonJf1dqlodqwxdqb3h�n�f	���!d{ltjC�gnJb�D-nJu�wxj�b6�g�qn�G!dgurdgb9h�dgw{dqb3h�d
�qnJb�ltj&�!u�n��!sod�
�j�
 
 j�b9h�dqf.f�dBð�j�loj�
�j^�

p(S) = Σai∈Sp(ai).��j�f��!u�n��!sod�
�j�
!dqf�Ú1jD �j�b9h�dgfo�qnJw{dgb3h�j�
�j�f%f�n�bC�gn�G!dqu�dqb3h�dqf��
�:nJu%st�j�{sost�>���qnJbedqfrh/j

md Ø b!s#�gs#FJb��
¶ /S-g�3¥G©m��¦uÀª·: �úAªk��ª�'¢�¼ó%°s��¯I}1µ �h}�¯I}�®�¯�°:®��*~q¯g®�¯I}*��¯I}	�>�,�>���}°W~.¯I}�®��

Ω
}�¯�°v��¶4­�<V³

�:´v¯
®��?®��,��} � �^��´3��µ��9®{�
ai ∈ Ω

}I��~.<@�}°e�
p(ai) = 1/|Ω|.
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ù$Ãg�¢��§�Ë��£ú�ªo��ª�'�ûNÄø­y´3��°W~\��·h�J´=<6¯I}z®�2.�h}�¯
®>}I�}´Æ·h���ì¯I}z¶4­W���}°�­¢°&°�­��²±�¯x®��D®{�9®�¯I}
�>��´���}�­���~��9®�¯�ºs}����,���>�$®�¯
®��,�{®��~·��/µ���}{¶4­W�C�>��´���}�­���~@�9®�¯�è � �>��èc}����,���>�c®�¯
®��,��®��·��/µ���}~¶4­��&��¯I}~®��>�{»h} � ��<@�}°W~¨´3�h}���¯I}:¯h~¨´v¯I}�´���}�­��ï~��9®�¯I}�}����,�}°r~q¯g®�¯I}��{»h}:¯C���}°=¯I}
�p�s��<,}>���Sµ ��°W~.<�®{�9®�®��#·��/µ���} � �}°W~.¯�°�µ���}*�2¯g®��>�ì¯I}��h}><|±�°���´��p�h}*�:´v¯
®��?®�<V��<�®{�3®���}#®��
�p��}><|±
­�<@�}°W~8�$ì8¯�´=���?¨

p(3) = a

p(4) = a

p(5) = a

p(6) = a

p(2) = 2a

p(1) = 4aØo¯h�ì¯
1 ≥ a ≥ 0

³
4a+ 2a+ a+ a+ a+ a = 10a = 1

�}°W~.¯�°�µ���}
a = 1/10

âÄ&�&��}>~8�	�ì¯g®�¯
¨
p(1) = 4/10

p(2) = 2/10

p(i) = 1/10 i = 3, 4, 5, 6.
Á·�^��´3��µ ���oµ�­��p��´��p�C��´v¯
®��?®�<V��<�®{�9®I®��?µ�­^���|¶4­�<@�}´�}�­�µ���}�¯

S
®��h}>~@��´�»���}Gµ}´=<ª®�<¸´=��¯µ°¯h�ì¯þ­¢°W<²¹�°Ó®�<,}0°�­y°W~@��®��)}�­{})}�­*®}µ°¯�°L°�­¢°W~q¯I}¬­¢°W<V~���´=<6¯I}�âÑ¯Ì¯�´v�0°L�>������¯�}L���

S
�>�

}�­�µ���}�¯ � �>��´���}�­���~@�9®�¯�}I� �	�^��´ � �}°W~.¯�°�µ���}
S = {2, 4, 6} � �2¯�´	��¯x¶4­��

p(S) = p(2) + p(4) + p(6) = 2/10 + 1/10 + 1/10 = 4/10.

ù$Ãg�3¥�¦uÀ¨¦uÀ-�����õ06� �È­y°?µ°¯�°L°�­¢°W~.¯#®��,º{y�µ ��´=~��h},®��E®=��´3�3°��h}(<|±
­
���,��} � ~.¯g®{�h}�®��>�
��<,}>³
�ì¯��^����¯
¨1Û^��³)Jv�h}I��} � JS®�¯I}I��} � º)~¨´���} � K<µ�­
��~�´v¯I} � èIµ �?®����V��¯I}D³eè�´��}³���}�â#06� �v�>�
�r­��W�}´><V���}°W~.¯E���,� ��~q¯�´=<6¯��r­�~¨´3���}´ß­¢°���µ ��´=~������u�I�I��´z®��'�p�h}Dº{y{â	Ä&�>~8�}´=��<¸°���´��>�B��}>³
�^�¢µ><6¯H�%­W��}>~¨´3���

Ω
³)�h}><|±�°���´%�:´°¯
®��?®�<V��<�®{�9®���}1´ �I�h¯�°��?®��,��}��Sµ �9®��c�>�,�>���}°W~.¯=®��

Ω
âØl���oµ�­��p��´'�p�	��´v¯
®��?®�<V��<�®{�9®x®��>�e}�­�µ���}�¯E�p��µ ��´=~@�c�r­�~�´ ��2�®{�E}I� �ï­¢°��,È�±
­¢´ �{â

ó Ò.ô@Ò ó ú Ô�Øk[KØ�]ãÚqÖ�×�[�7 ×(b�]_ø�Ô�ÚqÙe7 ÕEÖ ÝqØ Úq×�û�7RÔW]ãØ$Ù=ÚqÛ$×&üþý ØRÔ�ÚqØSÿ
9]ÝqÖ�Ü:X}ÝqÖ�Øj[�7RÔ�ÚqØ$Ü

À>j�w{nJf�jÌsob9h�urn�

�
�gskuDltj�f=·h��´=<.�?®��,��})���,� ��~.¯�´=<.�h}��gnJw{n��!b<wH�}h�n�
!n��!urn�$�j�$msol,Ù|frh�s#�qn
��j�u�j~dgfih��

mstj�u(�Fj�u�j��qh�dgu3Ùofrh�s,�gj�f	b��!w��qu�s,�gj�f(
!d	�gnJb�i3�!b3h�nJfg�



ñ+ÛJ@ àSá��������	��
 ¨
� à�
 bvM��qË á���
�� � á
ä��9å� 
À�¦uÀª·: ¾ú�ªk��ª¨'?úPê�°��%©m�!¥cÀ��
/�Ë��1��Ë-�3�m£G��¥cÀ��s��}X­¢°���ì�­¢°�µ><²¹�°�®��>�^��}\�^�¢µ><6¯(�%­W��}>³
~�´3���A®��_­¢°��r­��W�}´=<V���}°W~q¯����,� ��~.¯�´><6¯��}°���¯I}�°�Ê����}´°¯I}�´�� ���,��}�â
ù�Ãg�¢��§�Ë-��ú�ªk��ª�'y� ë�¯h�����ì¯I}Ì­¢°Iµ°¯�°L°�­¢°W~q¯�®��1º��*�W�}´�}�¯�°��h}�â806� ���>�g�r­��W�}´=<V���}°W~q¯
���,� ��~.¯�´=<6¯<µ°¯�°^}><,}>~8�}°W~\���}°·}I�>�,�/µ/µ><6¯�°���´5­y°��<®��m��}>~@�h}?º��s�W�}´�}�¯�°��h}q���!�I�I��´ � �2¯�´
~@��°W~q¯

Ω
��}c�>�	µ°¯�°L°�­¢°W~q¯�®��H�p�h}�º����W�}´�}�¯�°��h}�â�Ä&�-Èc°W<V�ì¯I}��p��·h��´=<.�?®��,�C���,� ��~q¯�´=<.�

H
µ°¯h�ì¯H�p��ì�­¢°�µ><²¹�°

H : Ω → R
¶4­W���h}><|±�°��)�Sµ �9®{���W�}´�}�¯�°���}�­�����~ª­y´3�{âxÅ�¶%~¨´v¯I}

�0°L�>������¯I}E}�¯�°P�p�r�h}><|±�°��¢µ><²¹�°C®����W��}�¯ � ®��=°�Ê����}´°¯�®��)�h}><|±�°���~ª­y´3�h}c�}°Â¶4­W�q��}>~²»
����~�´=<²µ�­��p�9®�¯�âVâVâ Ç

ÿ�nJbÐdqfrh/jm
!d Ø b!s,�qs,FJb:
!ds��j�u�soj�$!lkd�j�lkdFjvh�nJu�soj��l�:n�
!dqwxnJf�w{nJfih�u�jvu�
!nJf�sob!fih�u ��ww{dgb9h�nJf	
!dxloj�dgfih/j�

Ùkfrh�s,�Fjs
!dqf �qu�s,�yh�s#��j^�Dltj���-q§c�3¥É�� u¢9�Ó���y£G�y��×m£ºÀ�¦J�m���md�G!j��gdurd�D-dqu�dgb^�gstjDj�lW�vj�lknJucdgf3��dqu�j�
mn&���!d,h�nJwxj�ltj'�vj�urstj�$!lkd.j�lkdFjvh�nJu�soj"��ltj1©!�m¥kÀ-�� u¢9�����mddqf*�!b!j�wxd�
!s,
�j&
!d�ltj&
!sof3�:dgurf�s,F�bc
!d�lknJf%�vj�lknJurdgff���!d1h�nJwxj�ltj��vj�u�soj�$!lkd��
ä��9å� 
À�¦uÀ��: A��-�ú�ªk�(ª�'¢�¼06� �

X : Ω→ R
­y°��x·h��´><.�?®��,�����,� ��~q¯�´=<.�{â

06�#®��-Èc°e�'�p�#��-g§$�3¥É�� B¢9�����y£G�¢��×m£ºÀ�¦J��®��
X
µ°¯h�ì¯
¨

E(X) =
∑

s∈Ω

p(s)X(s).

06�#®��-Èc°e�'�p�D©m�!¥cÀ��! B¢9�]®��
X
µ°¯h�ì¯
¨

V (X) =
∑

s∈Ω

p(s)(X(s)− E(X))2.

06�#®��-Èc°e�'�p������-q©¯À-��¦uÀª·: C£���§/À�¦J��®��
X
µ°¯h�ì¯
¨

σ(X) =
√

V (X).

a$frh/jvf�wxd�
!s#
�j�f�
!dqf �qu�s,$:dqb~ltjf�vj�u�soj�$!lkd%j�lodgjvh�n�u�soj^��skb

!s#�Fj�b^
!n�f3�&�vjvlonJuAdgf3�:dgu�j+
!nn�wxd�
!son^�md�sob

ms,�Fjvb

!n~lonE
msof �:dqu�frnJf.nE�gnJb
�qdgb9h�u�j+
!nJf*���!dzdqfrh°îvbSf �mff�vj�lknJu�dqfg�
ù�Ãg�¢��§�Ë-��ú�ªk��ª�'!�õ06� �\­¢°Íµ°¯�°L°�­¢°W~.¯Ð®��sKe�P����­���°k¯�}�µ�­¢³?¯I}I´���}�­���~��9®�¯I}��}°à­¢°
�r­������}°�®��*Å���~8�>�{»�~.<²µ �h}	��}��>�W}><|±
­�<@�}°W~8�#Å��p�~°=¯h~@����}E­y°�°�Ê����}´°¯E�}°W~\�}´°¯�®��>�g�&���º�� Ç ¨
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«g�D°=¯h~�����}@­y°��#·h��´=<.�?®��,�!���,� ��~.¯�´=<.��µ�­y³?¯#®�¯h��<¸°W<6¯&��}"�>��µ°¯�°L°�­y°W~.¯D®��*��¯I}!����­��~°=¯I}Årµ°¯�°^}><�®��}´ �9®�¯Iµ°¯h�ì¯r�>�f��}\�^�¢µ><6¯v�%­W��}>~¨´3���8®��>�f�r­��W�}´=<V���}°W~q¯
¨xdglkdg��sou��!bCj�l#�!w{b!n Ç�}°·�>��µ°¯�°L°�­¢°W~q¯S®�����¯I}{°�Ê����}´v¯I}C�}°W~8�}´v¯I}=®��>���v���>º���â�ô%±�´�­I�^��°:®�¯c��¯I}H��� ­��~°=¯I}¶4­���~.<@�}°e�}°��p����<,}>���{°=¯h~@��}I��¯
®�~T<@�}°e� � µ°¯�°���¯I}D®{��~q¯I}D®��	�p��~@�?®��p�?¨

E(X) = 0(1/40) + 1(2/40) + 2(3/40) + 3(3/40) + 4(3/40) + 5(2/40)+

+6(10/40) + 7(10/40) + 8(3/40) + 9(2/40) + 10(1/40) = 5.52.

V (X) = (0− 5.52)2(1/40) + (1− 5.52)2(2/40) + (2− 5.52)2(3/40)+

+(3− 5.52)2(3/40) + (4− 5.52)2(3/40) + (5− 5.52)2(2/40)+

+(6− 5.52)2(10/40) + (7− 5.52)2(10/40) + (8− 5.52)2(3/40)+

+(9− 5.52)2(2/40) + (10− 5.52)2(1/40) = 5.54.

σ(X) = 2.35.

ù$Ãg�3¥�¦uÀ¨¦uÀ-�����¼06� �ê�>���r­��W�}´><V���}°W~.¯:���,� ��~q¯�´=<6¯Âµ°¯�°^}><,}>~8�}°W~\���}°a~T<¸´3��´�®�¯I}�®{�9®�¯I}µ°¯�°^}I�/µ�­�~.<¸·h�����}°W~8��³
X

�p�?·h��´><.�?®��,�H���,� ��~q¯�´=<.�Ì¶4­����h}><|±�°�����µ �9®{�?´���}�­���~@�9®�¯?®��>�
�r­��W�}´><V���}°W~.¯��p��}�­����e®��	��¯I}�´���}�­���~@�9®�¯I}D®������:®�¯I}z®��9®�¯I}4¨

< Ç óZ}Gµ}´=<ª®�<¸´��>�S��}\�^�¢µ><6¯��%­���}>~�´3���A®��>���r­��W�}´=<V���}°W~q¯�â
<V< Ç óZ}Gµ}´=<ª®�<¸´'�p�,ì�­¢°�µ><²¹�°

X : Ω→ R
â

<V<V< Ç Øl���oµ�­��p��´	�p�s��}\�W�}´ ��°��I� � �p�=·h��´=<.��°��I�x³��p��®���}}·I<.�¢µ><²¹�°q~¨2²��<²µ �e®��
X

â
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a$b{dqfrh�j�f�d����qs,FJbE��j�wxn�fcj�j�b!j�los#�Fj�u���FJw{n1f�d�w{n�
!s Ø �Fj�ltj"�!urn�$�j+$!solks#
�j�
&
!d	f �^�gdgfrnJf
����j�b

mn{h�dgb!dqwxn�f*�mb�j�sob^D-n�u�wxj��qs#FJb�j+
!s,�qsonJb!j�l¨�kt�nJu�d\irdgw��!lon^�
ù�Ãg�¢��§�Ë-��ú�ªk��ª�'y�N«6�'�:´v¯
®��?®�<V��<�®{�9®{®��z¶4­W�����B�r­�~�´3���}´]­y°��eµ���´=~@�����g�I�I��´��}° ­¢°��
®���´3�3°��s��}\�^��Ú=¯h�p��}I� �ï­¢°�µ �?®����V��¯���}

4/40 = 1/10 � ³���¶4­W���p�,®���´3�3°��e®��fKe�eµ �J´=~@�h}µ°¯�°W~.<@�}°e�kKSµ �?®����V��¯I}�â%¯f�}´°¯�}�­I�2¯�°¢±{���ì¯I}�¶4­W�	´��/µ><ª®�<V�ì¯I}o�p��<¸°Fì8¯�´>���¢µ><²¹�°��9®�<²µ><6¯�°����®��x¶4­����p��µ ��´=~��m�r­�~¨´3��2�®{�r��}�­y°��DÈ�±
­¢´3�{âSól}>~@���ì¯�}C�}°W~.¯�°�µ���}E<¸°W~8�}´���}��9®�¯I}C�}°£�µ�
�:´v¯
®��?®�<V��<�®{�9®C®����r­�~¨´3���}´�­¢°¼µ �?®����V��¯�}��?®�<@�}°:®�¯]¶4­W�ÌÛ^�£}�����<�®�¯c­¢°���È�±
­¢´3�{â «6�
®���´3�3°���µ°¯�°W~T<@�}°e�=º�è�È�±
­¢´ �h} � ®��H�p�h}�µ�­
���,��}�K�}�¯�°Âµ �?®=���´��¯I} � �2¯�´�~@��°W~.¯v�p�?°2­��}·h�
�:´v¯
®��?®�<V��<�®{�9®	��}

4/12 = 1/3 � ��¯�µ�­
���{<¸°:®�<²µ �1¶4­�� � �}°���}>~8��µ �h}�¯ � �>�JÛW�/µ/Û2¯��9®�<²µ><6¯�°����®��"}I�}´ø­¢°��,È�±
­¢´3�{Û^�¢µ����
­����}°W~���´'�p���:´v¯
®��?®�<V��<�®{�9®=®��>�x}�­�µ���}�¯�â
ä��9å� 
À�¦uÀª·: ¾ú�ªk��ª¨'¢�¼06� ��°

S
³
S ′

}�­�µ���}�¯I}~®���­¢°:��}\�^�¢µ><6¯��%­W��}>~�´ ���
Ω
®����ì¯g®�¯¶4­W�

p(S ′) > 0
âÑÄ&�-Èc°
<V�,¯I}C�p��§�¥É��/��^/�À�Ë6À��A�!��¦J�: ��
À�¦uÀ��: A�!�A�æ�A�

S
§c��¥

S ′µ°¯h�ì¯
p(S|S ′) = p(S ∩ S ′)/p(S ′).

ÏÑdqfk�mb&�gnJb^�gd��mh�n"���md8urd��gn��Jd�ltj.s#
!dFj!���!d�f�dBð�j�l�î�$�j�w{nJfAdgb�dqlyd8irdqw��!lon!�:nJu3���mdfrs6�vj�lkd�loj~urdg�Jloj�
!d���j��!loj��qd�dqb3h�nJb
�qdgf

p(S ∩ S ′)/p(S ′) = |S ∩ S ′|
|Ω| :

|S ′|
|Ω| =

|S ∩ S ′|
|S ′| .

×¢do�
�!d�
!d8skb3h�dqu �!urdqh�j�u��qnJw{n����!d�dgl�G!d��=G!n1j�
ms,�gsknJb�jvl9wxn�
!s Ø �Fj�dgl¢dgf �!j��gsknpw&�!dqfrh�u�j�l
-lon�u�d�

�
�qdej
S ′
�"��h/j�w&$!s#�gb�dgll�gnJbhi3�mb3h�nq
!dxlonJf	�Fjvf�nJf�D�jI�JnJu�j�$!lkdgf=
-lon�u�d�

�
�gdej

S ∩ S ′ �}�
ù�Ãg�¢��§�Ë-��ú�ªk��ªk���`Ø�­m»�����}'�p�	�:´v¯
®��?®�<V��<�®{�9®x®��z¶4­������6~.<¸´ ��´ß­¢°��H�ì¯�°e��®{�&}�­�µ���}><V³·h�����}°W~\�*K�·��/µ���}'}L��¯
®�~\�}°¢±{��°��r­��¢µ>~������}°W~\��J?µ}´�­�µ���} � }��?®�<@�}°:®�¯x¶4­W���p���:´=<V���}´3�
~.<¸´3�9®{�,ì�­W�~µ}´�­��Iâ

a$l1dgf3��j��gsknCw&�!dqfrh�u�j�lpdgf
Ω = A × A × A × A


mnJb

!d
A
dqf�dql'�gn�bhi3�!b3h�n

A = {cara, cruz} �W�:nJu	h/jvb3h�n |Ω| = 16
�%a$l�f3�
�gdqf�n

S
¯
®�~8�}°e�}´��r­��¢µ>~������}°W~\�	~¨´���}µ}´�­�µ���}�h�skdgb!dH�Fjvu 
!skb�j�l> <
�ltjvfD ��:n�f�s,$mlodgfzh�sku�j�
!j�fDdqb<loj�f����!def�j�los#FSltjc�Fj�u�j9�}�?a$lf3�
�gdqf�n

S ′
�p�C�:´><V���}´3��~T<¸´3�9®{�~ì�­W�?µ}´�­���h�sodqb!dC�Fj�u3
!sob!j�l

8

�frd)�
�!d�
!d�skb3h�dgu �mu�dqh�j�u

�qnJw{n {cruz} × A× A× A
�}��Ï¼dql(f �
�qdgf�n

S ∩ S ′ h�skdgb!d'�Fjvu 
!skb�j�l 
 �ca$b3h�nJb
�qdgf

p(S|S ′) = (3/16)

(8/16)
.
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ä��9å� /À�¦uÀª·: \úAªk��ªk�('æÄ)¯I}�}�­�µ���}�¯I}
S
³
S ′

}I�{®�<²µ��}°�<¸°:®��\�W�}°:®�<@�}°W~8��}�}><�·��}´=< È8µ ��°¶4­��4¨
p(S ∩ S ′) = p(S)p(S ′).

ù$Ãg�¢��§�Ë��£ú�ªo��ªk���Nó�­�~�´3���>�ì¯I}ì­¢°���µ ��´=~@�����o�I�I��´s�}°\­¢°���®���´3�3°�����}\�
��Ú=¯h�p� � ��¯I}
}�­�µ���}�¯I}

S
¨ef�dFj Ø ���!u�j]³

S ′
¨ef�dFj�
md�nJu�n�f)}�¯�°P<¸°:®��\�W�}°:®�<@�}°W~8��}	�2¯�´r¶4­��

p(S) =
12/40 � p(S ′) = 10/40

³
p(S ∩ S ′) = 3/40

â�Á¼�-ìL�/µ>~.<¸·h�����}°W~\�
3

40
=

12

40

10

40
.

ù$Ãg�3¥�¦uÀ¨¦uÀ-�����ÙØo¯h���:´°¯
®���´	}><���¯I}�}�­�µ���}�¯I}
S
¨"�!b�j�D�j�w{sol|soj��gn�b�h�u�dgf"G!s irnJf,h�dqb!�9j

G!sÉirnJfk
!d	lon�fj
!n�fcfrd�ýynJfp³
S ′
¨j�!b�j"D�j�w{sol|soj��qnJb~h�u�dqflG!s irnJf�h�dgbm�9j�j�l!w{dgb!n�fl�mb���G!s,�qn

}�¯�°�<¸°:®��\���}°:®�<@�}°
~8��}�â
a$l8dqfrh �

!son�
md�ltjv�mu�n�$�j+$!solks#
�j�
�
!skf �qu�dqh�j��gnJb!fih�s|h��^�Jd)�mb]sob9h�dgurdgf�j�b3h�d)�FjvwH�:n


!d�ltjvf%wxjvh�dqwìî�h�s#�Fjvfl�xd�ýysofih�dgbC�!u�n+D0�!b

!nJf>h�dgn�u�dgwxj�f����!d�b!n���j�w{nJf�j�
!dgf�j�u�u�n�loloj�u
-h�dqnJu�dqw=jq
!d�+8jL�Jdgf��l
md�lojq�!u�n�$!j�$!solks#
�j+
�h�nvh/j�lt�}�vä(
!dgwïî�f#dgl�dqf ��j��qsonÌw&�!dgfih�u�jvl
�
�!d�
mdpb!n�frdgu Ø b!s|h�n��qnJbelkn����!d�f�d�
!d�$:d��Fj�w&$!soj�u>lojDurdg��ltj�
!d"��j��!ltj+�gd,n#ltj	D-nJurw=j

!d�j�f�sk�Jb�j�uH�!urn�$�j�$!sklos#
!j�
!dqf��:nJu=sobmfrh�u3�!w{dgb3h�nJfej�
!d�����j+
!nJf�
.���!d��!u�nI�¢sodqb!dgb¼
!dgl
ä�b2î�lksofrsof8;?jvh�dgwïîvh�s#�gn3�=���9j����!d1f�s�dql6
!dqb!nJw{sob�j+
!nJu�dqb�loj#u�dg��ltj�
!d	��j��!loj��gd�dgf	b!n
Ø b!skh�n
�mdglg�gn��qsodqb3h�dzbmn�h�skdgb!d1f�dqb3h�s#
!n!�4�skb�j�lks#�gj�w{n�f$dgl��Fj��^Ùkh��mlon	�gn�b��!b!j��mu�dgfrdgb9h/j��qs,FJbH
!d,lknJfcd�ý��:dgursow{dgb9h�nJfZ
!d,+�dgu8wb!n��!lklosT�����!d�f�nJb{d�ý��:dgu�skwxdqb3h�nJf>j�lkdFj�h�nJurson�fk���^�Jnzdgf �!j��gsknzw&�!dqfrh�u�j�l!f�d�urd�

�
�qd,j'
!nJfdglodqw{dgb3h�nJfz
.�!f3��j�low{dgb9h�d'��ýys|h�n��CD-u�j+�Fj�frn3�}�
ó Ò.ô@ÒTô `��%dÈÖ�Ô�ÚR]ãÖ�×�[^7$ÜÀÕ�ÖÏÌ�Ö�Ô�×!7lb�ÝqÝqÚ
ä��9å� /À�¦uÀª·: \úAªk��ªk�»ûUê�°��9�(§$�3¥cÀ¨���y :£G���A�DÁ��3¥v ���¹�Ë�Ë6ÀB��}X­y°��r­��W�}´=<V�C�}°
~q¯pµ�­¢³{¯
��}\�^�¢µ><6¯:�%­W��}>~¨´3���"~T<@�}°e��®�¯I}��>�,�>���}°W~q¯I}

Ω = {e, f} ®��r����°e�}´3�¤¶4­W�
p

��}m�p�
�:´°¯
®��?®�<V��<�®{�9®?®��

e
ÅT}I��}�­W�>�,�s�}°W~\�}°:®��}´eµ°¯h�ì¯&�:´°¯
®��?®�<V��<�®{�9®?®��)?r­�<V~q¯ Ç ³ 1 − p

�p�
�:´°¯
®��?®�<V��<�®{�9®x®��

f
Å#�:´v¯
®��?®�<V��<�®{�9®=®��$ìÆ´3�¢µ �h}�¯ Ç â

ù$Ãg�¢��§�Ë���-�ú�ªo��ªk��ú º Ç «6��°��I��´)­¢°��c�ì¯�°e��®{�)~�´�­�µ �9®{�S¶4­W��}��¢µ �Ìµ ��´3�Ìµ°¯�°s�:´v¯
®���³
®�<V��<�®{�9®eº��xJ=³�µ}´����{µ���°H�:´���������<V��<�®{�9®�è��xJ�âè Ç «6��°��I��´ �¢°æ®{�9®
��¶����q~.<@�}°e�q�p�h}Iµ ��´3�+}�µ��h�!��´�� �9®{�h}?®��Ì®
�I}�µ��h�!��´���} � y]®��
�>�V�p�h}&�}°Ì´"�8°#� � �y°��e®��&�>�V�p�h}&�}°Ì°e�²±�´"� � �>��´��8°#�E~.<@�}°e�%�:´���������<V��<�®{�9®Hy��g§�³)�>��°e�²±�´��
�:´���������<V��<�®{�9®xº��g§�â
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&�n�wxdqwxn�f�dgb9h�nJb^�gdgf!�!bSd�ý��:dgu�skwxdqb3h�nH
!dD+%dgu�bmn��!lklos6�qnJbq�!urn�$�j�$!sklos#
!j�
!dqf

p

!d

��ýyskh�nf�
1−p 
!dZD-u�j��gj�f�n
�h
!d>h�j�l9w=jvb!dgu�j*���!d��gj�
�j.urd��:dqh�s,�qs,FJb�
!dql¢d�ý��:dgu�skwxdqb3h�n,f�dgjskb

!d��:dgb

!skdgb9h�do
!d�ltj.u�d��:d}h�s#�gs#FJb�j�b9h�dgursonJuq�Dü,d�$:dgw{nJf�f�d4ð!j�ltjvuS���!d+�{�:n�u�d\irdgw��!lon^�vf�sh�nJwxj�wxn�f8dgl(d�ý^�:dqu�skwxdqb3h�nE
!dzd�ý¢h�u�jvdgu*�mb�jE$:nJltj&
!d��mb�jE�!u�b!jE�gnJbc$:nJltjvf($!ltjvb
�Fj�f

�Âb!dq�Ju�jvf��!�!j�u�j����!d�loj�u�d���d}h�s#�gs#FJb¼
mdglpd�ý��:dgu�skwxdqb3h�n<f�dFj<skb

!d��:dgb

msodgb9h�d�
md�ltjurd��:d}h�s,�qs,FJb�jvb3h�dqu�sknJu��mltj&$:nJloj~d�ýyh�u�j�s#
�j�
!d�$:dzfrdgu�u�dqsob3h�u�n�

�^�gs,
!j~dgb�loj��!urb�jm�
�z¥É��/�Ë-�y���Ñ'�ª�ü,dqh�dqu�w{sob�jvu�ltjH�!u�n�$�j�$!sklos#
!j�
v
!d&���!d�j�l�urd��:dqh�sou�dgl�d�ý��:dgu�skwxdqb3h�n
n

�Jd��gdqfDfrd~h�dqb!�9j�bId�ý!j+�qh/jvwxdqb3h�d
k

��ýys|h�nJfq�E×¢s
k > n

ltj��!u�n�$�j�$!sklos#
�j+
Ìdgf Û �Ìf�s
k ≤ n

dql(u�dqf �!l|h/j�
!n�dgf��
(

n

k

)

pk(1− p)n−k.

a$bId�D-d��}h�n
�6��n�u"G!s,��Fvh�dgfrsof"
md~sob^
!d��:dqb

!dgb^�gstj��(lonJf�f �^�gdgfrnJf�~\�}°e�}´'�¢°©?r­�<V~(�v�}°
�p��´��\�W�>~T<²µ><²¹�°

a
³ ?�}><V����
-u�dqf ��� �!b©D-u�j��Fj�frn3���ê~8�}°e�}´ �¢°Ï?r­�<V~(�:�}°¼�p��´��\�W�>~.<²µ><²¹�°

b
³ ?�}><V�����qnJb

a 6= b
�(f�nJb�skb

!d��:dqb

!skdgb3h�dgf��B�:nJuph/j�b9h�n�loj�f'�mu�n�$�j+$!solks#
�j�
!dqfpf�d��vj�b

�qnJb!fih�u ���Jdgb

!n1w&�!l|h�s#�!lksp�Fjvb

!n!�uä�f3Ù��:nJuAd8irdgw��!lkn,dgl¢f3�
�gdqf�n{®{�9®{�h}	®
�I}�´��\�W�>~T<²µ><)��°e��}
����~\�}°e�}´D®
�I}&?r­�<V~(�I}�h�sodqb!d	�mu�n�$�j+$!solks#
�j�


p2
�

ü�dpdgfih/j�wxj�b!dgu�j#dql�f �^�gdqf�n*����~8�}°e�}´��r­��¢µ>~@�����}°W~\�
k

?r­�<V~(�I}��}°q�p�h}��:´=<V�C�}´3�h}
k´��\�W�>~.<²µ><)�v°x��}D®��	�p�h}

n
~(�h~����,��}�h�sodqb!d	�!urn�$�j+$!solks#
�j�


pk(1− p)n−k.
t�dgurnzlonJf

k
��ýys|h�nJfj�
�!d�
!dgb=j+�gnJb9h�d��qdgucdgb�����j�lkdgf ���!skdgu�j

k
u�d��:dqh�s,�gsknJb!dqfl
md�dgb9h�urdloj�f

n
�Jd��gdqf!���!d�f�d	G�j~d>D-d��qh ��j�
!n{dql(d�ý��:dgu�skwxdqb3h�n
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!d
A
dgb

B

�loj~skb
�ql,�!frs,FJb��Z
!d�wxn�
mnE���!d |A| < |B| �

ù�Ãg�3¥v¦uÀ�¦uÀ-�<�!��ªs¸�´ÿ�nJw{n�b!n{f�d�sob^
!s,�gj~b!j�
�j^�!ltj�f	lkdqh�u�j�f	frd��
�!d�
!dqb?u�d��:dqh�sou��
V R29,5 = 295

�sost�
V29,5 = 29× 28× 27× 26× 25

�soskst���Ajvfc��j�ltj+$!u�jvfs���!d�b!n©�qnJb3h�sodgbmdgbæjCltj<lod}h�u�j
b
f�nJb

285
�:n�u�lon:���!d�ltj

�qnJb3h�sodqb!dgb
295 − 285

�s#�m� � j��gnJb!j�b

!nE�gnJw{n�dgb�soskst�>f�n�b
V29,5 − V28,5

�
�m��×ys�dgw��!sod��Fj�b��:nJul�Jn��gj�lW��f�d*�
�!d�
mdgbeurd��:dqh�soucf�nJb

5×294
�l×ys�b!nDfrd!�
�!d�
!dgburd��:d}h�sou	f�n�b

5× V28,4
�

�¢s¸�Z×ys:f�d!�
�!d�
mdgb�urd��:dqh�sou>f�nJb
5× 293

�l×ys:b!n#frd��
�!d�
!dqb�u�d��:dqh�sku%frnJb
5×V27,3

�
�¢sos¸�l×ys:f�d��
�md�
!dqb�u�d��:d}h�sku%f�nJb

53× 292
�Z×¢s�bmn�frd��
�!d�
mdgb�u�d��:dqh�sou%frnJb

5× 4×
3× 26× 25

�
ù�Ãg�3¥v¦uÀ�¦uÀ-�<�!��ªs¸�o��j��mu�sow{dgu�j&�qs#D-u�j�b!nE�
�!d�
!dzfrdgu Û �eltj�f%�gspD-u�j�f8frd	�
�!d�
mdgbSurd��:dqh�sou��

9× 103
�sost��×ynJb:�!j�u�dqf~f�s8f3�P�mlkh�skwxjq�qs#D-u�j?dqf Û � ñ �$ 
� 7 � @ dqb3h�nJb
�gdqf��

9 × 102 × 5
-d�ýmj��}h/j�w{dgb9h�d�ltj�wxs|h/j�
C
!dzst���Æ�soskst�o×ynJb�skwH��jvu�dgf8ltj�n�h�u�j~wxs|h/j�
��s#�m�(×ynJb�w&�!l|h�s#�!l|nJf%
!dD��f�s(f �c�!l|h�sowxj��qs#D-u�j~dgff�!b Û nE�!b?���
9× 102 × 2

�
�m�	×ys�bmnc�qnJb9h�sodqb!dgb�j�l ñ f�nJb

8 × 93
�g�:nJuph�j�b3h�n�lon�f"���md��qnJb3h�sodqb!dgb�j�l ñ f�nJb

9× 103 − 8× 93
�

�¢s¸��×?b!n)�qnJb3h�sodqb!dgb�b!s�j=ltjH�gs#D-u�j ñ b!s�jeloj��qs#D-u�j 
 frnJb6�
7 × 83

dqb3h�n�b
�gdqf�lknJf
���!d	�gnJb9h�sodqb!dgbSj�l ñ nxj�l 
 n{j{jvw�$:n�f	f�nJb6�

9× 103 − 7× 83
�

ù�Ãg�3¥v¦uÀ�¦uÀ-�����(ª�×¢d��
�!d�
mdgb?f�dqb3h/jvu!
md
6!
wxj�b!dgu�j�f(��frs�f F�lon{skwH�:n�urh/j�loj��:nJf�s#�gs,F�burdglojvh�sp�vj=dqbr�mb�j�w{dgf�jC�gsku ���!ltjvu�dgb9h�nJb
�qdgf�dgl�u�dgf3�!lkh�j�
!n)G�jL�����!d�
!s#�¢s#
!sourlkn��:nJu 7 �dqfrh�nxdgf��

6!/6 = 5!
�oü�s#�¢s#
!sow{n�f(�:n�u 7 ���!dDfrnJbSloj�f 7 �:nJf�s#�gsknJb!dgf	u�dglojvh�sp�vj�f8so����jvlodqfurdgf3�!lkh�j�
!n�
!d�wxnI�Jdgu�frd�h�n�
!nJfo�mb�j#f�sklolojx
.
!nJf�frsolkltjvf����|�k�p� 7 f�skloloj�f��jG�j��qstjDloj�
!dqu�d��=G!jm�

ù�Ãg�3¥v¦uÀ�¦uÀ-���('�ªs¸�
243 × 104

�sost�
PR23 × PR24 = 3× 4!/2

�
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soskst�

242 × 103
�s#�m�o×ys�f�n�bs�gj��!s,����j�f8ltj��!u�skwxdqu�j��gspD-u�j#dqf	so����jvlx���!d1loj�����jvurh/j��=loj#f�dq���!b

!j�dqfso����jvle���mdzltj#h�dqu �gdqu�jm�Zt�nJu8h/j�b9h�nEG�jL�

102

^Ùo�Js|h�nJfq�$a$b�h�n�h/jvl@�

243 × 102
�

�m�
24× 104

�
�¢s¸�

PR23 × PR2,24 = 3× 3!
�

ù$Ãg�3¥�¦uÀ¨¦uÀ-�����(ªs¸�
5!
�sost�

5!/4
�soskst�

5!/12
�s#�m�k�(nJfl$:nJlkdqh�nJfj�gnJb�h�n�
!j�fcf �mfZ�gs#D-u�j�f$so����j�lkdgf�f�nJb{lon�f$wxdqb!nJfl�mu�n�$�j+$!lodqfl
!d�f�dqu

�!u�dqwxsoj�
!nJfo��lon�f(���!d�h�skdgb!dqb�h�n�
�jvf�f �!ff�gs#D-u�j�f(
!skfrh�skb3h�j�f	lknJf(���!dzwïî�fq�
ù$Ãg�3¥�¦uÀ¨¦uÀ-� �»û�ª ÿ�n�wxn

Vm,n = m(m − 1)...(m − (n − 1))
dgb3h�nJb
�qdgf

m! =
Vm,n(m− n)!


!d�w{n�
!nE���!d+�
(

m

n

)

=
Vm,n

n!
=

m!

n!(m− n)!
.

ù$Ãg�3¥�¦uÀ¨¦uÀ-����úAª
ÚÉ�%�,b�h�u�s îvb!���!lkn�dgf*�mb�j~h�dqu�b�j�b!n�nJu 
mdgb�j�
!jE
!d	�
�!b3h�nJf�� (312

3

) �
ñ �l��j�f>h�dgu�b!j�fo
md��
�mb3h�n�fo���!d�bmn�
�j�b��!bxh�u�s îvb!���!lkn�f�d!D-n�u�wxj�bxdqlosk�Jskdqb

!n 
 
!dlonJf.�&�
�!b9h�nJf.j�lksob!dgj�
!nJf��^�:nJu	h�j�b3h�n
�

(

312

3

)

−
(

5

3

)

.

ù$Ãg�3¥�¦uÀ¨¦uÀ-�����(ª
ÚÉ�

CR5,6 =
(

10
6

)

.ñ �j×ys
���!skh�j�wxn�f$dql:�"
!df�Fj�
!j	$:nJw&$:n1h�dqb!dgw{nJf
CR4,6

�:nJf�s#$!lodqf$u�dqf �!l|h/j�
!n�fl���!db!n��qnJb3h�sodgbmdgbSj�l��y�l��n�ff���!dzlolkn��qnJb9h�sodqb!dgb�f�n�bq�:n�u	h/jvb3h�n^�
CR5,6 − CR4,6.

ù$Ãg�3¥�¦uÀ¨¦uÀ-�S���(ª�ä(�gdguih/j�ufÚ 
 dgbxloj�fl���!skb!sodqltj�f�h�sodqb!df�!u�n�$!j�$!sklos#
�j+

28/314

�käf�qdguih/j�u�~dqbSloj��!ursow{s|h�sµ�vj^�
(6× 43)/

(

49
6

) �
ù$Ãg�3¥�¦uÀ¨¦uÀ-������ª

Ω = {as, 2, 3, 4, caballo, rey} �
p(as) = 3/15
p(2) = 3/15
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p(3) = 1/15
p(4) = 4/15
p(caballo) = 2/15
p(rey) = 2/15
p(figura) = p(caballo) + p(rey) = 4/15

�
ù�Ãg�3¥v¦uÀ�¦uÀ-������ª8s¸��ä�l�h�sou�jvu%
!nJff
�j�
mnJff�gnJbmf�d����mh�sp�vj�w{dgb9h�d

Ω = N6 × N6

�sost�
X : Ω→ R

j�frso�Jb!j
a+ b

j�loj�h�sku�j�
!j
(a, b)

�soskst�Aa$f �qu�s#$!sodqb

!n1ltj�f�D0FJu�w&�mltj�fB��G�j��qsodgb^
!n1ltj�f�u�dqf �:d��}h�sp�vj�fl���!dgb9h/j�f$f�d	n�$mh�sodqb!d��
E(X) = 7

�
V (X) = 6.16

�
σ(x) =

√
6.16 = 2.48

�
ù�Ãg�3¥v¦uÀ�¦uÀ-������ªf×yd1h�sodqb!d	���!d |Ω| = 8

�a$l�f �^�gdgfrn
S
�p~\�}°e�}´.Û�< °#�I}1®����!�I}1®<�I}*}L�r­<��}�h�skdgb!dqbC�gj�u 
!skb�j�l 7 ���9j����!d"G!jI�����!d


mdgf �qnJb3h�j�u.lknJf(�Fjvf�nJf�dgbc���md�G�jL�eh�urdgf(�vj�u�n�b!dgf�n�h�urdgf�w&�hirdgurdgfq�a$l�f �
�qdgf�n
S ′

�#~\�}°e�}´E�������}°+�I}D�¢°�Û�< °#�=·h��´/¹�°eh�sodqb!dgb��gj�u 
!skb�j�l�)��x�9jC���md�G�jL�
���!d	
!dgf3�gnJb9h/j�u.f3FJlon~dglg�gj�f�n{dgbc���!dzfrnJb�h�u�dqf.w&�hirdqu�dqfg�a$b3h�n�b
�gdqf

p(S) = 6/8
�
p(S ′) = 7/8

�
t�nJu8nvh�u�n#ltj�
!n |S ∩ S ′| = 6

�:nJu ���!d
S ⊂ S ′


md1w{n�
!n����!d1lon�f�f �^�gdgfrnJf�b!n�f�nJbskb

!d��:dgb

!skdgb9h�dgfq�
ù�Ãg�3¥v¦uÀ�¦uÀ-�����(ª

ÚÉ�
Σk

i=0

(

n
i

)

(1− p)ipn−i �ñ �
(1− p)n

�
 � (n
k

)

(1− p)kpn−k � 3�
pn �

ù�Ãg�3¥v¦uÀ�¦uÀ-���('�ª
ÚÉ�

(0.6)100
�

ñ �
Σ100i=50

(

100
i

)

(0.4)i(0.6)100−i �
 �
Σ30i=0

(

100
i

)

(0.4)i(0.6)100−i �
ù�Ãg�3¥v¦uÀ�¦uÀ-�����(ªE&AnJwxj�w{nJf%�!bc����j�
mu�j�
!nE$!ltjvb
�gn�
!d�lon�f

64/2
����j+
!u�j�
mnJff$!ltjvb
�gn�f

���!d�G!jI���,a$f �qnJ�Jdqwxn�f��!bv���!j�
!u�j+
!n=b!dg��u�n�
!dDlonJf
64/2 − 8

�:nJfrs,$!lkdgf#
�lknJf.b!dq�Ju�nJf
���!d=b!nÌdqfrh°î�b�dgb�ltj�w{sof�wxj Ø ltj�nÌdqb<lojSw{skf�wxjc�qnJl,�mwxb�jJ�}�Sa$l%urdgf �mlkh/j+
!n?dgf�dql
�mu�n�

�
�}h�n
�%) 7J@ �
ù�Ãg�3¥v¦uÀ�¦uÀ-�Ì�»û�ª8+o�mf �FjvwxnJf>dgl��qnJw��!lodqwxdqb3h�j�u�skn	
mdgl��qnJbhi3�!b9h�n�
md.h�n�
!nJf>lon�f>b��!wxd=wurnJff
!dD)&�gs#D-u�j�f8h/jvlodgf(���!d�b!sob!���!b�j�
!d�dglkltj�f8dqfrh°î�u�d��:dqh�s#
�j^�

107 − V10,7.
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ù$Ãg�3¥�¦uÀ¨¦uÀ-�e��úAª���j�fS�:nJfrs,$!sklosp
�j�
!dqf��gn�b

n
skb
�gskf�son�b!dgfAf�nJb6�

4n �Rÿ�nJw{n {4n : n ∈ N}dgff�!b�j�f3�
�gdqf�s,F�bq�gurd��qsodqb3h�d	$
�!f3�Fj�w{nJf�dgl6�!u�skwxdqu
n

���!d	�Jdqu�s Ø ���!d����!d
4n > 105

�dgf
n = 9

�
ù$Ãg�3¥�¦uÀ¨¦uÀ-�����(ªs¸�#a$f�dgl	b��!w{dgurnr
md�f �
$��qnJbhi3�!b9h�nJf�
!d� Idqlodgw{dgb9h�n�f�dqbP�!bP�gnJb�i3�!b3h�nr
!dS�v j�l,�!w{b!n�f�� (54

4

) �sost�&×ydgu�î�dql�b��mwxdqu�nIh�nvh/j�l%
!d�d����!s#�:nJf�
!d� �j�l#�!w{b!nJf~w{dgbmnJf{dql�b��!w{dgu�nr
!dd����!s,�:n�f*�qnJb!fih�skh �!s,
mnJf	f F�lonE�:nJu(��G!s,�qnJf��
(

54

4

)

−
(

30

4

)

.

soskst��a$lcb��mwxdqu�nc
!d{f �
$��qnJbhi3�!b9h�nJf�
!d�
!nJf���G!s#�Fj�f��:n�uzdqlcb��!w{dgurnq
!d{f3�
$��gnJb�w
i3�!b3h�nJff
!d	
!nJff��G!s,�qnJf��

(

30

2

)

×
(

24

2

)

.

ù$Ãg�3¥�¦uÀ¨¦uÀ-�����(ªs¸�
PR3,710 =

(

10
3

) �sost��&�n�
!n�f.w{dgbmnJf�dgl6D-n�u�wxj�
!n��:nJu8h�n�
!n�ff�!b!nJf��
210 − 1

�soskst�
PR5,510 =

(

10
5

) �
ù$Ãg�3¥�¦uÀ¨¦uÀ-������ª"��j

d
f�dDu�d��!skh�d 
 �Jd��qdgf���ltj

o
f�dDu�d��!skh�d�
!nJff�Jd��qdgf!��loj

e
n�h�u�j�f ñ �

&�nvh/j�lT�
PR3,2,210

�
ù$Ãg�3¥�¦uÀ¨¦uÀ-�����(ª(�(nJf.j�frdgf.frdzu�d��!skh�dgb 
 �Jd��qdgf*��lknJf(�gj�$�j�lklonJf8 m�F&An�h�j�l@�

PR3,410
�

ù$Ãg�3¥�¦uÀ¨¦uÀ-���:��ª�a$lmb��!w{dgurn'
!d8los#�gdqb
�gsoj�fS$
�mf �Fj+
!n�f�dgu�î1dglyh�n�h/j�l�
md(�:nJf�s#$!lkdgf�w{dqb!nJfj����
�glkltj�f��qnJb�loj�wxskf�wxj�lod}h�u�j�
-d�ýmj��}h/j�w{dgb9h�dF��
!nJf��Jd��qdgf&��dql%w{sofrwxn�b��!w{dgurn 

�Jd��qdgfg�*&An�h�j�l@�

103 × 293 − 3 × 29 × 28 × 10
��×ysodqb

!n

29 × 28
dql%b��!wxdqu�nv
!d

��j�u�d\i�j�f�
mdxlodqh�u�j�f	�:nJf�s#$!lodqf�� 
 dglcb��!w{dgurnq
!dxwxn�
mnJf�
!dxnJu3
!dgb!j�uDloj�f�h�u�dqf#lkdqh�u�j�f
.
!nJf�sk����j�lkdgfo�)�mb�jE
!sofih�skb3h/jJ�Z��Ú Û lon�f(�:nJf�s#$!lodqf8h�u ÙknJf(
mdzb��!w{dgu�n�fg�
ù$Ãg�3¥�¦uÀ¨¦uÀ-�C'3�:�(ª

CR17,3 =
(

19
3

) �
ù$Ãg�3¥�¦uÀ¨¦uÀ-�Í'3��'�ªê×ys�h�sou�j�w{nJf&
mnJfE
�j�
!n�f��Ïí,jI�

62
�:nJf�s#$!lodqf~ltj�b
�gj�w{skdgb3h�nJfg�cü�ddglolknJf%
�j�bc�qnJw{n�f �!wxj @ lon�f	f�sk���!sodqb3h�dgf��

(2, 6), (6, 2), (3, 5), (5, 3), (4, 4).
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��j��!u�n�$!j�$!sklos#
�j+
)
!d�n�$mh�dgb!dqu*�mb @ dgf

5/36 = 0.13889
�

×ys�h�sou�j�w{nJf	h�urdgf�
�j+
!nJf��@í,jI�
63

�:nJf�s#$!lkdgf,loj�b
�Fjvwxskdqb3h�nJfg�@ü�d#dglklonJf*
!j�b��qnJw{nf3�!wxj @ lknJf�frso���!skdgb9h�dgf��
PR2,57


�skb3h�dqu �!urdqh�j�b

!n'�Fj�
!jph�sou�j�
�j��gn�wxn'�!b!j'��j�loj�$!u�j�
!d)"�gj�uvî+�qh�dqu�dqfZ���!d�f�n�b=�"�!b!n�fj� ñ �gdqu�nJf����:n�u$d8irdqwH�!lkn1ltj�h�sou�j�
�j
2, 2, 4

dgffÚ Û Ú Û Ú�Ú�ÚJ�
�(nJfB�gdqu�nJf�f�d���j�u�j�b#ltj�f(h�sku�j�
!j�fg���:nJbmdgw{nJf�h/j�b9h�nJfB�!bmnJf��gn�wxn.dgl{�vj�lknJuu
!d%loj	h�sou�j�
�jw{dgbmnJfZ�!b�j��!bms,
�j�
��}��acb9h�nJb^�gdqf�ltj'�!u�n�$!j�$!solks#
�j+
�dgf

21/216 = 0.0722
w{dgb!n�uZ���!dloj�jvb3h�dqu�sknJug�

ù�Ãg�3¥v¦uÀ�¦uÀ-�Ð'3�:��ªs¸�e��j(�!u�n�$�j�$!sklos#
!j�
pf�dgu�î	Úcwxdqb!nJf(ltj%�!urn�$�j�$!sklosp
�j�
"
!dl���!dcb!n*�qnJb9h�dgbm�9j�b!skb!���!bjvf��

1−
(

48

5

)

/

(

52

5

)

.

sost�Ìí,jI��Ú 
 �:n�f�s,$mlodgf���F�@�dqu�dqfx
0
!d~j�f�dqf��g
!d&
!n�f�dgf��k�|�|�H���v�:nJu��Fj�
�j��!b!n)�
�!d�
!d
G!j�$:dgu%�mb�j&���!skb3h�j��Fj�uih/j����!dpdgf	j�u3$!skh�u�j�ursoj^��
!dpdqb3h�u�dploj�f� @ �Fjvurh/jvf8urdgfrh�j�b3h�dgfz
- 3)frs(b!n����!dqu�dgw{nJff���mdzf�dgj��!b�u�d���F�@�dgu��}�Zt�nJu	h�j�b3h�n{loj��mu�n�$�j+$!solks#
�j�
C
!d	��F�@�dgu�dgf��

48× 13/

(

52

5

)

.

ù�Ãg�3¥v¦uÀ�¦uÀ-�Õ'3��û�ª?a$l>f3�
�gdqf�n.����~\�}°e�}´H���j���}°+�I}G�¢°�?r­�<V~(�~dgf��gnJw��!lodqw{dgb3h�j�u�skn�j�lf3�
�gdqf�n�°+��~8�}°e�}´1°W<¸°¢±�Ê¢°r?r­�<V~(�h�
1− 0.6n �c+o�!f �gj�w{nJf

n
h�j�le���!d

1− 0.6n ≥ 0.8
nd����!s#�vjvlodqb3h�dqwxdqb3h�d

0.6n ≤ 0.2
��ÿ�nJwxn�ltj,f3�
�gdqf�s,F�b {0.6n : n ∈ N} dqfj
!d��gurd��qsodgb9h�d+�d>�vj�l#��j�b

mn
��frd�h�sodgbmd	���!dzdqlg�!u�skwxdqu�n����!d	�Jdqu�s Ø �Fj�loj�
!dqf�sk����j�l#
�j�
�dqf

n = 4
�

ù�Ãg�3¥v¦uÀ�¦uÀ-�æ'3�2ú�ª�a$l$f �^�gdgfrnH����~8�}°e�}´��r­��¢µ>~@�����}°W~8�
k

}I�><,}I��}H���k~.<¸´ ��´C�>�c®{�9®
�Sº
;·��/µ���}%h�sodqb!d�loj~frso���!skdgb9h�d'�!urn�$�j�$msolosp
�j�
6�
(

10

k

)

(1/6)k(5/6)10−k.

t�nJu,h/jvb3h�n=dgl�dgf3��j��qsonew&�!dgfih�u�j�l�dgf
Ω = {0} ∪ N10

�q��j�u�j��gj�
�j
k ∈ N10

f�dh�sodqb!dploj��mu�n�$�j+$!solks#
�j�
xwxdqb
�gsknJb�j+
�j^��
!dpw{n�
!n&���!dpltjDdgf3��dqu�jvb
�Fj~w=j�h�dgwïîvh�s#�Fjzdgf��

Σ10k=0k

(

10

k

)

(1/6)k(5/6)10−k.
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p(S ∪ S ′) = p(S) + p(S ′)− p(S ∩ S ′) dqb3h�nJb
�qdgf��

p(S ∩ S ′) = p(S) + P (S ′)− p(S ∪ S ′).
×yd"�gnJb
�ql,�^��d1ltj�D0FJu�w&�!lojz�Jdgbmdgu�jvl6
mdgleG!d���G!nE
md'���!d

p(S ∪ S ′) ≤ 1
�ca$fih/j�D0FJu�w&�!lojf�dDj+�!los#�Fj~jvl(d\irdgw��!lon

p(S) = 0.8
�
p(S ′) = 0.6

�
ù$Ãg�3¥�¦uÀ¨¦uÀ-� '¢����ª¿ÿ�nJw{n<loj��vj�u�soj�$!lkd

X + Y
frd�
!d Ø bmdm�gn�wxn

(X + Y )(a) =
X(a) + Y (a)

��jvu�js�gj�
�j
a ∈ Ω

��dgl$d8irdqu �gs#�gskn�dqf��gnJb!frd����!dgb
�gsojq
!d�ltj)�!urn��!skd�
�j�


!sofih�u�s#$
�mh�s#�vjy�
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d�dqf 
!d.dqb3h�n�b
�gdqf>lonJf�urdgf �mlkh/j+
!nJfk�~j��!lks,�gj��gskn�b!dgfk
md�ltj,h�dgn�u Ùtj�
!d���u�j+D-nJfkG�jvb{s#
!nj��!w{dgb9h/j�b
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�gsodqb
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mdglon�f
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mdgX�YJbmsof $:dqu��
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!d����mdzdgl�j�l#�!w{b!n�j�l Ø b�jvlos#�Fj�u8dqlg�Fj+�
Ùkh �!lon
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• acb9h�skdgb

!j�lonJf(�qnJb
�qd��mh�nJff�)
!d Ø b!s,�qsonJbmdgff$8Zvf�s,�gj�ff
!d�loj�h�dqnJu Ùoj&
!dz��u�j+D-n�fg�
• �.h�sklosp�gdpltjvf(
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!n�fj�!j�u�jpu�d��gn�b!n��gdqucf�s
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!d Ø b!s#�gs#FJbÑw:Z�f�j+
!d�����j�
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• b�nJb!n��qdgu$j�lk���!b�jvf�j��!lks,�gj��gsknJbmdgf�
md8loj.h�dgnJu3Ùtj*
!d8��u�j+D-nJf�j,ltjfD0�!b

�j�w{dqb3h/j+�gs,F�b
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u
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4%ß�¨m��}I�D­ �h}3��}I� « <)­��?§����'�p����ª=<,}>~@�

e = {u, v} ²�¢�¶w³
²�Á3¤��!�I}?¯�?�ª=~.<)­=��}
u
°
v,
§��W����}­À]¶w²)À]¹C³<¶�Á3³Ú­��/¨��!�I}?¯�?�ª=~T<)­���}

u
°

v,
°2§������!�I}?¯�?�ª=~.<)­=��}

u
°
v

}3�/¨��!�I}�³�àÈÁ3»T³
Å�¢�- « �	�p�)��ª=<,}>~@�
e.

Ó�³�ÔB¶
À]²uÀ]��¶��È·]�8·��
�Oß���º7»T¤8¹C¢ « �*�
¨m¯�?�ª=~.<)­=�r��¨m�
¨�©�ª3��Ï#�¡¨+� « <¬ª=<�©�< « �P��}��>�
¨8Ò�����ª"� « �v��ª><,}>~@�h}c<¬¨+­>< « ��¨W~8��}*­��/¨a?>� � <V���8�/¨W<@��¨ « ���8�/ª½­��/¨8¯���¨W<@��¨+­><.��§��W�9�
¨
�p�I�/�H��¨M�
¨M¯�?�ª=~T<)­��g­��/¨W~�ª=<]���
°�� « �I}�¯���­���}	���8©�ª3� « � « ����}I��¯�?�ª>~.<)­���4%á&��¨Ã�+~@��ª��>�2�I}
�>�7©�ª � « � « ���
¨½¯�?�ª=~T<)­�� u �8�/ª

gr(u)
4
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Å�Æ	Ç]¢��È·��8·]�
�Ëã=�/¨^}>< « ?�ª���¨^}I�(�!�I}�©�ª3��Ï#�I}�ä�°	¾ « �*�p� ¾ ©��
ª3�Ey�4Vy�4Eß=¨v�>�
©�ª ��Ï#�
ä�}I�G¯���ª=< ¾ ­ �*§��W�

gr(a) = 3 = gr(c), gr(b) = 2 = gr(e)
°
gr(d) = 4.

ß=¨·�>�
©�ª ��Ï#�&¾¦}I��¯���ª=< ¾ ­ �5§��W�

gr(f) = 3, gr(g) = 2
°
gr(h) = 5.

×<�g��{s���6x�}"�#��|�}"��|�{�|�v�x"y+
�sE��|6xas�ua|�
o�,�6|	����|�|6u*��{e¿�ÀA»3ÁºÀ�²�³ ¤PÀ.-#Ç]¤�¹w¢C�
�ts�uZ
�s�u�ua�!v����!|6{A}a|�uF}"|6s�x�|��:y�u�uas�{H��s�{oua�,
o|�x"y+����s�{�|�uZ����|�xa|��!y�����s�{8yV{�|�{�}"x�|�u Ù7|��

{�����|�x�s�
o|gy�x��!u~}�y�u%�5�!s�u�v�x"y�
�s�uf
�|?�!s�u%����x~}"�,�6|�u6�
å ³A¢7»T³<ÅÚ¤��È·]�8·����æÞ6� �

G = (V,E)
�
¨ ©�ª ��Ï#�G¨+� « <¬ª=<�©�< « ��4�Þe��¯���ª=< ¾ ­ �5§��W�

∑

v∈V

gr(v) = 2 |E| .

á&�>�2�I}>~�ª3�
­><)¦/¨�4H�Cys
�|���s�u~}"x"y+���,F�{Â|6u��6s�{�ua|����o|�{
����yc
�|�����|H��y�
8y y�xa��u�}�y)��s�{A}axa�pw
$
�^��|E
�s�u'��|���|6ugy��!y5u3���:y)
�|f��s�u�v�xay�
�s�u"
�|f�!s�u!����x�}a�,�6|�u'��y)����|���{8yey�x��!u�}"y5|6u
�!{
�6�,
�|6{A}a|	�6s�{ |�poy���}�y���|�{�}"|�
os�u(����x~}"�,�6|�ug[.����|��8yVx"yf�!s�u��!y��6s�u�uas�{ �!v��8y���|�u�_��
� ¢7»T¢�Ç]¤o»kÀz¢��È·]�7·]�
�ËãB�^����§���<@��ª�©�ª3��Ï#�:¨+� « <¬ª=<�©�< « �H~T<@��¨e�g�<¨Â¨8Ò�����ª��	�^��ª « �D¯�?�ª=³~T<)­���} « ��©�ª3� « �E<V���^��ª64
á&�>�2�I}>~�ª3�
­><)¦/¨�4�×<|#yV{

V1
�
V2
�!s�u!�6s�{hi3�o{A}"s�u"
o|����6x�}a�,��|6u"
�|Dv�xay�
�s��8yVx�|D���H��y�x

xa|�u3��|���}"�#�/y���|�{A}a|�
�|6�Cv�x"y+Dzs
G = (V,E).

��{ |�ua|���y�uas

2 |E| =
∑

v∈V

gr(v) =
∑

v∈V1

gr(v) +
∑

v∈V2

gr(v).

s�|����o�#�VyV�!|�{�}"|6�:|6{A}"|

2 |E| −
∑

v∈V1

gr(v) =
∑

v∈V2

gr(v).

tl�o|�u�}asC���o|&��y�x"y��#y�
8y
v ∈ V1

ua|g}a�!|�{o|�����|
gr(v)

|6u���{M{�����|�x�s��8y�xf�
2|E| |6u�8y�x�|�{A}as�{
�6|�u�{�|��6|�u"yVxa��yV�:|6{A}a| ∑

v∈V2

gr(v)
|6u*��{ {��o�:|6xasE�8y�x��

Óe³�Ô�¶/À]²uÀ]��¶��t·]�8·]�
£RÞ�<
G = (V,E)

��}��
¨ ©�ª3��Ï#� « <¬ª=<�©�< « � � ° (u, v) ∈ E,
}I� « <)­��§����

u
��}q�>�w¿ÃÀA»3ÁºÀ]²�³ÅÀ]¶/À]²uÀ¬¤8Ç « �C�p����ª=<,}>~@�

(u, v)
°Ú§��W�

v
��}q�>�w¿�ÀA»3ÁºÀ�²�³ÜÔB¶C¤8Ç

« � « <)­�Ñ^����ª><,}>~@��4eç�}><V��<,}>�2� ��« � « � u ∈ V � }I� « ��¨+�h��<¬¨���º�»T¤�¹w¢Û¹C³Ü³
¶�Á3»T¤8¹w¤
« � u ����¨8Ò�����ª"� « �s��ª><,}>~@�h} §��W�)~T<@��¨e��¨��

u
­��h�2�*¯�?�ª=~.<)­�� ¾ ¨�����4±ç!�F©�ª3� « � « ���¨W~�ª3� « � « � u }I�'�,� « ��¨+�h~@�'�8�/ª

gr+(u).
á&�>�x��<,}>�2�&�2� « � � }I� « ��¨+�h��<¬¨���º7»T¤8¹w¢

¹w³�-�¤8Ç-À]¹w¤ « � u ���t¨8Ò�����ª"� « ����ª><,}>~@�h}g§����	~T<@��¨e��¨m�
u
­��h�2�G¯�?�ª=~T<)­��	<¬¨W<)­><.����4�ç!�

©�ª � « � « �"}�����< « � « � u }I���,� « ��¨+�h~��	�8�/ª
gr−(u).
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¨ ¯�?�ª=~.<)­��
u

}������'�
¨+�����<©�ª3� « � « �	��¨W~�ª3� « �°��<¨+�H����©�ª3� « � « �"}�����< « ��4�BÄ�³
Å�Æ�Çz¢¡�È·]�8·]�<¸Oß=¨��>��©�ª3��Ï#�9ä « ���p� ¾ ©��
ª3�sy�4.§ � }I�g¯���ª=< ¾ ­ ��§��W�
gr+(a) = 3 �

gr−(a) = 0 � gr+(c) = 1 � gr−(c) = 2 � gr−(d) = gr+(d) = 2 � gr−(b) =
gr+(b) = 1 � gr+(e) = 0, gr−(e) = 2

4�é%�/ª:�h~�ª3���^��ª=~\� � ��¨P�>�È©�ª3��Ï#�H¾ ~8��¨e�>�2�I}
§��W�

gr−(f) = 1 � gr+(f) = 2 � gr+(g) = 2 � gr−(g) = 0, gr−(h) = 2, gr+(h) =
3.

å ³A¢7»/³
Å�¤Ú�È·��8·]�
ÉOß=¨O­��^����§���<@��ª�©�ª3��Ï#�.­��/¨Ï��ª=<,}>~��h} « <¬ª=<�©�< « �h} G = (V,E)
}I�

¯���ª=< ¾ ­ �5§��W�
|E| =

∑

v∈V

gr+(v) =
∑

v∈V

gr−(v).

á��>�5�I}>~]ª3�
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o|��(G�|��=G�sr
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���xa�!v��#
8y
}a�!|6{�|	��{s���6x�}"�#��|?��{��,�6��yV�x�C��{s����x~}"�,�6| Ø {8y����

¸Gê"ë ß�ìtíDî í?ï	ð9ìCî í ñs¬º®?ïBò?óVígì
×
ô�õ�s�{�v�yV�:s�u�öAô�|?}as��:y��:s�uE��s�u�v�xayV÷zs�u�ua���:õo�!|�u

G = ({1, 2}, {{1, 2}})
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G′ = ({a, b}, {{a, b}}).×<|�v�üo{±�!y ý�| Ø {��!þ6�!ÿ�{Úý�|2v�xayV÷zs
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���!sDý�|{�s��
��xa|?ý�|��!s�u����6x�}a�!þ�|6u�ý�|
G
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���!s�ý�|�{�s��
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�2y`÷zs�xa�:y���|�{�|���u�|�{A}a�!ý�s�ý�|���õ8ZVxax"y/÷zs¡y�{�}"|�x��!s�x6�/.ts�u2v�xayV÷zs�u:öAô�|*x�|�õ�x�|�ua|6{A}"y�{
þ�s���õ�ô�|6u�}"s�u�þ�s�{os
þ��!ýos�u%õ�ô�|6ý�|�{Môo}a�!���-
#yVxaua|0��õ�s�x%|1��|���õ��!s���õ8y�xayGý�|�}"|�x��:��{8y�x�u��Cô�{
uaô�õ�ôo|�u�}"y���|�{A}a|g{Aô�|	��s�þ�s���õ�ô�|6u�}"s�öAô
Ù��:��þ�s2+�yGua��ý�sG|�u�}aô�ý��!y�ý�s:yV{A}"|6u��
��{Ú|�u�}as�u�}3��xa���!{os�u��Cýo�!xa|6�:s�u?öAô�|:ýos�u�v�x"y/÷zs�u?ua���:õo�!|�u�öAô�|�}a�!|6{�|�{Ú�!ye���!u��2y

|�u�}axaô�þ�}"ô�xay4�3�/¨5���3���2�/ªzÏ#�����<ua|�v�ü�{9��y'ua��v�ô��!|6{A}a|�ý�| Ø {��!þ6�!ÿ�{76
Óe³�Ô�¶/À]²uÀ]��¶��t·��È·]�mÞ  �« �)­  §��  �« ���9©�ª3"�Ï#���8���9�;:=<  � G1 = (V1, E1)

°
G2 =

(V2, E2)
�3�/¨'À?>�¢�Å�¢7»$@¼¢=>A���  #B ����C  �
¨="f���¬°  ­�­��)¦/¨ f : V1 → V2

CD"�<�§��  ∀u, v ∈ V1

{u, v} ∈ E1 ⇔ {f(u), f(v)} ∈ E2.

á  <E"�Ï��
¨+­��)¦/¨ f §��  ��"�CF���zÏ	"
­  �« �)­�Ñ�"f­��/¨ « �)­��)¦/¨G�  �« �)­  §��  H ���<¨3À?>�¢�Å�¢7»TÔI>#Å�¢¹w³Mº�»T¤�@¼¢=>  ¨JC]ª  <!����©�ª#"�Ï#��� G1 ° G2 4
��{ s�}"xay�u�õ8yV��y���xay�u��oý�s�u%v�xayV÷zs�u�u��!��õ��!|6uEuas�{e�!u�s��:s�x�÷zs�u�ua�È|�p<�!u~}"|?ô�{�yf÷zô�{oþ��!ÿ�{

��� û |6þ6}a�-�Vy`|6{A}axa| ��s�ufý�s�uGþ�s�{���ô�{A}as�u�ýo|K����x~}"��þ�|6u:öAô�| õ�x�|�u�|�x#�/yÚ��yVu�yVý û y�þ6|�{�þ6��y�u6�L�yV}aô�x"y�����|�{A}a|E|�u~}�y?ý�| Ø {��!þ6�!ÿ�{Gua|%õ�ô�|6ý�|�|�p<}a|�{�ýo|�x=y?�'ô���}"��v�x"y/÷zs�u û �fôo��}"��ýo��v�xayV÷¬s�u}"|�{o�!|�{oý�s�|�{`þ6ô�|�{�}�y�|���{
üo�:|6xas�ý�|fy�xa��u�}�yVu�|6{A}axa|fþ#yVý8y5õ8y�x�ý�|M����x�}a�!þ6|�u û �È|�{`u�ôþ#y�u�s(�8��y's�xa��|�{�}�y�þ6�!ÿ�{�ýo|��!y�u%y�x��!u~}�y�u6�
��Ä�³
Å�Æ	Ç]¢��È·!�È·��ONC��� « ���G©�ª#"�Ï#��� «! <E" ¾ ©��
ª3"QP�4SR4�3�/¨T���3���2�/ª¬Ï#����U¡é�"�ª#"`¯  ª*<!��,"���CS"�­����;:�ª����,"�ª�§��  <E"	Ï��<¨+­��)¦/¨ f : {a, b, c, d} → {u, v, w, p} V CD"�<<§��  f(a) = u,
f(b) = v, f(c) = w, f(d) = p  �?�
¨����3���2�/ª ¾ ���2� «! ©�ª#"�Ï#����U
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��u�}"s�u�þ6xa��}"|�x��!s�utua|�y�õ�s û y�{g|�{D|6�!+�|6þ,+�s�ýo|=öAô�|b+8y û þ6�!|6x�}�yVuwõ�xas�õ��!|6ý8y�ý�|6u���ýo|�{�s�)���!{�y�ý8y�u¡À]¶Ã¿o¤�»cÀ]¤8¶�Á3³!>%õÃs�x���uas���s�x#c�ua��s(��ö
ôo|��<u��7ô�{2v�x"yV÷zs?��y�ud��|6xa�Ec8þ#y'�
þ�ô8yV�!öAô���|�x

sV}"xasGv�x"yV÷zsG��uas���s�x~÷zsGy2���t�!y�u�ý�|	��|?}�y��
�o����{���|�x��-c8þ�y�x����	s�x%|1��|���õ��!s�6
[]��_'ý�s�u�v�xayV÷zs�uG�!u�s��:s�x�÷zs�ufý�|	��|�{.}"|�{o|�x:|6������ua��s`{
üo�:|6xasÚý�|K����x~}"��þ�|�u û |6����!u��:s'{Aü��:|6xasGý�|�y�xa��u�}�yVu��
[]���¬_Ie
�

f : V1 → V2
|�u~}�y�����|�þ6|%ô�{���uas���s�x#c�ua��s�|�{�}"x�|%�!s�u�v�x"yV÷zs�u

G1 = (V1, E1)û G2 = (V2, E2),
|�{�}"s�{�þ�|6u�õ8y�xayGþ�y�ý8y

u ∈ V1
ua|�}"�!|6{�|�ö
ôo|

gr(u) = gr(f(u)).��u�}"|½}"�!õ�s±ý�|`xa|6uaô���}�y�ýos�ueu��!x#��|½õ8y�x"y±þ6s��:õoxas��8yVx�þ6s�{Ûþ���|�x�}"y¡÷]y�þ6�!�!��ý8y�ý�ö
ôo|
yV�!v�ô�{os�u�v�xayV÷zs�u�{�sGuas�{ �!u�s��:s�x�÷zs�u6�
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��Ä�³
Å�Æ	Ç]¢��È·!�È·��hNC��� « ����©�ª3"�Ï#��� «! <E" ¾ ©��<ª#"�PiUkj2¨+�
�3�/¨5���3���2�/ª¬Ï#���l:��  � V "��
¨Jm§��  "��������aCF�  ¨  ¨  <��G���*�5� ¨8Ò!�  ª�� «! ¯�Z�ª�C?�)­  �:° «! "�ª�����CD"�� Vn ¨  <�:�ª��9�  ª"�
gr(a) = 4,

�2�  ¨JC]ª#"��g§��  2 ¨  <o�  ©��<¨ « �G¨+�fÑ�"�°�¨J�¬¨
©�Ò
¨½¯�Z�ª*C?�)­  ­��
°A�D©�ª3" « �
�  "p U

��Ä�³A»/²uÀ�²uÀz¢H�AÕÃ¸ ß���C]� « �?"�ªG���_<!���'©�ª#"�Ï#��� «! <E" ¾ ©��
ª3"qPiU9rs�3�/¨`���3���2�/ª¬Ï#����U í6«! �:�"�ª3"t<E" ¾ ©��<ª#"�P�U9u
;
d�|Úy�+os�x"y±|�{my�ýo|���yV{A}a|µÀ�¹C³
¶ÃÁºÀ¬ÔB²�¤o»/³
ÅÚ¢o>.Çz¢=>.º7»T¤(@¼¢=>$À?>�¢�Å�¢7»�@)¢o>V� ��u�}as

ö
ôo�!|�x�|'ý�|6þ���x�öAô�|'{�s5ý��!u~}"��{�v�ô���xa|6��s�u�|�{A}axa|'|6��v�xayV÷zs
G û ��s�u�v�x"yV÷zs�u��!uas��:s�x~÷zs�u�y���)��d�|M+�|�þ,+�s(�Ãõ�ô�|�u~}"s5öAô�|'|6{*��y�ý�|�c8{��!þ6�!ÿ�{Mý�|Dv�xayV÷zs(��|6�	þ6s�{���ô�{�}"s2ý�|n����x~}"��þ�|�u û|��wý�|'yVxa�!u~}�y�u�uas�{*þ�s�{���ô�{A}as�uvc�{���}as�u���|6u�}�yV�:s�u���ý�|�{�}"�Ec8þ#yV{�ý�s�}"s
ý�s�u���s�u�v�x"yV÷zs�u�ý�|

��y'�:��ua�:y'þ6��y�u�|?ý�|?|6ö
ôo�-�Vy���|�{oþ���yf��ÿ
ý�ô���sf�!u�s���s�x#c�ua��sfý�|?v�xayV÷zs�u��

w�êyx z|{�}DrK~�íDì q ï�ò�ó/íDì
��y���s�u�y2|�u�}"y�����|�þ�|6x�ô�{8y5{�s���|�{oþ���y/}"ô�xay2|�u�õ�|�þ��!y��Bõ�y�x"y�yV�!v�ôo{�s�u�v�x"y/÷zs�u�õ�y�x�}a�!þ�ô!)
��y�x��:|6{A}a|D��{A}a|�x�|�u"yV{A}"|6u����%|�þ�s�xaý8yV�:s�u�|6��ü���}"�!�Gs:õ8Z�xaxayV÷zs5ýo|f�!y:ua|�þ6þ���ÿ�{`y�{A}a|�xa��s�x�6
�!ý�|6{A}"�Ec8þ�y��:s�uE�!s�u�v�x"yV÷zs�u���uas���s�x~÷zs�u��
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Óe³�Ô�¶/À]²uÀ]��¶��t·��È·]�mÞ  �«! ¨+���2�¬¨="�º7»T¤(@¼¢`²�¢�Å�Æ	Ç]³�Á3¢ «! n ¯�Z�ª�C?�)­  �H"�<o©�ª#"�Ï#�����9�2m:=<  Kn = (Nn, {{i, j} : 1 ≤ i < j ≤ n}) U�ß���C,�5����©�¨J� ¾ ­3"Ú§��  ­3" « "4:�"�ª «! ¯�Z�ª�C?�)­  � « ����CF�¬¨JC(���H�3�/¨q" « °�"
­  ¨JC  ��Ê¼¯  ª ¾ ©��
ª#"4PiU9uiu�Î�U

Óe³�Ô�¶/À]²uÀ]��¶��t·��È·��Oßl<È²uÀ]²�Çz¢ «! n ¯�Z�ª*C?�)­  � Cn

Ê
n ≥ 3

Î  �  <t©�ª3"�Ï#�t���9�;:=<  §��  CF�  ¨  ­����2�`­��/¨ [ �
¨JC(� «! ¯�Z�ª*C?�)­  � V = Nn,
°Ú­����2�½­��/¨ [ �<¨JC(� «! "�ª�����CD"�� E =

{{1, 2}, {2, 3}, . . . , {n− 1, n}}, {n, 1}} U'Ê$�  ª ¾ ©��<ª#"4PiU9u��!U Î

Óe³�Ô�¶/À]²uÀ]��¶��t·��È·��ON�"2»/�C³
¹w¤
Wn

�  ����C?�  ¨  "��=" « �  ¨ « �e�
¨±¯�Z�ª*CF�)­  " « �)­��)�/¨="�<"�<	­��)­�<!�
Cn

°a<E"��
n
"�ª*����CD"��g§��  ­��/¨  ­�CS"�¨ « �)­�Ñ8�f¯�Z�ª*CF�)­  " « �)­��)�/¨="�<w­��/¨8C,� « ����<!���

«! Cn.
é%� «! �2���  �3­�ª*�]���¬ª*<!�t"��� ]1

Mn = (Nn ∪ {o}, {{1, 2}, {2, 3}, . . . , {n− 1, n}, {1, o}, . . . , {n, o}}).
��Ä�³A»/²uÀ�²uÀz¢H�AÕÃÉ áA�]��� [ "�ªl<E"���ª��  a« "�� W3,W4,W5

°
W6.

Ê,X%����Z�ª�¯  �  §��  <E"?ª��  a« "
Wn

CF�  ¨  n+ 1
¯�Z�ª*CF�)­  �(Î�U

Óe³�Ô�¶/À]²uÀ]��¶��t·��È·��Rßl<�¶���²�� W ¢
Qn = (V,E)

���¬ª�¯  :�"�ª3"Hª  :�ª  �  ¨JCD"�ª�<E"��5�  m­��  ¨+­��?"�� «' n  <  �  ¨JC,��� «! <�­��/¨ [ �
¨JC(� A = {0, 1} Ê  � «! ­��¬ª V <E"��t�  ­��  ¨+­��?"��
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«! n ���9C9�(Î�UÜç;��  V = An «! �2� « �`§��  Qn

C?�  ¨  2n ¯�Z�ª*CF�)­  �`Ê)�<¨+��:8�/ª9­3" « "�  ­��  ¨+­��?" «! n ���9C9�(Î�U�N�"��5"�ª�����CD"��K�  M«! ¾ ¨  ¨��  ©�Ò
¨�<E"Q����©��!�  ¨JC  ­��/¨ « �)­��)¦/¨�1
{(a1, . . . , an), (b1, . . . , bn)} ∈ E

���=°��3��<E"��  ¨JC  ��� Σn
i=1|ai − bi| = 1

U�ß���C,�  � VÑ�"�°:�
¨="K"�ª*����CS"  ¨JC]ª  ­3" « "�:�"�ª «! ¯�Z�ª�C?�)­  �D§��  ��"�CF���zÏ	"3©i"�¨5<E" ­��/¨ « �)­��)¦/¨ «! §��  ���4�  ­��  ¨+­��?" «! ���9C\�M"��3�3­��?" « " « � ¾  ª  
 ¨*�
¨½Ò<¨J�)­��:���9C�Ê$�  ª ¾ ©��
ª3"�PiU9u��6Î�U

�BÄ�³A»V²uÀ]²uÀz¢.�7�AÕkáA�]��� [ "�ª  <�­��o��� Q3.
� ��v�ô�{8y�u���|�þ6|�u	ô�{�v�x"yV÷zs�}a�!|6{�|F��yEõ�xas�õ��!|6ý8y�ý�ý�|FöAô�|�uaôgþ6s�{���ô�{�}"s�ý�|d����x�}a�!þ6|�uwua|

õoô�|�ý�|?ý��E�<��ý���x�|�{eý�s�u�uaô(��þ6s�{���ô�{�}"s�u%ý��!u9��ô�{A}as�u�ý�|��2yV{�|�xayföAô�|�}as
ý8y�u��!y�u�y�xa��u�}"y�u
uayV}"��u�÷]y�þ6|�{:��y�þ�s�{oý��!þ6�!ÿ�{Gý�|�þ6s�{�|6þ6}"y�x=ô�{a����x~}"��þ�|�ý�|�ô�{�sgý�|��!s�uFýos�u�uaô(��þ6s�{���ô�{�}"s�u
þ6s�{Úô�{����6x�}a�!þ6|�ý�|��FsV}"xaso�t�	s�x?|���|6�:õo�!s(�tþ�s�{oua�!ýo|�xa|6�:s�u�|���v�x"y/÷zs öAô�|�xa|6õ�xa|6ua|6{A}�y
��s�u?�:yV}"x��!�Gs�{���s�u�ý�|�ô�{8y ýo|6}"|6xa���!{8yVý8yeþ6�!ô�ý8yVýÈ��.ts�uA����x�}a�!þ6|�uguas�{��!y�u?õ�|�x�uas�{�y�u
þ�y�u"yVý8y�u�ý�|�|6u"y þ6�!ô�ý�y�ý�� û u�|�|�u�}"y�����|�þ�|�ôo{8y9yVxa�!u~}�y�|6{A}"x�|��!s�u�ý�s�u����!|��
�oxas�u�ý�|þ�y�ý8yG�:yV}axa�!�Gs�{���s��B���tv�xayV÷zs�y�u#^ts��o}a|�{���ý�sf}"��|�{�|���y'õ�xas�õo�!|6ý8y�ýeý�|�u�þ�xa��}�yo�
Ó�³�ÔB¶
À]²uÀ]��¶��È·��È·!�kÞ  �« �)­  §��  �<¨'©�ª#"�Ï#�����9�;:=<  G = (V,E)  � W À]Æw¤�»3ÁºÀ]¹w¢4�������­��/¨ [ �
¨JC(� «! ¯�Z�ª*C?�)­  � V �  :��  a«! M #B :�ª  ��"�ªg­����2�2<E"��
¨J�)¦/¨ «! g« ���;���o��­��/¨ [ �
¨JC,���¨+�¡¯�"
­� )�$� « ��� [ �<¨JC(��� V1 ° V2 «! �a"�¨  ª3".§��  ­3" « "�"�ª*����CD" «! <�©�ª#"�Ï#��­��/¨  ­�CD"�
¨®¯�Z�ª*C?�)­  Ú«! V1 ­��/¨m�
¨®¯�Z�ª*CF�)­  Â«! V2. ß���C(�  � V ¨+�  #B ����C  ¨J�¬¨
©��
¨="�"�ª*����CD"
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 ¨JC�ª  �« ���'¯�Z�ª*C?�)­  � «! V1 ¨J�  ¨JC]ª  �« ���'¯�Z�ª*CF�)­  � «! V2 1n��� {u, v} ∈ E  ¨JC(�/¨+­  �
|{u, v} ∩ Vi| = 1 V i = 1, 2

U'Ê$�  ª?�<¨  \[] �;:=<!�  ¨5<E" ¾ ©��
ª3"�PiU9u p U Î
��Ä�³A»/²uÀ�²uÀz¢H�7���æã=���;:Ãª"���,"�ª?§��  K3

¨+�  �D����:�"�ª*CF� « � V °5§��  C6  �g����:�"�ª�C?� « ��U

Óe³�Ô�¶/À]²uÀ]��¶��t·��È·�£kÞ  " V1 = Nm
°
V2 = {1′, ...,m′} Uæßb<�©�ª#"�Ï#� W ÀzÆw¤�»3ÁºÀ�¹C¢²�¢ÃÅÚÆ�Çz³�Á3¢

Km,n = (V,E)
�  D«! ¾ ¨  ­����2� V = V1 ∪ V2

°
E = {{n, n′} : n ∈

V1, n
′ ∈ V2}

U�ß���C,�  � V V �  :��  a«' � #B :�ª  ��"�ªE­����2�v<E"��
¨J�)¦/¨ «! E« ����������­��/¨ [ �
¨JC(���
« ��� [ �<¨JC(��� V1 «! m ¯�Z�ª*C?�)­  ��° V2 «! n ¯�Z�ª*CF�)­  � V�«! �a"�¨  ª#"2§��  ­3" « "G¯�Z�ª�C?�)­  �«! 
V1  ��CD�Ú­��/¨  ­�CS" « �*­��/¨&C,� « ���a<!���:¯�Z�ª*C?�)­  � «' V2 °9¨J�¬¨
©��<¨�"q"�ª*����CD"Ú­��/¨  ­�CD"M�<¨:�"�ª «! ¯�Z�ª�C?�)­  � «! V1 ¨J� «! V2 U'Ê$�  ª ¾ ©��
ª#"4PiU9uiPiU Î

��Ä�³A»/²uÀ�²uÀz¢H�7�<� áA�]��� [ "�ª�<!����©�ª#"�Ï#��������:�"�ª*C?� « �$��­����;:=<  C(��� K2,5

°
K3,4.

á  C  ª*�2�9m¨="�ª  <È¨8Ò'�  ª"� «! "�ª*����CD"�� «! <7©�ª#"�Ï#� Km,n.

��Ä�³A»/²uÀ�²uÀz¢H�7�<� �  ª*� ¾ ­3"�ªM���_"�< ©��
¨+� «! <!����©�ª#"�Ï#�$� «' <E"K����©��!�  ¨JC  <g����CD"  �G���3��m�2�/ªzÏ#�a"4"�< ©��
¨+� «! <!���?ª  ��CD"�¨JC  ��1 K4, W3

°
K1,3.
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j��g¡��¢��� > 0£� � �l���I¤�¥ >k��-úl_� ��ùb�%0 h U â
��Ä�³
Å�Æ	Ç]¢��È·!�È·�¥ Öw¨�":ª  a«5«! ��ª  "a<!�3­3"�<!:  ª*�2�9C  ­��/¨  ­�CS"�ªg�/ª «! ¨=" « �/ª  �  ¨JC]ª  �� °g­��/¨ « � Ï  ª  ¨JC  �£:  ª*� Ï]Z�ª��)­���� V ­����2�v�9�;:�ª  �3�/ª3"�� V �3­3"�¨8¨  ª,� V¦ C(­�U�ç;< ©��
¨="�� «! _ ��CD"��ª  a«! �  ��CD��¨ « ���  �=" « "��g­��/¨���� «! ª#"�¨ « �'�
¨="tC(�,:8�0<��"©� ?"GCF��:8�  ��C�ª  <9<E" V ­3"�ª#"
­�C  ª*�E§�" « ":8�/ª  <�Ñ  ­�Ñ8� «! §��  C(� « ���a<!��� « ���1:8�����9CF�¬¯����  ��CD��¨�­��/¨  ­�CD" « ���t"9�<¨ « ���1:8�����9C?�¬¯��
«! ­��/¨JC�ª"��<t­  ¨JC]ª#"�<EU�ß=¨9�
¨="fª  a«�«! � ��C  C?��:8� V <!���;�  ¨���" [] ��§��  �  A ¨8¯3 ?"�¨ «! �<¨
« ���1:8�����9CF�¬¯���"���C]ª"��:�"���"�¨t���  �;:�ª  :8�/ª  < « ���1:8�����9C?�¬¯�� «! ­��/¨JC]ª���<Ã­  ¨JC]ª3"�<EU�ÖC¨="Dª  a«
«! ��ª  "s<!�3­3"�< «! � ��C  C?��:8���  :��  a«! ª  :�ª  �  ¨JCD"�ªf�!CF�9<g�E§]"�¨ « ���
¨Â©�ª#"�Ï#�*­����;:=<  C(�
K1,n

U�X¨C�ª#"��5ª  a«! � «! ��ª  "�<!�3­3"�<  ��CS��¨��,"���" « "��  ¨H�<¨="�C,�,:8��<!�a©� ?"5CF��:8��"�¨J�9<9<!� V
 ¨¢<E".§��  ­3" « " « ���1:8�����9C?�¬¯��  ��CS��­��/¨  ­�CD" « ��Ò
¨J�)­3"��  ¨JC  ­��/¨ ��C]ª"��� « ���*°&<!����  ¨���" [] ���  G ¨8¯3 ?"�¨ «! �
¨ « ���1:8�����9C?�¬¯���"M��C]ª"�4"�< ª  a«! a« �/ª «! <B­��)­�<!� V Ñ�"���CD"e§��  G <�  ¨���" [] G ¨¡­��  ��C?�)¦/¨�<9<  ©i"K"����Mª  ­  :=C(�/ª	U�N�"��Dª  a«! � «! ��ª  "4<��T­3"�< «! G ��C  C?��:8��  �2� «! <g�E§�"�¨½�!CF�9<g�E§�"�¨ « �t<!��� n ma­��)­�<!��� Cn

U�X¨C]ª#"0�gª  a«! � «! ��ª  "4<��T­3"�<��3�/¨ «! �<¨CF��:8�eÑ
 ]��ª�� « � «! <©"0� « ���tC(�,:8��<!�"©� ?"���"�¨JC  ª*�)�/ª  ��U�ªJ"�<��  ª� ?"  <�­3"��3� «! <E"��:ª  a«! �§��  �2� «! <g�E§�"�ª� ?"��2�]���!CF�9<«�E§�"�¨ « �  <7©�ª#"�Ï#� Wn.

� {�y��!��þ�|6�:s�u:y��!v�ô�{�s�u:ý8yV}"s�u5uas���xa|*þ#yVý8y¡ô�{os±ý�|*|�u~}"s�u5v�x"yV÷zs�u��­¬�u"yV�:s�u5�!y
{�s�}�yVþ���ÿ�{

G = (V,E)
�®.ts�u þ�ÿ���õ�ôo}as�u ua|Q�8y�uay�{m|6{m��y�ueý�|�c8{��!þ6�!s�{o|�u ý�|Ú�!s�u

ý��!u~}"�!{�}"s�u5v�x"y/÷zs�u û |�{ |6��}a|�s�x�|��:yH^<�-���-� i �¯.Cy&��|�x"yVþ��!ý�y�ýÛý�|Â�!y�u5÷zÿ�x��fôo��y�u5u�|
ý�|��'ô�|6u�}"xayGõ�s�x%��{�ý�ô�þ6þ���s�{�6

° »T¤(@¼¢ |V | |E| gr(v)

Kn n n(n−1)
2

n− 1
Cn n n 2
Wn n+ 1 2n gr(i) = 3, (1 ≤ i ≤ n)

gr(o) = n
Qn 2n n2n−1 n
Kn,m m+ n mṅ gr(i) = m, (i ∈ V1)

gr(j) = n, (j ∈ V2)

w�êS± ²kín~eì�³tï�rK´¨´lµ�¶M~ ñ4·¸}�ï�ò�ó/ígì
�F{e|6u�}"yfua|6þ�þ���ÿ�{eõ�x�|�ua|6{A}"y��:s�u%y��!v�ô�{8y�u�s�õ�|6x"y�þ6�!s�{�|6u���Z�ua��þ#y�uEþ�s�{ev�xayV÷zs�u��<|�u�}asG|�u	�
�2y�{o|�x"yVu%ýo|�þ6s�{�u~}"xaô���x�v�x"yV÷zs�u�{
ô�|���s�u�yGõ8y�x~}"��x�ýo|�sV}"xas�u��
Óe³�Ô�¶/À]²uÀ]��¶��t·��C·]� Öw¨¹>#� W º7»T¤(@¼¢®Ê¼ª  �1:  ­�C?�¬¯�"��  ¨JC  >#� W ¹
À]º7»T¤(@¼¢�Î «! �
¨M©�ª3"�Ï#����9�;:=<  Ê «! �
¨ « ��©�ª#"�Ï#��Î G = (V,E)  �`�
¨ ©�ª#"�Ï#� Ê¼ª  �1:  ­�C?�¬¯�"��  ¨JC  ½« ��©�ª3"�Ï#��Î
H = (V ′, E ′)

CS"�<C§��  V ′ ⊆ V
°
E ′ ⊆ E.
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\���v�ô�x"yG^
�-�3S'6

º ��u3�6x#��|6ua|DöAô�|�|�u~}�y�ýo|	c8{���þ���ÿ�{ u�|�|�p
}"��|�{�ýo|�ý�|?÷zs�x��2y'{8yV}aô�x"yV�CyG�'ô���}"��v�xayV÷¬s�u
s��'ô���}"��ý���v�x"y/÷zs�u��ou��!|6{�ý�s

E ′
ôo{8yGuaô(�<÷]y��:���!��yDý�|

E
�

�GW >6³
»3¿o¤8²uÀz�Ã¶��È·��w·��kÞ��E�
¨Â©�ª#"�Ï#�
G
C?�  ¨  �<¨Q�����(©�ª#"�Ï#� G′ °½��C]ª��:©�ª#"�Ï#� H ¨+�

CF�  ¨  ¨J�¬¨
©�Ò
¨
�����(©�ª#"�Ï#�v���3���2�/ª¬Ï#�;" G′  ¨JC,�/¨+­  � G ° H ¨+��:Ã�  a«! ¨
�  ª����3���2�/ªzÏ#����Uß�¨�<E" ¾ ©��
ª3"8PiU9u!»  <C©�ª#"�Ï#� G CF�  ¨  �<¨`©�ª#"�Ï#�4���3���2�/ª¬Ï#�s" C3 V �2�  ¨JC]ª#"���§��  H¨+�a<!�GCF�  ¨  ,V=«! �2� « �:§��  G ° H ¨+�
�3�/¨5���3���2�/ªzÏ#����U
Óe³�Ô�¶/À]²uÀ]��¶��t·��C·��ON�"M�	¶
Àz�Ã¶ «! 9« ���:©�ª3"�Ï#�������9�;:=<  � G1 = (V1, E1)

°
G2 =

(V2, E2)  �  <A©�ª3"�Ï#�H���9�;:=<  (V1∪V2, E1∪E2) V ©�ª#"�Ï#�g§��  �  �«! ¨+��CD"_:8�/ª G1∪G2.
��Ä�³
Å�Æ	Ç]¢��È·��C·��Rßb<8©�ª#"�Ï#�

H «! <E" ¾ ©��
ª#"tPiU9u(R  ���
¨s���o�(©�ª3"�Ï#� «! <�©�ª#"aÏ#� K3,3,
°

<E"��
¨J�)¦/¨ «! <!����©�ª#"�Ï#��� G1 ° G2 «! <E" ¾ ©��<ª#"  �  </©�ª3"�Ï#� G1∪G2 "�<9<  8ª  :�ª  �  ¨JCD" « ��U
��Ä�³A»/²uÀ�²uÀz¢H�7�A�ká  �2����C�ª#"�ª�<E"��n" ¾ ª*�a"
­��)�/¨  � «! <  \[] �;:=<!�a"�¨JC  ª*�)�/ª	U

Óe³�Ô�¶/À]²uÀ]��¶��t·��C·��Oßl<	Æw»T¢t¹	�w²�Á3¢ «! e« ���G©�ª#"�Ï#���a���9�;:=<  � G = (V,E)
°
G′ =

(V ′, E ′)  �  <7©�ª3"�Ï#�
���9�;:=<  
G×G′ = (V × V ′, E”)
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\��!v�ô�x"yG^<�E� Ø 6�¬�{ õ�xas
ýoô�þ6}as:ýo|?v�x"yV÷zs�u

« �/¨ «! E”  �  <E­��/¨ [ �
¨JC,�?Ï#�/ª��a" « �2:8�/ªaC(� « "��t<©"0��"�ª�����CD"�� «! <E"DÏ#�/ª*�a" {(a, b),
(a′, b′)} CD"�<  �D§��  �2���  ¨ a = a′

° {b, b′}  �?�<¨="�"�ª�����CD" «' G′ V�2���  ¨ b = b′
° {a, a′}  �?�<¨="�"�ª�����CD" «' G U

�BÄ�³
Å�Æ�Çz¢¡�È·��C·�£ON�" ¾ ©��<ª#"4PiU9u�j��f�  ��C]ª3":�<¨�:�ª"� « �8­�C,� «! ©�ª#"�Ï#����U
�BÄ�³A»V²uÀ]²uÀz¢.�7�
�Ëã=���;:�ª"���,"�ªg§��  a <B­��o��� Q3  �n���3���2�/ª¬Ï#��"�<Ã©�ª#"�Ï#��:Ãª"� « �8­�C,� «! <­��o���±��� « �9�  ¨����)�/¨="�< Q2 °  <?­��o�����
¨J� « �9�  ¨����)�/¨="�< Q1. ß=¨�©  ¨  ª#"�<¨�  :��  a«! «! �2����C]ª#"�ª�§��  Qn = Qn−1 ×Q1

U
�2W >�³A»3¿o¤8²uÀ]��¶��t·��C·�¥úßl<�©�ª#" « � «! �
¨:¯�Z�ª�C?�)­  (v, v′)  ¨  <�©�ª3"�Ï#��:�ª"� « �7­�C(� G×G′
 � gr((v, v′)) = gr(v) + gr(v′)

U�á'�/¨ «! gr(v)  �  <�©�ª#" « � «! <t¯�Z�ª*C?�)­  v «! G °
gr(v′)  �  <�©�ª#" « � «! <È¯�Z�ª*CF�)­  v′  ¨ G′ U
�BÄ�³A»V²uÀ]²uÀz¢.�7�
£Oá  �2����C]ª#"�ª�§��  n <i:�ª"� « �8­�C(� «! �
¨5©�ª#"�Ï#�����9�;:=<  G ­��/¨ n ¯�Z�ª*C?�9m­  ��° m "�ª*����CS"���°e��C]ª"�

G′
­��/¨

n′
¯�Z�ª*CF�)­  ��° m′ "�ª*����CS"��  �?�<¨e©�ª#"�Ï#�
���9�;:=<  ­��/¨

nn′
¯�Z�ª*CF�)­  �?° nm′ +mn′

"�ª*����CS"���U
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Óe³�Ô�¶/À]²uÀ]��¶��t·��C·�¸kÞ  "`�
¨±©�ª#"�Ï#� G = (V,E) VD« �¬ª  �2����§��  G′ = (V ′, E ′)  ��<¨="fÆw¤�»3ÁºÀ]²uÀ]��¶ «' G ���  �D�
¨*©�ª#"�Ï#�5§��  �  ����CF�  ¨  '« �¬¯�� « �  ¨ « ��"�< ©��
¨="�� «! <E"��"�ª�����CD"�� «! G U�ß���C  :�ª"�3­  �3� «! �« �¬¯������)¦/¨e­��/¨�������C  ; ¨��¬¨JC]ª"� « �7­��¬ªE�
¨5¯�Z�ª*CF�)­  a /∈ V"�<�­��/¨ [ �
¨JC(� «! ¯�Z�ª�C?�)­  �e°�������C?�9C��!�¬ª �
¨="¼"�ª*����CD" {u, v} ∈ E

Ê¼ª  �1:  ­�CF�¬¯�"��  ¨JC  
(u, v)

���
G  � « �¬ª*��©�� « ��Î�:8�Vª « ���8"�ª*����CS"�� ¨8�  ¯�"�� VG«! <E":Ï#�/ª��a" {u, a} V {a, v}Ê¼ª  �1:  ­�C?�¬¯�"��  ¨JC  (u, a) V (a, v) Î�U

��Ä�³
Å�Æ	Ç]¢��È·��C·�ÉkÞ  " G = ({1, 2, 3}, {{1, 2}, {2, 3}})  ¨JC,�/¨+­  �

G′ = ({1, 2, 3, 4}, {{2, 3}, {1, 4}, {4, 2}})

 ���
¨="�:�"�ª*CF�)­��)¦/¨ «! G V ¯  ª ¾ ©��<ª#"4PiU9uiriU

w�ê3w ½Y·�¾eï�·%ì�·_~2³wòn´lµ�¶M~ ñK·¸}?ï�ò�ó/íDì
�F{�|�u~}�yMu�|�þ6þ���ÿ�{���|6xa|���s�ugý��!u~}"�!{�}�y�u?�2yV{�|�xay�ugýo|2x�|�õ�x�|�ua|6{A}"y�x'v�x"yV÷zs�u��¹e
|�v�üo{¡|��
õ�xas��o�!|��:y'öAô�|�u�|�öAô���|�x"yGy���s�x�ý8y�x	��ô�{8y�u%ô s�}ax"y�u�xa|6õ�xa|6ua|�{�}�yVþ��!s�{�|�u�xa|�u�ô���}"y�{ �:Z�u
y�ý�|�þ6ô8y�ý�y�u��

¿�ÀD¿¨À#Á ÂÄÃ�Å;Æ�Ç�ÈlÉ'Ã¢Ê;ÈvÇÌËÍÇ�É!Î(Æ�Ï/Å;Ã¢Ç�ÅvÐ�Ç�Ñ7Ã�È;ÑoÆ�Ç�Ò
¬�{8y ýo|���y�u�÷zs�xa�:y�u�ý�|�xa|6õ�xa|6ua|6{A}�yVxgô�{Úv�x"y/÷zs¹>4À]Å�Æ	Ç]³Ú|�ug��|6ý���y�{�}"|fô�{8y ýo|�uaô�u
Å�¤oÁ3»cÀ]²�³'>'¹w³M¤8¹�Ó�¤8²�³
¶	²uÀz¤J>��
d�y�ýos�ô�{Dv�xayV÷zs

G = (V,E),
õ�y�x"y�þ6s�{�u�}axaô���xwô�{8y�ý�|=uaô�u	�2y/}"xa��þ�|6uwýo|�y�ý û y�þ6|�{')þ���yVu��Ã{�|�þ6|�ua��}�y���s�u�s�x�ý�|�{�y�x�uaô�u;����x~}"�!þ6|�u6��e<�	|��	v�x"y/÷zs2}a�!|6{�|

n
����x�}a�!þ6|�u�� |V | = n

�
û �!s�uEs�x�ý�|�{8yV�:s�u�þ6s���s V = {v1, v2, ..., vn}

�o��yD�2y/}"xa�-
�ý�|?yVý û y�þ�|6{�þ6��yfý�| G þ�s�{xa|�u�õ�|�þ�}"s�yD|6u"y's�x�ý�|�{8yVþ��!ÿ�{5ý�|���s�u�����x~}"�!þ6|�uE|�uE�!yg�2y/}"xa�-

A = (aij)

ý�|
n
c8�!y�u û nþ�s���ô���{8y�u�ýo|6}"|6xa���!{8yVý8yfõ�s�x���y'ua��v�ô��!|6{A}a|�þ�s�{oý��!þ6�!ÿ�{76

aij =

{

1 si {vi, vj} ∈ E
0 si {vi, vj} /∈ E.

��Ä�³
Å�Æ	Ç]¢��È·!�È·]�mÞ  "a:JÔ/ª  \[] �;:=<�Ô  <w©�ª3"�Ï]Ô K3
U±ãbÔ���ÔKC?�  ¨  �*¯�Z�ª*CF�)­  � V ­�Õ�"�<gm§�Õ'�  ª8�a"�C]ª*�E§ «! " « °�"<­  ¨+­��?"�� «! K3 «' �Ö� �  ª «! CS"��a"��7Ô 3 × 3

U Þ��  ¨ « Ô  <©�ª3"�Ï]Ô9­,Ô��;:=<  C�Ô V C�Ô « "s�a"�C]ª*�E§ «! " « °�"
­  ¨+­��?"��  ��CS�?Ï]Ô/ª*�a" « "
:JÔ/ª
Õ
¨7Ô��M��"�< ¯�Ô  ¨<E" « �?"3©!Ô/¨="�< V�« Ô/¨ «! Ñ�"�°.­  ª×Ô��¡Ê#Ô Ö ��Z�ª�¯  �  §�Õ  Q ¨  ��C  Q \[] �;:=<�ÔQ<E"&�a"�C�ª*�E§ «! " « °�"
­  ¨+­��?"��  �A�¬¨ «! :  ¨ « �  ¨JC  ?«! <E"KÔ/ª «! ¨="
­��)¦/¨ «! <�<-Ô$�?¯�Z�ª*C?�)­  �¼Î�Ø
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\���v�ô�x"yG^
� h ��6





0 1 1
1 0 1
1 1 0





�GW >6³
»3¿o¤8²uÀz�Ã¶��È·��t·��ON�"��a"�C]ª*�E§ «! " « °�"
­  ¨+­��?"�� «! Õ<¨�©�ª3"�Ï]Ô����9�;:=<  � ��Õ
¨="�a"�C�ª*�E§A���9��Z�C�ª*�)­3"MÊ
aij = aji

:�"�ª3"e­�Õ�"�<  ��§�Õ!�  ª3" i ° j) ° aii = 0
:�"�ª#"e­3" « " i U

��Ä�³A»/²uÀ�²uÀz¢H�7��¥ ãbÔ/¨���C�ª*Õ!�¬ª�Õ<¨="��a"�C]ª*�E§ «! " « °�"
­  ¨+­��?"���:�"�ª#"±­3" « "qÕ
¨7Ô «! <�Ô������©�Õ'�  ¨JC  ��©�ª3"�Ï]Ô���Ø K4, C4, W3

°
K3,2.

��Ä�³A»/²uÀ�²uÀz¢H�7�<¸èÖ¦C?�9<g�E§�"�ª�Õ
¨="��a"�C�ª*�E§ «! " « °�"
­  ¨+­��?"��l:�"�ª3":ª  :�ª  �  ¨JCD"�ª�<�Ô���©�ª#"�mÏ]Ô�� «! <E" ¾ ©�Õ<ª#"4PiU���Ü�U

�GW >6³
»3¿o¤8²uÀz�Ã¶��È·��t·��ON�"��v�a"�C�ª*�)­  � «! " « °�"
­  ¨+­��?"���CD"�� Ö �DZ�¨��  :=Õ  a«! ¨KÕ!CF�9<g�E§]"�ª:�"�ª3"�ª  :�ª  �  ¨JCS"�ª	©�ª3"�Ï]Ô���¨7Ô « �¬ª���©�� « Ô���­,Ô/¨G<©"$§$Ô$��°�"�ª�����CD"��b�fÒ!<gCF��:=<  ��U�ç;��  V Õ
¨a<E"�§�Ô
 ¨  <�¯�Z�ª*CF�)­  vi

¯��  ¨  ª  :�ª  �  ¨JCS" « Ô
:JÔ/ªGÕ<¨ 1  ¨&<E"a:JÔ����)­��)¦/¨ aii «! <E"5�a"�C]ª*�E§«! " « °�"
­  ¨+­��?"iUÛÞ��v�  C]ª3"�CD" «! �2Õ!<gCF��©�ª#"�Ï]Ô�� Va ¨Ý<E"s:JÔ����)­��)¦/¨ aij «' <E"��a"�C]ª*�E§­,Ô�<�ÔT­3"�ª  ��Ô��  <�¨8Ò'�  ª×Ô «! "�ª*����CS"��2§�Õ  ­,Ô/¨  ­�CD"�¨  <F¯�Z�ª*C?�)­  vi

°  < vj.
ç;��  V ���C  ¨  ��Ô��H�t"�ª�����CD"��  ¨(C�ª  n <Ã¯�Z�ª*C?�)­  vi

°  < vj,
:JÔ/¨ « ª  ��Ô�� aij = 3.

ß=¨`­�Õ�"�<�§�Õ'�  ª­3"���Ô V C�Ô « Ô��A<�Ô���©�ª3"�Ï]Ô���¨7Ô « �¬ª*��©�� « Ô���CF�  ¨  ¨q"���Ô3­��?" « "����a"�C]ª��)­  �;���9��Z�C�ª*�)­3"���U
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�2W >�³A»3¿o¤8²uÀ]��¶��t·��È·��Rß�¨  <8­3"���Ô «! <�Ô��B©�ª3"�Ï]Ô�� « �¬ª*��©�� « Ô���<E";���9C?Õ�"
­��)¦V¨  �����9�2�9<E"�ª	Uß=¨G<E"b:JÔ����)­��)¦/¨

aij

"�:�"�ª  ­  ª#�;Õ
¨ 1 ����Ñ�"�°vÕ
¨="A"�ª�����CD" « �¬ª*��©�� « "�­�Õ
°�Ô�¯�Z�ª*CF�)­  �¬¨J�)­��?"�<
 � vi

°e­�Õ
°�Ô�¯�Z�ª*C?�)­  ¾ ¨="�<  � vj

°aÕ
¨�­  ª,Ô  ¨Ú­3"���Ô5­,Ô/¨JC�ª#"�ª*�DÔ�UX Ö ��Z�ª�¯  �  §�Õ  <E"��_�a"�C]ª��)­  � «! " « °�"
­  ¨+­��?"��_"���Ô3­��?" « "���"�©�ª#"�Ï]Ô�� « �¬ª���©�� « Ô���¨7Ô��Ô/¨*¨  ­  ��"�ª*�?"��  ¨JC  ���9��Z�C]ª��)­3"���U

¿¨ÀD¿¨ÀSÞ ÂÄÃ�ÅvÆyÇ�ÈbÉ'Ã¢Ê;È;ÇßËÍÇ�É'Î�ÆyÏàÅ;Ã¢ÆyÈvÑ7Æ�Å;Ã�ÈvÑ7ÆyÇ�Ò
º }axas'��s
ý�s'ôouaô8y��Ãý�|�xa|6õ�xa|6ua|�{�}�y�x�v�x"yV÷zs�u�|�uEôo}"���!�-
�y�{�ý�sg�:yV}"x��!þ�|6u�ýo|��!{�þ6�!ý�|6{�þ��!y�u��

e<|#y
G = (V,E)

ôo{¡v�xayV÷zs9{�s9ý��!x��!v���ý�s þ6s�{ |V | = n û |E| = m
�se<|#y9ô�{8y

s�xaý�|6{8y�þ���ÿ�{Âý�|��!s�u�����x~}"��þ�|�u�ý�|
G
�wý��!v�y��:s�u

v1, v2, ..., vn

� û ô�{8y s�xaý�|6{8y�þ6�!ÿ�{Âý�|�!y�u�y�xa��u�}"y�u=ý�|
G
�oýo�!v�yV�:s�u

e1, e2, ..., em
�d.wyDÅ�¤oÁ3»cÀ\á5¹C³�À]¶	²uÀ]¹C³<¶w²uÀz¤J>�ý�|

G
þ6s�{

x�|�u�õÃ|6þ6}asey:|�u"y2s�x�ý�|�{�y�þ���ÿ�{Mý�|D��s�u�|6�!|6�:|6{A}as�u�ý�|
V û E |�u���y��:yV}"x���
 B = (bij)ýo|

n
c���y�u û m þ6s��!ô���{8y�uEý�|	c�{��!ý8yfõ�s�x%�!yfu��!v�ôo�!|�{�}"|�þ6s�{�ý���þ���ÿ�{�6

bij =

{

1 si vi ∈ ej

0 si vi /∈ ej.

�BÄ�³
Å�Æ�Çz¢¡�È·��È·��kÞ��  ¨ « Ô G = ({a, b, c, d}, {{a, b}, {b, c}, {c, d}, {d, a}, {d, b}}),<E"5�a"�C�ª*�E§ «! �¬¨+­�� «! ¨+­��?"�� «! G ­,Ô/¨Üª  �1:  ­�C1Ô5"�<E"�Ô/ª «! ¨="
­��)¦/¨ a, b, c, d «! ��Õ��¯�Z�ª*C?�)­  �?° {a, b} V {b, c} V {c, d} V {d, a} V {d, b} «! ��Õ��M"�ª*����CD"�� V¨ ��<E"t�a"�C�ª*�E§








1 0 0 1 0
1 1 0 0 1
0 1 1 0 0
0 0 1 1 1









.

�2W >�³A»3¿o¤8²uÀ]��¶��t·��È·�£Oá  �a"�¨  ª#"�"�¨=��<�Ôa©i"Q"Q<©"0�4�a"�C]ª*�)­  � «! " « °�"
­  ¨+­��?"�� V <©"
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w�êyæ ²Rò�î µ�~�ígìlç8´bµ�´l{�íDìéè }?ïBò?óVígìY´�íM~4·lê2íDì
.Cs�u�v�xayV÷zs�uEu�|?y�õ��!��þ#yV{��<|�{�}"x�|�s�}"x"yVuEþ�s�uay�u���|�{e��s
ý�|���s�u�ý�|�x�|�ý�|6u%ý�|�}"xay�{�u�õ�s�x�}"|�s
|�öAô��-�/y��!|6{A}a|���|�{�}"|Dxa|6ý�|�u�ý�|Dþ6s��'ô�{���þ#y�þ6�!ÿ�{+�v��y û þ6ô�|�u~}"�!s�{�|�u����:õ�s�x~}�yV{A}"|6u�u�s���x�||�u�}"y�uExa|6ý�|�uEöAô�|�ua|�x�|��!y�þ���s�{8y�{:þ�s�{�|6�+þ6s�{�þ6|�õo}asfý�|:­,Ô/¨  #B �)¦/¨ û þ�s�{5|��Ãý�|�­3"��2�¬¨7Ôô�{��!|6{�ý�s'ýos�ub����x�}a�!þ6|�u����	s�x�|1��|���õ��!sg|�uE��{A}a|�xa|6u"y�{�}"|�u"y0��|�xEu��Ãý�s�u�{�s
ý�s�u�ý�|���y�xa|6ý
|�u�}"Z�{eþ�s��fôo{��!þ�y�ý�s�u�|�{�}"xa|�u#^D�ou��+}"s
ýos�uE�!s�u�{�s
ý�s�uE|�u~}�Z�{eþ�s��fôo{��!þ�y�ý�s�u�þ�s�{5}"s
ý�s�u	�
seþ�ô8ZV�B|�u?|6���a^!{o�!�Gs5{Aü���|�x�seý�|fþ#y�����|�u�[]s�þ#y�x�xa|�}"|�xay�u�_�ö
ôo|Gý�|���|6{Ú|�p
}axas�õ�|�y�xau�|
õ8y�x"yÚö
ôo|½�!yÚxa|6ý�{�s¡þ�s�{o|�þ6}a|*}"s
ýos�u2�!s�u:{�s
ý�s�u2|�{�}"xa|*u#^)�®��{�|�u�}a|½u�|�{�}"�!ýos±�!y�u
ua�!v�ô��!|6{A}a|�u%ýo|	c8{���þ���s�{�|6u%uas�{ ý�|?ôo}"���!��ý�y�ýÈ�
Óe³�Ô�¶/À]²uÀ]��¶��t·�£È·]� Öw¨2²�¤�Å9À�¶C¢½¹C³ Çz¢Ã¶Cº�ÀzÁ3�	¹

n  ¨JC]ª  <�Ô���¯�Z�ª�C?�)­  � a ° b «! Õ<¨©�ª3"�Ï]ÔG¨7Ô « �¬ª*��©�� « Ô  �AÕ<¨="G��Õ7­  ���)¦/¨ ¾ ¨J�9CS" (e0, ..., en−1) «! "�ª*����CS"�� «! <7©�ª3"�Ï]Ô

e0 = {v0, v1}, e1 = {v1, v2}, ..., en−1 = {vn−1, vn}

«! �a"�¨  ª3"2§�Õ  v0 = a V vn = b
°e­3" « "�"�ª*����CS"G��Õ8­  ���¬¯�"  �;:=�  §�" « ÔV¨ «' C  ª*�2�¬¨+¦<E"
"�¨JC  ª��DÔ/ª	U�Þ��  <A©�ª#"�Ï]Ô  �¨���9�;:=<  ,V� <Ã­3"��2�¬¨7Ô (e0, ..., en−1)

§�Õ  a« "�:  ª¬Ï  ­�CS"��  ¨JC  
«! C  ª*�2�¬¨=" « Ô;:JÔ/ªA<E"G��Õ7­  ���)¦/¨ «' ¯�Z�ª*C?�)­  �

(a, v1, v2, ..., vn−1, b).

áA�¬ª  ��Ô��:§�Õ  K <E­3"��2�¬¨7Ô¹"�¨JC  ª*�DÔ/ª�Æw¤J>�¤¼:JÔ/ª9Ê#Ô:¤oÁ#»/¤�¿
À]³!>�¤<Î¹<�Ô���¯�Z�ª�C?�)­  � a V
v1 V v2 V U9U9U V vn−1 V b UÞ  �« �)­  §�Õ  Õ
¨�­3"��2�¬¨7Ô  �GÕ
¨½²uÀ]»/²��
À¬Á3¢����  �5­  ª�ª#" « Ô VH ��C1Ô  � V� �;:=�  §�"e°C  ª*�2�¬¨="  ¨  <��2������Ôf¯�Z�ª�C?�)­  ,V¨ � «! ­��¬ª V ��� a = b.Þ  G« �)­  §�Õ  Õ
¨H­3"��2�¬¨7Ô  ��>4À�ÅÚÆ�Çz³q����¨7Ô9­,Ô/¨JCF�  ¨  "s<E"s�2�����a"s"�ª�����CD"s�a���
«! Õ
¨="2¯  §�UÖC¨�­��¬ª"­�Õ!�9C�ÔM§�Õ  ¨7Ô2:�"���" « Ô��G¯  ­  �H:JÔ/ª  <d�2������Ô�¯�Z�ª�C?�)­  Ê?��"�< ¯�Ô  <d�¬¨J�)­��?"�<:JÔ/ª  <w§�Õ  :�"���" « Ô��?¯  ­  �(ÎM�  <9<E"��a"D²uÀ]²�Çz¢�U
��Ä�³
Å�Æ	Ç]¢��È·!£È·��Oß=¨  <�©�ª#"�Ï]Ôv���9�;:=<  %«! <E" ¾ ©�Õ<ª#"nPiU��!u V (a, b, g, d, c, a)  �¨Õ
¨ ­��¬ª*m­�Õ'�9C1Ô����9�;:=<  �«! <�Ô/¨
©��9C?Õ « 5 ° (a, b, d, c, e, f, d)  ��Õ
¨M­3"��2�¬¨7ÔH���9�;:=<  �«! <�Ô/¨
©��9C?Õ «
6  ¨JC]ª  <�Ô��?¯�Z�ª*CF�)­  � a ° d.

.Cy¡ýo|	c8{���þ���ÿ�{�y�{�}"|�x��!s�x:u�|½õ�ôo|�ý�|½|�p<}a|�{�ýo|�x y�v�xayV÷zs�u2ý���xa�!v���ý�s�u*[]ý���v�xayV÷zs�u û�fôo��}"��ýo��v�xayV÷¬s�u"_�6
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Ó�³�ÔB¶
À]²uÀ]��¶��È·�£È·!� ÖC¨2²�¤8Å9À]¶C¢½¹w³eÇ]¢�¶CºKÀ¬ÁT�w¹
n  ¨JC�ª  <�Ô���¯�Z�ª*C?�)­  � a ° b «! Õ
¨�2Õ!<gC?��©�ª3"�Ï]Ô « �¬ª*��©�� « Ô  �aÕ
¨="¹��Õ7­  ���)¦/¨ ¾ ¨J�9CS" (e0, ..., en−1) «! "�ª*����CS"�� «! <d�2Õ'<gC?�9m©�ª#"�Ï]Ô « �¬ª*��©�� « Ô�Ø

e0 = (v0, v1), e1 = (v1, v2), ..., en−1 = (vn−1, vn)

«! �a"�¨  ª#"2§�Õ  v0 = a V vn = b
°�­3" « "�"�ª�����CD"G��Õ7­  ���¬¯�"  �;:=�  §�" « Ô/¨ «! C  ª��2�¬¨+¦<E"&"�¨JC  ª��DÔ/ª	U ã�Õ("�¨ « Ô��  C]ª#"�CD" «! Õ<¨ « ��©�ª3"�Ï]Ô Va <�­×"��2�¬¨7Ô (e0, ..., en−1)

§�Õ  a« ":  ª¬Ï  ­�CD"��  ¨JC  �«! C  ª*�2�¬¨=" « Ô;:JÔ/ªA<E"G��Õ8­  ���)¦/¨ «! ¯�Z�ª*C?�)­  �
(a, v1, v2, ..., vn−1, b).áA�¬ª  ��Ô��2§�Õ  K <E­3"��2�¬¨7Ô8"�¨JC  ª*�DÔ/ª�Æw¤J>�¤&:JÔ/ª Ê#Ô:¤oÁ3»T¤�¿¯Àz³!>�¤<Î¹<�Ô��:¯�Z�ª*C?�)­  � a V

v1 V v2 V U9U9U V vn−1 V b.Þ  :« �)­  §�Õ  Õ<¨.­3"��2�¬¨7Ô  �GÕ
¨`²uÀz»/²��/À¬Á#¢����  �2­  ª�ª#" « Ô VH ��C1Ô  � V� �;:=�  §�"e°C  ª*�2�¬¨="  ¨  <��2������ÔG¯�Z�ª*C?�)­  ,V¨ � «! ­��¬ª V ��� a = b.ç;<¦��©�Õ�"�<	§�Õ  a ¨  <B­3"���Ô «! <�Ô���©�ª#"�Ï]Ô���¨7Ô « �¬ª*��©�� « Ô�� V �  '« �)­  §�Õ  Õ
¨±­3"��2�¬¨7Ô
 ��>4À]Å�Æ�Çz³¹���B¨7Ô�­,Ô/¨JC?�  ¨  "t<E"��2�����a"�"�ª�����CD"t�t���g§�Õ  Õ
¨="2¯  §�U
¿¨À?ë_À#Á ì�í�È;Ã7î�Æyï�È
Ó�³�ÔB¶
À]²uÀ]��¶��È·�£È·��æÞ  `« �)­  §�Õ  Õ<¨�©�ª#"�Ï]Ô¡¨7Ô « �¬ª���©�� « Ô G  �e²�¢�¶C³Aàt¢ð���_:("�ª#"
­�Õ�"�<�§�Õ!�  ª¨:�"�ª «! ¯�Z�ª*CF�)­  � a ° b «! G  #B ����C  Õ
¨�­3"��2�¬¨7Ô  ¨JC�ª  a ° b U
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��Ä�³
Å�Æ	Ç]¢��È·!£È·��Oßb<�©�ª#"�Ï]Ô
G «! <E" ¾ ©�Õ<ª#"4PiU��i� V ­�Õ<°iÔ�­,Ô/¨ [ Õ<¨JC1Ô «! ¯�Z�ª*C?�)­  �  �
V = {a, b, c, d, e, f, g, h}

¨7Ô  �'­,Ô/¨  #B ÔH:=Õ  � V :�Ô/ª  \[] �;:=<�Ô V ¨7Ô  #B ����C  ¨J�¬¨
©�Ò<¨Ú­3"��2�¬¨7Ô  ¨JC]ª  a ° g.
e<�Cô�{Mv�x"yV÷zs�{�s:|�u�þ6s�{�|�pos��Ãua|gõ�ôo|�ý�|g|�p<õ�xa|6u"y�x�þ�s���s:�!yGô�{���ÿ�{9ýo|gý�s�u�s:�:Z�u

uaô(��v�x"yV÷zs�uDþ�s�{o|�p<s�ufý�|5�:y�{o|�x"y9ö
ôo|���s�uDþ6s�{���ô�{�}"s�u'ýo|�����x~}"�!þ6|�u û ýo|�y�xa��u�}"y�uDý�|þ#y�ý8y�õ8yVx�ý�|f|�u�}as�u?uaô(�ov�x"y/÷zs�u?u�s�{Âýo�!u\��ôo{A}"s�u�|�{�}"xa|fu3^)� � |�u�}as�u?uaô(�ov�x"yV÷zs�u?u�|G�!|6u
ý�|�{�s��:��{8yD²�¢�Å�Æ�¢�¶w³
¶�Á3³!>'²�¢�¶C³�àt¤J>Dý�|��Ãv�x"y/÷zsDý8y�ýos��Fd�|�|�u~}�y'�:y�{�|6x"ygô�{5v�xayV÷zs
|�u�þ6s�{�|�p<s:ua� û uaÿ��!sGu��È}"��|�{�|�ô�{8yGü�{���þ#yfþ�s��:õ�s�{�|�{�}"|?þ�s�{�|�poyo�
Óe³�Ô�¶/À]²uÀ]��¶��t·�£È·�£Oán" « Ô G = (V,E)

Õ
¨M©�ª3"�Ï]ÔG���9�;:=<  ,V H = (V ′, E ′)
��Õ Ö ©�ª#"aÏ]Ô

«! G  �AÕ<¨="D²�¢ÃÅÚÆF¢�¶C³
¶ÃÁ3³*²�¢�¶C³�àt¤ «! G ����¯  ª*� ¾ ­3"iØ�ÙÎ
H  �f­,Ô/¨  #B Ô�ñ�9�ÙÎ
��� {u, v} ∈ E

°
u ∈ V ′  ¨JC�Ô/¨+­  � v ∈ V ′

° {u, v} ∈ E ′
U

��Ä�³
Å�Æ	Ç]¢��È·!£È·�¥úßb<o©�ª#"�Ï]Ô «! <E" ¾ ©�Õ
ª3"2P�U9u�j
C?�  ¨  �« Ô��?­,Ô��;:JÔ/¨  ¨JC  ��­,Ô/¨  #B "���Ø�<E"§�Õ  CF�  ¨  ­,Ô���ÔG¯�Z�ª*C?�)­  �n"�<	­,Ô/¨ [ Õ<¨JC1Ô {a, b, c, e, f} °a<E"��'­,Ô/ª�ª  �1:JÔ/¨ « �  ¨JC  �A"�ª�����mCS"�� V °t<E"5§�Õ  CF�  ¨  ­,Ô���Ô5­,Ô/¨ [ Õ
¨JC�Ô «! ¯�Z�ª*CF�)­  � {g, h, d} °a<E"��f­,Ô/ª�ª  �1:JÔ/¨ « �  ¨JC  �"�ª�����CD"���U
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å ³A¢7»/³
Å�¤Ú�È·!£È·�¸Oß B ����C  Õ
¨9­3"��2�¬¨7Ô;���9�;:=<  ; ¨JC]ª  ­�Õ("�<�§�Õ!�  ªI:�"�ª «! ¯�Z�ª*C?�)­  � « ����mC?�¬¨JC1Ô$� «! Õ
¨ ©�ª#"�Ï]Ô5­,Ô/¨  #B ÔG¨7Ô « �¬ª*��©�� « Ô�U
á  ��Ô���C]ª#"
­��)¦/¨=UA.ts�ý�|6��s�u�}ax"y�xa|6��s�u�õ8y�x"y2v�xayV÷zs�u�ua���:õo�!|�u	�Ãua�I+8y û y�xa��u�}�yVu��'ü���}a�©)õo�!|�u	��|6�C�:��ua��sGx"y0
�s�{8yV�:��|�{�}"sG|�u��VZV�!��ý�sGý�|	c8{o�!|�{oý�s2�!s�u%þ#y����!{�s�u%õ�s�x��!y�u�y�xa��u�}"y�u
û {�s�õ�s�x��!s�u¨���6x�}a�!þ6|�u�öAô�|�x�|�þ6s�xax�|�{È�e<|#yV{

a û b ý�s�u¦����x~}"�!þ6|�u�þ6ô8y���|�uaöAô���|�xay�ýo|�ôo{'v�xayV÷zs�ua����õ��!| G = (V,E).
�Fôo|�u�}as

öAô�|
G
|�uEþ�s�{�|�p<s(��|�p<��u�}"|G[]y��Ã�:|6{�s�u"_=ô�{�þ�y����!{�sD|6{A}axa|

a û b. e<|�ye[ v0 � v1 � v2 �+�����E�
vn−1

�
vn

_�ô�{Úþ�y����!{�s�|6{A}axa|
a û b ý�|G�!y���|�{�s�x��!s�{�v���}aô�ý½õ�s�ua�-���!|V�G��{Ú|6ua|�þ�y�uasýo�!þ,+�s�þ�y��:��{�s�|�uwua����õ��!|06È�!s%ý�|6��s�u�}ax"y���s�utõ�s�xCx�|�ý�ô�þ6þ���ÿ�{DyV�Ay���u�ô�xaýos��de
��{�s%÷zô�|�xay

u��!��õ��!|0�w|6{�õ8y�x~}"�!þ6ô���yVx�}a|�{�ýox3^�yV�:s�u�öAô�|
vi = vj

õ8y�xay9y��!v�ôo{�s�u
i, j ∈ {1, ..., n},

i < j.
�	|�xasf|�{�}"s�{oþ�|�u�|��+þ#y����!{os

v0
�+�����E�

vi−1

�
vj

�
vj+1

�����E�
vn

|�uEô�{eþ�y��:��{�sD|�{�}"xa|
" û Ö ýo|M�!s�{ov���}aô�ýH|�u�}axa��þ6}�yV�:|6{A}"|9��|6{�s�x:öAô�| n []õ�ô�|6u�}as±öAô�|Mua|8+8yÚs��o}a|�{���ý�s|6�!���:��{8y�{oý�s9ô�{8yMs8�Vy�x���y�uDy�x��!u�}"y�ugý�|��=þ#y�����{�s*yV{A}"|6xa��s�x�_*��|�{±þ6s�{A}ax"y�ýo�!þ�þ6�!ÿ�{¡þ6s�{
öAô�|�|6�8þ#y����!{os?þ6s�{�u��!ý�|6x"y�ý�s?s�xa��v���{8y�����|�{�}"|E|�{�}"xa|

a û b u�|#y?ý�|��!y���|�{os�x��!s�{�v���}aô�ýõ�s�ua���o�!|��
ò ¢�¶w³�à¯Àz��¶�³ ÀF>�¢�Å�¢7»3ÔI>#Å�¢

.ts�u�þ�s�{oþ�|6õo}"s�u�xa|6��y�þ6�!s�{�y�ý�s�u�þ�s�{½�!y:þ�s�{�|�p<��ÿ�{*{�s�u�õ�xas�õ�s�xaþ���s�{8yV{M{
ô�|���s�u���{')
�/y�xa�!y�{A}a|�u�õ8y�x"yGy���|6xa��v�ô8y�xEua�tý�s�u%v�xayV÷zs�u�u�s�{9sG{�s���uas���s�x~÷zs�u��
�2W >�³A»3¿o¤8²uÀ]��¶��t·�£È·�ÉOá
Ô���©�ª3"�Ï]Ô�������Ô���Ô/ª¬Ï]Ô��¨CF�  ¨  ¨�<E"n�2�����a"f­3"�¨JC?� « " «g«! ­,Ô��2m:JÔ/¨  ¨JC  �'­,Ô/¨  #B "���U
Ó�³�ÔB¶
À]²uÀ]��¶��È·�£È·��AÕRÞ  D« �)­  §�Õ  Õ<¨`¯�Z�ª*C?�)­  a ∈ V «! Õ
¨9©�ª3"�Ï]Ô G = (V,E)  �Õ
¨:¿�ÀA»3ÁºÀ�²�³�¹w³9²�¢7»3Á3³s���  <�©�ª#"�Ï]ÔtÔ Ö C  ¨J� « Ô2"�<  <g�9�2�¬¨="�ª «! <�©�ª#"�Ï]Ô G  <+¯�Z�ª*C?�)­  a
[ Õ
¨JC1Ô2­,Ô/¨s<E"��A"�ª*����CD"��H�¬¨+­�� «! ¨JC  ��­,Ô/¨�Z�<oC?�  ¨  �a����­,Ô��;:JÔ/¨  ¨JC  �?­,Ô/¨  #B "���§�Õ  n <©�ª#"�Ï]Ô4Ô/ª*��©��¬¨="�<EU�á  <��2������Ôa��Ô « Ô
�  D« �)­  §�Õ  Õ<¨="4"�ª*����CS" e ∈ E  �nÕ
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1
|�{�}"x�|*ý�s�u

���6x�}a�!þ�|6u:þ6ô8y���|�uaöAô���|�xay
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û vj

|�u�|���þ�s
|	c�þ��!|6{A}a|
(i, j)

ý�|e��y½�:yV}"xa�-

A, û yÂöAô�|ýo�!þ,+�s�þ6s
|	c�þ��!|6{A}a|�|�u%|��t{Aü��:|6xasGý�|�y�xa��u�}�yVu�|�{�}"xa|

vi
û vj.ö�¤J>�¢ ¹w³�À]¶	¹w�	²�²uÀz��¶�õve<ô�õ�s�{ov�y���s�uBöAô�|%|6��{Aü��:|6xas�ý�|�þ�y����!{�s�u�ý�|���s�{�v���}aô�ý

m
|6{A}axa|fý�s�u;����x�}a�!þ6|�u�þ�ô8yV�!|�u�öAô��!|6x"y

vi
û vj

|6u?|6�Bþ6s
|	c8þ6�!|6{A}"|
(i, j)

ý�|f�!y2�2y/}"xa�-

Am. ÷ |6{�|���s�u?öAô�|Gþ�s���õ�xas��8y�x�öAô�|�|6��{Aü��:|6xaseý�|fþ#y����!{�s�u�ý�|G�!s�{�v���}"ô�ý m + 1|6{A}axa|

vi
û vj

|�uE|��+þ�s
|�c8þ6�!|�{�}"|
(i, j)

ý�|���yg�:yV}"xa�-

Am+1.

b�ÿ��:s
Am+1 = Am ·A,u��!|6{�ý�s

Am = (bij)
û A = (aij),

|��tþ6s
|	c�þ��!|6{A}a|
(i, j)

ý�|?��yf�:yV}axa�-

Am+1 |6u

bi1a1j + bi2a2j + ...+ binanj.

�	s�x_+���õ�ÿ�}"|6ua��u�ý�|?��{�ý�ô�þ6þ���ÿ�{��
bik
|6u�|6�t{Aü��:|6xasGý�|�þ#y����!{�s�uEý�|?�!s�{�v���}"ô�ý

m
|�{�}"xa|

vi
û vk.

¬�{�þ#yV�:��{�sDý�|���s�{�v���}"ô�ý
m+ 1

|�{�}"x�|
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û vj

|6u�ô�{eþ�y����!{�sDý�|���s�{�v���}aô�ý
m
|�{�}"x�|

vi
û ô�{s���6x�}a�!þ�|�y�ý û y�þ�|6{A}a|Dy vj

�8y��töAô�|?ý�|�{�sV}�y���s�u�õ�s�x
vk,
ua|6v�ô���ý�s�ý�|

�!yDy�xa��u�}�ygöAô�|�ô�{�|
vk
û vj.

�	|�x�sf|��Ã{
ü���|�x�s'ý�|�þ#yV�:��{�s�u=|�{�}"x�|
vi
û vk

|�u
bik,
û |��{Aü���|�xas5ý�|Gy�x��!u�}"y�u�|�{�}"xa|

vk
û vj

|6u
akj,

õ�s�x��!s5öAô�|f|���{
üo�:|6xas�ý�|'þ#y����!{os�u�ý�|
��s�{�v���}"ôoý

m+ 1
|�{�}"xa|

vi
û vj

�
�!|6{�|?ý8y�ý�sGõ�s�x%�!yf|�p<õ�xa|6ua�!ÿ�{�6

bi1a1j + bi2a2j + ...+ binanj.

b�s��:sGöAô�|6x3^�yV�:s�u�ý�|���s�u~}"x"y�x6�
.Cygs���u�|�x#�/y�þ���ÿ�{5u��!v�ô���|�{�}"|�|�u�ô�{�yDþ6s�{�u�|�þ�ôo|�{�þ���yDý�|6�7��xa��{�þ���õ��!s?ý�|��o��y��!s��:y�x û�!yfý�|6��s�u�}ax"y�þ6�!ÿ�{e|6u���ý(��{�}"��þ#yGyf��y'ý�|��È}a|�s�x�|��:y�^<�ÙW<� Ø �

�2W >�³A»3¿o¤8²uÀ]��¶��t·�£È·]�
�RÞ  "  <�©�ª#"�Ï]Ô G = (V,E)
­,Ô/¨ |V | = n

UHÞ��
u, v ∈ V V

u 6= v V� ��CS��¨¼Õ
¨J� « Ô��H:JÔ/ª2Õ
¨.­×"��2�¬¨7Ô  ¨ G VA ¨JC1Ô/¨+­  � u ° v  ��CD��¨¼Õ
¨J� « Ô��H:JÔ/ªÕ
¨�­3"��2�¬¨7Ô «! <�Ô/¨
©��9C?Õ « �  ¨7Ô/ªMÔa��©�Õ�"�<C§�Õ  n− 1  ¨ G U
d�|*�!yÚs��oua|�xy�Vy�þ6�!ÿ�{�y�{�}"|6xa�!s�x û ��s�u:xa|6uaô���}�y�ýos�u5y�{�}"|6xa�!s�xa|�u:ua|Mþ�s�{oþ���ô û |�{���s�uu��!v�ôo�!|�{�}"|6u%þ6s�xas��!y�xa��s�u��

ò ¢7»T¢�Ç]¤�»cÀz¢��È·!£È·]���Rán" « Ô¼Õ
¨�©�ª#"�Ï]Ô G = (V,E)
CS"�<�§�Õ  |V | = n,

°����  ¨ « Ô
A = (aij)

Õ
¨="¹�a"�C]ª*�E§ «! " « °�"
­  ¨+­��?" «! G V �  ¯  ª*� ¾ ­3"9§�Õ  � #B ����C  Õ<¨H­3"��G�¬¨oÔ
 ¨JC]ª  vi

°
vj
����°2�3¦�<�Ô
���d<E"t�a"�C�ª*�E§

C = (cij) V�«! ¾ ¨J� « "�­,Ô���Ô

C = In + A+ A2 + ....+ An−1,

��"�C?���zÏ	"
­  §�Õ  2 <	­,Ô  ¾ ­��  ¨JC  cij 6= 0.
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�Oán" « Ô�Õ<¨�©�ª#"�Ï]Ô G = (V,E)

CD"�<�§�Õ  |V | = n,
�  ¯  ª*� ¾ ­3"D§�Õ  

G  �'­,Ô/¨  #B ÔM����°2�3¦�<�Ô2����<E"t�t"�C]ª*�E§

In + A+ A2 + ....+ An−1

CF�  ¨  C�Ô « Ô��A<�Ô��'­,Ô  ¾ ­��  ¨JC  � « ����C?�¬¨JC�Ô�� «! ­  ª,Ô�U
��Ä�³
Å�Æ	Ç]¢��È·!£È·]�
£kÞ  " G Õ
¨ ©�ª#"�Ï]Ô5­�Õ<°�"��a"�C�ª*�E§ «! " « °�"
­  ¨+­��?"��  ��Ø

A :=





0 1 0
1 0 1
0 1 0



 .

ß=¨JC�Ô/¨+­  �H��Õ½­�Õ�" « ª3" « Ô  �

A2 :=





1 0 1
0 2 0
1 0 1



 .

é_Ô/ªbCS"�¨JC1Ô
I+A+A2
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¨s"�< ©!Ô/ª*�9C?��Ôl:("�ª#" «! C  ª*�2�¬¨="�ªb����Õ<¨©�ª3"�Ï]Ô
G = (V,E)

CD"�<=§�Õ  |V | = n  �4Ô9¨7Ô½­,Ô/¨  #B Ô�U�Ö���"�ª  ��Ô��aÕ
¨T"�< ©!Ô/ª*�9CF��Ô<9<E"��a" « Ô Hayceros(M)
§�Õ  g«! C  ª��2�¬¨="
���  ¨8<E"t�a"�C]ª*�E§ M Ñ�"�°t"�< ©�Õ
¨="  ¨JC�ª#" « "­  ª,Ô ÊSC?�  ¨  ­,Ô���ÔM��"�<g� « "tÕ
¨ 1

���	Ñ�"�°�"�< ©�Ò<¨Ú­  ª×ÔG° 0  ¨�­3"���Ô5­,Ô/¨JC]ª3"�ª*�DÔ�Î�Ø

ø�ùIúyû�üoý=ü�þAN�"��a"�C]ª��E§ «! " « °�"
­  ¨+­��?" A «' <7©�ª#"�Ï]Ô
j := 1, B := Inÿ Ñ!�9<  j ≤ n− 1

B := B + Aj

j := j + 1�¬Ï
Hayceros(B) = 0

C¬Ñ  ¨ s := ­,Ô/¨  #B Ô  <��  s := ¨7Ô�­,Ô/¨  #B Ô�U� ü����yý=üoØ
s
U
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�'�8ô�{ {Aü���|�xasGõ8y�x6�

��y�x"y���y%ý�|���s�u�}ax"y�þ6�!ÿ�{�ý�|��
xa|6þ�^�õ�xas
þ6s(�V|��
ua��v�ô���|�{�}"|=y���v�s�xa��}a��s%�'ô�|6u�}"xay�ô�{Dõ�x�s0)
þ6|�ý����:��|�{�}"sGþ6s�{�u�}axaô�þ�}"�E��s:õ8y�x"yGv�|�{�|6x"y�x%ô�{9þ���xaþ�ôo��}"sG|6ô���|�xa�!y�{�sG|�{9ô�{ �fôo��}"��v�x"y/÷zs
þ6s�{�|�pos:|6{9|6�töAô�|?}"s
ýos�u%��s�u¨����x~}"��þ�|�u�}"�!|6{�|�{ev�x"y�ýos�õ�y�x��

�	s�x�+��!õ�ÿ�}a|�ua��u��/}"s
ý8y�u	��yVu�y�xa��u�}"y�u	|6u�}�ZV{f|�{'�!y����!u��2y%þ6s��:õ�s�{�|�{�}"|�þ6s�{�|�p�y'��õ�s�x
��s'öAô�|�ua|�õ�ô�|�ýo|?u�ô�õ�s�{�|6x�ö
ôo|�|��+v�x"y/÷zs'|�u�þ6s�{�|�pos��8õoxa|�u�þ���{�ý��!|6{�ý�sfý�|��!s�ub���6x�}"��þ�|6u
yV�!ua�!y�ý�s�u6�ðe<|�y±|�{�}"s�{�þ6|�u

G
ô�{ �'ô���}"��v�x"y/÷zs�þ6s�{�|�p<sÜþ�s�{�}as
ý�s�u5�!s�ut����x~}"��þ�|�u�ý�|

v�x"y�ý�s�õ8yVx�� � ý�|6�2ZVu���õÃs
ýo|���s�uBõ�x�|�u�þ���{�ý��!x�ý�|E�!s�u�õ�s�ua�-���!|6u���y�
6s�u�6Cua�
G
�fôo��}"��v�x"y/÷zs

þ6s�{�|�pos�}a�!|�{o|?��y�
6s�u���|6u�|�öAô��E�Vy��!|6{A}a|
G
|�ô���|�x���y�{osGöAô�|

G′
|6ô��!|6xa��yV{�s(�oua�!|6{�ý�s

G′
|6�

v�x"yV÷zs?xa|6uaô���}�y�{�}"|%ý�|%ö
ôo��}�yVxF��s�u���y�
6s�uFy
G
���	s�x�}�yV{A}"s

G
|�u�ôo{:�'ô���}a��v�xayV÷zs�þ�s�{o|�p<s

u��!{e��y�
6s�u��
L�|6þ�|�u���}"y��:s�u�ô�{os�u?y��!v�s�xa��}a��s�u�õ�x�|	�
�!s�u�öAô�|Gýo|�uaþ6xa�-���!��s�u�|�{`�!s�u�õ8Z�x�x"yV÷zs�u�ua�E)

v�ô��!|6{A}"|6u��
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����õoxa�!��|6xas�ýo|�|����!s�u	|����!����{8y�ý�|�ô�{fv�x"y/÷zs

G
��y�uBy�x��!u�}"y�u�ý�|�ô�{fþ���xaþ�ôo��}"s�õ�xa|��<�!y�)

�:|6{A}"|�|���|�v���ý�s
C
öAô�|�|6u�u�ô(��v�xayV÷zsDý�|

G û �!s�ud����x�}a�!þ6|�u�öAô�|�öAô�|6ý8y�{�y���ua�!y�ý�s�u�}"xay�u|�u�}"y'u�ô�u�}ax"y�þ6þ���ÿ�{È��.ts'ý�|6{�s����!{�y��:s�u���s�xaxay�ý�s û ua|6x"ZD�!�!y��:yVý�s��!ô�|6v�s'y���þ�s�{�u�}axaô���x|��Cy���v�s�x���}"�Gsfýo|��oü�uaöAô�|6ý8y:ý�|?ô�{ þ���xaþ�ôo��}"sf|6ô��!|6xa��yV{�s(6

 Ç]º7¢7»cÀ¬ÁTÅÚ¢

Borrado(C,G)��¶�Á3»T¤8¹w¤7õ
G = (V,E), C = (VC , EC)

�
[]ýos�{�ý�|

G
|�u�ôo{9v�x"yV÷zsfþ�s�{�|�p<s û ua��{ �!y�
�s�u û C |6u�ô�{ þ6�!x�þ�ô���}"sfua�!��õ���|�ý�| G _

EH = E − EC

Vaislados

uas�{9��s�u¨����x~}"��þ�|�u�y��!u���y�ýos�uEý�|
(V,EH)

VH = V − Vaislados� ¤8Ç6À]¹C¤�õ
(VH , EH)

%�ô�|�ý�yDþ6s��:sg|1��|�x�þ���þ��!sgýo�!ua|��8y�x=|6�Ãy��!v�s�xa��}a��s?öAô�|�þ�s���õ�ôo}"yg��s�u�����x~}"��þ�|�uEyV�!ua�!y�)
ý�s�u��8ýo|�{�s�����{8y�ý�s

Vaislados

�
���tua��v�ô���|�{A}a|?y���v�s�xa��}"��s'��{�ua|6x�}�yfô�{ þ6�!xaþ6ô���}as

C ′
|6{9ô�{ þ6�!xaþ6ô���}"s

C
ýo|��:y�{�|6x"y

ö
ôo|�ua|�÷zs�xa�:y'ô�{ þ���xaþ�ôo��}"sfý�|?�!s�{�v���}"ô�ý��:y û s�x�6

 Ç]º7¢7»cÀ¬ÁTÅÚ¢

Insertado(C ′, C)��¶�Á3»T¤8¹w¤7õ
G
�
C
�
C ′[]ýos�{�ý�|

G
|�u�ôo{9v�x"yV÷zsfþ�s�{�|�p<s û ua��{ �!y�
�s�u�� C û C ′ uas�{ þ���xaþ6ô���}as�u�u��!��õ��!|6u�ý�|

G
�
C ′
õ8y�x�}a|?ý�|?ô�{K����x~}"�!þ6|?�!{�}"|�x��!s�x�ý�|

C
_

C := v1, . . . , vs, v1
C ′ := w1, . . . , wt, w1
vi = w1[]þ6s�{�u��!ý�|6x"y���s�u

C û C ′ þ�s���sG�!��u�}"y�u�_
V := v1, . . . , vi, w2, . . . , wt, vi, vi+1, . . . , vs, v1[

V
|�uFô�{8y��!��u�}�y'��xa|6uaô���}�y�ýos?ý�|%�!{oua|�x~}�y�xFyVý�|�þ6ô8y�ý8yV�:|6{A}"|%�!y��!��u�}�y

C ′
|�{��!y����!u~}�y

C
��|6u�}as�ua|�õ�ô�|�ýo|�+�y�þ�|6x%�!�!y���y�{�ýosfyf�!s�u�y�õ�xas�õ���y�ýos�u�y���v�s�xa��}"��s�u�uas���xa|?���!u~}�y�u�ý�|��
þ#y�õ(^�}"ô���sfua|6v�ô�{�ýos��c_

E := ∅÷zs�x
i = 1

}as
t+ s+ 1

E := E ∪ {{vi, vi+1 mod t+s}}
� ¤8Ç6À]¹C¤�õ

({V }, E)

d�|?|�u�}"y��:y�{�|6x"yfõ�s
ý�|6��s�u%þ�s�{�u�}axaô���x%|6�Cy��!v�s�xa��}a��s
��ô�u�þ#yVý�s(6
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 Çzº�¢7»cÀ¬Á3ÅÚ¢Ú¹C³ W�� >��+�w³
¹C¤¡¹w³*�	¶�²uÀ]»/²��
À¬Á3¢`³<�wÇ]³A»cÀz¤8¶w¢
��¶ÃÁ3»T¤8¹C¤�õ

G = (V,E)[]ý�s�{�ý�|
G
|6u�ô�{ v�xayV÷zsGþ6s�{�|�pos û ua�!{e��y0
�s�u"_

C :=
|�u%ô�{ þ��!x�þ�ô���}"sfua���:õo�!|�ý�|

G
H = (VH , EH) := Borrado(C,G)� +��!��| VH 6= ∅

C ′
þ6ô8y��!öAô���|�xEþ���xaþ6ô���}asfu��!��õ��!|�ý�|

H
þ�s�{es�xa��v�|6{�|�{ ôo{K���6x�}"��þ�|��!{�}"|�)

x��!s�xEý�|
C

H := Borrado(C ′, H)
C := Insertado(C ′, C)� ¤�Ç6À]¹w¤�õ
C

��y�x"yÜöAô�|Ú|6��y���v�s�x���}"�Gs¡÷zô�{�þ6�!s�{o|Â{�|6þ�|6ua��}�y���s�u9yVua|6v�ô�x"yVx ��y±|�po��u�}a|�{�þ6��yHýo|��
þ6�!x�þ�ô���}"s�ua���:õ���|?ý�|6{�s����!{8yVý�s

C
�%��u�}as5|6u��ÃöAô�|gý8y�ý�s:ô�{M�'ô���}a��v�xayV÷zsGþ6s�{�|�pos2þ�s�{

}as
ý�s�u�uaôoun���6x�}"��þ�|6ugý�|:v�xay�ý�s õ8y�x��w|�p<�!u~}"|:ôo{�þ���xaþ6ô���}as ua���:õo�!|
C
� ÷ s��:y��:s�u?ô�{���6x�}a�!þ�|*þ6ô8y���öAô��!|6x"y

u
����y���s�u2þ6s�{�u~}"xaô û |�{�ý�sÜô�{�þ#yV�:��{�s�ua���:õo�!| T = (u0 =

u, u1, ..., un)
ý�|��!s�{�v���}aô�ýG�:Z/p<�!�:yo�Ie<�7|�p<��u�}"|6{

i, j ∈ {0, ..., n} }"y��!|6u�öAô�| ui = uj+o|���s�uwþ�s�{�þ6�!ô���ý�s��	��{Dþ�y�uas�þ6s�{�}"x"yVxa�!s��/þ�s��:s
un

}a�!|6{�|�v�x"yVý�s�õ8yVx��V|�p<��u�}"|
v 6= un−1yVý û y�þ�|6{A}a|�þ�s�{ un

��e<�
v ∈ {u0, ..., un−1}

yVõ8y�xa|6þ�|�ôo{�þ���þ���s��de<�Ã{�s(�<ua|�þ6s�{A}ax"y�ýo�!þ6|
|6��+�|6þ,+�s:ý�|�ö
ôo|

T
|�u%ý�|?��s�{�v���}aô�ý��:Z/p<�!�:y<�d�ws�x�}"y�{�}"sG|��ty���v�s�xa��}a��sg÷zô�{�þ6�!s�{8y<�

�F|#yV�:s�u�þ�s��:sGu�|gy�õo�!�!þ�y'|6�Cy��!v�s�xa��}a��sfy�{�}"|�x��!s�xE|�{ ô�{ |���|6�:õo�!sfþ�s�{�þ6xa|�}"s(6
�BÄ�³
Å�Æ�Çz¢¡�È·�¥Ã·��×Öw¨H­3"�ª*C  ª×Ô4C?�  ¨  §�Õ  ª  :�"�ª�C?�¬ªn��Õi�2­3"�ª�CD"��  ¨Q<E" ª  a«M«! ­3"�<9<  �ª  :�ª  �  ¨JCS" « "H:JÔ/ª  <8©�ª#"�Ï]Ô «! <E" ¾ ©�Õ
ª#"�PiU�� p U�é¨"�ª#":ª  "�<g�E§�"�ª  <Èª  :�"�ª*C�Ô Vl <w­3"�ª*C  mª×Ô «! �Ö� G �;:  §�"�ª?°�C  ª*�2�¬¨="�ª  ¨q<E"  ��CS"�Ï  CD" «! ­,Ô/ª�ª  Ô��D§�Õ  �  G ¨+­�Õ  ¨JC]ª#"  ¨  <¯�Z�ª*C?�)­  i Uaª  ¨J�  ¨ « Ô  ¨`­�Õ  ¨JCD"2§�Õ  C�Ô « Ô��H<�Ô���¯�Z�ª*C?�)­  ��C?�  ¨  ¨5©�ª3" « Ôv:�"�ª Vl <C­3"�ª�mC  ª×Ô
��" Ö� §�Õ  :=Õ  a«! 
 Ï  ­�C?Õ("�ª  <+ª  :�"�ª*C1Ô
���¬¨Mª  ­,Ô/ª�ª  ª « Ô���¯  ­  ��<E"t�2�����a"5­3"�<9<  ,V­,Ô/¨���C]ª*Õ<°  ¨ « Ôt:�"�ª#"  <9<�Ô8Õ<¨ ­��¬ª"­�Õ'�9C1Ô  Õ'<  ª*�?"�¨7Ô�UÛãbÔ��  ¨!§�"���Ô��e­,Ô/¨  <%­��¬ª"­�Õ'�9C1Ô
(i, j, h, i)

° Ö Ô/ª�ª3"���Ô��2��Õi��"�ª�����CD"�� «! <	©�ª#"�Ï]Ô VI[ Õ
¨JC1ÔÂ­,Ô/¨  <F¯�Z�ª*C?�)­  i §�Õ  §�Õ  a« ""�����<E" « ÔeÊ¼¯  ª ¾ ©�Õ
ª#"4PiU��!P�Î�Uç ­,Ô/¨JC?�¬¨JÕ("
­��)¦/¨ V ­,Ô/¨���C]ª*Õ'�9��Ô��¹Õ<¨Û¨JÕ  ¯�ÔH­��¬ª"­�Õ'�9C1Ô  ¨  <�©�ª#"�Ï]Ô±§�Õ  §�Õ  a« " V:JÔ/ª  \[] �;:=<�Ô (j,m, l, k, j) V <�Ôq�¬¨��  ª*CS"���Ô��  ¨  <�­��¬ª"­�Õ'�9C1ÔQ"�¨JC  ª��DÔ/ª  ¨  <¨<gÕ�©i"�ª" «! ­�Õ�" « Ô Ê¼¯�Z�ª*C?�)­  j Î�Ô Ö C  ¨J�  ¨ « Ô

(i, j,m, l, k, j, h, i).
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\���v�ô�x"yG^
� h/i 6
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h ^ Ø �I�;�d���;�����kj�� l�� ��ù��_Ù

\��!v�ôox"yG^<� h W�6

�;Ô/ª�ª#"���Ô���<E"��n"�ª�����CD"��?°:¯�Z�ª*CF�)­  �n"�����<E" « Ô��GÊ$�  ª ¾ ©�Õ
ª#"4PiU���»�Î�Ué=ª,Ô�����©�Õ!�  ¨ « ÔÂ­,Ô/¨  <�"�< ©!Ô/ª*�9C?��Ô V ­,Ô/¨���C�ª*Õ!�9��Ô��  <%­��¬ª�­�Õ!�9C1Ô (m,n, a,m)
°q<�Ô

�¬¨��  ª*CD"���Ô��  ¨  <�<gÕ�©i"�ªn" «! ­�Õ�" « Ô Ê¼¯�Z�ª*CF�)­  m Î4Ô Ö C  ¨J�  ¨ « Ô
(i, j,m, n, a,m, l, k, j, h, i).

�d�¬¨="�<g�  ¨JC  ,V ¨7Ô��D§�Õ  a« "�Õ<¨  <B­��¬ª"­�Õ!�9C�Ô (a, b, c, d, e, f, g, h, a) §�Õ  ,V �¬¨��  ª*CD" « Ô  ¨
 <�<gÕ�©i"�ª�" «! ­�Õ�" « Ô V�« "�<gÕ�©i"�ªn"�<7�*��©�Õ'�  ¨JC  ­��¬ª�­�Õ!�9C�Ô  Õ'<  ª*�?"�¨7Ô «! <7©�ª#"�Ï]ÔG�¬¨J�)­��?"�<EØ

(i, j,m, n, a, b, c, d, e, f, g, h, a,m, l, k, j, h, i).

�BÄ�³A»V²uÀ]²uÀz¢.�
�8Õ���ß���:JÔ���� Ö <  �« ���1:JÔ/¨  ªbC1Ô « "��¨<E"�� ¾ ­�Ñ�"�� «! Õ
¨ « Ô��2�¬¨+¦ «! �a"�¨  ª#"§�Õ  G ��C�Z�¨qC1Ô « "��  ¨+­3" [ " « "�������¨ « �)­3"
­��)¦/¨=Ø;Õ'C?�9<g�E§�"�ªnÕ
¨��2Õ!<gC?��©�ª3"�Ï]Ô�­,Ô/¨�Rf¯�Z�ª*CF�)­  �°�¯  ª�� ¾ ­3"�ª?§�Õ  2 �  Õ!<  ª��?"�¨7Ôf°e­,Ô/¨  #B Ô�U
����u��!v�ôo�!|�{�}"|gx�|�uaôo��}�yVý�s5{�s�u�ý8y2ôo{8y2þ�s�{�ýo�!þ6�!ÿ�{Mõ8yVx"y2�!y:|�po��u�}a|�{�þ6��y2ý�|Dô�{½þ�y�)

���!{osf|�ô���|�x���y�{�sf{�sGþ�|�x�x"y�ýos(6
ö�»T¢7ÆF¢=>4À]²uÀz��¶��È·�¥Ã·�� ÖC¨H©�ª#"�Ï]Ô

G = (V,E)
­,Ô/¨�"�ª*����CS"��e¨7Ô « �¬ª*��©�� « "0�4CD"�<�§�Õ  C1Ô « "��G��Õ���"�ª�����CD"��  ��CS��¨  ¨`<E"5�2�����a"Ú­,Ô��;:JÔ/¨  ¨JC  ­,Ô/¨  #B "�" « �2�9C  Õ<¨�­3"��2�¬¨7Ô

 Õ!<  ª*�?"�¨7Ô�¨7Ô5­  ª�ª#" « Ô
����°G�3¦�<�Ô2����­,Ô/¨JC?�  ¨  
 #B "
­�CS"��  ¨JC  g« Ô���¯�Z�ª*C?�)­  � «! ©�ª#" « Ô�9�;:�"�ª	U
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	]� l�� ��ù���Ù Ú �¦� Ú�� ¤1� Û �_Ù±µ��v�Hã¹¤����l� Û ¤1� Û ��Ùo� h ^ â
á  ��Ô���C�ª#"
­��)¦/¨=Ule<ôoõ�s�{�v�y���s�u%öAô�| G = (V,E)

yVý��:��}"|�ô�{9þ#y����!{osG|�ô���|�x���y�{�sG{os
þ�|�x�x"y�ýos

a, v1, v2, ..., vn−1, bua�!|6{�ý�s
a û b �!s�uC|�p
}"x�|���s�u	ý�|��
þ�y����!{�s���e<|�y w ô�{D{
ô�|���s;����x~}"��þ�|={�s�õ�|6x�}a|�{�|6þ���|�{A}a|y

V û G′ = (V ′, E ′)
ý�s�{�ý�|

V ′ = V ∪ {w} û E ′ = E ∪ {{w, a}, {b, w}}. ��u|	�
�!ý�|6{A}a|�öAô�|
G′
y�ý�����}a|�|��tþ6�!x�þ�ô���}"sf|�ô���|�x���y�{�s

w, a, v1, v2, ..., vn−1, b, w

û �<|�{5þ�s�{�ua|6þ�ô�|�{�þ��!y��<}as
ý�s�u���s�u�����x�}a�!þ6|�u�ý�| G′ uas�{5ý�|�v�x"y�ýosDõ8y�x6� � �Ã|6�!���:��{8y�xF�!y�uy�xa��u�}�yVu {w, a} û {b, w} û |��I����x�}a�!þ6| w ý�| G′ õ8y�xay5s��o}a|�{�|6x G þ6s�{�þ6�!ô����:s�u�öAô�|}"s
ý�s�u��!s�u¨���6x�}a�!þ�|6u�u�s�{9ýo|�v�x"y�ý�sGõ�y�x%uay��-��s
a û b.�%|�þ�^�õ�xas
þ�y���|�{�}"|��Eua�%}"s
ý�s�u2��s�uG����x~}"�!þ6|�u2ý�|

G = (V,E)
uay��-��s�ý�s�u	�

a û b,}"�!|6{�|�{½v�xay�ý�s5õ8y�x	�Èþ�s�{ou�}"x�ô û |�{oý�s9|6��v�x"yV÷zs G′ = (V ′, E ′)
ý�s�{�ý�|

V ′ = V ∪ {w}û E ′ = E ∪ {{w, a}, {b, w}} þ�s�{ w
ô�{¡{
ô�|���s5����x~}"�!þ6|2{�s*õ�|�x~}"|�{o|�þ���|�{�}"|ey

V,s��o}"|6{�ý�x�|���s�u%ô�{ v�x"y/÷zsG|�{ |��töAô�|?}as
ý�s�u��!s�u¨���6x�}a�!þ�|6u�uas�{9ýo|�v�x"y�ý�sGõ8yVx���e<�!|6{�ý�s
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(0, 0, 0), (1, 0, 0), (1, 1, 0), (1, 1, 1),

(1, 0, 1), (0, 0, 1), (0, 1, 1), (0, 1, 0), (0, 0, 0).
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a, v1, v2, ..., vn−1, a.
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���+x�|�u�ô���}"y�ý�s'y�{A}a|�xa��s�x�{�s�uEy�õ�s�x~}�ygô�{8yD{
ôo|	�Vy
+o|�xaxay����!|�{�}�y�þ�s�{5��y�öAô�|�õ�s
ý�|*)

��s�u�ý�|6�:s�u�}"xay�x�öAô�|gy���v�ô�{�s�u�v�x"y/÷zs�u�{�s�u�s�{¹+�y����!��}as�{���y�{�s�u6�
�BÄ�³
Å�Æ�Çz¢¡�È·�¥Ã·]���mÞ��d"�<7©�ª#"�Ï]Ô

G «! <E" ¾ ©�Õ
ª3"�PiUk�'Ü2<  §�Õ!�9CD"���Ô��  <+Ò<¨J�)­,Ôf¯�Z�ª*CF�)­  
«! ©�ª#" « ÔTP�§�Õ  C?�  ¨  °&��Õ��Q"�ª�����CD"��q�¬¨+­�� «! ¨JC  � V¹ <%©�ª#"�Ï]ÔÜª  ��Õ!<gCS"�¨JC  C?�  ¨  �­,Ô��;:JÔ/¨  ¨JC  �D­,Ô/¨  #B "�� V :JÔ/ªACD"�¨JC�Ô�¨7Ô  ��Ñ�"��2�9<gC�Ô/¨J�?"�¨7Ô�U
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\���v�ô�x"yG^
� hVâ 6

��Ä�³A»/²/.�²/.z¢H�
��� á  C  ª*�2�¬¨="�ª;���  <�©�ª#"�Ï]Ô H «! <E" ¾ ©�Õ
ª#"4PiUk�'Ü  �10A"��2�9<gC1Ô/¨J�?"�¨7Ô�U

w�ê32 q ï�ò�ó/íDìO·¨³£µ�4:r4·¨³wò�ñ�íDìOè ò�{�}�í�ïIµ	³wî í ñ4·65 µ87:92ì�³tï�ò
�Fôo|�ý�|%ua|6x��!{A}a|�x�|�u"yV{A}"|0�Aõ�s�x�|1��|���õ��!s�þ�ô�y�{�ý�s?ô�{Gv�xayV÷zs�x�|�õ�x�|�u�|�{A}"y�ôo{8y�xa|6ýGý�|�þ�s0)
�fôo{��!þ�y�þ���s�{�|6u��<y-�8y�ý���x=y���v�ô�{8y���{o÷zs�x��2yVþ���ÿ�{:yg��y�u=y�x��!u�}"y�u��
öAô�|����!ý�y�õ�s�x�|���|���õ���s
ý��-c8þ6ô���}�y�ý�|6ugs�xas�v�x"Z�c8þ#y�u	���!s�{�v���}aô�ý�|6u�ý�|2þ�y��:��{�s�u	�	xa|�u��!u~}"|�{oþ��!y�uDý�|:�2yV}a|�x���y���|�u������
�F{ |�u~}"|�u�|�{�}"�!ýos�|�u%ý�|�ô<}"�!����ý8yVý���y'ua��v�ô���|�{A}a|�ý�|	c�{��!þ6�!ÿ�{+�
Óe³�Ô�¶�.]²/.]��¶��t·�¸È·]� Öw¨5º7»T¤(@¼¢Ú³�Á;.<�+�w³�Á3¤8¹C¢  �AÕ
¨="���m1C?Õ$:=<E" (V,E, d),  ¨8<E"5§�Õ  
(V,E)  �AÕ
¨ ©�ª3"�Ï]Ô
���9�;:=<  ° d  ��Õ
¨="�Ï*Õ
¨+­��)¦/¨

d : E → R.
çY<E"s�9�a"3©  ¨ «! Õ
¨="8"�ª*����CD"s�  a« �?"�¨JC  d �  <  �«! ¨7Ô��2�¬¨="f³�Á;.
�È�w³�Á3¤ Ô'Æ�³'>6¢ «! <E"4"�ª*����CS"iUDÊ$�  ª'­*Ô���Ô  \[] �;:=<�Ô2<E" ¾ ©�Õ
ª3"�PiUk��u�Î
���	ua��v�ô���|�{A}a|Dy���v�s�xa��}"�Gs(�7þ6s�{�s
þ���ý�s2þ�s��:s5yV�!v�s�x���}"�Gs�ý�|'d�� �>=Au~}"x"y��Ãx�|�u�ô�|��E��|'|��

ý�|�{�s��:��{8y�ý�sfõ�x�s����!|6�2y'ýo|��tþ#y�����{�sf�t^�{�����so�
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\��!v�ôox"yG^<��U���6

\��!v�ôox"yG^<��U���6



j��)(�� l�� ��ù���Ù Ú �£¤�*G� Ú �(� � �_ÙÜµ��;� l � � ¤]��ã¼� �;Ú�� ¤�+-,�Ù�� � � h W�^
ög»T¢ W Çz³
Å�¤È·�d�yVý�s�u�ô�{Mv�x"yV÷zs:|�}"��ö
ôo|6}�yVý�s û ýos�uv���6x�}"��þ�|6u u û v ��ý�|�}"|�x��:��{8y�x�ôo{þ#y����!{os`|�{A}axa|

u û v
}�y���öAô�|9�!y`u�ô��:yÂý�| �!y�uG|�}"�!öAô�|�}�y�u�ý�| �!y�u�y�x��!u�}"y�uGöAô�|9��s

þ�s���õ�s�{�|6{5u�|#yD�a^!{�����yo� � ý���þ*+�yguaô��:ygua|���|�ýo|�{�s��:��{8y��!s�{�v���}aô�ý�ý�|���þ#yV�:��{�sg|6{
|��tv�xayV÷zsG|�}"��ö
ôo|6}�yVý�s
?9¢8Á3¤�õ���{ |��Cy���v�s�x���}"�Gsfu��!v�ôo�!|6{A}"|�u�|�|6{A}"��|�{�ýo|�öAô�|06
�¬_ ∞ |�u��:y û s�x�öAô�|�þ6ô8y��!öAô���|�x�{Aü���|�xasGxa|�y��D��!��_

G
|6u�ô�{ v�xayV÷zsG|�}"�!öAô�|�}�y�ýos�þ�s�{o|�p<s(�

�!����_=õ8y�xayGþ#y�ý8yGõ8y�x%ý�|A����x�}a�!þ6|�u�{os2y�ý û yVþ�|�{�}"|6u x, y ua|?}"��|�{�|?öAô�| d({x, y}) =
∞ �


 Çzº�¢7»@.¬Á3ÅÚ¢Ú¹C³½ÓA. ÄCB�>6Á3»T¤È·
��¶ÃÁ#»/¤�¹w¤�6

G = (V,E, d)
�
u, v ∈ V

L(u) := 0
L(x) :=∞ õ8y�xayGþ�y�ý8y

x 6= u
T := ∅� +����!| v /∈ T

x := a
u��!|�{oý�s

a
ô�{s����x�}a�!þ6|�öAô�|?{�s�|�u~}×��|6{

T
þ6s�{

L(a)
�a^!{����Gs

T := T ∪ {x}÷zs�x
y /∈ T��÷
L(x) + d({x, y}) < L(y)

}3+�|�{
L(y) := L(x) + d({x, y}),
f(y) := x� ¤8Ç<.]¹w¤76

L(v)
|6u��!yf��s�{�v���}"ô�ý�ýo|��tþ#yV�:��{�sf�t^�{�����so�

(v, f(v), f(f(v)), ..., u)
|�u%|��tþ�y��:��{�sf�a^!{����Gsfýo|

v
y
u
�

��Ä�³
Å�Æ	Ç]¢��È·!¸È·��D�_Õi�3­3"���Ô��l:JÔ/ª  ��C  "�< ©!Ô/ª*�9C?��Ô  <	­3"��2�¬¨7Ô
�f ¬¨J�9��Ô  ¨JC�ª  a ° d
 ¨  <7©�ª#"aÏ]Ô  C?�]§�Õ  CS" « Ô «! <E" ¾ ©�Õ
ª3"�PiUk��uiU
b�s����!|�{�
#y`|6��y���v�s�x���}"�Gs`y�ua��v�{8y�{oý�s

L(a) = 0 û L(x) = ∞ õ8yVx"y`|���xa|�u~}"sÚý�|
����x�}a�!þ6|�u���d�|�|6u�}a|��:s
ýos(6

T = {a}.� +�s�xayGu�|�þ6ô��:õo�!|�öAô�|�6

L(a) + 2 = 2 < L(b) =∞ L(a) + 5 = 5 < L(h) =∞.
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b�s�{9��sGöAô�|���s�u�ü�{o�!þ�s�u��Vy���s�xa|6u%õ�y�x"yf�!s�u�ö
ôo|

L
þ�y��
����y'u�s�{�6

L(b) = 2 L(h) = 5.

Eky�ý�|��:Z�u	6
f(b) = f(h) = a.

� +�s�x"yG|6���Vy���s�xE�t^�{�����s'ý�|
L
��sf}a�!|�{o|?|6������x�}a�!þ6|

b û b /∈ T
�8þ�s�{9��sGöAô�|

T = {a, b}.
� +�s�xayGua|?þ�ô���õ���|�öAô�|�6

L(b) + 3 = 5 < L(c) =∞ L(a) + 1 = 3 < L(i) =∞.

b�s�{9��sGöAô�|���s�u�ü�{o�!þ�s�u��Vy���s�xa|6u%õ�y�x"yf�!s�u�ö
ôo|
L
þ�y��
����y'u�s�{�6

L(c) = 5 L(i) = 3.

Eky�ý�|��:Z�u	6
f(c) = f(i) = b.� +�s�xayG|��7�Vy��!s�x��a^!{����Gs'ý�|

L
�!s'}"��|�{�|�|������6x�}"��þ�|

i
þ6s�{ �!sfö
ôo|

T = {a, b, i}.
� +�s�xayGua|?þ�ô���õ���|�öAô�|�6

L(i) + 3 = 6 < L(d) =∞ L(i) + 2 = 5 < L(f) =∞.

b�s�{9��sGöAô�|���s�u�ü�{o�!þ�s�u��Vy���s�xa|6u%õ�y�x"yf�!s�u�ö
ôo|
L
þ�y��
����y'u�s�{�6

L(d) = 6 L(f) = 5.

Eky�ý�|��:Z�u	6
f(d) = f(f) = i.� +�s�xay |��d�Vy���s�x?�t^�{�����s�ý�|

L
��se}"��|�{�|6{���s�u�����x~}"�!þ6|�u

c
�
f û h þ6s�{���s öAô�|2|6�!� ��sôo{�s�ý�|?|����!s�u	��õ�s�x%|1��|���õ��!sf|��

f
�8ýo|���s
ý�sGöAô�|06

T = {a, b, i, f}.
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� +�s�xayGu�|�þ6ô��:õo�!|�öAô�|�6

L(f) + 1 = 6 < L(e) =∞ L(f) + 3 = 8 < L(g) =∞.

b�s�{ �!sfö
ôo|��!s�uEü�{��!þ6s�u��/y��!s�x�|�u�õ8y�xayG��s�u�öAô�|
L
þ#y��
���!y'uas�{76

L(e) = 6 L(g) = 8.

ERy�ý�|6�2ZVu�6
f(e) = f(g) = f.� +�s�xayG|����Vy���s�x��t^�{�����s'ý�|

L
�!sf}"��|�{o|�{9��s�u¨����x�}a�!þ6|�u

c
� û h þ�s�{9�!sGöAô�|�|���� ��sfô�{�sý�|?|��!��s�u��oõ�s�x%|���|6��õ��!sf|��

c
�8ýo|���s
ý�sGöAô�|06

T = {a, b, i, f, c}.
L�s ua|�þ�ôo�:õ���|G{Aô�{�þ�y9�!y�þ�s�{�ý��!þ6�!ÿ�{`õ8yVx"yeöAô�|a+8y û yeþ#y��
����s�u��������Vy���s�x��t^�{�����sý�|

L
�!s'}"��|�{�|�|�{�}"s�{�þ6|�u�|������6x�}"��þ�|

h
þ�s�{9��sGöAô�|06

T = {a, b, i, f, c, h}.

÷ yV�:õ�s
þ6sDy�+�s�x"y?ua|�þ6ô���õ��!|%{
ôo{�þ#yg�!y?þ6s�{�ý���þ���ÿ�{�õ8y�xay�öAô�|v+8y û ygþ�y��
����s�u�� � +�s�xay|����VyV�!s�x��t^�{�����sfý�|
L
��sG}"��|�{�|6{9�!s�u�����x�}a�!þ6|�u

d
�
e
þ6s�{9�!sGöAô�|g|���� ��sGôo{�s:ý�|�|����!s�u	�

õ�s�x�|���|6�:õo�!s5|6�
d
[�yVu3^�|��By���v�s�x���}"�Gs:}"|6xa���!{8yVx"Z:|6{`|���õ8y�u�seua��v�ô���|�{�}"|3_*�+ý�|f��s
ý�s

ö
ôo|�6
T = {a, b, i, f, c, h, d}.

÷ yV�:õ�s
þ6s:y�+os�x"yfu�|�þ�ôo�:õ���|�{
ôo{�þ#yG��yfþ6s�{�ýo�!þ���ÿ�{eõ�y�x"yföAô�|�+8y û yGþ#y��
����s�u��d�|?|�u�}"y��:y�{�|6x"yf|6�tþ#y����!{osf�2Z�u�þ6s�x�}as�|6{A}axa|
a û d }"�!|6{�|��!s�{�v���}aô�ýeW û |�u�6

(d, f(d) = i, f(i) = b, f(b) = a).

��Ä�³A»/²/.�²/.z¢H�
���èÖ¦C?�9<g�E§�"�ª  <H"�< ©!Ô/ª*�9C?��Ô «! áA� [�F ��C]ª#"5:�"�ª#"  ¨+­,Ô/¨JC�ª#"�ª  <�­3"��2�¬¨7Ô�f ¬¨J�9��Ô  ¨JC]ª  <�Ô���¯�Z�ª*C?�)­  � a ° e «! <8©�ª#"�Ï]Ô  CF�]§�Õ  CS" « Ô «! <E" ¾ ©�Õ<ª#"�PiU���j�UG0A"�<9<E"�ªCS"�� Ö �DZ�¨  <	­3"��2�¬¨7Ô2�a���'­*Ô/ª*C1Ô  ¨JC]ª  <�Ô��?¯�Z�ª�C?�)­  � g ° c.
.ts�uDþ�y����!{�s�u��a^!{����Gs�u�u�s�{¡�'ô û üo}"���!|6ug|�{¡xa|6ý�|�u'ý�|2þ6s��'ô�{���þ#y�þ6�!ÿ�{ÚsMxa|6ý�|�uý�|?}"xay�{�u�õ�s�x�}"|?õ8y�xayGs�õo}"�����-
#y�xE�!yf�2yV{�|�xayGý�|?|�{��
�!y�x%�!{o÷zs�xa�:y�þ6��ÿ�{�s�þ#y�x�v�yG|�{�}"x�|

ý�s�uEõoô�{A}as�uEþ�s�{�|�þ�}�y�ý�s�u�õ�s�x�ô�{�y'x�|�ýÈ��.ts�u�õÃ|6uas�u�õ�ô�|6ý�|�{ex�|�õ�x�|�ua|6{A}"y�x�ý���u�}"y�{�þ��!y�u
s:õ�ô�|6ý�|�{Mxa|6þ�s�v�|6x�s�}"xasG}a�!õ�s�ýo|g��{o÷zs�xa�:yVþ���ÿ�{76�}"��|���õ�s(��þ�s�u~}"|0��ý��-c8þ6ô���}"y�ý s�xas�v�xaZ�)
c8þ#yo�����
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\��!v�ôox"yG^<��U h 6

wGê>H I ïKJ½í�{	·%ì
��u�õÃ|6þ��!y��!��|�{�}"|Eü<}"�!�
|�{G��s�öAô�|%y�y�õ����!þ�y�þ���s�{o|�u���{o÷zs�xa�:ZV}a��þ#y�u	ua|�x�|	c8|6xa|�|�u�ôo{Gþ���|�x~}"s
}a�!õ�seý�|Gv�x"y/÷zseua���:õ���|��È�!�!y��:yVý�seZ�x#��s��D�töAô�|�u�|�|���õ���|#y��t|�{�}"xa|Gs�}"xay�u?þ6s�u"y�u	�	õ�y�x"y
þ6s�{�u~}"xaôo�!xEy���v�s�x���}"�Gs�u�|�c8þ���|�{�}"|�uEý�|6u�}"��{8y�ý�s�u�yD��s
þ#y����-
�y�x���}"|���u=|6{�ô�{8yD�!��u�}"y��
õ�y�x"y
þ6s�{�u~}"xaôo�!x?x�|�ý�|6u�ý�|Gs�xaý�|6{8y�ýos�xa|6u�þ�s�{Ú|6���t^�{�����s5þ6s�u�}"|0�wõ8y�xayeþ6s�{�u�}axaô���x?þ6ÿ
ý��!v�s�u
|�c8þ���|�{�}"|�u�ý�|6u�}"��{8y�ý�s�uBy�y����2yVþ�|6{8y�x û }ax"y�{oua����}"��xtý8yV}as�u���õ8yVx"y�y�{�y��!�-
#y�xCy��!v�s�xa��}a��s�uýo|�s�xaý�|6{8y�þ���ÿ�{È�����
Ó�³�ÔB¶L.]²/.]��¶��È·�ÉÈ·�� ÖC¨NM�» W ¢�Ç  �MÕ
¨*©�ª3"�Ï]Ô:¨7Ô « �¬ª���©�� « Ô V ­,Ô/¨  #B Ô:°t���¬¨±­��¬ª�­�Õ!�9C1Ô�����9�;:=<  ��U
�2W >�³A»3¿o¤8²/.]��¶��t·�ÉÈ·��ËãbÔ���Ô�Õ
¨K��ª Ö Ô�<o¨7Ô�C?�  ¨  ­��¬ª"­�Õ!�9C�Ô��l���9�;:=<  � V CD"��;:JÔT­,Ôb:=Õ  m
«! C  ¨  ª�"�ª*����CS"��;�fÒ!<gCF��:=<  ��ÔM<E"�§�Ô�� V :JÔ/ª;<�Ôf§�Õ  ­�Õ�"�<�§�Õ'�  ªH��ª Ö Ô�<  �HÕ
¨5©�ª#"�Ï]Ô����9�2m:=<  U
�BÄ�³
Å�Æ�Çz¢¡�È·�ÉÈ·��ON¦Ô���©�ª3"�Ï]Ô�� «! <E" ¾ ©�Õ<ª#"�PiU��!rG��Ô/¨���ª Ö Ô�<  ��U

�F|#yV�:s�u�ô�{8yGþ�y�xay�þ6}a|�xa�-
#y�þ6�!ÿ�{eý�|?�!s�u%ZVx3��s���|�u��



j��POi�RQ �TS ��� Ú Ù h W â
ög»T¢7Æ�¢o>C.�²/.z��¶��t·�ÉÈ·��æÞ  " G = (V,E)

Õ
¨.©�ª#"�Ï]Ô����9�;:=<  U G  �sÕ<¨/��ª Ö Ô�<l����°��Ô�<E"��  ¨JC  ����:�"�ª3"'­3" « "l:�"�ª «! ¯�Z�ª*CF�)­  � u, v ∈ V  #B ����C  Õ
¨2Ò
¨J�)­,ÔD­3"��2�¬¨7Ô����9�;:=<  §�Õ  Õ
¨  u ­,Ô/¨ v U
á  ��Ô���C�ª#"
­��)¦/¨=U¼e<� G |6uGô�{.ZVx3��s���|�{�}"s�{�þ6|�u�|6uGþ6s�{�|�p<s(��õ�s�xf�!s*ö
ôo|e|�p<�!u~}"|eôo{þ#y����!{os`ua���:õ���|�öAô�| ô�{�|

u
þ�s�{

v
��e<ô�õ�s�{�v�y���s�uGöAô�|9|�po��u�}a�!|6x"y�{Hý�s�uGþ#y����!{�s�u

ua�!��õ���|�uBý��!u~}"�!{�}"s�uB|�{�}"xa|
u û v ��ý��!v�y��:s�u C1 = (u0 = u, ..., un = v) û C2 = (v0 =

u, ..., vm = v)
�Gb�s���s

C1 6= C2
|�po��u�}a|

i ∈ {1, ..., n} �a^!{����Gs2}�y���ö
ôo| ui 6= vi

�
�	|�xas:þ�s���s

C1
û C2 }a|�x��:��{8y�{ |6{ v |�p<�!u�}a|�{ j1 > i û j2 > i
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O(logm(n!)) = O(nl(n)).

e<ô�v�|6xa|�{oþ��!y�6Fý�|6�:s�u~}"xay�x�ö
ôo|
n! ≤ nn û öAô�| n! ≥ nn/2 �

E�õ�s
ýo|���s�uwþ6s�{�u�}axaô���xwôo{Dy��!v�s�xa��}a��s�ý�|�s�x�ý�|�{8yVþ���ÿ�{��/þ�s�{os
þ��!ýos�|6{D��{�v��-��utþ�s���s
�  ª)©  mD��Ô/ª*C?��öAô�|�}a�!|6{�|�|6u�}�y�þ�s��:õ���|�����ý8y�ýgý�|��:y�{�|6x"y�öAô�|E|��<õ�x�s�����|��:y�ý�|Es�xaý�|6{8y�xô�{ �!�!u~}�y'x�|�u�ô���}"yGu�|�x�ýo|�þ6s���õ��!|1���!ý8yVý

O(nl(n))
�

å ³A¢7»T³<ÅÚ¤��È·�ÉÈ·��
£Oßb<i:�ª,Ô Ö <  �a" «! Ô/ª «! ¨="�ª�Õ
¨="2<g����CS" «! <�Ô/¨
©��9CFÕ « n C?�  ¨  ­,Ô��2m:=<  \[ � « " « O(nL(n))
U

.Cy`ý�|6�:s�u�}"xay�þ���ÿ�{Üý�|e|�u�}a|e}"|6s�xa|6�2y���|6{��
�!u~}�y�uGý�|e��y½õoxas�õ�s�u��!þ6�!ÿ�{Üy�{A}a|�xa��s�x��
õ8y�u"y�õ�s�x�þ�s�{�u~}"x�ô��!x�ô�{:yV�!v�s�x���}"�Gs�ý�|%s�x�ý�|�{�y�þ���ÿ�{Gþ�s�{�|6u�}"y?þ�s���õ��!|1���!ý�y�ýÈ��.wy���ý�|#y
|�u��!yfu��!v�ôo�!|6{A}"|06
��¹C³A¤È·���yVx�}"��x�u�ô�þ�|6ua�-�/y���|�{A}a|5�!y ���!u~}�y

L
öAô�|2ý�|	��|2s�xaýo|�{8y�x�ua|2|6{¡�!��u�}"y�u�ýo|2��s�{')

v���}aô�ý½�!y5����}"y�ý5+8y�u~}�y����!|6v�y�x�y����!u~}�y�u�þ�s�{Âôo{Âu�s��!s5|���|���|�{�}"s û c8{�y��!��|�{�}"|��  §�m­�<E"�ª�<E"��gþ�s���s`ua|eua|��8y���ÿÂ|6{.�!y½þ6s�xax�|�u�õ�s�{�ý���|�{�}"| u�|�þ�þ6�!ÿ�{Hý�|6�%þ�y�õ(^�}"ô���s½ua|6v�ô�{�ýos��
¬�u"yVxa|���s�u2�!s�u5y���v�s�x���}"�Gs�u�uas���x�|*�!��u�}�yVu2y��!�-^%þ6s�{�u�}axaô���ý�s�u5y�u3^�þ�s���s��!s�u2y���v�s�xa��}y)
�:s�u

primeramitad(L) û segundamitad(L)
öAô�|'ý8yVý8y2��y:���!u�}"y

L = a1, . . . , anþ�s�{�u~}"x�ô û |�{
primeramitad(L) = a1, . . . , an/2

û
segundamitad(L) = a1+n/2, . . . , an.�Fu~}"s�uwý�s�uwü���}"�!��s�uCy���v�s�x���}"�Gs�ut��s�uCý�|1�ay���s�uCþ�s���s�|���|6xaþ6�!þ���s�õ8y�xay�|6�A�!|6þ6}as�x��£��y���s�u

y'ô�uay�xEõ8yVx"yD|�u~}"|?y���v�s�x���}"�Gsg�!��u�}�yVu�ýos�{�ý�|�õ�s�u�������|���|�{�}"|�u�ô�u�|6�!|���|�{�}"s�uEu�s�{���y'u�ô
��|�
0�7�!�!u~}�y�u6�d�	s�x%|1��|���õ��!s

L = L1, L2
ýos�{�ý�|

L1 = 3, 5, 7 û L2 = 5, 7, 9
�


 Ç]º7¢7»@.¬Á3ÅÚ¢
merge− sort(L)��¶�Á3»T¤8¹w¤7õ

M = M1, . . . ,Mn|8s�x
i = 1

}"s
n L0,i := Mi
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i := 1
�
j := 0� +��!��| longitud(Lj) > 1� +��!��| i < longitud(Lj)

Lj+1, i+1

2
:= mezclar(Lj,i, Lj,i+1)

i := i+ 2�¼÷
longitud(Lj) mod 2 = 1

}3+�|�{
W := mezclar(Lj+1,longitud(Lj+1), Lj,longitud(Lj))
Lj+1 := Borrar(Lj+1, longitud(Lj+1))
Lj+1 :=

ç��=" « �¬ª (Lj+1,W, longitud(Lj+1 + 1))
j := j + 1

�
i := 1� ¤�Ç<.]¹w¤�õ

Lj,1

��{2|6÷z|6þ6}"sD|6u�}a|�yV�!v�s�x���}"�Gs�}a�!|6{�|�þ�s��:õ���|�����ý8y�ý
O(nL(n))

�d��yVx"y��!��|�v�y�xFy�þ6s�{�uy)
}axaô���xf�!��u�}"y�ufô�{o��}�yVxa�!y�ufy`õ8y�x~}"�!x'ý�|eô�{8y`�!��u�}�y

L
ý�|e�!s�{�v���}"ô�ý

n
ý�|���|6�:s�ua+8y�þ6|�x

ýo|���s�xaý�|6{�ý�|
log2(n)

õ8y�x~}"�!þ6�!s�{�|�u	���!ôo|�v�s�|6u�}"|*|6u5|���{Aü��:|6xas�ý�|8��|6þ�|6ueöAô�|*u�|
x�|�õ���}"|�|6����ô�þ6�!|���.tô�|�v�s9ý�|���|6�:s�u��:|	
�þ6��y�x?�!y�u?�!��u�}"y�u?|6{�þ#yVý8y þ#y�u�s(�	õ�|�x�sMþ6s���s
u�|eõ�ô�|6ý�| s��oua|�xy�Vy�xf÷
�Vþ��!����|�{�}"|2|���y��!v�s�xa��}a��s

mezclar(L1, L2)
{�|6þ�|6ua��}"y`ý�|6��s�x�)

ýo|�{Âý�|
longitud(L1) + longitud(L2)

s�õ�|�xay�þ���s�{�|6u�����|f|�u�}"ye�:y�{�|6x"y2}as
ý8y�u��!y�u
��|�
6þ��!y�u�þ6s�xax�|�u�õ�s�{�ý���|�{�}"|�u2yÂô�{.�:s��:|6{A}asqc��ay�ý�sÚýo|9�!y`õ8y�x~}"��þ��!ÿ�{Ü{�|�þ6|�u���}�yVx���{
ôo{8y2þ#yV{A}"��ý8y�ýM���!{�|�y��Cýo|Ds�õ�|�xay�þ���s�{�|6u�����|D|�u�}a|'��s
ý�s2�!y�þ�s���õ���|����!ý�y�ý }as�}�yV�wua|6x��
O(nl(n))

�D���Bua��v�ô��!|6{A}a|'|���|6�:õo�!s5|��<õ����!þ#y5þ����i���C�����C�\�q�C�&�C�/���Z�C�	÷zô���þC�������-�����C�/���
ýl�C���$���$���q���q�&� û ��� �
ü��&���q��ýl�Y��õ¡�C���VþC���$���C¢%öAô��'�6÷£��þ��"ü��<�
¤BÄ�³
Å�Æ�Ç£¥C· ÷ �����$���$¢ L = 1, 8, 3, 5, 2, 1, 8, 13, 7 ¦ � õ�����öAô��C�&��¢G�����$���$���q���q�&��6�i�q���&�C�q�$�&�C�/���1¢>�?þC�$��¢>����ô û �Y��������¢>��� L0 = 1, 8, 3, 5, 2, 1, 8, 13, 7

ý��������l�����aô�ý
â �8þ6ô û ��¢T�C���C�&�C�/����¢G¢q�?ý��C�l�$�§�$� L0,i ¦� +��$���

i := 1
�
j := 0 ¦� ���&�

longitud(L0) = 9 > 1
���\�q���$�&��¢G�C�X�C�tõ��>���&�C�¨��ôoþC��� ¦� ���&�

1 < 9
���\���$��þC��¢¨���\���q�$�&��¢G�C�X�C� ¢q����ô���ýl�t��ô�þ���� ¦

L1,1 = mezclar(L0,1, L0,2) = 1, 8 ©<ª �X��¢>���'�&���&�C�\�q� ���'õ��q������������\�q����ý��Gýl�Y��� ����¢3�§�
L1
��¢¨�Z¢�ôs���	
�ô����Z����¢>���/«

i := 3 < 9
L1,2 = mezclar(L0,3, L0,4) = 3, 5
i := 5 < 9
L1,3 = mezclar(L0,5, L0,6) = 1, 2
i := 7 < 9
L1,4 = mezclar(L0,7, L0,8) = 8, 13
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i := 9 = 9
���föAô��Y����¢¬¢q��þ��Gý�������ô�þC���

� ���&�
longitud(L0) = 9

��¢T���:õ��$�t���\���$��þC��¢
W := mezclar(L1,4, L0,9) = 7, 8, 13
L1 := (3, 5), (1, 2)
L1 := (3, 5), (1, 2), (7, 8, 13)

�
longitud(L1) = 3

j := 1
�
i := 1� ���&�

longitud(L1) = 3 > 1
�C�/�����-����¢�ý��'�Aô��	�������N���tõ��q�������¨��ô�þC���

� ���&�
1 < 3

�C�\�q����þ��C¢T�C�\�q���$�&��¢G�C�X�C� ¢>�C��ôl��ý��t��ôoþC��� ¦
L2,1 = mezclar(L1,1, L1,2) = 1, 2, 3, 5
i := 3 = 3

���föAô��Y����¢¬¢q��þ��Gý�������ô�þC���
� ���&�

longitud(L1) = 3
��¢T���:õ��$�t���\���$��þC��¢

W := mezclar(L2,1, L1,3) = 1, 2, 3, 5, 7, 8, 13�-��þ����-����¢
L2

L2 := (1, 2, 3, 5, 7, 8, 13)
�
j := 1

longitud(L2) = 1
���fö
ôl�Y����¢¬¢��Vþ��Gý��C����ôoþC���

el�$���!ý���6¨��� u ��~��­}'� v � Ø �-��~
¤�Ä�³A»/²/.�²/.£¥R®°¯+¥ ç¨:=<g�)­3"�ª  <�"�< ©!Ô/ª*�9CF��Ô2"�¨JC  ª��DÔ/ª�"GÕ
¨="G<g����CS" «! ­��¬¨+­,Ô  <  �  ¨JC1Ô���U

¿�À
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ü��&�C�>�5ý��Dþ������¶�l��������¢1�C�/���q�·���
ý��$¢ ¦1ª ¢>�q���ô�¢>�q�-c8þC�Z���$¢G¢q����ô����C�\�q�C¢�ý��	c����!þ������l�C¢ ¦
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¶C³
»;¼8¹�¥7» «! Õ
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. ��¢·�$�3�¡�����C¢Y���C�������Vý����q��¢·�q���C�l�C��¢aôÀ��õ����!þC��þC��ÿ��´���Á�q��ýl�C¢'ý��:þC���'ô��l�!þ��VþC��ÿ�� ¦
ª ¢Bþ����$�>��öAô��t¢q�<ö
ôl�C�q�����$¢BþC����¢3����ô�����ôl���1�>��ýföAô��Eþ�������þ����Eô��fþ�������ô��/����ý��t���
ýl��¢��
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|K����ôl���Z} ¦ ~/}'6

ýl���/�$�&��¢
V
�Â��� �>��ý9ý��	�¡�#¢q����þ������¶����õ��$�q��öAô���þ���ý���õ��$�%ý��Y�l�
ý���¢T�C¢3�×���MþC�����6þ�)

����ý���¢ ¦ �������\���>������¢'���q�V÷£��¢?þC�$��������¢gþ�ô û �MþC���$��ô��\�q�Mýl�a�����>����þC��¢#�C¢ V �L����¢?öAô��C?�  ¨  ¨  <�� Ã¬¨J�9��Ô?¨8Ò!�  ª,Ô «! "�ª*����CS"���¢>��������¢a�$�3�¡�����C¢ û ¢>���:õ¡���a��¢>�§�?õ��q��õl����ý���ý���&���l���&�$���C¢ ¦ e����·���2���$�q�����$����¢K�-�3�¡�����C¢�¢q�$� �'ô û õj�
þ��1�q��¢q��¢>�����\�q�C¢i��÷
�-������¢Cõj�$�aöAô��0�����ô��A�$�#�¡���D�°���+þC�$�������DöAô���ô��l��ýl��¢l�����>����þC��¢G��¢Eü����!þ�� ¦ � ¢#^:�C�Ãý����q�C�>�����>�'ý���ôl���þ����'ô�����þ���þ��!ÿ���ýl���q�6þ����Z���\���>��ýl��¢¬���
ý���¢%ý���¢aþ������6þ��§���-����ôl����¢G���
ýl��¢¬�C�/���q�'¢3^ ¦
.���¢q����ô����C�/���=õ��q��õ¡��¢q��þC��ÿ��DþC�$���Vþ������q�-
��¨����¢��$���V÷£��¢�¢>����õ�����¢	öAô����q�������C�'ôl�Z�$�#�¡���

�$�C��������ý��$� ¦
ö�»;¥7Æa¥=>�.]²/.£¸�¶Ä¹È·�ÉÈ·�¯7Õ ÖC¨9©�ª#"�Ï]Ô2���9�;:=<  G C?�  ¨  Õ
¨Q��ª Ö Ô�<�©  ¨  ª3" « Ô/ª;���F°G��Ô�<E"�m�  ¨JC  ��� G  �'­,Ô/¨  #B Ô�U
á  ��Ô���C]ª#"
­��)¦/¨=UKe°� G �q��������ô���¢aô��������/÷£�

T
öAô����C¢gô��Á�$�#�¡��� û þC�$�\�����C���Z���
ýl��¢¢�ô�¢������>�q�!þC��¢����C�/������þ��C¢%õ��-���'þ��Vý��fõ��-�Eý��H���C�3����þC�C¢�ý��

G
+�� û ô��eþC�$�&�����·�C� T � ûõ¡�$�G�§�-�\���Z���

G
�8öAô��'����¢�ôl��� ¦Åª ¢>���&�'ô��C¢3���q�GöAô�� G �C¢%þC�����¶��� ¦e��

G
�C¢fþ������¶���(�a���Æ���$�������Mý��5þ�����¢>�q�aô����'ô��W�$�#�¡���Ç���C�l�C���Vý����'þC�$��¢q��¢>���È�C�

���
þ��$���-
C�$�gô��±þC���aþ�ôl�����Æ�C�
G û öAô����§�$�Dô����³�$�>��¢3�§� ¦³ª ¢>�§�µ��õ¡�C�q��þC��ÿ��±õl�q�C¢>�C�y�-�³���þ������¶�l��ÿ�� û +���þ���ý���¢���õ��-�q��þ��C��ô��2þ��!þ���� ¦ �½�������$��ýl�·�C¢3�§�#��õ¡������þ��!ÿ$�:ý��C¢q��õ��$�>��þ��C���-��q�
ý���¢¬����¢�þ��!þC����¢ ¦
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�¨���&��¢�ý���ý�� ô����X���-���C�q� ýl�:þ�����¢3���aô�����ô����$�#�¡���a�$�C��������ýl���Y�C�����Fþ��$¢>�Mý��

����¢������/÷£��¢�öAô��¬����¢K�����C����� ¦ LT�'����¢>���$�\�q���\�������
þ��-���-
C��þC��ÿ$�fýl�%þC���aþ�ôl�����$¢i����ô��&���q�V÷£����Á��¢5ôl���r�§�-�q�C��¢>�C��þ�������� ¦ ���$���������r�C¢2þC�$�������������\���0�T���Ä�!ô��/�-��ý��Æ�C��õ������$�&����C¢>�q���-�q�C�������$�/���C�>�����	�Â���:õl�����-��ôl�����C¢3�����@���C�$����ý��Y�q�!õ¡��.�¶w²�»T³<ÅÚ³<¶�ÁÉ¼8Ç�6�õ��$�3��������ý��
ý��Dô��¹���C�3���!þ����j���T�$����ý����C��ýl�È�$�>��¢>���$¢���ô��\�q�2þC���µ¢�ô�¢����°���>�C�&��¢�¢>���MöAô����$���-����ý����
ô����Z�Aô��	�-���-�q��¢3�§� ��õ��$�>��
6þ��Gô�� þC����þ�ô������ �C�X�C� �Aô��	�$�������V÷£� ¦.��`þC����¢3����ô�þ�þ��!ÿ��.ý�� ô��º�-�3�¡���G�$�C��������ý��$�&�&��ý����$�\�q�eô��R�q�!õ¡�`ý��X�C¢3���q�-���������
����þ��q�C�&���\�§�-�Èõ�ô��6ý���+���þC���q¢>�n���$¢q��þ��$�&�C�/����ý��?ý���¢�÷£���>���$¢Eý���¢>�����\���$¢�6

• ª �:õl���C�$��ý���ôl�N�t�����
ý��Gý�� W�� >��Ê»C³
¹L¼�³
¶¿¼8Å�Æ	Ç
.zÁÉ»	¹�6�þC����¢>��¢3���Y�C�N�>��þ��0)�q�>�C�Å���
ý��$¢�����¢����C�>�q�!þ��C¢t��ý û ��þ��C�/���C¢G�gô����Dý���ý�� © �C�������!ýl�·�$�j�0
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G = (V,E)
�
u ∈ V

V (T ) := {u}, E(T ) := ∅� +������ V (T ) 6= V� ����ýl���Å�
E(T )
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(V (T ), E(T ))
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G = (V,E)
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u ∈ V ¦
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V1 = 1 û V2 = ∅ ¦ �Ë���-����ý����C��ýl������¢����C�>�q�!þ��C¢1�Vý û ��þ��C�\�q�C¢



uVØ/u �I�;�d���;�����yx��{z � ��ù��_Ù
�M�����>�q�!þC��¢�ý��C�+þC������ôl�\�q�

V1
�$�ÃþC������ôl�\���

V2
û �q��þ	^!õ��>�
þ��-�����\���0�oþC����õ��q�����$��ýl� �C�þC��ý��&�Vý��!þ��!ÿ��V¢>��¢�ôN���\�����q¢>��þ6þC�!ÿ$�X�C¢_�@��þ�^�� ¦

º ���q�Gþ�����þC�6õl�������\�q�C�>�C¢��-�\���'��¢T�C�týl��º7»;¼(@½¥�Æ�Ç£¼�Þ�¥¦6

ÓVÖ�Ô�ÞL.
×/.
¸¡ÞÄ¹Êâ
®AÕ�â�¯kÞ  " G = (V,E)
Õ°ØRÙ$Ú#"�Ï]Ô�U Þ  Ý�� Ü  á�Õ  G  �GÆ	Ç
¼�Þ�¥����"/Ý��2�9C  Õ�Ø=" Ú  :¡Ú  �  ØJCD" Ü �àß@Ø�Ù$Ú3� ¾ Ü "  Ø  <i:o<©"�ØoÔ Ý  ��ÔCÝ!Ô á�Õ  <E"���"$Ú�����CD"���Ò�ØJ� Ü "�m�  ØJC  �  Ü Ô@Ú*CD"$Ø  Ø5<�Ô��'ã�Z�Ú�C?� Ü  ��U

L¨�¬��¢Cý���÷\^�þC���/þC����õ��>�����$�ÈöAô��a���������V÷£�EþC����õ��������
K4

�C¢Cõ����$���(�;�Vô���öAô��i�§�$�
���-�C�
õ¡�
ý����&��¢��>��õ��>�C¢>�C�/�§�$�

K4

ý�� ���$�������2ö
ôl�Z¢�ô�¢Y�-�q��¢3�§�$¢����V¢aÿ����È¢q�fþC���3�����³�C�³����¢
�����>�q�!þC��¢ ¦ e��=õ�ô��6ý���ý��C�&��¢3�����-���$��ô��oö
ôl��������¢K¢q����þC������� û ¢q�Ç�C¢�þ���õ����¨����¢L���!�>���q�-����¢ýl�C�tþ�ô��>¢q�(������¢q����ô����C�/����þ��-����þ����C�>��
C��þC��ÿ��eý��'����¢G���q�V÷£��¢�õ����$����¢

å Ö\¥7»@Ö
Å�¼r¹Êâ<®AÕ â�äËÊåÝ  G� Õ�Ú#"�C�Ô ÿ � F �ÙÎ9Ö�Ø�Ù$Ú#"�Ï]Ô  ��:=<E"$Ø7Ô���� Û ��Ô�<�Ô���� Ø7Ô Ü Ô@ØJC?�  Ø  ØJ�8Ø°Ù�Ò°Ø¹��Õ Ö Ù$Ú3"�Ï]Ô�á�Õ  �  "t����Ô���Ô@Ú¬Ï]Ôt"tÕ�Ø="A:�"�Ú*C?� Ü �àß@Ø³Ý  K5

Ô�Ý  K3,3.

ª �:õ��$�3����þ�ô����$����þ�ô��$��öAô������a�$���V÷£��ö
ôl��þC���/�������/�Y� K5

�#�
K3,3

þC���&�'¢aô��������/÷£��¢
�l�&�C¢%ô��X�����V÷£�fõ����-��� ¦
¤BÄCÖA»-×/.
×/.£¥�®°ä8Õká  C  Ú*�2�8Ø="$Úa������Ô@Ø�:=<E"$Ø7Ô���<�Ô�������Ù�Õ!�  ØJC  �ZÙ$Ú#"�Ï]Ô���Ø Q3, K2,2 Û
K2,3.

º ��¢3���#���C¢>�Âö
ôl�³¢��0�¡�C�V¢q��ô��¿�����V÷£�Á�C¢V�À���Üõl���$�l�Á�q���C�l�³�Võ�����þ���þ����$���C¢È�Á���
�����6þ�����ÿ�����þ��fõ��$�q�Z¢��0�¡�C�T¢>�Cô�� þC���aþ6ô����q�Z¢q��õoô���ý���þC�$��¢>�q�aô����¬¢q�����q�?ô��9õ��-���C� �&���(�
���°���§�-��ý��&���$¢G���\�����q¢>��þ�þ����$���C¢¬�C�\�q�q�'���$¢�þ������¶����������¢ ¦
Eð+�� û ô��e÷
�$�&��¢q���������q�����föAô��Y�>�C����þC������� �-�2�¡�$¢�þC����þ���õl�q��¢�6

å Ö\¥7»@Ö
Å�¼r¹Êâ<®AÕ âPæ ÊåÝ  <�Ô�� p Ü Ô�<�Ô@Ú  �(Î'ßb<LØ8Ò!�  Ú×Ô Ü Ú×Ô��a��C?� Ü Ô�Ý  Õ°ØÆÙ$Ú#"�Ï]Ô�:=<E"$Ø7Ô
 �A�  Ø7Ô@ÚMÔa��Ù�Õ�"�<Lá�Õ  p U
.��2+l��¢>�q���q���gý����C¢3�����q�C���>�C������¢_���$¢>���$�\�q��þ�ô��>����¢q���oõ�ô���¢T���������$�q���Dý������M+���¢�)

�q���q����+��$�&�!ý��Y��õ��$�q�6þC���C��ý���ý����&��¢>���q��þ���������¢�÷
�$��¢��$¢ û þC�$�\���q�$���>���:õl����¢i����þC���>�q�6þ����$¢�-�Ê�q�C���>�C��� ¦ �¬�6÷£���q���&��¢G�$�Ê���6þ��q���G���/�����q�C¢q��ý���� ����¢q�6þ�þC��ÿ�� v ¦ Ø ý��&ç �Gè ¦



x���é$é�� Ú + Ú�� ��¤	��¤	�_Ù u�Ø ~
w�ê�Ò#Ò ê[77·Eï�´bµ�´lµ�íDì
¤�ÄCÖ\ë@×/.<×/.£¥À®�ä ®�âG���-��ô��q�-�Eô��V���q�V÷£�'öAô����q�6õ��q��¢q�C�/���'���-¢�ý���¢3�����/�§�$¢���ô����-¢ û ý���õ¡���')ý��C��þ����-¢ © +��-���D�/���aþ ¦�¦�¦ «'ý��C�j�6ý��Ec8þC���·���5öAô��1¢>������õ��$�>�q��þ����-¢q���<õ¡�$��������ý��Dô����·�$�>��¢>����C�\�q�q�?þ���ý��Gõ��$��ý��?ý���õ¡����ý��C�oþC���$¢�öAô��Y��¢>�×���Mþ����'ô�����þ���ý��$¢ ¦
¤�ÄCÖ\ë@×/.<×/.£¥R®°ä¡¯ÊâG������ô$�q�Z����¢G���q�V÷£��¢

K7
�
W5
�
K1,6

�
K4,4

û Q4 ¦
¤�ÄCÖ\ë@×/.<×/.£¥À®°ä¡äÊâ��¨�$�����$��ô��������-�q�q�-
�ý�����ý û ��þ��C��þ���� û ô��������-���>��
�ýl������þC��ý�����þC���ý��?þ���ý��fô�����ý��'���$¢G�����/÷£��¢�ý��C� �1�>�C�aþ��!þ����&�$�/�����q����� ¦
¤�ÄCÖ\ë@×/.<×/.£¥À®°ä�æLât�����q�C�>�������$��¢>�:������¢3�����$����ü��È���q�V÷£��¢>����õ�����þC��� v ���C�3���!þ��C¢�þ6ô û ��¢������ýl��¢G¢q�C�$�

3, 2, 2, 4, 3, 5, 4.
�������C�>�������$���§�$�
���-�C�V¢>� �¶�l��¢>���Y�-����ül�A�$���V÷£� ¢q���:õ����

þC���Æ}M���C�>�q�!þ��C¢�þ6ô û ��¢T���q��ý���¢G¢q�C�$� 3, 2, 2, 4, 3.

¤�ÄCÖ\ë@×/.<×/.£¥R®°ä¡¹Êâ����$�����-���q�
ý���¢¬����¢G¢�ô(�����q�V÷£��¢%ý��
K1,6

û ýl� W3.

¤�ÄCÖ\ë@×/.<×/.£¥ì®°äÂíÊâ��¨�$�����$������¢2�@�$�����>�C¢�ýl�
n
õ��$�q�´���$¢�öAô��N����¢Z¢q����ô������\�q�C¢&���q�V÷£��¢

��ý��&�������eôl�9þ�����þ�ô������ ��ô����C�>���$�l�(6
Kn, Cn

û Wn

¤�ÄCÖ\ë@×/.<×/.£¥R®°äjî:âG���-��ô��q�$�G����¢�ýl�����q�V÷£��¢Eþ����X���0
C��¢�þ6ô û �$¢T���-���>�!þ��C¢Eý��Y��ý û �VþC�C�oþC���¢q���X���-¢G¢q����ô������\�q�C¢�6








0 2 2 2
2 0 1 1
2 1 0 1
2 1 1 0









,









1 3 2 0
3 0 1 2
2 1 0 1
0 2 1 0









,













0 1 2 2 1
0 0 1 1 1
3 0 0 1 1
0 0 1 0 1
0 1 1 1 0













¤�ÄCÖ\ë@×/.<×/.£¥[®°äÂï ¦ �¨��¢q�����$�Bô��&�$���$���q���q�&��þ6ô û ���C�\�q����ý���¢q�C���������-���q�-
=ý��¬��ý û ��þ��C�!)þC����ý��Dô��µ�����V÷£� û öAô��'õ¡���q�&���§��ýl�������q�&�����-�¨�����
ü��&�C�>�5ýl� �-�q��¢3�§�$¢�ý��Dô��µ�����V÷£� ¦
ª ¢3�"ô�ýl���$�G¢aô þC����õ������>�!ý���ý ¦
¤�ÄCÖ\ë@×/.<×/.£¥{®�ä7É ¦ ����¢q�����$��ô����$�������>�����Z�eþ6ô û �N���\���q��ý��X¢>���X���A���-�q�q�-
fý�����ý û ��)þC�C�oþC���*ý��2ô��Á�����/÷£� û ö
ôl�5õ¡�C�q�&�����9ýl�������q�&�����$�#¢q�Ç�����$���V÷£�Æ��¢��µ���µ�6ô������q���$��� ¦
ª ¢3�"ô�ýl���$�G¢aô þC����õ������>�!ý���ý ¦
¤�ÄCÖ\ë@×/.<×/.£¥R®/æÃÕ ¦ e����Gô���� �q��ý ý�� � ���aý�������ýl���q��¢T�
ôl��������ý��$¢%ý��C�d�Y�$� � ý��C¢�þC�q���§�õ¡���%ôl�N�$���V÷£�Gþ6ô û �&���-�q�q��
�ý��Y��ý û ��þ��C��þ����-¢T�C¢¬����¢q����ô������\�q��6
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















0 1 0 0 1 0
1 0 1 0 0 1
0 1 0 1 0 0
0 0 1 0 1 0
1 0 0 1 0 0
0 1 0 0 0 0

















e����
p = 0.1

���½õ��>�������l������ý���ý±ý��eöAô�� ô��Hþ����l���eöAô�� ôl��� ý���¢Z����ý��C���Vý����q��¢
�Vý û ��þC���\�q�C¢¨¢>��ý��$�l� ¦�8« � ô��$� ��¢T���'õ��q��������������ý���ý�ý��?öAô��Y¢>�Y��¢>���>��õ¡�C���µ�$�Ê�&�C���$¢%ý���¢%þC��������¢ ¦����« � ô��-����¢���� õ��q��������������ý���ýÚý��2öAô��5ô��Á������¢��$�>�2öAô��5õ��$�3���2ý����Ç���aý�������ý��$�
�Aô��&�C���Vý��2þC���*ôl�¼���l�È�����C��ô��#�$�L����ý��C���Vý����¨�
ô��&�C�q��ý��2þC�$�*ô�� u �¡�q�C�����C��ýl�È�C�
þ6ô��C�/�§�&��� ���o÷£���>���VþC��ÿ$�V¢q�����q�'���'õ��q��������������ý��Vý�ý��?öAô��Y¢>��ý��$�l��ôl���GþC�$�������!ÿ$� ¦
¤BÄCÖ\ë-×/.
×/.£¥À®/æL® ¦ e��C�����Y¢q����ô������\���¨���-���>��
T���Y���-�q�q�-
�ýl����ý û �VþC����þC���$¢Eý���ô��È�����/÷£�¢>����õ����

G = (V,A)
6

























0 1 0 0 0 0 0 0
1 0 1 1 0 0 0 0
0 1 0 1 0 0 0 0
0 1 1 0 0 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 1 0 1 0
0 0 0 0 0 1 0 1
0 0 0 0 0 0 1 0

























�8«������q�C�q�&�����$�G��� �
ü��&�C�>��ý��?þ����:õ¡�$���C�/����¢�þC�$�����l�$¢�ý��C� �$���V÷£� ¦����«T�¨�������q�&�����$��¢>�
G
�C¢�ô��³�$�#�¡��� ¦ ���������q�&�����-��¢q�K�$�K�$���Vý����¨���È�-�q��¢>�§� {1, 5}��� �
ô����������q�V÷£�

(V,A ∪ {{1, 5}}) �C¢%ô��N�$�3�¡��� ¦������«Ç�����q�C�q�&�����$�G����¢G���q��ý���¢�ý������
ý���¢G����¢¨���C�>�q�!þ��C¢�ý��
G ¦�-�l«t�������C�>�������$�G¢>� �C� ���q�V÷£�

(V,A ∪ {{1, 5}}) ��¢ ª ô������q���$��� ¦
wGêCÒ�ë êµ77·Eï�´lµ	´lµ�íDì ï�·%ì�ð4·�{�³CíDì
¤BÄCÖ\ë-×/.
×/.£¥ñ®AÕÃÉ ¦ .��$¢��aô��6ý��$¢5öAô��µ¢q�*õl�!ý����Ä¢q�*õ�ôl��ý����Ì�q�6õ��q��¢q�C�/�§�$�5þC�$����ô��õ¡�$��^��$������þC���q����ýl��ýl�T~�� w �°} û � ����ý���¢��>�C¢aõ¡�6þ��q�-�-�-�����\���%þ����Gô��G�����>�q�!þC�¬��ý���þC�������$����·�C�\���/�����q���$� û �q��ý�����¢Cý��C¢�ý����C¢3�������C�3����þC����þC��ý���ô�����ý��Å����¢����C�3����þC�C¢	ý����
õ¡�$��^��$�����
© ���C� W5

�C�X���Mc���ô��q��} ¦ w ��« ¦
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¤�ÄCÖ\ë@×/.<×/.£¥R®Â®
Õ ¦ e���õoô���ýl�#�>��õ��>�C¢>�C�\���$��þC�$���Gô�� þ6ô(�¡�&�q�q��ý����&����¢q�������-� ¦
¤�ÄCÖ\ë@×/.<×/.£¥Ä®¡®Â® ¦�ª ¢aþC�>�������&��¢ K3 = ({1, 2, 3}, {{1, 2}, {2, 3}, {3, 1}}) ¦ e��w÷zôl�C������!õ��-�>����ý��V¢aôÚþC������ôl�\��� ý��G���C�3���!þ��C¢

V
¢q��õ¡�<ýl�3^��V��¢aþC�>�������?þC�$��� ôl���!ÿ$�Âý���¢9��ô��\���

ý���ý���¢fþC�$����ô��\�q��¢ �����-�Vþ�^���¢��Fý����/�$�&��¢
V1
û V2 ¦ e���÷zôl�C���5���!õ��-�>����ý��Mõj�
ýl�C�&��¢¢aô�õ¡���l�C���l¢q���5õ¡���aý���ý��Dýl�1�$�C�������$���!ý��Vý��
öAô��
1 ∈ V1 ¦ LT��þ��C¢q�$�q���$�����\�q������¢������>�q�!þ��C¢u û ~'��öAô��G¢q�$�&��ý û ��þC���\�q�C¢Fþ����4��ý��	�¡�C�Z�C¢3�§�$����� V2 ����öAô��Eý���ô�����þC���/�����Vý��!þ6þC��ÿ��û �Gö
ôl�Y¢q���N��ý û ��þC���\����¢ ¦e��C�

C6 = ({1, 2, 3, 4, 5, 6}, {{1, 2}, {2, 3}, {3, 4}, {4, 5}, {5, 6}, {6, 1}}).

÷ �$���$�&��¢ 1 ∈ V1
�C�/������þ��C¢

2, 6 ∈ V2 ¦ ���X�C¢3���X���
ýl� 3, 1 ∈ V1 ¦ � ¢#^ V1 =
{1, 3, 5} û V2 = {2, 4, 6} þ�ô���õ����������$¢�þC����ýl�!þC��������¢�õ��-���göAô�� C6 ¢>���M���!õ��$�>�q�!ý�� ¦
¤�ÄCÖ\ë@×/.<×/.£¥�®Â®°¯ ¦ �t�$¢3�§� �������$� u �q�6þ����$¢�õ��$�q�$�������$¢	��¢>�����q��ô�����ý��Y�������$¢G���$�aþC�$� uõ�ô��\�q��¢ û ¢>�����q�T���'�-���������$��þ��$�Å}�õ�ô��/����¢ © �>�C¢�õj�6þ��q�-�-�-�����\�q��~ û w « û �q�6õ��q��¢q�C�/�§�$����
ý���¢Å����¢Å¢>�C���&�C�/����¢=öAô���ô��l�C�5ô����·���$��þ���ýl��ô����gý��¨���$¢Å�>��þ��§�$¢=þC���2ô����#���$��þ��
ý��'�����$���q� © ���C� K4,4

���N���
c���ôl����} ¦ w/u « ¦� ���&�5þ���ý��������>����þC�'ý��
V1 © |V1| = n

«v+��5ý��'ô������q¢q�'þ����`þC��ý������C�3���!þ��fýl�
V2© |V2| = m

«t�C�Ê�q�$�§�-�Èý��Y�$�q��¢>���$¢G�C¢
mn ¦

¤�ÄCÖ\ë@×/.<×/.£¥D®Â®°ä ¦ . ��¢����q�V÷£��¢ K4
û W3

�q�������C�À���9õ��q��õl����ý���ý¡ý��5ö
ôl��þ6ô��$�!öAô����C�
���C�>�q�!þ��X�C¢3�§�Âþ������6þ��§�Vý��ÚþC���W���
ý���¢Z����¢Gýl�C���$¢ ¦�÷ ���C�������C�G���@�������*ý��N�$�>��¢3�§�$¢õ¡��¢q�-������¢¬���9ôl�N�$���V÷£�fý��

4
�����>����þC��¢ ¦ �����t�§�$�/���(��¢>���X��¢>�����$��÷£��¢ ¦

ª �������/÷£� K1,3

�����C���?ô��s���C�>�q�!þ��gþ������6þ��§�Vý��2þ����Æ����¢¬�$�q�q��¢
3
öAô��#��¢>�§�-�Mý���¢aþC��)

����þ��§��ý��$¢T�C�/���q�'¢3^ ¦ L¨�Gõ�ô���ýl�Y¢q�C�¬��¢>�����$��÷£� �Z����¢G�$�q�q��¢�ý���¢¬���q�V÷£��¢ ¦
¤�ÄCÖ\ë@×/.<×/.£¥R®Â®\æ ¦ �t�$¢>���Z�C¢�þC�>������� V = {1, 2, 3} û V ∗ = {1∗, 2∗, 3∗} ���\���$��þC��¢�6

K3,3 = (V ∪ V ∗, V × V ∗)

H = ({1, 2, 3, 1∗, 2∗, 3∗}, {{1, 2∗}, {2, 2∗}, {3, 1∗}, {3, 2∗}, {3, 3∗}})
E ý��·����ô��$�����-���C�q���C¢aþ��q�-�����¨���	þC���$��ô��\�q�5ý��n���C�>�q�!þ��C¢�ý��·����¢¨���q�V÷£��¢ û �$�>��¢3�§�$¢�ý�����Mc���ô��q����ö
ôl�Y¢q���X�q��¢aõ¡�6þ����E�-�$�&�C�/���06

G = ({a, b, c, d, e}, {{a, b}, {c, b}, {c, d}, {d, e}, {a, e}})
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G′ = ({a, b, f}, {{a, b}, {f, b}, {a, f}})���Y�&�
ý��GöAô��
G ∪G′ ��¢T�C� �$���V÷£� �q��õl�q�C¢>�C�/�§��ý���6

G ∪G′ = ({a, b, c, d, e, f}, {{a, b}, {c, b}, {c, d}, {d, e}, {a, e}, {f, b}, {a, f}})
¤BÄCÖ\ë-×/.
×/.£¥D®Â®�¹ ¦´ª ��þ�ô��¡� Q3 �����C���2þC���&�8���C�3����þC�C¢	�Fý����/�-���$¢ V3 �i���-¢Dõ��$���������-¢ýl�V�q�q��¢G�l������¢ ¦�ª �Eþ6ô(�¡� Q2 � V2 �a���-¢'õ��$�������q�$¢'ý���ýl��¢2�����q�C¢ ¦�ª ��þ�ô(�¡� Q1 � V1 ����$¢�õ��$���0�����$¢�ý���ô��K����� ¦iª �Èõl�q�
ý�ô�þ���� Q1 ×Q2

�����C����þ������M�����>����þC��¢¬���Èõ��>�
ý�ô�þ����
V1×V2

����¢>������¢��/¢aô�¢I���C�>�q�!þ��C¢i¢>���fõ��$�>�C¢Bý��t����÷£���q���
(a1, a2a3)

ý�����ý��
a1, a2, a3 ∈

{0, 1} ¦iª �Â��¢>�����$�#c�¢>���?ý��¨�$���V÷£��¢a¢q�¨�C¢3�§��������þ���ýl�¨���'¢q����ô����C�/���T���$�������'6 f : V1×
V2 → V3

�tý��Z�&�
ý���öAô��
f((a1, a2a3)) = a1a2a3 ¦ Eñ���È�>�C����þC��ÿ��½ý��Z��ý û ��þ��C��þ�������µ���wõ��q�
ý�ôoþ�����¢>�·������6

(a1, a2a3)
û (b1, b2b3)

¢q���µ��ý û �VþC�C�/����¢1¢q� û ¢>�����-�����\���'¢q��G�������
a1 = b1

û a2a3 ��¢¨��ý û ��þC���\����þC�$� b2b3 �C� Q2 �a�����C� a2a3 = b2b3
û a1 �C¢�Vý û ��þC���\�q��þ���� b1 ��� Q1 ¦iª ¢>�q�·��¢Ç��öAô��E�-�$���C�\�q�¨��ý��6þC����öAô��¨������¢3����ô��2ül���!þ����@�$�����

i ∈ {1, 2, 3} ý��Y�&�
ý��GöAô�� ai 6= bi ¦ . ��öAô��Y�/�-���$�/����
C�föAô�� f �C¢�ô��X��¢>���&���#c�¢>���ýl�Y�$���V÷£��¢ ¦
¤BÄCÖ\ë-×/.
×/.£¥e®Â®°í ¦ e��C� G = (V,E) û G′ = (V ′, E ′)

þC�$� |V | = n
� |E| = m

�
|V ′| = n′ û |E ′| = m′ ¦aª �\���$��þC��¢����C�+þC�$����ô��\�q�Gýl�H���C�3���!þ��C¢�ý�� G×G′

�C¢
V × V ′ýl�È�&�
ý��MöAô�����õ¡���·���X�q�C�$���9ý�����þC�$�aý������$��ýl�C��õl�q�
ý�ô�þ����*þ��$�3���C¢>���-���(�������Aü��&�C�q�

ýl�M���C�3���!þ��C¢�ý��
G × G′

�C¢
nn′ ¦ e��C� (v, v′)

ô��5�����>����þC�Dý��C�������/÷£�5õl�q�
ý�ô�þ���� ¦ ���$�ýl�	c�����þC��ÿ��Mý��Dõ��>�
ý�ô�þ����5ý��·�$���V÷£�$¢¨¢q�n���C�>�-c8þC�2öAô��06
gr((v, v′)) = gr(v) + gr(v′)ýl����ý��

gr(v)
�C¢��C�����q��ý��2ý��

v
���

G û gr(v′) ��¢1�C���$����ýl�5ýl� v′ �C� G′ ¦ ���·�C¢>�q��&�
ý��(6
Σ(v,v′)∈V×V ′gr((v, v

′)) = n′Σv∈V gr(v) + nΣv∈V ′gr(v
′).e°��þ�����þ��!ô û �Y��õ�����þ��-��ý�� �C� ÷ �����q�����&} ¦ � ¦ � w ¦

¤BÄCÖ\ë-×/.
×/.£¥Ì®Â®°í ¦ .��$¢�ý������ac���ô����V} ¦ â ¢>���[��¢>���&����÷£�$¢ û �5öAô��Z�-�
�¡��¢�¢q�'õ�ô��6ý��C�������þ����&�Z���'ô����!ÿ$�eý���ýl��¢%þC��þC���$¢
C5
öAô���þ����:õ��$�>�q�C� w ���C�3����þC�C¢ ¦. ��¢	ý��Ç����c���ô��q�1} ¦ ���T�l��¢>���·��¢q�$���$��÷£��¢	� û ��öAô��Ç�C�\�����V÷£� G �����C���Å�¶���Vþ��§�-�����\���ýl��¢Y¢aô��������/÷£��¢Y��¢q���&����÷£�$¢'�

C4 © ô����N���\�q�C�q����� û �-���q�A���°�����q���$�§«1�&�����\���q�$¢�öAô������
H
þC�$�\�����C�l�

3
¢aô(�l�����V÷£�$¢���¢q�$�����~÷£��¢¨�

C4 © ����¢�ý���¢�ý��C�����q�V÷£� G ���-¢������q���
�¡�È�
��� �-
�öAô����C�aý��/« ¦
¤BÄCÖ\ë-×/.
×/.£¥�®Â®lî ¦ K4 :

A =









0 1 1 1
1 0 1 1
1 1 0 1
1 1 1 0








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C4 :

A =









0 1 0 1
1 0 1 0
0 1 0 1
1 0 1 0









W3

6a.��Æ�aô��6ý��µ��¢>�§�9÷£���q����ý�� õ¡���·�C�=þC��þC���
C3
û ôl�¼���C�3���!þ��5þ������6þ��§�Vý��½þC������
ý���¢G����¢�ýl�C�tþC��þC��� ¦ e���� v1 ýl�!þ,+��G���C�>�q�!þ�� û v2, v3, v4 ���$¢�ý��C�tþ��!þ���� ¦iª �\�q����þ��C¢

A =









0 1 1 1
1 0 1 1
1 1 0 1
1 1 1 0









K3,2 :
ô��9þ����C�3����þ�������ô��/���:ý��'�q�q�C¢_�����>����þC��¢ © v1, v2 û v3 «t�C¢3�§��þC�$����þ��§��ý��:þC������
ý���¢G����¢G�����������\�q��¢%ýl��ôl�9þ�������ô��/����ý��?ý��$¢_�����>�q�!þC��¢ © v4 û v5 « ¦aª �\�q����þC��¢

A =













0 0 0 1 1
0 0 0 1 1
0 0 0 1 1
1 1 1 0 0
1 1 1 0 0













¤�ÄCÖ\ë@×/.<×/.£¥¿®Â®°ï ¦1ª ¢>����������
�þC�$�&��¢�õ��$�q�����	õ��q���&�C�T�����/÷£�����&¢q����ô����C�\�q�#���aýl�C���VþC�!ÿ$�ý������C�>�q�!þ��C¢�6v" VDÖ�V Ü V Ý V1 �¦iª �\�q����þC��¢

A =













0 1 0 0 1
1 0 1 0 0
0 1 0 1 0
0 0 1 0 1
1 0 0 1 0













ª �Y����¢q����ô���ýl�T�����V÷£���É���aý������$�&��¢Ê����¢o���C�>�q�!þ��C¢Cýl�C��¢q����ô����C�\�q�����
ýl�(6�" VDÖ�V Ü V Ý V1 ,V Ï ¦
ª �/�����oþC��¢

















0 1 0 0 1 1
1 0 1 0 0 1
0 1 0 1 0 0
0 0 1 0 1 0
0 0 1 0 0 0
1 1 0 0 0 0
















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¤BÄCÖ\ë-×/.
×/.£¥�®Â®
É ¦ �¨� û 6�;«
n2 + 1

�$¢>�������VþC�������C¢	�
u «�ô��s��ô�þC���?öAô��Y¢>�Y�q�6õ����q�

n− 1
���6þC�C¢¨���N���töAô��Y¢q�A+���þ��C�

)�ý���¢T�$¢>�������VþC�������C¢	�
)1�C�����-�$�gô����Æ���-���>��
��Æ���9õ¡�-���C�oþC���

j
�����9ö
ôl�È��öAô��E�-�$�����Æ�'ô�������õ�����þC�$�q��� õ¡���

¢#^G�&��¢>���
j
����þ��C¢ ¦ �9ôl������õ�����þ��-�Dý���¢ ���-�q�q��þC��¢ n × n

¢aô�õ¡�����0�=õ¡���fþ��Vý���c���� ûþ����!ôl������öAô��&¢q�&�'ô����q��õ�����þC�$���
n
õl�q�
ý�ô�þ�����¢ û n − 1

¢aô����$¢�òK�C¢�ý���þ����	�wô��´���$���$�
ýl�

n2(2n − 1)
��õ¡�C�q��þC��������¢ ¦Èª ��þC�$��þC��ô�¢q��ÿ����L�������-�$�Y���A���-�q�q��
 �X����õ¡�$������þC��� j¢�ô�õ¡�����

jn2(2n− 1)
��õ¡������þ����$���C¢ ¦)�ô����G¢aô�����ý��Fý���¢����-�q�q�!þ��C¢

n×n �@����öAô��Å¢�ô�õ¡����� n2 ¢�ô����$¢ © ý��a���$¢ �C���C�&�C�/����¢ýl�#�-�2���$¢G���@���q��þC��¢§« ¦)Å����¢aô����
j + 1 ¦

ª �X���-�§�$�:¢q�Y�>���$����
C�$� 3 + n2 +
∑n−1

j=1 jn
2(2n− 1) ∈ O(n5) ¦~/«�.��������q�Ec8þ��VþC�!ÿ$�2ýl�¨¢q�¡����¢

n2
�C���C�&�C�/����¢�ý��¨���Y���-�q�q��


B
¢>�����·�l�·¢q�$�2þC�C�>� ¦

÷ �$���$�D6 n2 ��õ¡�C�q��þC��������¢ ¦
ª ���$�����$�q���q�&�·�����C����õ¡���t�§�$�/���GþC����õ������>��ý���ý�öAô(^��\����þ�� ¦

¤BÄCÖ\ë-×/.
×/.£¥Æ®°¯8Õ ¦ ¬¨���vc8þ,+���ý���ýl���&����ÿ�þC���'ýl��¢��-�-�����>�C¢ © ��� 3 û �C� 5 ��õ¡�������>���:õl���\«¢>�`õ�ô���ýl�q����� þ����&�Üôl���R�$�>��¢3�§�Á�C�/���>�`ý���¢4�����>�q�!þC��¢ © v3 û v5
�C�ó�����1�>�C��õ����/« ¦ô�ôl�\�§�-�gý���þ,+��Kc8þ,+��9þ������$�q���X����ô����
��ô��/��ý�� ý��:ýl��������ÿ © õ¡���Y�1�>�C��õ������wþC�$�����öAô��Æ�q���C�l�Mô��

5 û ô�� 1
«&�6öAô��-�@�$���µ��þ�����¢>�!ý������$�2ô���þ��-�����������¿�C�¨���q�V÷£� © õ¡����1�>�C��õ����

v3, v5, v1
« ¦ � ���N�C¢3���#��¢aöAô��������7ô����Z¢q���q���?ý��¨��ô��/�Vý��$¢%ý���ý��$������ÿZ�l���C¢���$¢?ö
ôl�2ôl��þ��$�&�����X�����C�a�����V÷£� þ�����õ��������

K7 ¦ �¨�!þ,+��N�����/÷£�N��¢gþC���l�����(�������C���
7
���C�3���!þ��C¢ û ���K������ýl��ýl�fþC��ý������C�3����þC���C¢ 6 © �¶�oþ��!ô û ����ý��A���$¢vc�þ*+��-¢�ý��������C¢	�ÈöAô��¢>���³���0
C��¢ û ����ý��$�[��������ü��½õ��q������������«��+ô��³�Aü��&�C�>��õ��$� ¦ ���
ý�������¢1�/�$�q�$�\�q��
C�$����\�q����þC��¢1���&�¶����¢>�q�C��þ����:ýl���-�L�&������¢�ôl�*þ�����þ�ô������&��ô����C�>���$�l� ¦Gª �µ�-�����-¢�õ��-�������q�$¢���q�C�������$¢¬�/�$���-�\���-
��Vý��fö
ôl�Y�C¢%õ¡��¢q�-�����1�C��þC���q�-�G���
ý��-¢¬���$¢Eõ����	
��$¢%ýl��ýl��������ÿ ¦

¤BÄCÖ\ë-×/.
×/.£¥r®°¯ ® ¦ ���¨����¢Fþ6ô��-�q�q�������>����þC��¢=ý����Â�����V÷£�?öAô��¨�q�6õ��q��¢q���\���$�3^��#�Y���$¢Fõ�ô����')�q�C¢	���q�q��¢������C�����´�$����ý��È���>�C¢ û �����$���q�È�����C����������ýl�eþ�����þ�� ¦ �����1�§�$�/����� ���eõ�ô��6ý��+����¡�C�¬���tþ�����þ�ô�������¢t���tþC�$��������¢t��ô����C�>���$�l��¢ ¦
¤BÄCÖ\ë-×/.
×/.£¥Ì®°¯Â¯ ¦ e��K�$���$���V÷£� H ���DöAô����q�È���$¢�ý��$¢;���C�3����þC�C¢�ý����$����ý��

4
ö
ôl�������C�l�

û ¢aô�¢G�$�q��¢>���$¢�����þC��ý��C�/����¢��l���$¢EöAô���ý��-�V���q��¢EþC����õ¡�������\�q�C¢EþC���l���l�$¢ ¦ �����Ç�§�-�\�����l����$���V÷£� ����õ�ô��6ý��Y¢q����+��-���������$�����-��� ¦



x���é ø � Ú + Ú�� ��¤	��¤	�_Ù ��Ú Ù�� Ú ���l�_Ù u�Ø�â

|�����ôl���Z} ¦ ~ � 6 ª �>���aþC��þC���K� u-w

¤�ÄCÖ\ë@×/.<×/.£¥D®°¯¡ä ¦´ª �W�C��þ��$¢>�`ý��È���$¢M�����>�q�!þC��¢ a û e
�i�q�C�������$¢ © �*õ��$�3�����gý��È����¢þ��$��þ�ô�����¢L�������$¢K�Võ�ô��\�q�C¢�«wö
ôl�����T�����������"ôoý#�a^��l���&��ý��
a
�
f
��¢

5 û ���%ý�� a � d �C¢ 6.�������§�-�\�����-���¬�����������"ô�ý'�a^��l���&�Eý��
a
�
g
�q��������öAô��Ç¢>�C�

min{L(f)+1, L(d)+3} =
6 ¦
ª �A�C�ÈþC�$¢q�Gý�������¢l�����>�q�!þ��C¢ g û c �q�C�����&��¢�öAô��'���:õl�����&�C�/�§�$�Ç��� �$���$���q���q�&�Dýl���� �>=\¢>�q���Gýl�Y�Aô��	�$� ¦e��C�

T = {g} ¦ L(f) = L(g) + 3 = 3
�
L(h) = L(g) + 4 = 4 ¦Gª ���t^������&�fý��

L
�
þ�ôl�q�q�?õ��-���

f ¦ �����G���$�\�q�(�
T = {g, f} ¦ L(e) = L(f) + 1 = 4

�
L(i) = L(f) + 2 = 5 ¦Gª ���a^������Z�Gý�� L�
þ�ô��>�q�?õ��$�q�

e û h ¦ �L���G�§�-�\�����
T = {g, f, e, h} ¦ L(a) = L(h) + 5 = 9, L(i) = L(h) + 4 = 8 > 5, L(d) =

L(e) + 3 = 7 ¦Åª � �a^������Z�fýl� L �
þ�ô��>�q�?õ��$�q� i ¦ �����G���$�\�q�(�
T = {g, f, e, h, i} ¦ L(d) = L(i) + 3 = 8 > 7, L(b) = L(i) + 1 = 6 ¦[ª ��t^������&�'ý��

L
�
þ6ô��q�>�?õ��$���

b ¦ �����G���$�\�q�(�
T = {g, f, e, h, i, b} ¦ L(a) = L(b) + 2 = 8 < 9, L(c) = L(b) + 3 = 9 ¦�ª ��t^������&�'ý��

L
�
þ6ô��q�>�?õ��$���

d ¦ �����G���$�\�q�(�
T = {g, f, e, h, i, b, d} ¦ L(c) = L(d) + 5 = 12 > 9 ¦aª �Ê�a^������Z�'ý�� L �
þ�ô��>�q�õ��$���
a û �-�$��� 8 ¦aª ���@�$���$��ý�� L õ��$��� �C�tü��������&�M���C�>�q�!þ��?ö
ôl�Y�C¢ c ��¢ 9 ¦� ����þ��!ôl¢q�!ÿ$� ¦¬ª �Cþ��$�&���l�&�t^������&�Z�C�/���>� g û c ���������Y�������$���aô�ý 9 û �q��þ����q�>�#����¢���C�>�q�!þ��C¢

g, f, i, b, c ¦
¤�ÄCÖ\ë@×/.<×/.£¥R®°¯�æ ¦ �a�C�¬���Mc���ôl����} ¦ ~ � ¦
¤�ÄCÖ\ë@×/.<×/.£¥�®°¯Â¹ ¦Çª ���
ül�����q�&���@�����&�fý���þ����:õ��$����þ����$���C¢G�C¢T�C� �
ü��&�C�>�&���@�������
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ýl�������>�q�!þC��¢=öAô��¨¢>��õ�ôl��ý����È�>��þ����q�>�C�Å�C�:ô��:þ��$�&���l�'¢q���:õ�����ý��T���'���0^�
¬��ô�����+����q� ¦
ª ¢%ý���þ������ h+ 1

��¢q������ý��
h
��� �$���"ô��q�fýl�C���$�3�¡�$� ¦e����

h
���´�$���"ô����½ý����¨�$�#�¡��� ¦ . ��¢�ý��@����¢&¢q� õ�ô���ýl�C�Ä����ý��C���$�&���6ý����-�\����ô�����>�C����þC��ÿ���öAô���ý������$�§�-����¢�õ¡���

< ¦

ª �\���q��ý���6 ª � �$�3�¡���F�l¢aôX����^-
 û ô�� ý��@��� ¦el�$���!ý��/õ¨ö ª �+ý��-���Z���&��¢T�����!öAô����§�Gý��'��������ü��4�����>����þC�¶ö���6þ��"ôl���/õ1���0^�

÷�+������G)½���Æ�����C�/�-�&��¢Y�Mô����8+l�0�q�$)��$�oý�e��$����ý��/õ¨ö ª �Fý��@���Æ���µ�C¢·���q�!öAô����§�Mý���l������ül�K�����>����þC�¶ö

�¼÷t���6þ��aô����
<
ý��-���A�3+��C�q)Ë���$¢Y�&�$��������¢'�X���V���-����ý����q��þ,+��9ý����a���-�����

���o÷£�C�>������)
�¼÷a���6þ��aô����

>
ý��-�����3+��C�¹)Ë�l��¢��&�$�$�C�&��¢������&���$���&��
6ö
ôl���C��ý��:ý��������-�����

���o÷£�C�>������)
�¼÷K����þ��"ô��q�/õ�ý��-�q� �×+l�C�5e��$����ý��/õ¨ö½�C�Ãý��-�q�&��¢T���q�!öAô����§�Gý��?ô��K���C�3����þC�¶ö

el�$���!ý��
ª �µ�C�wõ¡������ý��#���$¢�þ��$¢>��¢��j���wý��-�q��������¢�ô�����������öAô��������C�Æ�C���$�#�¡��� û �C���$�#�¡����l�����$�>����ýl���-���"ôl���

h
�����C���

n = 1 + 2 + 22 + ... + 2h = 2h+1 − 1
ý��-�q��¢ ¦ �K�$�q����
þ��$���-
C�$�1¢q��ô��Úý��-���eý���ý��X�C¢3�§�X���r�C�a�$�#�¡����ýl���¡�C�&��¢�+���þC���

h + 1
���6þ��aô����$¢ © �C�þC�$�&�����µ���$¢����$�q�$�*öAô��K+�� û �C�W�C�t�$���V÷£�Æ�����C��� h + 1

�����>�q�!þ��C¢§« ¦ ���������$�/���(�i�C��Aü��&�C�q�Á���@�����&�Úý��µ����þ��aô����-¢È�C¢
log2(n + 1) ∈ O(log n) ¦øª � þC��ý��Á����þ��"ô��q���+���þC������¢�ô����eþ�����õ��$���VþC�!ÿ$� ¦ .L��þ����:õl�����>��ý���ýµ�C¢	�wõ¡���1�§�$�/���(� ���$�/�$�#^����Z��þC���Ê��¢>�����¢��

O(log n) ¦
¤BÄCÖ\ë-×/.
×/.£¥À®°¯Âí ¦d÷ �����$�&��¢=ý��$¢t���$����ý��-¢ û ���$¢=õ¡����������¢��C�V¢q����ý��$¢%õl���-�q��������¢�ý�����2���-���$��
�� ¦ ��� û ý���¢%õ¡��¢>����������ý���ý���¢�6BöAô���õ¡��¢q�C�N��� ����¢q�&� �GöAô��Y��� ¦e��T����õ¡�C¢��-�¿���r����¢q�&�(�Ç�C¢>�Á¢q���$���-c8þC�Âö
ôl�*ôl����ýl�Æ���-¢:ý��$¢��C¢�������ô�¢aþC��ý�� ¦
÷ �����$�&��¢�ô�����ý��Y���$¢¬�&������ý��$¢ © ���fö
ôl�#�C¢3�§���&���fý����q��þ,+��'�Ãõ¡�$�T�1�>�C��õ����\« û ôl���ýl�t���$¢	öAô��t���H+��C�&��¢�õ¡�C¢q��ý�� © �l������ôl����ýl�t���-¢�þ6ô��$����¢Bõoô���ýl�G¢q�������v��ôl¢aþ��Vý��/« ¦ .��$¢õ¡�$���C�&��¢G�C�X¢q����ý��$¢�õ����-�q�������$¢ ¦ e°�tõ¡��¢��$�X��� �&��¢>�������C¢q�&¢>�����l�-c8þC�'ö
ôl�Y��� �&���l��ý��öAô��V��¢>�§�0���[���W���9õ��q���������9õ¡�C¢q��ý��[�C�À�C��õ����@���������N��
6öAô������aý��µ�C¢ ���8��ô�¢�þ���ý�� ¦ e°�õ¡��¢��$�9ý���¢>�q���/��� �C¢¬���'ö
ôl�Y�C¢3�§�����Z�C�X�C�tõl���-�q�������'ý��C�>��þ,+������
��ô�¢�þ���ý�� ¦e��Å�������eõ��q���������eõ¡��¢���ý��N���-¢Y�&�����6ý��$¢gõ¡��¢������$�Á���N�&��¢>�������C�/������þ��C¢#���$���
ôl����ý��Æ�������$¢ û ô�����ýl�Æ���$¢�öAô��µ�l�¼+������$¢2õ¡��¢���ý�� ¦ e���õ¡�C¢q�$�¿���r����¢q�&�(�Ç�C¢q�¢>�����l�-c8þC�2öAô��������&�����6ý��2öAô�� �l�4+��Dõ¡�C¢��Vý��A���[��������ô����2ýl�����$¢�ý���¢�õ¡��¢���ý��$¢��C¢
������ô�¢�þ���ý�� ¦ e°�j�l�Dõ¡�C¢��-�V���#����¢q�&�(�/�C¢>������õ�����þC�úö
ôl�1���Y�&������ý��göAô��;+���õ¡��¢���ýl���� ¢>�C��ôl��ý��G����
 û ���&���fõ��>���&�C�q�M����
Y�C¢¬���
��ô�¢aþC��ý�� ¦
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|�����ôl���Z} ¦ ~ v 6 ª �>���aþC��þC���K� u�Ø

ª ���q��¢aô��&�C�7��õ¡�
ý�������¢Y���
þ��$���-
C�$�����A�&���l��ý��A�C��ý��$¢gõ¡�C¢q��ý��$¢ ¦Aª �Å�$�#�¡���Fý��ý���þ���¢q��ÿ��eþC���>�q��¢aõ¡����ýl���C�/���Y��¢��l�����$�>��� û �����C���'�$���"ô���� u ¦
¤�ÄCÖ\ë@×/.<×/.£¥R®°¯:î ¦ e���ýl���q�&�$�Ê����þ��q��� ¦
¤�ÄCÖ\ë@×/.<×/.£¥W®�¯Âï ¦ � �������q���q�&�Dý����i�>��� ¦ �K�$�3�����&��¢�ý�� a ¦ V (T ) = {a} � E(T ) = ∅ ¦� ����ýl���&��¢Ç���·�$�>��¢>���Dýl�

a
�
b û V (T ) = {a, b} ¦ � ����ý�������¢ i û V (T ) = {a, b, i} ¦� ����ýl���&��¢

f û V (T ) = {a, b, i, f} ¦ � ����ýl���&��¢
e û V (T ) = {a, b, i, f, e} ¦� ����ýl���&��¢

c, g û d û V (T ) = {a, b, i, f, e, c, g, d} ¦ � ����ý�������¢ h û V (T ) =
{a, b, i, f, e, c, g, d, h} ¦� �������>���q�&��ý���Ï��aôl¢q=@�$� ¦ � �����
þ��$�&��¢i���$¢Å�$�q��¢>���$¢�ýl�¨���$�������"ô�ý 1 6 {b, i} , {f, e} ¦� �����
þC�$�&��¢G���$¢¬�$�q��¢>���$¢%ý��Y�����������"ô�ý

2
6 {i, f} , {a, b} ¦ � �����
þC�$�&��¢G���-¢T�$�>��¢>���$¢%ý���������$���aô�ý

3
þ����Úþ6ô��!ý���ý��eý��&�l�e÷£���q���$��þ����aþ6ô����q��¢�6 {e, d} , {b, c} , {f, g} ¦ |K�����$�E)�����\���0�8þ������
þC�$�&��¢Eô����Gý��'���$¢¬�$�>��¢>���$¢�ý��'���$�������"ô�ý

4
6 {g, h} ¦

¤�ÄCÖ\ë@×/.<×/.£¥ø®°¯7É ¦µª �¡õ��q�������Y�!ô����$����¢q�Ç���Ç���q�V÷£�Æ��¢
����õ��$�>�q�!ý��������\���$��þC��¢ ���=þC���!)��ô��\�q�eýl�
���C�>�q�!þ��C¢�¢q�fõ�ô��6ý��Gõ¡��������þC���&��ôl���!ÿ$�½ý���¢9��ô��\���5ý��fý���¢�¢�ô(��þC�$����ô��\�q��¢��
ý����/�-���$¢

V1
û V2 ¦ ���
ýl�C�&��¢¨�C�\�q����þ��C¢�þ��������>���-��þC���MþC�$�����>�C¢�ý���¢>�q���\�q��¢�þC��ý��:ô����ý��X����¢ ¢aô(��þ�������ô��/����¢

Vi © i = 1, 2
« ¦ � �$���C¢3�§�Âþ������$����þ��!ÿ��7�Fý���ý��ÂöAô��X���¬�$���V÷£��C¢H�l�!õ��$�3����ý��(�Â����+�� û �Aô���þ��2ý���¢v���C�3����þC�C¢�ý��C���&��¢q�&��þC��������ôl���!ýl��¢ ¦1ª �µ¢q�C�/����ý����õ�ô���¢>������¢q�Â�C�Â�����/÷£��õ�ô���ýl��¢q���=þC�$�����>����ý��Y¢�ÿ�����þC�$�2ý��$¢=þC�$�����>�C¢��Aõ¡�
ý��C�&��¢�ý��E����ý����
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|K����ô��q�Z} ¦ ~ Ø 6 ª �>�C��þC��þC���4�É~��

����¢����C�3���!þ��C¢�ý����L���q�V÷£�&�C�9ý���¢T¢aô(��þ�������ô��/����¢�ý���¢9��ô��\�q��¢�6Ç���$¢_�����>�q�!þC��¢�ý��gôl�MþC�$�����
û ����¢�ý����:�$���>� ¦ .��$¢l���C�3���!þ��C¢�ýl��ô���þ������$��¢aÿ$�������\���$�A�������0
���ý��$¢EþC�$�A����¢�ý����Ê�-���q� ¦
ª ¢%ý���þ��������C� �$���V÷£� �C¢��l�!õ��$�3����ý�� ¦
¤BÄCÖ\ë-×/.
×/.£¥ø®°ä8Õ ¦ . ��¢#�q�q��¢��$���V÷£�$¢#¢q���¡õl���$���$¢gþC�$���N¢q�2õ�ô���ýl�����C�·�C�Á���sc���ô����} ¦ ~ Ø ¦
¤BÄCÖ\ë-×/.
×/.£¥�®°ä ® ¦ e��?ý��1�q�&�$�Ê���6þ��q��� ¦
¤BÄCÖ\ë-×/.
×/.£¥�®°äÂ¯ ¦ �a����c���ô��q�$¢%þC�$�q�q��¢aõ¡���oý������\����¢ ¦
¤BÄCÖ\ë-×/.
×/.£¥e®°äÂä ¦ � ô��$�!öAô����C� ���@���q�-
5ý��X��ý û ��þ��C��þ����$¢Gý�� K7

�����C���V�C�G¢q����ô����C�\�q�
�-¢aõ¡��þ����(6
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|K����ô��q�Z} ¦ ~ â 6�¬T���Z�q�6õ��q��¢q�C�/�§��þ��!ÿ$�9ý�� K7

|K����ôl���Z} ¦ w ��6d¬¨���Z�>��õ��>�C¢q���\����þC��ÿ��9ý�� W5
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|K����ô����Z} ¦ w ��6�¬¨���Z�>��õ��>�C¢>�C�\����þC��ÿ��9ý�� K1,6

|K����ô����Z} ¦ w\u 6�¬¨���Z�>��õ��>�C¢>�C�\����þC��ÿ��9ý�� K4,4
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|K����ô����Z} ¦ w ~�6d¬¨���Z�>��õ��>�C¢>�C�\����þC��ÿ��9ý�� Q4





















0 1 1 1 1 1 1
1 0 1 1 1 1 1
1 1 0 1 1 1 1
1 1 1 0 1 1 1
1 1 1 1 0 1 1
1 1 1 1 1 0 1
1 1 1 1 1 1 0





















ª �¬���q��ý��Âýl� þ���ý��`ô����Úýl�X����¢ v ���C�>�q�!þ��C¢���¢ � �=õj�$� �§�$�/���´���[¢�ô����`ý��X����¢������ýl��¢L�C¢ w\u �Vý��Ç�&�
ý���öAô��
K7

�q������� u ���-�q��¢3�§�$¢ ¦ e°�\�q���&�T����¢������>����þC��¢K�Aô��������Vý���¢
{1, 2, 3, 4, 5, 6, 7} õ¡�
ý��C�&��¢G�C¢aþ��q�-�����G���$¢¬�$�>��¢>���$¢�þ�������6

{{1, 2}, {1, 3}, {1, 4}, {1, 5}, {1, 6}, {1, 7},

{2, 3}, {2, 4}, {2, 5}, {2, 6}, {2, 7},

{3, 4}, {3, 5}, {3, 6}, {3, 7}, {4, 5}, {4, 6}, {4, 7},

{5, 6}, {5, 7}, {6, 7}}



uVâ�� �I�;�d���;�����yx��{z � ��ù��_Ù
���$�G�§�-�\���Gô���� ���-�q�q�-
�ý��'����þ��!ýl�C��þ����$¢Eö
ôl�Y¢q����ô����C¢>�q�Y���aýl�C�X�C¢	6




















1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1 1 1 1 1 1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 1 0 0 0 0 1 1 1 1 0 0 0 0 0 0
0 0 1 0 0 0 0 1 0 0 0 1 0 0 0 1 1 1 0 0 0
0 0 0 1 0 0 0 0 1 0 1 0 1 0 0 1 0 0 1 1 0
0 0 0 0 1 0 0 0 0 1 0 0 0 1 0 0 1 0 1 0 1
0 0 0 0 0 1 0 0 0 0 1 0 0 0 1 0 0 1 0 1 1





















ª �:�$���V÷£� W5
��������� � ���C�>�q�!þ��C¢��oý����/�$�&��¢ {1, 2, 3, 4, 5, 6} û ���$¢Ç¢q����ô������\�q�C¢��$�q��¢y)���$¢�6

{{1, 2}, {2, 3}, {3, 4}, {4, 5}, {5, 1}, {1, 6}, {2, 6}, {3, 6}, {4, 6}, {5, 6}}
e°����ô����C��ýl�·�C¢>�q������ý��C��ýl�;���C�3���!þ��C¢��������C�&��¢t���$¢Ç¢q����ô������\����¢����-�q�q��þC��¢�ý��1��ý û ��þ��C�')þ����$¢G�'����þC��ý��C��þ����-¢G�q��¢aõ¡��þ����E�-�$�&�C�/����6

















0 1 0 0 1 1
1 0 1 0 0 1
0 1 0 1 0 1
0 0 1 0 1 1
1 0 0 1 0 1
1 1 1 1 1 0

































1 0 0 0 1 1 0 0 0 0
1 1 0 0 0 0 1 0 0 0
0 1 1 0 0 0 0 1 0 0
0 0 0 1 1 0 0 0 1 0
0 0 0 1 1 0 0 0 0 1
0 0 0 0 0 1 1 1 1 1

















ª �/�����/÷£� K1,6

�q���C�l� v ���C�3���!þ��C¢	�Vý����/�-���$¢�� {1, 2, 3, 4, 5, 6, 7} û �q�������a���$¢��-�q��¢3�§�$¢	6

{{1, 2}, {1, 3}, {1, 4}, {1, 5}, {1, 6}, {1, 7}}
� ¢3^K����ý��C����ý���¢1���$¢v���C�3����þC�C¢ û ���$¢1�$�>��¢>���$¢¨�q�C�������$¢1¢aô[���@���q�-
gý�� �Vý û ��þC����þC���$¢ û
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¢aôN���-�q�q�-
�ý��'����þ��!ýl�C��þ����$¢	6





















0 1 1 1 1 1 1
1 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0









































1 1 1 1 1 1
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1





















ª �������/÷£� K4,4

�q������� Ø ���C�3���!þ��C¢CöAô���õ�ô���ýl�C�Y�C¢aþ��q�-�����>¢q��þ������ {1, 2, 3, 4, 1′, 2′, 3′, 4′}û � � �$�>��¢3�§�$¢'ö
ôl� õ�ô��6ý��C���C¢�þC�>�������q¢q��þC���&�(6 A × A′
ý�����ý��

A = {1, 2, 3, 4} û
A′ = {1′, 2′, 3′, 4′} ¦ e�� �$�aý������$�&��¢¬����¢¨���C�3���!þ��C¢¨�$¢#^Ê�������C�&��¢¬��� ¢>����ôl���C�/�������-���>��
ý��Y��ý û ��þ��C��þ����$¢	6

























0 0 0 0 1 1 1 1
0 0 0 0 1 1 1 1
0 0 0 0 1 1 1 1
0 0 0 0 1 1 1 1
1 1 1 1 0 0 0 0
1 1 1 1 0 0 0 0
1 1 1 1 0 0 0 0
1 1 1 1 0 0 0 0

























Eù¢q�t���aý������$�&��¢ ���$¢Z�$�>��¢3�§�$¢��C�R���aý����R���¶���!þC�$�����0c�þC�[¢aôR���@���q�-
5ýl�A����þ��!ý�����þC���$¢
¢q�C�q��6

























1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1
1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0
0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0
0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0
0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1
























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ª �tþ�ô(�¡� Q4 �����C���2� � �$�q��¢>�§�-¢�öAô���þC�$�q�q��¢aõ¡����ýl�C�µ� ���$¢Eõ��$���0�����$¢Eý�� w ��������¢�6

{0000, 0001, 0010, 0100, 1000, 0011, 0101, 1001,

1010, 1100, 0110, 0111, 1011, 1101, 1110, 1111}� �Vý��Âô����Âý��X����¢
���C�>�q�!þ��C¢Z���������A������ýl� w õ¡�$�&���³���$�\�q�´���[¢aô����`ý��A���
ý��$¢&����¢
�$����ý��$¢:ý�� �$w ¦óª �/���$��þC��¢ Q4 �����C�l�Æ~ u �$�>��¢3�§�$¢ ¦ .��r���-���>��
eý��N����þ��!ý�����þC���$¢&���ýl���q�$�&��¢¬�$�Ê���6þ����$� ¦ .�� ���-�q�q�-
�ý��Y��ý û �VþC�C�oþC���-¢T¢q����ü��N��¢>���'���aý����N��¢�6

























































0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 1 0 1 0 0 0 0 0
1 0 0 0 0 0 1 0 0 1 1 0 0 0 0 0
1 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0
0 1 1 0 0 0 0 0 0 0 0 1 1 0 0 0
0 1 0 1 0 0 0 0 0 0 0 1 0 1 0 0
0 1 0 0 1 0 0 0 0 0 0 0 1 1 0 0
0 0 1 0 1 0 0 0 0 0 0 0 1 0 1 0
0 0 0 1 1 0 0 0 0 0 0 0 0 1 1 0
0 0 1 1 0 0 0 0 0 0 0 1 0 0 1 0
0 0 0 0 0 1 1 0 0 0 1 0 0 0 0 1
0 0 0 0 0 1 0 1 1 0 0 0 0 0 0 1
0 0 0 0 0 0 1 1 0 1 0 0 0 0 0 1
0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0

























































¤BÄCÖ\ë-×/.
×/.£¥ú®�ä�æ ¦Nª �=õ��>���&�C�>�9ý�������¢�þ��-¢q��¢·���Æ�C¢Dõ¡��¢>��������õ�ô��C¢·���X¢�ô����9ý�������¢�$����ý��$¢i�C¢ u ~�öAô��¬�C¢Fô��Z�
ü��&���q�'���:õ��-���$�C�GþC���/�����Vý��!þ6þC��ÿ��fþC���Z�C�(+��6þ*+l�gýl�%öAô��¬���
¢�ô�����ý��¬���$¢i���q��ý���¢�ý��G����¢I���C�3����þC�C¢a�C¢ u ���6þC�C¢Å�C���
ü��&�C�>�?ý��T�$�>��¢3�§�$¢ ¦�ª ��¢>�C��ô��oý����¢�õ¡��¢>���������oõ¡���¬�1�>�C��õ�����6

({a, b, c, d, e}, {{a, b}, {a, c}, {a, d}, {a, e}, {b, c}, {c, e}, {d, e}})
ýl����ý��

gr(a) = 4
�
gr(b) = 2

�
gr(c) = 3

�
gr(d) = 2 û gr(e) = 3 ¦

¤BÄCÖ\ë-×/.
×/.£¥�®°äÂ¹ ¦Åª � ���q�V÷£� K1,6 = (V,E)
��������� v �����>����þC��¢ û � �$�q��¢>�§�-¢�6

({1, 2, 3, 4, 5, 6, 1′}, {{1, 1′}, {2, 1′}, {3, 1′}, {4, 1′}, {5, 1′}, {6, 1′}}).



x���é ø � Ú + Ú�� ��¤	��¤	�_Ù ��Ú Ù�� Ú ���l�_Ù u�â�â

ª � ���q�V÷£� W3 = (V ′, E ′)
��������� w ���C�3����þC�C¢ û � �-�q��¢3�§�$¢	6

({1, 2, 3, 4}, {{1, 2}, {2, 3}, {3, 1}, {1, 4}, {2, 4}, {3, 4}}).

ª �¿�$�
�¡��¢�þ��$¢>��¢�¢q�N�����C������þ����&��¢�ô(�����q�V÷£��¢�����¢&���q�V÷£��¢�þ�ô û �¡þC�$����ô��\�q�¡ý���$�q��¢>�§�-¢Z�C¢a�-�Vþ�^�� ¦Äª ¢:ý��6þC������ý��X���½÷£�$�q��� (A, ∅) ý�����ýl� A ��¢:ô��º¢�ô(��þC�$����ô��\�q�
þ�ô��$��öAô��������Mý��

V © �q��¢aõ¡��þ����E�-�$�&�C�/����ý�� V ′ « ¦ �¨� û 27 û 24
�$���V÷£��¢Dý��È�C¢3���È����õ¡�

�q�C¢�õ¡��þ����-�@�$�&�C�\�q� ¦e��j�������$�&��¢�ý��$¢¨���C�>�q�!þ��C¢	������¢t�Aô�������¢T�$���V÷£�$¢t���Z¢q�����6þ�þ��������Vý���¢G���X���Èõ��$�q�q�V÷£�
�$�\�q�C�q������¢q�eþC�$��¢>�q�aô û �����������$�oý��³����õ��-�Gý��4�����>�q�!þC��¢ û ���[�$�q��¢>���½öAô��A����¢'ô���� ¦
ª �/�����oþC��¢v+�� û �§�-�\���$¢%þC�$���&�-�q��¢3�§�$¢	���C¢3���&�C¢	� � �C�9þC��ý��GþC�$¢q� ¦e������$���$�&��¢����>�C¢4�����>����þC��¢ û ���W¢q��� ý��³����¢5ý�����õ��q�������5õ��-�q���/÷£�W���\���$��þC��¢õ�ô���ýl�C�V�������C�H��ÿ'ý��$¢G�$�>��¢>���$¢ ¦ e°�j�q�������C� u �$�q��¢>�§�-¢�����¢>�§�-¢G���6þC��¢��$�>���$�&�C�/����ý����¡������C�l�C�Dô��Á�¶�°���q�����Æ���¡þC���'ü�� ¦ �K�$���9þ�����¢>�q�aô����gô��Á�$���V÷£�9þC�$�À~s���C�3����þC�C¢ û ô�����$�q��¢>�§� ¢q�'�������fô������$�>��¢>������¢aô�¢¨�¶���q�q������¢ û �-���q�G�����>�q�!þC��þ6ô��$�!öAô����C�q�Gý���¢3�����\���Gý��¢aô�¢1���°���>�C�&��¢ ¦'ª �[�C�	õ��q��������þ��-¢q�4+�� û �\û }�õ�~��:ý�����¢>�q��¢��$���V÷£��¢	�:���[�C�K¢>�C��ôl��ý��� u ¦ �K�$�q�2þ�����¢3���aôl����ô��µ���q�V÷£�:þC���*ýl��¢1�$�>��¢>���$¢ û ~a���C�>�q�!þ��C¢��7+�� û ö
ôl�·�q�����-��ý���¢�$�q��¢>�§�-¢�öAô���þ�����õ��$�3�§�$�Gôl�&���°���>�C�&� û ¢aô�¢a�q�q��¢����C�>�q�!þ��C¢ ¦iª �����8õ��>���&�C�BþC�$¢q��þC��ý��õ��$��ýl���$�>��¢3�§�$¢=þ����:õ��$�>�q�C�È���j���°���>�C�&�

1′
õ¡���Å�§�$�/���M+�� û (6

2

) ý����C¢3����¢t�$���V÷£��¢ ¦iª ��C�:¢>�C��ôl��ý��GþC�$¢q����þ����&�'þC��ý��M�����>�q�!þC���q�������������Vý�� ~·�C�:�Aü��&�C�q�'ý��1�$���V÷£�$¢�ý��1�C¢3���
���!õ¡� öAô��:þC����õ��$�3���C�Úô��Q�����>�q�!þC�ac��q��ý��N�C¢·~ ¦ �����C¢>�q���&�
ý��s+�� û � u ���q�V÷£��¢�ý���C¢>�q�'����õ¡� ¦e����������$�&��¢ w ���C�>�q�!þ��C¢��������C�¡¢>�C��ôl��ý��'ýl�¨����¢Fþ��$¢>��¢Ç�C¢>���$�&��¢a�������$��ý��'�q�
ý���¢
����¢����C�3����þC��¢��oý����&�
ý��göAô���þC�$���gþC���$��ô��\�q�'ý����$�q��¢>���$¢Ç¢>��õ�ô��6ý����q�����-��þ6ô��$�!öAô����C�
¢aô(��þ�������ô��/���'ý��C��þC�$����ô��\�q�'ýl��¢aôl¢t�$�q��¢>�§�-¢ ¦ � ¢3^=+�� û 26− 1 © �C���@��þ�^�� û �#����+��C�&��¢þC����¢>�!ý������Vý��\«t�$���V÷£��¢�ýl�Y��¢>�������!õ¡� ¦� ���½þ6ô��-���>�������>����þC��¢��C�[�C�	õ��q�������q�2ý�������¢�þ��-¢q��¢1¢q���½ý����K¢q����ô������\�q�#����õ¡� ¦ e�����fþ����\�q�������C�A�$�

1′ û ����¢>�§�-�eþ�����¢q��ý��C�q��ý���¢Eõoô��C¢G���+þC�$����ô��/���fý����$�>��¢3�§�$¢���¢¨�@��þ�^�� ¦e��Ãþ����/���������C�V�-�
1′
�����\���$��þC��¢Eõj�
ýl�C�&��¢Å�������$��ô������<ý���¢��#�q�q�C¢�ý��¨���$¢Ç�$�q��¢>�§�-¢=öAô��

þC���/�����C����� ¦ � ¢#^Cýl�Y��¢>�������!õ¡�2+�� û 7 ∗ (6
3

) �$���V÷£��¢�ý��'��¢>�������!õ¡� ¦�����Â����¢q�&���&�
ý��?õ��$���Y}H���C�3���!þ��C¢ ¦ �����¡���2þC���/���C�l�C�Ç�$� 1′ û ¢q��õoô���ý������������$���� u �­~fÿ w ý��'���-¢¬�$�q��¢>���$¢�öAô��'�����C�l�C� ¦ �¨� û �C�/������þ��C¢ 15 ∗ (6
4

) ¦� ��� � ���C�3����þC�C¢	�Eý����¡����þC�$�\�q�C�����È�-�
1′ û +�� û öAô��X���$���-�Gý����Æ��}½ý��N���$¢�$�q��¢>�§�-¢�öAô���þC�$�\�����C�������J+�� û (25 − 1) ∗ 6 ¦� ��� v �����>����þC��¢_+�� û öAô��?þ�����¢>�!ý������$��þ6ô��$��ö
ôl���C�t¢�ô(��þC���$��ô��\�q�:ýl�C�ÈþC������ôl�\���Gý���$�q��¢>�§�-¢ © ¢q�$�-�����C�¦�@��þ�^��2öAô�� û ���C¢3�§�2þC�$��¢q��ý��C�q��ý��\« ¦�ª �\�q����þ��C¢H+�� û 26 − 1

�$���V÷£��¢
ý��'�C¢>�q�'����õ¡� ¦
¤�ÄCÖ\ë@×/.<×/.£¥ü®�äÂí ¦ e��C��ül�{�C���������q�����Üý�� ª ô������ ô��b�����V÷£�R��ý��&�����½ô�� þC���aþ�ôl�����



~���� �I�;�d���;�����yx��{z � ��ù��_Ù
�6ô������q���$���X¢q�i���
ý���¢Y¢aô�¢����C�3���!þ��C¢#�C¢>���$���C�����A�&��¢>����þ����:õ¡�$���C�/���:þ������¶��� û ����¢�$����ý��$¢�ý���¢aôl¢I���C�>�q�!þ��C¢�¢>���·���
ý���¢��
ü��&�C�>��¢�õ��-�q�C¢ ¦iª ���C�<þC�$¢q��ý����l�$���V÷£��þC����õ��������
Kn

þC��ý��n���C�3����þC�¨�����������$����ý��
n− 1

�C�/�����oþC�C¢t¢q�C�q���6ô������q���$���·¢>� û ¢q�����$�����\�q�¨¢q� n���:õ��$� ¦�ª � �C�<þ��$¢>��ý��C�oþ��!þC��� Cn

�C�l�$����ý���ýl�Eþ���ý��v���C�3���!þ��t�C¢ u õ¡�$������öAô��t¢q�����:õl�q�
�Vý���������ô���þC���aþ6ô����q����ô����C�q���$��� ¦Kª �&���8þC�$¢q��ýl� Wn

+�� û �����>�q�!þC��¢�ýl�¬�����Vý��Y~�õ¡���i���öAô��Y������ý��&������ô��9þC���aþ6ô����q�&�6ô������q���$���Z�C�N�����l��ü�� þ��$¢>� ¦ L�ÿ-���C¢>�göAô��Y�q�
ý���¢T��¢>���$¢�$���V÷£��¢G¢>��� þC�����¶����¢ ¦
¤BÄCÖ\ë-×/.
×/.£¥Ì®°äjî ¦ �t�-¢>�§����¢aþC�>�������¨���$�/����¢�õ�ôl�\���$¢�þC���&�tc����-¢ © �5þC����ô��&���$¢§«G�q�C��������&���-���>��
'�Aô��������$�oý������$¢T¢q����ü��µ�C�L�!ô����$��ýl�·¢aôÆ�q�C¢�õ¡��þ����-�@��c���� ¦¬ª �\�q�q�DþC��ý��:õ��$�ýl�fõ�ô��/����¢

i û j ¢q� �>��õ��>�C¢q���\���$�³�§�$�/�§�$¢��-�q��¢>�§�$¢ © ¢q�C�$�����\���$¢�öAô��fô������³�C��õ�ô��/����Aô��&�C���Vý��¡þC�$�¿���
i
þC���Ä�C�¨�
ô��&�C�q��ý��¡þ����¿���

j
«�þ����&�Á����ý��!öAô��N���r���-���>��
 ý��

�Vý û ��þC����þ����$¢ A �C�X¢aôA�×�C�>������� Aij ¦
¤BÄCÖ\ë-×/.
×/.£¥ú®�äÂï ¦ e��2þ�����¢>�!ý������N���X���-���>��
GþC�$���9ô����N����¢>�§�eþ����¡ý���¢#¢aô(��^���ý���þC��¢ ¦e°��ô�¢q�&�C�Ê�������q�����Gõ¡���G�C�töAô��Y��� ¢�ô����fý��Y����¢G���q��ý���¢%ýl�Y���$¢����C�>�q�!þ��C¢T�C¢ u ����þC��¢
���K�Aü������q�5ý�� �$�>��¢3�§�$¢ ¦ � �������C�K�$����ýl�5ý��'ô��5�����>����þC����¢����K�
ül�����q�5ý��M�����>����þC��¢�Vý û ��þC���\�q�C¢:þC���T���D�Ç���\�q����þ��C¢��C�G������ýl�Âý��C�¨���C�>�q�!þ�� i )1��¢q���&�³��¢����[¢aô����`ý��X����¢�����������\���$¢%ýl�Y���
c����

i
)S�C¢q�����'ýl�Y��� ���-�q�q��
�ý��Y��ý û ��þ��C�oþC���-¢�ý������$���V÷£� ¦

ª �\���q��ý���6 a11 � ¦�¦�¦ � ann

S := 0|����
i = 1

�q�
n|����

j = 1
���

n
S := S + aijel�$���!ý���6

S/2 ¦e����C� �§�-���$�l��ý��Y���Z���\�q����ý��&��¢
n
�Â�C���
ü��&���q�:ý��A���C�3���!þ��C¢�ý����L�$���V÷£�(�����GþC�$�G)

õl�����>��ý���ýA��¢�þ�ô���ý����@����þ��Gõ�ôl�C¢¨�C����ô�þC���Y���\�q�C�q�����t¢q�#�>��õ������
n
���6þC��¢�þ���ý��G����
�ö
ôl�

i�q�����fô�� þ����C�3���2�-�-����� ¦
¤BÄCÖ\ë-×/.
×/.£¥Ì®°ä7É ¦ �i�q���&�C�>��+�� û ö
ôl�fþ�����õ��q�����$��ö
ôl���q�
ý��$¢����$¢��$�>��¢3�§�$¢�ý��C�������/÷£���¢>���$�Ä���Ä���´�&��¢>���½þC�$�:õ¡���l�C�\�q�9þC���l���l� © �����2õl����þ����!þC�Âý��µ�Æ��õ����É« ¦ ¬¨�������	
+l��þ,+��V�C¢3�����-�$�&��¢�þC����õ�ôl���$��ý�������¢¨���q��ý���¢�ý��Dþ���ý��a���C�>�q�!þ�� û �����C��ýl�È¢q����¢�õ��$��Z��� ¦
ª �\���q��ý���6 a11 � ¦�¦�¦ � ann

S := 2|����
i = 1

�q�
n � +l����� Smod2 = 0

S := 0



x���é ø � Ú + Ú�� ��¤	��¤	�_Ù ��Ú Ù�� Ú ���l�_Ù ~����
|����

j = 1
�q�

n
S := S + aij�¼÷

Smod2 = 0
�3+��C�

R := ª ¢¬��ô����C�q���$��� �C��¢q� R :=
L¨�&��¢T�6ô������q���-��� ¦el�$���!ý���6

R ¦� ����¢>�!ý������-��ý��
n
��� �§�$���$���Gýl�#��� �C�\�q����ý�� û ¢>��� þC���l¢q�!ýl�C���-�T���Cõ��q�����������fý������þ������¶�l��ÿ����j���K�-�����$�q���q�&�&��¢�ý��Dþ�����õ����1�>�!ý��Vý þ�ô��Vý����-�q�!þC����õ�ô���¢H+�� û ý���¢v��ô�þ�����¢�$���!ý���ý���¢=ö
ôl��¢q�1�q�C�$����
��-�

n
����þ��C¢%þC��ý��Dô���� û �C��þ��Vý����>��õ¡���q�!þ��!ÿ��È��÷£��þ��"ü��-�eô����þ��$�/����ý���ýeþC���l¢>�§�-�\���?ý��'��õ¡�C�q��þC��������¢ ¦

¤�ÄCÖ\ë@×/.<×/.£¥³®/æ�Õ ¦ �8«�e��G�q���-����ý��%ôl���'�>��ý�þC�$� � ���aý�������ý��$�q��¢ © �����>�q�!þC��¢§« û � þC�������C¢
© �$�>��¢>���$¢§« ¦ .�� õ��q��������������ý��Vý`ý��:öAô���¢q�:ý��-���:ô��Úþ����l���&��¢ 0.1 ¦Vª ¢#�C�/�����oþC�C¢Dôl����<õ¡�C�>���&�C�/���:ýl�·�Ç�C�q�l��ô������ÈþC�$�9õ��q��������������ý��Výeý����¶�l�����

0.1 ¦ .��Gõ��>��������������ý���ýeýl����l�������C�T�$�Ê�&�C���$¢%ý���¢_����������¢G�C¢�6

Σ6k=2

(

6

k

)

(0.1)k(0.9)6−k.

���8«�.��'ü�����þ������-���C�q�'ý���öAô��'�������o÷£���q���VþC��ÿ������Z��������ô����
þ6ô��q�q��þ6ô��$��ýl�&¢>�?ý��-���$�
�Z���
���	
Y�C�tþ��0����� {1, 2} û �-� �&�C�l��¢%ô��l��ý��'����¢�þC�������C¢%ý����tþC������ôl�\����6

{{1, 5}, {5, 4}, {4, 3}, {3, 2}}.
���������$�\�q�(�¬�-¢3^�þ�����¢>�!ý�������ý��$¢��¬¢>���Ä¢aô�þ��C¢q�$¢V����ýl��õ¡�C�oý������\����¢5ý��Mõ��>�������l������ý���ý���¢
�q�C¢�õ¡��þ����-�@�$¢

0.1 û
Σ4k=1

(

4

k

)

(0.1)k(0.9)4−k.

ª �Ê�q�C¢�ô�������ý��Gõ¡��ý���ý��&��¢T���tõ��q�
ý�ôoþ�����ý��Y�$�
���-¢�õ��q��������������ý��Vý��C¢ ¦
¤�ÄCÖ\ë@×/.<×/.£¥³®/æL® ¦�ª ���$���V÷£� G �����C����ýl��¢Fþ����:õ¡�$���C�/����¢�þ������¶���-¢��°����öAô���÷£���q���$� ����¢���C�>�q�!þ��C¢ {1, 2, 3, 4} © û ¢aô�¢Cþ����q�>�C¢aõ¡�$��ý������\�q�C¢L�$�q��¢>�§�-¢§« û ���EöAô���÷£���>���-������¢7�����>����þC��¢�q�C¢3�§�$�/����¢ © û ¢aô�¢�þ����q�>�C¢�õ¡����ý����C�/���C¢#�$�>��¢3�§�$¢�« ¦ ���Z�C¢>�q�&�&�
ý��V���X��¢�þ������¶�l� ¦ LT�õ�ô���ýl�È¢q�C�Dô��À�$�3�¡�$� ¦ e����-����ý������$¢Y���N�$�q��¢>�§� {1, 5} ���Ç�
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�
gr(2) = 3

�
gr(3) = 2

�
gr(4) = 2

�
gr(5) = 1

�
gr(6) = 2

�
gr(7) = 2

�
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ª �È��¢>����þ��Võ(^��aô����#�>���q�����-�q������¢	�\�q���$¢Ç�C��þC�����
þ����&�����\�q�·��ýoö
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��������¢ û �q�$���$¢G�'ô û ý���÷£���q���\����¢%ý��'���$¢G���-�q�C���-����þC�$¢ û ¢q����÷zô���ý��$�&�C�/�§�$���C¢�§�$�/���5õ��$����¢�ô½ý��C¢q�$�q�>�������:þC���&���C�[¢aôl¢'�Võ�����þ���þ����$���C¢ ¦ .��2ý���c�����þC�!ÿ$�*ý��·�
ü��&�C�>�����þ��������$�D�K���Æ����ý��C���VþC��ÿ��±ô�¢�ô��$��öAô��V¢q�V��¢>���������6þC�V���W����þC������ôl�\���½ý��È���$¢·�
ü��&��)
�q��¢ ���@�"ô��q�$����¢ © ýl����ý���þ���ý��`þ�������ô��/���[�����C���È�t^������&�/« û ���R�C�Eþ�������ô��/���`ý��A����¢�
ü��&�C�>��¢��>���$���C¢ © ý��$��ý��9þ���ý��ÚþC�$����ô��\�q�Á��þ��$�§��ýl�´���������X¢aô�õ��>�C�&���¹^���c��&�\«��Ç����$�q�����a���q��þ��A���
ýoô����$� ¦�¦�¦ ¢q���¡þ�����þ���õl�q��¢D÷zô���ý��-�����\���$����¢#�C�Á����¢göAô����C¢3�§�Æ����������ô')þC���Vý��V���È���
þ��!ÿ$�`ý�� �q�C����þC��ÿ�� ¦n÷ �$�
���-�C�[���$¢�÷zô��oþC���$���C¢�¢q���`ô��ÂþC�$¢q�A�C¢aõ¡�6þC���$��ý���q�C����þ���������¢ û ¢aôN�C¢3�"ô�ý������C¢T��� ���@�����q���'þC���\���q�$�Cý��C� � ���$����¢q��¢T�Æ�@���C���-�q�!þC���8ýl�#���$¢þC�����¶�������l�C¢Dý������$¢#���-�q�C���-����þC�$¢?þC�������e÷\^�¢q�!þC� ¦�¦�¦ �����#�$���>�Æ����ý��(�L���$¢Y�q������þ����$���C¢�§�$�
���-�C�N�����C�����[¢aô³��õ����!þC��þC��ÿ$�Æ�C�[�������o÷£���>���@����þ�����õ¡�������>���:õl�����C�[���-¢;���$¢>�C¢�ý��
ý��-���$¢¬�q������þ��������$���C¢ û ���9õ��>�������C���$¢G�>�C���-���E����¢G�Gþ����$¢>�-c8þC��þC��ÿ�� ¦

e��?õ��>��������ý���öAô��#�$�7c����-����
C�$�t���tþ��Võ(^��aô���� �����$�!ôl������6
• � ������
�þC�A���$¢�õl�q��õ�����ý��Vý��C¢�ýl�fô����V�>�C����þC��ÿ��*ý�� �6öAô��-�@�$������þC��� û ý��fô����È�q�*)���VþC��ÿ��2ý��1���aý���� û ¢>��õ��'ý���¢�þC�C�>������¢>�Èôl�����q������þ��!ÿ��2ý���ý����C¢G�����fý���ô����fý���C¢3����¢G���!õ¡�$¢ ¦
• e��6õ��Á�q�6õ��q��¢q���\�§�-��ô������q�C����þ��!ÿ������6ý����-�\���9ô��Ä�����V÷£��ý����q������ý�� û �-���$���-
��-�õ��>��õ����6ý���ýl�C¢wý��a���G�q������þ��!ÿ������6ý����$�\�q�a���G���@���q�-
Bý��Ç��ý û �VþC����þC���$¢wý��C��ý������q�V÷£��$¢>�
þC���Vý�� ¦
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• e���� þ���õ���
:ý��&���°������ý��C�Dôl�����aýl�C��õ��$�aþ����$��õ��-��� þ����������>�q���q���X�C��ôl������ý��C����$���$�ÈöAô���þ����\�q�C�����&���$¢G�>�C���VþC�������C¢�ýl�C� ���aýl�C� õ��$��þC���-� ¦
• � ������
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IVÖKJ�ÞL.
×/.
¸¡ÞÄíÊâ
®�â<®ML	NCO$Ø

A Û B Ý!ÔQP Ü Ô@Ø [ Õ°ØSR�ÔQP V Õ�Ø�O�ë;ÖUT
¼�×/.
¸¡Þ{Ö�Þ�VÉë;Ö A
Ó
BNWPvÕ�Ø?P�Õ Ö Ü Ô@Ø [ Õ°ØSR1Ô R ÝUN!XKY¡Ú×ÔCÝ�Õ Ü R�Ô Ü O$ÚZR[NWP!\]O$Ø7Ô A×B ^,_ Ø`N!X Ü OaP�Ô,YHO$ÚZRb\ Ü ÕUXcO$ÚdN�Øá�ÕSN

A
NWP3\�Ù�ÕHO@XeO

B f O Ö XcO$ÚgN!h�ÔQPYÝUNAÕ�Ø�O�ÚWN!XcO Ü \àß@ØiN�Ø A ^L	NÈÝ@\ Ü NÈá�ÕSN a ∈ A
ÖUj(VÉMÄë@ÖUT£¼�×/.£¥jÞ�¼Sk�¥ó×�¥¡Þ

b ∈ B l½Û PQNÈÝUN�Ø7ÔaRmO aRb n P!\
(a, b) ∈ R ^
IVÖKJ�ÞL.
×/.
¸¡ÞÄíÊâ
®�â�¯oL	NCO$Ø

A Û B Ü Ô@Øqp*Õ�ØSR1ÔQP Û R ⊂ A × B
Õ°Ø�OµÚgN!XcO Ü \àß@ØrN�ØSR
ÚWN

A Û B s PQNZÝUNutaØvNwkL¥�xÁ.
Þ�.£¥�k�Özy O@X Ü Ô@Øqp*Õ°ØSR�ÔAÝUN{N!X;N!h{N�ØSR1ÔQP a ∈ A
RmO@X;NWPZá�Õ|N

N~}�\;P!R[NAÕ�ØzN!X;N!h{N�ØSR1Ô
b ∈ B Û (a, b) ∈ R ^L	NAÝUNutaØvN'N!X�ë;¼�Þ��Â¥�k�Ö

R
O@X Ü Ô@Øqp*Õ�ØSR1Ô[ÝUN�N!X�N!h�N¶ØSR�ÔQP b ∈ B

YHO$Ú~O`X�ÔQPVá�Õ|N
N~}�\;P!R[NAÕ�ØzN!X;N!h{N�ØSR1Ô

a ∈ A
ÝUNdh�ÔCÝ!Ô�á�ÕSN

(a, b) ∈ R ^
¤��CÖUxz��T£¥�j&íÊâ
®�â�ä�\ n L	NCO A Õ�Ø Ü Ô@Øqp*Õ�ØSR1ÔVÝUNutaØ7\�h�ÔQP3XcOÈÚWN!XcO Ü \àß@ØA.bk�Ö°Þ�V;.]kL¼Sk�k�Ö
A Ü Ôah�Ô

IdA = {(x, y) ∈ A× A : x = y}.
\�\ n L	NCO$Ø A Û B Ü Ô@Øqp*Õ°ØSR1ÔQP Û R ⊂ A× B

Õ°Ø�O�ÚWN!XcO Ü \àß@ØiN�ØSR<ÚgN A Û B s ÝUN�Ø7Ôa�h�\8Ø�O@h�ÔQPGë;ÖUT£¼�×/.
¸¡Þº.
Þ��¡Ö\ëajC¼�k�Ö
R saÛ XcOÈÝUN�Ø7ÔaRmO@h�ÔQP�YJÔ@Ú R−1 s O�XcO�ÚgN!XcO Ü \àß@Ø

R−1 = {(x, y) ∈ B × A : (y, x) ∈ R}
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\�\�\ n L|\ A s B Û C P�Ô@Ø Ü Ô@Øqp*Õ°ØSR1ÔQP Û R ⊂ A×B Û S ⊂ B×C

P�Ô@ØAÚWN!XcO Ü \DÔ@ØvNWP sÝUN�Ø7Ôah�\8Ø�O@h�ÔQPÇë;ÖUT£¼�×/.
¸¡ÞÀ×�¥�xz��»LÖUj(VÉ¼�k�Ö
R
Ó
S s�Û XcO&ÝUN�Ø7ÔaRmO@h�ÔQP�YJÔ@Ú S ◦R s OXcO�ÚgN!XcO Ü \àß@Ø�N�ØSR
ÚgN A Û C ÝUNutaØS\
ÝKO Ü Ôah�Ô�P!\�Ù�ÕSN

S ◦R = {(x, z) ∈ A× C : ∃y ∈ B : (x, y) ∈ R ∧ (y, z) ∈ S}.
�_Ô@Ú�NupqN!h�Y�X�Ô s P!\ R = {(a, b), (a, c), (d, a)} Û S = {(a, d), (c, e)} s ÚgNWP�ÕUX�RmOá�Õ|N
S ◦ R = {(a, e), (d, d)} s R ◦ S = {(a, a)} s R−1

= {(b, a), (c, a), (a, d)} s
S
−1

= {(d, a), (e, c)} Û R−1 ◦ S−1 = {(d, d), (e, a)} ^
¤��CÖ\ë@×/.<×/.£¥R®/æ:¯#L|\�N�Ø¡Ý!Ô

A s B s C stÛ D Ü Ô@Øqp*Õ�ØSR1ÔQP s�Û R ⊂ A × B s S ⊂ B × C
Û T ⊂ C ×D s Ü Ôah�Y¡Ú×Ô Ö O$Ú'á�Õ|N=PQNwPAO@R]\;Pu�(O Ü N�Ø�XcOaP=P!\�Ù�ÕU\�N�ØSR�NWP*Y¡Ú×ÔWY�\�NqÝKO/ÝUNWP�Ø\ n R ◦ IdA = R ^\�\ n IdB ◦R = R ^\�\�\ n Id−1A = IdA ^\8ã n R ◦ (S ◦ T ) = (R ◦ S) ◦ T ^ã n (S ◦R)−1 = R−1 ◦ S−1 ^
IAÖKJKÞ�.
×/.
¸¡Þºí â
®�âPæ�L	NCO

A
Õ°Ø Ü Ô@Øqp*Õ�ØSR1Ô Û R ⊂ A× A

Õ�Ø�O�ÚgN!XcO Ü \àß@ØiN�Ø A ^
L	N#Ý@\ Ü N#á�Õ|N R NWPTë;ÖK�KÖK��.��l¼�P!\

(a, a) ∈ R
YHO$Ú~O Ü O/ÝKO a ∈ A ^L	N¬Ý@\ Ü NGá�Õ|N R NWP�j�.]xz�KVÉë@.
×$¼�P!\ YHO$Ú~O Ü O/ÝKO (a, b) ∈ R

PQN*R]\�N�ØvN¬á�ÕSN
(b, a) ∈ R ^L	NVÝ@\ Ü NÈá�ÕSN R NWP·¼�Þ�V;.]j�.bx�� V�ë@.£×�¼rP!\

(a, b) ∈ R Û (b, a) ∈ R
\�h�Y�X�\ Ü O[á�Õ|N

a = b ^L	N�Ý@\ Ü N·á�ÕSN R NWP,VÉë;¼�Þ.jC.uV;.��l¼�P!\vY7O$Ú~O Ü O/ÝKO (a, b) ∈ R Û (b, c) ∈ R
PQN0R]\�N�ØvN

á�Õ|N
(a, c) ∈ R ^

¤��CÖ\ë@×/.<×/.£¥R®/æ:ä#L	NCO�Ø
A
Õ�Ø Ü Ô@Øqp*Õ�ØSR1Ô Û R ⊂ A × A

Õ°Ø�OXÚgN!XcO Ü \àß@Ø�N�Ø A s Ü Ôah��Y¡Ú,Ô Ö O$ÚYá�ÕSNwPQN=PAO@Rb\;Pu�(O Ü N�Ø�XcOaPwP!\�Ù�ÕU\�N�ØSR[NWP*YjÚ×ÔWY�\�NqÝKO/ÝUNWP�Ø\ n R NWPYÚgNu¡,N~}�\8ãaO¢P!\ Û PÉßaX�Ô�PZ\ IdA ⊂ R ^\�\ n R NWPwP!\�h{£!R
ÚZ\ Ü O¢P!\ Û PÉßaX�Ô�P!\ R−1 = R ^\�\�\ n R NWP0O$ØSRb\;P!\�h{£!R
Ú!\ Ü O�P!\ Û PÉßaX�Ô�P!\ R ∩R−1 ⊂ IdA ^\8ã n R NWP3R
Ú~O$ØHP!\�Rb\8ãaO¢P!\ Û PÉßaX�Ô�P!\ R ◦R ⊂ R ^
¤��CÖUxz�.T
¥�íÊâ<®�â�¹#¤0O/Ý!ÔQP&Ý!ÔQP Ü Ô@Øqp*Õ�ØSR1ÔQP A Û B s Õ°Ø�O�O!Y�X�\ Ü O Ü \àß@ØÁÝUN A N�Ø

B
NWP

Õ�Ø�O ÚWN!XcO Ü \àß@Ø R ⊂ A×B
R�O@XÊá�ÕSN�ØwN!XÊÝ!Ôah�\8ØS\DÔ�ÝUN

R
NWP
A Û YHO$Ú~O Ü O/ÝKO{N!X;N!h{N�ØSR1Ô

a ∈ A
N~}�\;P!R�NAÕ°Ø`¥�ØS\ Ü Ô�N!X;N!h{N�ØSR1Ô b ∈ B

Ý¦Ndh�ÔCÝ!Ô�á�ÕSN
(a, b) ∈ R ^
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IVÖKJ�ÞL.
×/.
¸¡ÞÄíÊâ�¯Êâ<®ML	NCO

A
Õ°Ø Ü Ô@Øqp*Õ°ØSR�Ô Û R ⊂ A × A

Õ°Ø�OXÚWN!XcO Ü \àß@Ø�N�Ø A ^«ª OÚgN!XcO Ü \àß@Ø R NWPaÕ°Ø�OÈë;ÖUT
¼�×/.
¸¡Þ¬k�ÖW¥¡ëak�Ö°Þ­P!\Gã@N�ÚZ\ t Ü O�XcOaPwY¡Ú×ÔWY�\�NqÝKO/ÝUNWP ÚWNu¡,N~}�\8ãaO sO$ØSR]\;P!\�h{£!R<ÚZ\ Ü O Û R<Ú~O$ØHP!\�R]\8ãaO ^ ¤
ÔQP%N!X;N!h{N�ØSR�ÔQP a, b ∈ A
PQN#Ý@\ Ü N�ØÈ×�¥�xz��¼lë@¼H®�T£ÖUj¢P!\Ô Ö \�N�Ø (a, b)

Ô Ö \�N�Ø (b, a)
YSN�ÚZR�N�ØvN Ü N�O R ^�_ Ø�N!X Ü OaP�Ô�YHO$ÚZR]\ Ü Õ¦XcO$Ú�N�ØRá�ÕSN«R�ÔCÝ!ÔYHO$Ú�ÝUN�N!X;N!h{N�ØSR1ÔQP

a, b ∈ A
P�Ô@Ø Ü Ôah�YHO$Ú~O Ö X�NWP�PQNÈÝ@\ Ü NÈá�Õ|N R NWP�Õ°Ø�OVë;ÖUT£¼�×/.
¸¡Þ

k�Ö¿¥ÂëakLÖ°Þ�VÉ¥SVÉ¼ST ^ L|\3N~}�\;P!R[N�Ø¯N!X;N!h{N�ØSR1ÔQP a, b ∈ A
Ø7Ô Ü ÔFh�YHO$Ú~O Ö X;NWP s N�ØSR�Ô@Ø Ü NWPÝ@\8ÚgN!h�ÔQPYá�Õ|N�NWPAÕ°Ø�O·ë;ÖUT
¼�×/.£¸¡Þ�k�Öµ¥ÂëakLÖ°Þ��L¼�ë@×/.£¼ST ^° Õ�Ø�YHO$Ú

(A,R)
�]Ô@ÚZh�O/Ý!Ô*YJÔ@Ú�Õ�Ø Ü Ô@Øqp*Õ�Ø7R�Ô Û Õ°Ø�O�ÚgN!XcO Ü \àß@ØXÝUNAÔ@Ú>ÝUN�Ø�YHO$Ú Ü \]O@XX;NwX�XcO@h«O$ÚgN!h�ÔQPG×�¥¡ÞU��»�Þ�VÉ¥���¼lë-×/.£¼ST]x�Ö°Þ�VÉÖV¥ÂëFk�Ö°ÞL¼Sk�¥ ^ L|\�XcO&ÚWN!X±O Ü \àß@Ø9NWPYÝUNMÔ@ÚZ�ÝUN�Ø�R1ÔaRmO@X¡Ý@\8ÚgN!h�ÔQP¨á�ÕSNwN!X@YHO$Ú

(A,R)
NWP�Õ°ØZ×�¥¡Þ¦��»LÞ�VÉ¥�V�¥|VÉ¼7Tbx�Ö°Þ�VÉÖZ¥Âëak�Ö�Þ�¼Sk�¥ ^

¾ ®�jCÖ\ëQ�l¼�×/.
¸¡Þ¿í â�¯Êâ�¯�²eR]\�X�\E§QO$ÚgN!h�Ô³PwX�ÔQP=P�Ã�h Ö ÔaX�ÔQP ≤ l ß ≥ n YHO$ÚCO�ÝUN�Ø7ÔaRmO$ÚwXcOaP'ÚgN!�XcO Ü \DÔ@ØvNWP�ÝUNAÔ@Ú>ÝUN�Ø ^ ��ÔCÝUN!h�ÔQP�Ô Ö PQN�Ú¶ãaO$Ú�á�ÕSN1P!\ R NWPvÕ°Ø�O ÚgN!XcO Ü \àß@ØXÝUNAÔ@ÚqÝUN�Ø l O�XcOá�ÕSN ÝUN�Ø7ÔaRmO@h�ÔQPGYJÔ@Ú ≤ n N�ØSR�Ô@Ø Ü NWP0XcOÈÚWN!XcO Ü \àß@Ø R−1 l \8Ø�ã@N�ÚgPAOAÝUN R n NWP%R�O@h Ö \�£�ØÕ°Ø�O�ÚgN!XcO Ü \àß@Ø[Ý¦N
Ô@Ú>ÝUN�Ø³á�ÕSN·ÝUN�Ø7ÔaRmO$ÚgN!h�ÔQP Ü Ôah�Ô ≥ ^
¤��CÖUxz��T£¥�j&íÊâ�¯Êâ�ä�\ n`´ Ôah�Ô Û O�PQN���O@XcO@h�ÔQP«N�Ø�N!X Ü O!Y¡Ã�RFÕUX�Ô�R�N�Ú Ü N�Ú×Ô s X�ÔQP�ØS¥¦h{N�Ú×ÔQPØ�O@R?Õ°ÚCO@X;NWP%O/Ý@h�\�R�N�Ø5Õ°Ø�OÈÚgN!XcO Ü \àß@Ø³ÝUNGÔ@Ú>ÝUN�Ø`R1ÔaRmO@X�á�ÕSNYãQ\�N�ØvN·ÝUNutaØS\
ÝKOdYJÔ@Ú�Ø�ÝKO/Ý!ÔQP
a, b ∈ N

PQN�Ý@\ Ü N·á�ÕSN b ≥ a
PZ\¨Ô Ö \�N�Ø b = a

Ô Ö \�N�ØzN~}�\;P!R[NnÕ°Ø³ØS¥¦h{N�Ú×Ô&Ø�O@R?Õ�Ú~O@X cR�O@XLá�ÕSN
b = a+ c ^\�\ n ªSO@h Ö \�£�ØZãQ\�h�ÔQPGá�ÕSN*X�ÔQPtØS¥Uh{N�Ú×ÔQP5N�ØSR[N�Ú×ÔQP,O/Ý@h�\�R[N�ØaÕ°Ø�O'ÚWN!X±O Ü \àß@Ø�ÝUNvÔ@Ú>ÝUN�ØR1ÔaRmO@X�á�ÕSNiNWP8Õ°Ø�O�N~}�R[N�ØHP!\àß@ØÌØ�O@R?Õ�Ú~O@X�ÝUN�XcOÁÚgN!XcO Ü \àß@ØbÝUNutaØS\
ÝKO�N�Ø¯X�ÔQPNØS¥¦h{N�Ú×ÔQPØ�O@R?Õ°ÚCO@X;NWP�Ø

a ≤ b
P!\ Û P�ÔaXcO@h{N�ØSR�N�P!\ b− a ∈ N+ ∪ {0} ^\�\�\ n«ª ÔQP#ØS¥¦h{N�Ú×ÔQP#ÚgNCO@X;NWP�O/Ý@h�\�R�N�Ø�Õ�Ø�OVÚgN!XcO Ü \àß@Ø´ÝUNaÔ@Ú>ÝUN�Ø9R1ÔaRmO@XKÝUNutaØS\
ÝKO3YJÔ@ÚXcO?N~}�\;P!R[N�Ø Ü \]O�ÝUNwXcO¢PQN!h�\8Ú¶ÚgN Ü RmOZÚgNCO@XUYJÔQP!\�Rb\8ãaO R+ s1l Õ°Ø�P�Õ Ö Ü Ô@Øqp*Õ�ØSR1Ô&ÝUN R Ü Ô@Ø�X±OFPY¡Ú×ÔWY�\�NqÝKO/ÝUNWP#ÝUN�á�ÕSN1YHO$Ú~O Ü O/ÝKO a ∈ R

Ø7Ô�ØJÕUX�ÔsÔ Ö \�N�Ø a Ô Ö \�N�Ø −a YSN�ÚZR�N�ØvN Ü N%O
R+ ñ.P!\ a, b ∈ R+ N�ØSR1Ô@Ø Ü NWP a+ b ∈ R+ s ab ∈ R+ Û 0 /∈ R+ n ÝUN�h�ÔCÝ'Ô�á�ÕSN a ≤ bP!\ Û P�ÔaXcO@h{N�ØSR[N=P!\ b− a ∈ R+ ∪ {0} ^
æ:ê~µ ½Y·�{(/n´bµ("M~4·,+¨&4·¸·¬4&ð4µ!¶w/A{	·_~K´lµA/
IVÖKJ�ÞL.
×/.
¸¡ÞÄíÊâ�äÊâ<®ML	NCO

A
Õ°Ø Ü Ô@Øqp*Õ°ØSR�Ô Û R ⊂ A × A

Õ�Ø�O�ÚWN!XcO Ü \àß@Ø#N�Ø
A ^

ª OVÚWN!XcO Ü \àß@Ø R NWPMÕ°Ø�OZë;ÖUT
¼�×/.£¸¡Þ�kLÖ´Ö°�Ê»L.u�l¼ST£Ö�ÞL×/.£¼·P!\Åã@N�ÚZ\ t Ü O?XcOaP1Y¡Ú×ÔWY�\�NqÝKO/ÝUNWPÚgNu¡,N~}�\8ãaO s P!\�h{£!R<ÚZ\ Ü O Û R<Ú~O$ØHP!\�R]\8ãaO ^



âi��¸�� �vÚ ���n�I¤�� ÛvÚ ÙNÑ ÚÝÚ *G�¦¤Q¹'�;� Ú�Û �I¤1� ~�� v
¤��CÖUxz�.T
¥�jZíÊâ�äÊâ�¯�\ n L	NCO�N!X Ü Ô@Øqp*Õ°ØSR�Ô F = {r/s : r, s ∈ Z s 6= 0} ^*ª OYÚgN!XcO Ü \àß@Øá�Õ|N0PQN ÝUNutaØvN Ü Ôah�Ô r/s ∼ u/v

P!\ Û P�ÔaXcO@h{N�ØSR[N3P!\ rv = su
NWP
Õ°Ø�OAÚgN!XcO Ü \àß@Ø�ÝUNNqá�Õ¦\8ãaO@X;N�Ø Ü \]O?N�Ø F ^\�\ n{_ ØrN!X Ü Ô@Øqp*Õ�ØSR1ÔXÝUN�X�ÔQPZØS¥Uh{N�Ú×ÔQP{N�ØSR[N�Ú,ÔQP f N!h�ÔQPZÝUNutaØS\
Ý!Ô�XcONÚgN!XcO Ü \àß@ØÁÝUNNqá�Õ¦\8ãaO@X;N�Ø Ü \]O%h�ßCÝ�Õ¦X�Ô p Ø a ≡ b mod p

P!\ Û P�ÔaXcO@h{N�ØSR�N,P!\ a− b
NWP;Õ°Ø�h�¥UX�Rb\ºY�X�Ô ÝUN

p ^
¾ ®�j�Ö°ëQ�l¼�×/.£¸jÞ¿íÊâ�ä â�ä�²�Rb\�X�\E§QO$ÚgN!h�ÔQP1N!XKP�Ã�h Ö ÔaX�Ô ∼ YHO$Ú~O�ÚgN[Y¡ÚWNWPQN�ØSR�O$ÚbÕ°Ø�O'ÚgN!XcO Ü \àß@ØÝUN�Nqá�ÕU\8ãaO@X;N�Ø Ü \]O ^
IAÖKJKÞ�.
×/.
¸¡Þºí â�äÊâPæ�L	NCO

A
Õ°Ø Ü Ô@Øqp*Õ°ØSR�Ô Û ∼ Õ�Ø�O[ÚgN!XcO Ü \àß@Ø�ÝUN�Nqá�Õ¦\8ãaO@X;N�Ø Ü \]OiN�Ø

A ^ �*O$ÚCO Ü O/ÝKO�N!X;N!h{N�ØSR1Ô a ∈ A
PQN&ÝUNutaØ�N�XcO&×KT
¼Sj�Özk�ÖrÖ��:»�.���¼7T
Ö°Þ�×/.£¼�kLÖ

a s¬ÛPQN'ÝUN�Ø7ÔaR�O=YJÔ@Ú
C(a)

Ô5YJÔ@Ú
a s Ü Ôah�Ô«N!X Ü Ô@Øqp*Õ°ØSR�Ô ÝUN=R1ÔCÝ!ÔQPdO/á�ÕSN!X�X�ÔQP3N!X;N!h{N�ØSR1ÔQP�ÝUN

A
á�ÕSNwPQN'ÚWN!XcO Ü \DÔ@Ø�O$Ø Ü Ô@Ø a Ø

a = {b ∈ A : b ∼ a}.
¤��CÖ\ë@×/.<×/.£¥R®/æ¡æ ´ Ô@Ø�XcO�Ø7ÔaR�O Ü \àß@Ø³ÝUNdXcOVÝUNutaØS\ Ü \àß@Ø`O$ØSR[N�ÚZ\DÔ@Ú#ÝUN!h�ÔQP!R
ÚCO$ÚYá�ÕSN�Ø\ n Y7O$Ú~O Ü O/ÝKO a ∈ A

PQNdRb\�N�ØvN#á�ÕSN
a 6= ∅ ñ\�\ n YHO$ÚCO Ü O/ÝKO a, b ∈ A

ÝUNdh�ÔCÝ!Ô�á�ÕSN
a ∼ b

PQN3R]\�N�ØvN·á�ÕSN
a = b

ñ
\�\�\ n P!\ a 6= b

N�ØSR1Ô@Ø Ü NWP a ∩ b = ∅ ñ\8ã n A = ∪a∈Aa ^
ª ¢>�q��>¡���q�&�����=8��(»������G�C� ¢>��� 4 ���C�/���w:����7:��A>l�q� ¦

IAÖKJKÞ�.
×/.
¸¡Þºí â�äÊâ�¹oL	NCO$Ø
A
Õ°Ø Ü Ô@Øqp*Õ°ØSR�Ô Û ∼ Õ�Ø�OVÚgN!XcO Ü \àß@Ø´ÝUN«Nqá�ÕU\8ãaO@X;N�Ø Ü \]O�N�Ø

A ^ L	N#ÝUNutaØvN�N!X�×�¥¡Þ¦��»LÞ�V�¥À×�¥ ×/.£Ö�Þ�VÉÖ´ÝUN A Y�Ô@ÚYÝ@\ Ü f O�ÚgN!XcO Ü \àß@Ø³ÝUN�Nqá�ÕU\8ãaO@X;N�Ø Ü \]OÜ Ôah�Ô�N!X Ü Ô@Øqp*Õ°ØSR1Ô�ÝUNdXcOaP Ü XcOaPQNWP#ÝUN�Nqá�Õ¦\8ãaO@X;N�Ø Ü \]OiØ
A/∼ = {a : a ∈ A}.

¤��CÖUxz�.T
¥�jZíÊâ�äÊâ�í�\ n�´ Ôah�Ô Û O&ãQ\�h�ÔQP s XcO�ÚgN!XcO Ü \àß@ØµÝUN Ü Ô@Ø°Ù$Ú*ÕSN�Ø Ü \]O¢h�ßCÝ�Õ¦X�Ô p NWPÕ�Ø�O�ÚWN!XcO Ü \àß@Ø[ÝUN�Nqá�ÕU\8ãaO@X;N�Ø Ü \]O?N�Ø Z Û N!X Ü Ô@Øqp*Õ°ØSR�Ô Ü Ô Ü \�N�ØSR[N�NWP�Ø
Zp = {0, 1, ..., p− 1}.

\�\ n,_ X Ü Ô@Øqp*Õ°ØSR1Ô Ü Ô Ü \�N�ØSR[NtÝUN!X Ü Ô@Øqp*Õ�ØSR1Ô F ÝUN!XSNupqN!h�Y�X�Ô1\8ã n Ý¦N!XqY��$Ú¶ÚCO~�]Ô�O$ØSR�N�ÚZ\DÔ@ÚYJÔ@ÚdXcO�ÚWN!XcO Ü \àß@Ø[ÝUN�Nqá�Õ¦\8ãaO@X;N�Ø Ü \]O{O@X�X)ÃÅÝUNutaØ7\
Ý O?NWP�N!X Ü Ô@Øqp*Õ°ØSR�Ô Q
Ý¦NdX�ÔQPYØS¥Uh{N�Ú,ÔQP

ÚCO Ü \DÔ@Ø�O@X;NWP ^
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¤��CÖ\ë-×/.
×/.£¥�®/æj¹#¤�N!R[N�ÚZh�\8Ø�O$Ú�P!\0XcOaP�P!\�Ù�Õ¦\�N�ØSR[NWPµÚWN!XcO Ü \DÔ@ØvNWP�P]Ô-Ø ÝUNQÔ@Ú>ÝUN�ØóÔRÝUN
Nqá�ÕU\8ãaO@X;N�Ø Ü \]O ^*_ Ø9N!X Ü OaP�Ô ÝUN'á�ÕSN5PQNCO$ØÆÝUN0Nqá�Õ¦\8ãaO@X;N�Ø Ü \]O s ÝUN!R�N�ÚZh�\8Ø�O$ÚdN!X Ü Ô@Øqp*Õ°ØSR�ÔÜ Ô Ü \�N�ØSR[N ^

\ n L	NCO A5 N!X Ü Ô@Øqp*Õ�ØSR1Ô#ÝUN�YHO@XcO Ö Ú~OaPTÝUN1¿0X;N!R
Ú~OaP f N Ü f OaP Ü Ô@Ø�N!XSO@X �(O Ö N!R�Ô%NWP[YHO��7ÔaXl �UÀ�X;N!R<Ú~OaP n@^ L	NCO�XcONÚWN!XcO Ü \àß@ØWÝUNutaØ7\
Ý O�YJÔ@Ú Ü Ôah{N�Ø!§QO$Ú�YJÔ@Ú¢XcO�h�\;P!h«O�X;N!R
Ú~O s NWP!R1ÔNWP s ÝKO/Ý!ÔQPÆÝ!ÔQP9N!X;N!h{N�ØSR1ÔQP a, b ∈ A5 s aRb P!\ Û P�ÔaXcO@h{N�ØSR[N?P!\0O@h Ö OaP�YHO@XcO Ö ÚCOaPÜ Ôah�\�N�Ø!§QO$Ø¢Y�Ô@ÚwXcO{h�\;P!h«O«X;N!R
ÚCO ^ \�\ n L	NCO A = {a, b, c, d} Û
R = {(a, a), (b, b), (c, c), (d, d), (a, b), (a, c), (b, c)}.

\�\�\ n L	NCO Z−{0} Û XcOZÚWN!XcO Ü \àß@Ø aRb P!\ Û P�ÔaXcO@h{N�ØSR�N1P!\ÁN!X�P!\�Ù$Ø7ÔZÝUN a NWP=\�Ù�Õ7O@XO@X�P!\�Ù$Ø7Ô�ÝUN
b ^\8ã n L	NCO'N!X Ü Ô@Øqp*Õ�ØSR1Ô R Û XcO�ÚWN!XcO Ü \àß@Ø aRb P!\ Û P�ÔaXcO@h{N�ØSR�N�P!\ a− b ∈ Z ^
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�Å�$�&��¢��=:C���\�q���$�>����¢i�C�Z�>�C���@:C��������¢�k�ÖKJ�ÞL.bk�¼Sj1Ö°Þr×�¥¡Þ¦��»LÞ�V�¥�j5J�ÞL.�VÉ¥�j ¦ � ���aÃ���;ÄC�$�>�C�&��¢�8���¢3�����/�§�$¢�E£���>���-¢¢8l�X�q�(>��q��¢q�C�/�§�$�>���$¢&�&�A8����$�/���È�§�@¾����$¢ �r�$���FE£��¢ ¦ �����+����q�Æ�C�W�@8l�C���$�\�q���C��:����aÅ 4 �\���

A
8l���78��È¢q��8l�(»����È���N�q�����@:��;Æ��r�C¢�¢q���C�«>��q� 4 �

:C���aÅ 4 �\���¢»������q� ¦
æ2êS± ½Y·�¾'-�·,+�·_~2³e/n´lµ�¶M~ &K·�-�·GÇ(/n´lµ("M~4·,+
ë�ÀuÈ�À#Á ÂÄÃ�Å;Æ�Ç�ÈlÉ'ÃàÉ'Ça_�`�Ç�Ò
¬¨���·�q�����@:��;Æ��

R
��� 4 �?:C�$�aÅ 4 �\�q�

A
��¢ 4 �V¢ 4 ¾�:����aÅ 4 �/����8��C��>��q�U8 4 :�����:��$�3���C¢>���-���

A× A ¦¨÷ �$���$�&��¢,8l��¢¨��Å>��¢�:��°���C8l�C���@8l��¢58����78��#����:��@8�� 4 ����8��#�C�����$¢¬¢q�#�C¢3�§�$��q�A>l�q�C¢>�C�/�§�$�78l�Z����¢Å�C���C�&�C�/����¢É8��
A ¦�Ê �#�>�C���@:C��Æ�� R ¢q���q�(>��q��¢q���\�§���&�A8l���$�/��� 4 ���� 4 ¾¡�58��5> 4 �\���$¢É8��C��>l���$�l�0:��°���C8������@8�� ¦aª ¢>���#� 4 ¾j�58��5> 4 �\�q��¢É>¡�C�>�������GB��C�>��»S:C�$�8��wE£���q����¢q���7:C������� �-��� 4 ���$¢G8��'���$¢G>��>��>����(8��@8���¢,8��'�����q�C���@:C��Æ�� ¦

Ê �È�q�����F:C�;Æ$�µ��¢��q�( �������B@�V¢q�.<Æ¢q�����$�&�C�\�q�·¢q�����U8������{8l���$���$���$�L�V�(6 4 ��B-�$���C�/���ZÃ�����\���������q�����@:��;Æ��V��8��C�/���;8��@8
∆ = {(a, a) : a ∈ A} = IdA

�C¢>���«:����/���C�l�;8�� �C�N��� �$���F»7:�� ¦
Ê �´�q�����@:��;Æ$�R�C¢�¢>���«Ë��q�q�;:C�[¢q�¬���³���q�F»S:C�´�C¢�¢q����Ë����>�;:��`:����º�>�C¢~>¡�A:��q�À�i8���:*+��8����$�$�����$� ¦
Ê �µ�q�����@:��;Æ$�Á�C¢Z�-�\����¢q����Ë����>��:��N¢>�t���[�¶�l��¢>�q�C��>��$�>�C¢�8���> 4 �/����¢�8��È���Æ�$���F»S:C�¢q���«Ë��q�q��:C��¢*:����X�q�C¢~>¡�A:������Z����8����$�������$��<�E 4 �����¢8��'������� ¦

¤��CÖUxz�.T
¥�jZíÊâ�æ�â
®�\ n L	NCO�XcONÚgN!XcO Ü \àß@ØÁÝUN�Ô@Ú>Ý¦N�ØQÕ P�ÕHO@X.P�Ô Ö ÚgN{N!X Ü Ô@Øqp*Õ°ØSR�Ô N4 s NWPÝUN Ü \8Ú s
R = {(1, 1), (1, 2), (1, 3), (1, 4), (2, 2), (2, 3), (2, 4), (3, 3), (3, 4), (4, 4)}.

L�Õ�R�O Ö XcO�NWPdXcO�ÚWN[Y¡ÚgNWPQN�ØSR�O/Ý O?N�Ø�XcO&��\�Ù�Õ�Ú~OK» ^�ÌK^Í�P�Ô Ö ÚgN�N!X�XcO¢PQN'ã@N Ü XcO$Ú~O@h{N�ØSR�NYá�ÕSN�NWPYÚgNu¡,N~}�\8ãaO Û O$ØSR]\;P!\�h{£!R<ÚZ\ Ü O ^\�\ n L	NCO'N�ØzN!X Ü Ô@Øqp*Õ�ØSR1Ô N4
XcO�ÚWN!XcO Ü \àß@Ø�P!\�Ù�ÕU\�N�ØSR�N�Ø

S = {(1, 1), (1, 2), (2, 1), (1, 4), (4, 1), (2, 3), (3, 2), (3, 3), (3, 4), (4, 3)}.
L�Õ�R�O Ö XcO�NWPdXcO�ÚWN[Y¡ÚgNWPQN�ØSR�O/Ý O?N�Ø�XcO&��\�Ù�Õ�Ú~OK» ^ � ^Í�P�Ô Ö ÚgN�N!X�XcO¢PQN'ã@N Ü XcO$Ú~O@h{N�ØSR�NYá�ÕSN�NWPwP!\�h{£!R
ÚZ\ Ü O Û á�ÕSNYØ7Ô�NWPYÚgNu¡,N~}�\8ãaO ^
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ë_ÀuÈ�ÀSÞ ÂÄÃ�ÅvÆyÇ�ÈbÉ'Ã{²�Î�Ç�Î,í�Ò&Å;Æ1Î(Æå²�Æ�Å;í�Ò
¬T���V�q�����F:C�;Æ$�µ���$��¾���ËC��> 4 �A8l�Z¢q�C���q�(>��q��¢q���\�§�F8���>¡�$� 4 �³���q�FE£�?8l���q������8l��6 4 �Z�����³Ã
���$�>�C�&��¢0�Âë;¼7Ï½¥Mk�.£ë-.u�¡.]k�¥Ì¼SjC¥ ×/.£¼Sk�¥b¼¯T
¼¿ë;ÖUT
¼�×\.£¸¡Þ ¦Æª ¢>�q�V� 4 ������8������q�FE£��6 4 ��>�A>��>�C¢>�C�\������� �>�C���@:C��Æ��'> 4 �A8��'�������C�T���@ÄC�$¢ © �����������\�q��¢,8��'����E£���>��� (a, a) «�<�DS:C�FÃ�&� ���@�����&�7DU:C���/���������w8���¢¬�$�q��¢>���$¢*6 4 �3:������(:����$��8���¢GB�Ë��>�q�;:��C¢

a
<
b © ���$¢G�$�q��¢>���$¢

(a, b)
<
(b, a)

« ¦
IVÖKJ�ÞL.
×/.
¸¡ÞÄíÊâPæ�â�¯oL	NCO

A
Õ°Ø Ü Ô@Øqp*Õ°ØSR�Ô3taØS\�R1Ô Û R ⊂ A × A

Õ°Ø�O[ÚgN!XcO Ü \àß@Ø�N�Ø
A s X�XcO@h«O$ÚWN!h�ÔQPÁ�Âë;¼7Ï½¥ikL.£ë-.u�¡.]k�¥Æ¼SjC¥ ×/.£¼Sk�¥³¼�T£¼Në;ÖUT
¼�×/.£¸¡Þ�O@X�h2ÕUX�Rb\
Ý@\�Ù$Ú~O~�]Ô G =
(A,R) ^
¤��CÖUxz��T£¥�j&íÊâPæ�â�ä�\ n�_ ØzN!X.NupqN!h�Y�X�Ô¢\ n O$ØSR�N�ÚZ\DÔ@Ú%N!X¡Ù$Ú~O~�]Ô�Ý@\8ÚZ\�Ù@\
Ý!Ô�OaP�Ô Ü \]O/Ý!Ô{NWP�Ø

(N4, {(1, 1), (1, 2), (1, 3), (1, 4), (2, 2), (2, 3), (2, 4), (3, 3), (3, 4), (4, 4)}).
\�\ n�_ Ø�N!X�NupqN!h�Y�X�Ô�\�\ n N!XÂÙ$Ú~O~�]Ô�Ý@\8Ú!\�Ù@\
Ý!Ô«OaP�Ô Ü \]O/Ý!Ô{NWP�Ø
(N4, {(1, 1), (1, 2), (2, 1), (1, 4), (4, 1), (2, 3), (3, 2), (3, 3), (3, 4), (4, 3)}).
Ð ��¾��>�����K���q�FE£������>��q��>l���A8��@8µ�q�! ��¶�l�cB-��:C�$��¢q��¢>���·�C�[����������¢3�����7:C����8l� 4 �[���@Ä��

¢>��¾��>�3:��F8���B�ËC�3����:C� ¦
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¼�».j�»�ë;¼¢V�ë@¼�Þ.j���V�����¼ l ÚgNWP[Y ^ P!\�h{£!R<ÚZ\ Ü O s ÚgNWP[Y ^ ÚgNu¡,N~}�\8ãaO n O@XUh Ã8ØS\�h{âÜ â@Øqp ä ØSR[â Ct ⊂ A × A l ÚWNWP[Y ^ Cs s ÚWNWP[Y ^ Cr n RmO@Xaá ä N R ⊂ Ct l ÚWNWP[Y ^ R ⊂ Cs sÚgNWP[Y ^ R ⊂ Cr nYÛ XcO·ÚgN!XcO Ü \àß@ØAá ä N�ÝUNutaØvN Ct

NWP1R
ÚCO$ØHP!\�R]\8ãaO l ÚgNWP[Y ^ P!\�h{£!R<ÚZ\ Ü O s ÚgNWP[Y ^ÚgNu¡,N~}�\8ãaO n@^
ª ��:AÆ��«> 4 �q��8��È����:C��� 4 ¢ 4 ���Æ�q�! ������cB-�[��¢�¢q���«>���� ¦ Ð �����q�-�§��8l� 4 �����·� R ���
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∆ = {(a, a) : a ∈ A} = IdA ¦aª ¢18��(:C���(D

Cr = R ∪∆.
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>¡��� 4 ����¢ ¦¤��CÖUxz��T£¥ÁíÊâ�¹Êâ�äoL	NCO'N!X Ü â@Øqp ä ØSR�â N10 Û PQâ@ëCÚgN%£!X	XcO&ÚWN!X±O Ü \àß@ØµÝUNwh{N�Øvâ@Ú0NWP!R<ÚZ\ Ü R[â

< ^�_ P!RmOÈÚgN!XcO Ü \àß@Ø[Øvâ?NWPYÚWNu¡,N~}�\8ãaO3YSâ@Ú>á ä NYØvâ�PQN#ã@N�ÚZ\ t Ü O a < a ^ L	N#ã@N�ÚZ\ t Ü OVá ä NXcO Ü XcO ä P ä Ú~O�ÚgNu¡,N~}�\8ãaOÈÝUN3XcO�ÚWN!XcO Ü \àß@Ø < NWPdXcO�ÚgN!XcO Ü \àß@Ø ≤ ^¤��CÖ\ë-×��
×��£¥�®/æ	�#¤0O/ÝKOaP�XcOaPZÚgN!XcO Ü \�â@ØvNWP&ÝUN!XÉNupqN�Ú Ü \ Ü \�â ÌAßvà á ä NZØvâ?PQâ@Ø�ÚWNu¡,N~}�\8ãaOaPÜ âah�Y ä RmO$Ú�P ä Ü XcO ä P ä ÚCO�ÚgNu¡1N~}�\8ãaO ^
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R−1 = {(b, a) : (a, b) ∈ R} D���¢18��(:C���A½
Cs = R ∪R−1.
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M t D¡��¢>�����¢
N = M +M t <«:�����¢3��� 4 <��C�78�� 4 ���Y���@���q��ÄG6 4 �¨�q�C���/� 4 � 4 �l�%8����H8�� N �����C���
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N
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Cs = N10 × N10 ^ _ ØoNu�qN Ü R[â s YSâ@ÚÝUNutaØS\ Ü \àß@Ø Cs ⊂ N10 × N10 ^ �*O$Ú~ONÝUN!h{âQP!R
Ú~O$Ú¢N!X�âaR
ÚWâ Ü â@ØSR[N�ØS\
ÝUâ s PQNCO Ü ä O@X�á ä \�N�ÚN!X;N!h{N�ØSR�â
(a, b) ∈ N10 × N10 ^ L|\ a ≤ b

N�ØSR[â@Ø Ü NWP (a, b) ∈ R ⊂ Cs s N�Ø Ü OaPQâÜ â@ØSR<Ú~O$ÚZ\�â b < a Û YSâ@Ú=RmO$ØSR[â (b, a) ∈ R
X;â�á ä N=P!\�Ù$ØS\ t Ü O (a, b) ∈ S ⊂ Cs s X;â&á ä NÜ â@Ø Ü X ä�Û N3X±OVÝUN!h{âQP!R
ÚCO Ü \àß@Ø ^
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#¤0O/ÝKOaP3XcOaPYÚWN!XcO Ü \�â@ØvNWP#ÝUN!X�NupqN�Ú Ü \ Ü \�â ÌAßvà á ä N#Øvâ�PQâ@Ø�P!\�h{£!R<ÚZ\ Ü OaPÜ âah�Y ä R�O$Ú=P ä Ü XcO ä P ä Ú~O«P!\�h{£!R
Ú!\ Ü O ^
� ¾¡�$�C8��$�&��¢*»����$���&�C�/��������:AÆ��«> 4 �q�¢8��'����:C��� 4 ¢ 4 �q� �q���$��¢>���q��B-� ¦
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A ä Ø Ü â@Øqp ä ØSR�â s R ä Ø�OAÚWN!XcO Ü \àß@Ø`PQâ@ëCÚgN A Û G N!XÊÙ$Ú~O~�qâAÝ@\8ÚZ\��

Ù@\
ÝUâ'OaPQâ Ü \]O/ÝUâ?O'XcOAÚgN!XcO Ü \àß@Ø ^ L	NCO$Ø a Û b Ý¦âQP«N!X;N!h{N�ØSR�âQP ÝUN A R�O@X;NWPZá ä N{N~}�\;P!R[N
ä Ø Ü O@h�\8Øvâ (a, v1), (v1, v2), ...(vm, b)
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á ä N ä ØvN a Ü â@Ø b ^�_ ØSR�â@Ø Ü NWP (a, b)YSN�Ú!R[N�ØvN Ü N0O�XcO Ü XcO ä P ä Ú~O{R
Ú~O$ØHP!\�Rb\8ãaO s Ct s ÝUN R ^
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(a, b) ∈ R ⊂ Ct ¦Ð � ��� ���$������� 4 8V��¢18��$¢ADS:������
(a, v1), (v1, b) ∈ R

���\���$�7:C��¢
(a, b) ∈ Ct ¦Ð �j���#���$������� 4 8���¢

m
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(a, vm−1) ∈ Ct

<
>¡���G���$�\�q�7D7:C�$���

(vm−1, b) ∈ R
D�¢q�������C���w6 4 �

(a, b) ∈ Ct ¦
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(a, b)
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ÝUâQPYSâ@Ú ä Ø Ü O@h�\8Øvâ`N�ØSR[â@Ø Ü NWP (a, b) ∈ R ^i_ ØåNWP!R�OaP Ü â@Ø¡Ý@\ Ü \�â@ØvNWP¢XcO[ÚgN!XcO Ü \àß@Ø R NWP

R<Ú~O$ØHP!\�R]\8ãaO ^
¤�N!h{âQP!R<Ú~O Ü \àß@Ø ^ Ð �L�������C�&��¢=6 4 � (a, b), (b, c) ∈ R

���\���$�7:C��¢
a
<
c
�C¢>���$� 4 ���;8l��¢
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(a, c) ∈ R ¦
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(a, b)
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G = (V,E) ä ØÆÙ$ÚCO~�qâÈÝ@\8ÚZ\�Ù@\
ÝUâ Û a, b ÝUâQP·ã@£�ÚZR]\ Ü NWP�ÝUN
G ^ L|\�N~}�\;P!R�N ä Ø Ü O@h�\8Øvâ�á ä N ä ØvN a Ü â@Ø b N�ØSR�â@Ø Ü NWP1N~}�\;P!R[N ä Ø Ü O@h�\8Øvâ1ÝUN*X;â@Ø°Ù@\�R ä Ýh{N�Øvâ@Ú�â3\�Ù ä O@XÂá ä N |V | á ä N ä ØvN a Ü â-Ø b ^�� ûaP�O@¥°Ø s P!\ a 6= b Û N~}�\;P!R�N ä Ø Ü O@h�\8Øvâá ä N ä ØvN a Ü â@Ø b s PQN3Y ä N�ÝUN'N�Ø Ü â@ØSR<Ú~O$Ú ä Ø Ü O@h�\8ØvâµÝUN�X;â@Ø°Ù@\�R ä Ý`h{N�Øvâ@Ú?â�\�Ù ä O@Xá ä N |V | − 1 ^
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R
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G = (A,R)
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4 ���=8��G¢ 4 ¢a���-���>�;:��C¢�8��¬�@8H</�F:C�C�H:C���$¢ ¦iª ��¢>��� 4 ���C�/���t�$�����$�q���q�&�:����«> 4 �§� ����:���� 4 ¢ 4 �������q�$��¢q�����cB-��8��'�����q�����@:��;Æ��

R ¦�Ë�\�q���U8 4 Ä(:��$����¢,>��>���&�C���Z��� ¢q��� 4 ���C�/���'�$�������q�P�����Z� 4�� �������-�A½
�Æ�@���q��Äw8�� 4 ����¢G<?:��C����¢
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M © 4 ��� ���-�q�q��Ä n× n

«�����
i = 1  � n�����

j = 1  � n�mE
mij 6= 0  +�!#" Matrizdeunosycerosij := 1

!C��¢�!
Matrizdeunosycerosij := 0$ ¼7T%�]kL¼	½
Matrizdeunosyceros © 4 "�&�'(&  *)�+ Ä n× n

« ¦

ª-,� !.&0/21�� )�+3 '���:4��" ,� *) 4 <�! 4 "�&5'6&  *)�+ Ä�8�! 4 "7� , <�:4! ) � , &·>�& )8 *+2) 8�! 4 "�&'6&  �)�+ Äd: 4 &9/;6 4 + ! ) & ¦�Ê &6'(&  *)�+ Ä3:#��" ,8 *) 4 + 8�&  *+ !#"�! 4 " 4 "���8��0"78�!:/;& + " + : + &0/  !4"7é<&4 "�&=!#"  �) &@8�&>"��=" 4 /;&�< 4 "�:4! ) ��87��"78�!  !4"7é<& 4 "�:4! ) � ¦(? ��"@! ,� ��<�&�>A�U8�!#'6� ,:#��" ,8 *) 4 +<) !#/ ,�+ 1 4 + !#"  !(&9/<1�� )�+3 '���>�& ) &�:�&0/�: 4 /<& ) /;&�:#/;& 4 , 4 ) &  *) &0" ,�+2 *+ B9&�8�! 4 "�&) !4/<&@: + Æ�" ¦
¤�Þ�VÉë;¼Sk�¼	½

M © 4 "�&B'(&  �)�+ Ä n× n
«��� ) i = 2  � n

M := M +M i$ ¼7T%�]kL¼	½
Ct := Matrizdeunosyceros(M) ¦

C ¾ , ! ) B�!4'�� , 6 4 !D/<&3:4�0'�>�/2!�Å + 8�&@8«87!D! ,� !E&9/<1�� )�+3 '��F! , : 4�G )8 *+ :4& ¦iª /�> ) �U8 4 :ZÃ ��8�!%8�� , '6&  �)�+ :4! , n × n
"�!A:#! ,�+3 & 2n3

��>A! ) &@: + ��"7! ,C¦�ª "H!!EI!A:  �>&0/�' 4 /  �+ >�/ + :�& )4 "�&w»�/;&=>A� ) 4 "�&d:#��/ 4 '�"�& , ! ) !4&0/ + Ä�&9" n > ) �U8 4 :  � , < n , 4 '6& ,¨© 2n ��>A! ) &@: + ��"�! , «
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<(! ,� � , !H+�&@:#! n2 B�!A:4! ,4NPO "Q" 4 ! ,� *) ��&9/<1�� )�+3 '�� , !E!(EI!(:  ��&0" n− 1

>A�  !#"7: + & , 87!
M N Ð 4 >A��"7!4'�� , 6 4 !R" 4 ! ,8 *) � ,�+2,� !4'6&¢8�!3: G /;: 4 /<�¢:4�0"S'(&  �)�+ :4! , +�&@:#!T/;& , >A�  !#"¦Ã: + & , :#��'���> ) �U8 4 :  ��8�!{8�� , '6&  *)�+ :4! ,VU /<&�>A�  !#"7: + &W&0"  ! )�+ � ) ' 4 /  *+ >�/ + :4&@8�&'>	� )
M XYN � , é  !4"�!#'6� , 2n3(n − 1)

��>A! ) &@: + ��"�! ,4NdÊ &(��/  �+ '6&�/�é<"�!4&�8�!�> , ! 4 8��U:(ÆU8 + 10�8�!Z" 4 ! ,� �) �R&0/21�� )�+3 '��D/</;&9'6&E&9/�&0/<10� )�+3 '�� Matrizdeunosyceros
6 4 !  *+ !4"�!G:#��'�Ã>�/<![Å + 8�&F8�: 4 &@8 ) G  *+ :�& N Ò[�U8�!4'�� , !#"  �0"7:4! , :4��"H:4/ 4 +<) 6 4 !D!4/	&0/<10� )�+3 '��F! , 8�!D� ) 8�!4"

O(n4) N
\��CÖ\ë@×��<×��I]_^�`a^¯¤0O/ÝKOaPwXcOaP'ÚgN!XcO Ü \�â@ØvNWPYÝUN!XeNupqN�Ú Ü \ Ü \�â ÌAßvà á ä N'Øvâ�PQâ@Ø�R<Ú~O$ØHP!\�R]\8ãaOFPÜ âah�Y ä R�O$Ú=P ä Ü XcO ä P ä Ú~O{R
ÚCO$ØHP!\�R]\8ãaO ^
\��CÖ\ë@×��<×��I]_^�`Ab _ ØSR[N�Ø¡Ý@\�N�Ø¡ÝUâ ä Ø�O{h«O@R
Ú!\cÞ Ü âah{â ä Ø�O{X�\;P!R�OÈÝUN'ØS¥¦h{N�ÚgâQP Ü â@Ø[ÝUâ³PP ä ë4c8Ø¡Ý@\ Ü NWP l N!XHY¡Ú!\�h{N�Úgâ«XcO5t�XcO Û N!XvPQNàÙ ä Ø¡ÝUâ¢XcO Ü âaX ä h Ø�O n NWP Ü ÚZ\]ëA\8Ú ä Ø�O@X ÙUâ@ÚZ\�Rbh{âá ä N3h ä X�R]\ºY�X�\ Ü O�h«O@R<ÚZ\ Ü NWP#ÝUNdRmO@h«O0dvâ n× n ^

e�! ) ' + "�&0'�� , ! ,� & , !(:A: + Æ�"�> ) ! , !#"  &0"78��@�  *) �.&0/<10� )�+3 '���>�& ) &`:#��'«> 4  & ) /<&:4/;& 4 , 4 ) &  *) &9" ,�+3 *+ B�&w8�! 4 "�& ) !#/;&@: + Æ�"¢:#��"��U: + 8��3:#��'6� � T]��]Âë���VQxf]�kLÖ6gih�ëaj�jahST]T
6 4 !  *+ !4"�!w:4��'«>�/2!�Å + 8�&@8?:#�7¾ + :�& N
� T]��]Âë���V³x@]ikLÖSgih�ëaj�jahSTbTÉ��h�ë�hrÖUTt×�k�xz�[l�Vm]zkLÖ�Tnh´×KTIh�lej�lLë�h9VÉë�h�Þej���V�����h

Ð !4&·:#��'6� ,�+ !#'�> ) ! A 4 "å:4�0"aÅ 4 "  �z»�" +2 � U |A| = n X D R 4 "�& ) !#/;&@: + Æ�"o!4"
A
D
G = (A,R)

!4/p1 ) &FEI��8 +2)�+ 1 + 8��=& , �U: + &F8��q& R <
M

4 "�&�8�! , 4 , '(&  �)�+ :4! , 8�!&@8H<�&@:#!4"7: + & ,#NPr 4 ! ,8 *) ����¾¦Å�!  *+ B���! , :4&0/;: 4 /<& ) /<&s'(&  *)�+ ÄE& , �U: + &@8�&B& Ct
D76 4 ! , &@¾A!!Ã'6� , :(Æ�'6�V! , >A� ) !4/t&0/21�� )�+3 '��V&0"  ! )�+ � )4NT? ��" B + !4"�! , !Aö�&0/<& ) 6 4 ! M , !B��¾  �+ !#"�!'6!(8 + &9"  ! 4 "�&�� ) 8�!4"�&@: + Æ�"'8�!T/2� , B�Ë )� *+ :4! , 8�! G D�! , 8�!(: +2) A = {v1, ..., vn} N�Z!A:4� ) 8�!#'6� , ! ,� &«87!(»�" + : + Æ�" N
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×��nk¡Þºí â2`Êâ�ïoL	NCO ä Ø Ü O@h�\8Øvâ (x0, x1), (x1, x2), ..., (xn−1, xn)
N�Ø ä ØXÙ$Ú~OC�qâÝ@\8Ú!\�Ù@\
ÝUâ

G ^ ° X;âQP�ã@£�ÚZR]\ Ü NWP x1, ..., xn−1

PQN�X;NWP�X�XcO@h«O����\ë³Vm�<×�ÖUjV�
Þ�VÉÖ\ë��n]Âë;ÖUj{kLÖUT
×�hSx5�
Þ�] ^

uP&5>A�U8�!#'�� , 8�! , : )�+ ¾ +2) !#/�&0/<10� )�+3 '��,8�!Å÷5& )�, +�&9/</ N Ð !  *) &  &18�!É:4��" ,� *) 4 +<) n+1'(&  �)�+ :4! , n× n
6 4 !R/2/;&0'�& ) !4'�� , Wk U k ∈ {0, 1, ..., n} X 8�!T'��U8��«6 4 ! W0 = M<

Wn , !4&6/;&B'(&  �)�+ Äw8�!:&@8H<�&@:4!#"7: + & , 8�! Ct

& , �U: + &@8�&6&�/<&�� ) 87!4"�&@: + Æ�"�8�! A 6 4 !
8�!(»�"7!

M N
Ê /;&9'(&0'�� , w(k)ij

&V/;& , :4� )�) ! , >A��"78 + !4"  ! , !#"  �) &@8�& , 8�! Wk N%Ê &�8�!(»�" + : + Æ�"`8�!
Wk

! , :4��'�� ,�+ 1 4 !@½ w(k)ij = 1 ,�+ ! � +<,� ! 4 "%:4&0' + "��16 4 ! 4 "�! vi

:#��"
vj

8�!P'��U8��56 4 !!4/¦:4�0"aÅ 4 "  �=8�! , 4 , B�Ë )8 *+ :4! ,t+ "  ! )�+ � ) ! , ! ,� Ë*:4��"  !4" + 8��D!4"B!#/¦:4��"³Å 4 "  � {v1, ..., vk} N



L èQ¼ Ó�Ô=Õ�ÖA×�ØeÙÉÚ�ý�Û�Ü1þ�Ù�Ô0Ó�Ý!ÚGç�þÁÿ��rþÁÿ�×.Ü�Ø�Ó1×�ØeÜ1Ô=ÿ�Ý�çDv?ØÉÓ�Ýwv,Ôwÿ

O "o!#/G:�& , � k = 0 , ! + "  ! ) > ) !  &`:4�0'6� w
(0)
ij = 1 ,�+ ! � +<,8 ! 4 "�:�&0' + "�� ,�+ "B�Ë )� �+ :4! ,x+ "  ! )�+ � ) ! , 6 4 ! 4 "7! vi

:4��"
vj

DS>A� )� &9"  � W0 = M N
O "f!#/�:4& , � k = n  !4"�!#'6� , 6 4 ! w(n)ij = 1 ,�+ ! � +<,8 ! 4 "�:4&0' + "��?6 4 ! 4 "7! vi:#��"
vj U >A� ) 6 4 !y!4/v:4�0"aÅ 4 "  �¢87!w>A� ,�+ ¾�/2! , B�Ë )� �+ :#! ,z+ "  ! )�+ � ) ! , ! , A XYN Ò[� ){ &0"  � , ! �+ !#"�!d6 4 ! Wn

! , /<&B'6&  �)�+ Ä�8�!T&@8H<�&@:#!4"7: + & , ¾ 4 , :�&@8�& N
\��CÖUxz��TI]ÁíÊâ2`Êâ2�oL	NCO{XcO�ÚgN!XcO Ü \àß@Ø�P!\�Ù ä \�N�ØSR�N4|

A = {a, b, c, d, e, f}

R = {(a, a), (a, b), (c, c), (c, d), (c, f), (f, f), (f, e), (f, a)}.
_ X;NàÙ@\�h�âQP0N!X.â@Ú>ÝUN�Ø«YHO$ÚCO«X;âQP�ã@£�Ú!R]\ Ü NWP a, b, c, d, e, f Û YSâ@ÚwR�O$ØSR[â«XcO«h«O@R<ÚZ\cÞ W1R]\�N�ØvN1N�ØSR
Ú~O/ÝKOFPÇØvâ¨Ø ä XcOaP l á ä NÇãaO@X;N�Ø Ì!n P!\ f O Û�ä Ø Ü O@h�\8Øvâ�á ä N ä ØvN�X;âQP�ÚgNWP[YSN Ü Rb\8ã@âQPã@£�ÚZR]\ Ü NWP Ü ä�Û â«¥�ØS\ Ü â=YSâQP!\]ëAX;N'ã@£�ÚZR]\ Ü N3\8ØSR[N�ÚZ\�â@Ú�NWP a ^,_ ØSR[â@Ø Ü NWP4|

W1 =

















1 1 0 0 0 0
0 0 0 0 0 0
0 0 1 1 0 1
0 0 0 0 0 0
0 0 0 0 0 0
1 1 0 0 1 1

















Ò}& ) &Z&0"�&0/ + Ä4& ) /<&G:4�0'�>�/2!�Å + 8�&@8w8�!#/�&9/<1�� )�+3 '��*8�!A¾A!#'6� , &@>A� )� & ) &0/21 4 "F'«Ë  �U8��>�& ) &�:#��" ,� �) 4 +2) /;& , '(&  *)�+ :4! , Wk NêÊ & ,�+ 1 4 + !#"  !=��¾ , ! ) B�&@: + Æ�"~��¾KB + &@! , /<&i6 4 !>A! ) ' +2 !w:4�0" ,� �) 4 +2) Wk

&�>�& )8 *+<) 87!T/<&B'6&  *)�+ ÄE&0"  ! )�+ � ) Wk−1 N
� ®�j4�\ëQ�7h����nkA�¿í��2`��n^�
 ª âQPy�gO@h�\��vâQP*P!\��Q�@£Y�ZRb\��WNWP1\��SR[NY�!\�â��gNWPx�gN[YSN!Rb\n�UâQPD� ä N ä �vNY�X;âQPp�@£Y�ZRb\��WNWP

vi � vj � � ä � âQPp�@£Y�!R]\��WNWP�\��SR�NY�Z\�â��gNWP	YSNY�!R[NY�vN��WNY�¢O@X��Wâ��qp ä �SR[â {v1, ..., vk}PQâ��.�UNR�UâQPdRb\ºYSâQP4|
â{ëA\�NY�@�CO@h�\��vâQP:� ä � âQPT�@£Y�ZR]\��WNWP3\��SR[NY�Z\�â��WNWP�PQâ����UN!X[�Wâ��qp ä �SR�â {v1, ..., vk−1} �â�ëA\�NY���CO@h�\��vâQP=� ä N�R]\�NY�vNY��O vk

�Wâah{â.�@£Y�ZR]\��WN'\��SR�NY�Z\�â�� s NWPS�UN��!\�� s � ä N?PQNY ä N��UNY�.�@NY�B�Wâah{â�XcOS�Wâ����CO@R�NY��O��!\����.�UN ä ���CO@h�\��vâ C1 �UN vi

O
vk � ä ���CO@h�\��vâ

C2
�UN

vk

O
vj s �Uâ��A�UN,X;âQPx�@£Y�ZRb\��WNWP1\��SR[NY�Z\�â��WNWP��UN C1 � C2 YSNY�ZR�NY�vN��WNY�'O@X��Wâ��qp ä �SR�â

{v1, ..., vk−1} ^
Ò[� )z &0"  � , !  �+ !#"�!d6 4 !

wk
ij = 1 ⇔ (wk−1

ij = 1) ∨ (wk−1
ik = 1 = wk−1

kj ).



ýKÛcý�ÛMÓGÚ,çF��Ø.ç�×�Ú,ÿ�Õ�Ô=ÜwÓ�Ý[Ô=Ù���þ�ç�×�þ#ÚGÜxv=þ�ç5ÔDv�Ú,ÿ L èQÂ

O-,� �W"7� , >A! ) ' +3 !¢:�&0/�: 4 /<& ) /<&�:#��'«>�/<![Å + 8�&@898�!#/P&0/<1�� )�+3 '�� N Ò}& ) &�:4�0" ,� �) 4 +2)
Wk

&«>�& )� *+2) 87! Wk−1

+�&Q<'6 4 !0:#��" ,8 *) 4 +2)x, 4 , n2 !4"  �) &@8�& ,4N Ò}& ) &¢:�&@8�&�!4"  �) &@8�&HD4 , &0"H8��:/<&F�@¾ , ! ) B9&F: + Æ0"V&9"  ! )�+ � ) Di+�&q<¢6 4 !v+�&F:4! )EU :4��'��T' G�� + '�� X L :4�0'�>�& ) &@: + �FÃ"�! , < 4 "�&s& ,�+ 10"�&@: + Æ�" N Ò[� )� &0"  �%:4&@8�&%:#��" ,8 *) 4 :A: + Æ�"�8�! Wk

! , 4 "Q&9/<1�� )�+3 '��38�!:4��'«>�/2!�Å + 8�&@8{: 4 &@8 ) G  *+ :4& U 4n2 X�N�? ��'��2+�&Q<{6 4 !�+�&@:#! ) n :4��" ,8 *) 4 :A: + ��"�! , 8�!E! ,8 ! *+ >A�HD9!4/7&0/21�� )�+3 '��587!{�f& )�, +�&9/</  �+ !#"�!���]�xz�.Tn�!���]kahSkH����®}�n��h	D0! , 8�!(: +2) D@8�!4/�� ) 8�!4"
O(n3) N Ò[� )z &0"  ��'�!�Å�� ) &B/<&�:#��'�>7/<!�Å + 8�&@8�8�!4/a&0"  ! )�+ � ) &9/<1�� )�+3 '���> ) ! , !4"  &@87� N\��4�������%���I]_^�`A�­¤0O��KOaPwXcOaPF�gN!XcO��!\�â��vNWPT�UN!XeNupqNY���!\��!\�â ÌAßvà � ä NF�vâ�PQâ���R%�~O0�HP!\�R]\��aOFP�Wâah�Y ä R�O0�=P ä �!XcO ä P ä �~O{Rn�CO0�HP!\�R]\��aO�h{N��@\]O0�SR�N%N!X ° X �Uâ��Z\�Rbh{â6�UNq¡�O0�gP f O@X�X ^
ì2ê ì îo"0ðD¢�£'ðB¤�"%+¦¥�/d-�ñ�ò(/3ÇA$ ï,ðB¤�ï "d-�&?ï,ð'/0&?"0+

? ��'�� , !(ö�&0/<&0'�� , !#"�> G )�) &FEI� , &0"  ! )�+ � ) ! , D 4 "�:4�0"aÅ 4 "  ��>�& ) : + &0/2'�!4"  !y� ) 8�!#"�&@8��! , 4 "'>�& ) (A,≤) EI� ) '6&@8��%>A� ) 4 "?:4�0"aÅ 4 "  � A < 4 "�& ) !#/;&F: + Æ0"�87!y� ) 8�!#"'>�& ) : + &0/
≤ N Ð !4& G !#/�1 ) &FEI�«8 +2)�+ 1 + 8���& , �U: + &@87�(&�/<& ) !#/;&@: + Æ�" ≤ NZ? ��'��«8 + :,+�& ) !4/<&@: + Æ�" ≤! , D�>A� ) 8�!!»�" + : + Æ0"	D ) !( �! � + B9&¦Dp&0"  �+<,�+ '«Ë  �)�+ :4&'<  *) &0" ,�+2 *+ B9&HD , !{> 4 !(8�! ,�+ '«>�/ + »S:4& )4 "z>A�U:#�q/<& ) !(> ) ! , !4"  &F: + Æ0"·87! G NQO-, /<��6 4 ! , !6/</<&0'6&�8 + &91 ) &0'6&�8�!(§�& ,�, !{8�!4 "�:#��"aÅ 4 "  ��>�& ) : + &9/<'�!#"  !�� ) 87!4"�&@87� U 8�! 4 "zYSâQPQN!R 4 , &0"H8��H/;& ,:,�+ 1�/<& ,T+ "�10/<! , & ,8�!3YHO0�ZR]\]O@X�X � â����UNY�WN��«PQN!R X�N Ð + /<& ) !#/;&@: + Æ0"�8�!R� ) 8�!4"q! ,x �  &9/a/;&¢:4��" ,� *) 4 :A: + Æ�"�8�!4/8 + &01 ) &0'6&«8�!B§D& ,�, !  �+ !#"�!  &0'�¾ + Ë4" , !4"  *+ 8�� U & 4 "76 4 ! , &0/;8 ) G ,�+ !4'«> ) ! 4 "�& ) !(:  &B�! )� �+ :4&0/ X�NO "f10!4"�! ) &0/bD�/;&Q! � > ) ! ,�+ Æ�"¨�Wâ��qp ä �SR�â�â����UNY��O��Uâ , ! ) B +<) G >�& ) & ) !(EI! )�+<) "�� , & 4 ">�& ) (A,≤) EI� ) '(&F8��{>A� ) 4 "`:4�0"aÅ 4 "  ��< 4 "�& ) !4/;&F: + Æ0"�8�!s� ) 87!4"`6 4 !�> 4 !A8�! , ! )>�& ) : + &9/��  �  &9/ N
©xªn©Zª�« ¬¨­w®p¯-°�®�±²®p³�´Dµ·¶·®p³�³�µ
O "=/;& , :4��"H8 + : + ��"7! , 8�!4/�> G )�) &FEI��&0"  ! )�+ � ) >�& )� �+ '�� , 87! G N? ��'�� , &@¾A!#'�� , 6 4 !(/;& ) !4/<&@: + Æ�" ≤ ! ,R) !( �! � + B�&�>A�U8�!4'�� , ¾A� )�) & )F �U8�� , /2� ,/;&@Ä#� , DH<�&¢6 4 !F"�!A:#! , & )�+ &9'6!#"  ! a ≤ a

>�& ) &�:�&@8�& a ∈ A N? ��'�� , &@¾A!#'6� , 6 4 !E/;& ) !4/<&@: + Æ�" ≤ ! ,{ *) &0" ,�+3 *+ B9&0>A�U87!4'�� , ¾A� )�) & ) /;& , & )�+<,8 & ,6 4 ! , ��"å:#��" , !A: 4 !4"7: + &·8�!q! ,8 &·> ) ��> + !A8�&F8 N Ò[� ) !�Å�!#'�>�/2�7D ,�+ a ≤ b
<
b ≤ c"�!A:#! , & )�+ &0'6!#"  ! a ≤ c

D	!#"  �0"7:4! , /2� , >�& ) ! , (a, b) D (b, c) < (a, c) , ��"H& )�+<,� & , 8�!#/1 ) &FEI��<?>A�U8�!#'6� , ¾A� )�) & ) /;&B& )�+2,� & (a, c) N� + "�&0/2'�!#"  !@D�!#"(/ 4 1�& ) 8�!18 +<)�+ 1 +3) /;& , & )�+<,8 & , 8�!4/�1 ) &FEI�HD�!4/2!41 + '6� , 4 "�&08 +<, >A� ,�+ Ã: + Æ0"'B�! )� �+ :4&0/�8�!T'(&0"7! ) &�6 4 ! ,�+ 4 "S!#/<!4'�!4"  � a ! ,8 G 8�!A¾�&aÅ���87!R�  *) � b <=&0'�¾A� ,! ,� G " 4 " + 8�� , >	� ) 4 "0:4&0' + "��Z& , :4!4"H8�!4"  !P!4"R!#/�1 ) &FEI� ,�+ '«>�/<!�»�"�&0/�!4"  ��"7:#! , a ≤ b N
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� + 1 4 ) &B¹ N L ½pº + &01 ) &0'(&%8�!T§�& ,�, !

\��4�Uxz��TI]�j�»��2»��n^¬\ n LvNgO A = {1, 2, 3, 4} � N!X�â����UNY� ≤ f OKëA\�R ä O@X ^ �*O0�!R]\�h{âQP:�UN!X�0�~O~�qâT�UNGXcOT�WN!XcO��!\���� ^P¼ â����CO@h{âQP*X;âQPGXcOQÞaâQP � XcOaP1O0�Z\;P!R�OFPx� ä N*PQâ��=�Wâ��HPQN�� ä NY���!\]OR�UNXcO0YA�gâWY�\�N��KO��{Rn�CO0�HP!\�R]\��aO s � ä NdPQâ�� (1, 3) s (1, 4) � (2, 4) ^ �,â��0R�O0�SR[â�N!X[�@\]Om�0�CO@h«O�UNE½wOFPgPQN�NWP ä ��O6�WN��!R�O(�@NY�ZR]\��CO�X � NWP!RmûV�@\]ë ä p(O��Uâ{NY�`XcO�¾�\3� ä �CO à@^ ú ^\�\ n L	NCO«N!X��Wâ��qp ä �SR[â B = {a, b} � �UNutp�S\�h{âQP,XcOs�gN!XcO��!\���� ⊆ NY��N!X��Wâ��qp ä �SR[âs�UNXcOaPÉYHO0�ZR[NWPF�UN
B s �UNY�vâaRmO��Uâ P (B) ^ L	NÉY ä N��UNT�Zâah�YA�gâ@ëWO0�E� ä N%NWP ä ��O��gN!XcO��!\����q�UNâ����UNY��YHO0�*�!\]O@X ^'_ X��@\]Om�0�CO@h«Oq�UNB½wOaPWPQN�OFPqâ��!\]O��Uâ�O�XcOq�gN!XcO��!\����¿� ä N��KOH�@\]ë ä p(O��UâNY��XcO�¾�\3� ä �~O à@^ºß�^

\��4���9���n���I]o^�`�À�¤0O��Uâ{N!X}�Wâ��qp ä �SR�â A = {a, b, c, d, e} � XcO(�gN!XcO��!\����
R = {(a, a), (a, c), (c, e), (c, d), (b, d)}

¤w\]ë ä p(O0�%N!Xa�@\]Om�0�CO@h«O6�¦NE½wOaPWPQNR�UN3XcO6�gN!XcO��!\����H�UN�â����UNY�.� ä NT�Q\�NY�vNT�UNutp�S\n�KOwYSâ��XcO>�!XcO ä P ä �~O(�gNu¡,N~}�\��aO � R%�~O0�HP!\�R]\��aOV�UN R ^
©Zªn©ZªÂÁ Ã>Äwµa±²µ�ÅPÆ7Çp³�È�®-°�®pÈ�Æ�µ�°�Éw³�Æ�­wÈ�Çp³o´Dµ·Ê�ÅËÈ�ÇpÅ[Ì�Ê�ÅPÆ7ÇÍÇ-°�´�µ�ÅD®}Î

´�Ç
O "H! ,� & , !A:A:(é;Æ0"9> ) ! , !#"  & ) !4'�� , &0/<1 4 "�� , !#/<!4'�!4"  � ,E+ "  ! ) ! , &0"  ! , 6 4 !B&@>�& ) !A:4!#"!#"S!#/ G '�¾ +2 ��87!T/2� , :#��"aÅ 4 "  � , � ) 87!4"�&@87� ,4N Ð !4& (A,≤) 4 "�:4��"³Å 4 "  ��� ) 8�!#"�&@8��H½



ýKÛcý�ÛMÓGÚ,çF��Ø.ç�×�Ú,ÿ�Õ�Ô=ÜwÓ�Ý[Ô=Ù���þ�ç�×�þ#ÚGÜxv=þ�ç5ÔDv�Ú,ÿ L�¸ è

� + 1 4 ) &s¹ NÐÏ ½�º + &01 ) &0'6&%8�!R§�& ,�, !

I>�KJ}�[�n���nkA�Ñ»��2»��2boL	NT�@\��WNF� ä N ä �iN!X;N!h{NY�SR[â α ∈ A
NWP ä �iN!X;N!h{NY�SR�â:Ò5Ó7Ô�ÕÖÒfÓ�×P!\�PQNF�@NY�!\ t{�gO(� ä N ∀x ∈ A (α ≤ x⇒ α = x).L	NV�@\��WN(� ä N ä �åN!X;N!h{NY�SR[â α ∈ A

NWP ä ��N!X;N!h{NY�SR�â=Ò�ÕÖØ}ÕÖÒfÓ�×ÉP!\*PQN��@NY�!\ t��CO� ä N ∀x ∈ A (x ≤ α⇒ x = α).

O "�/2� , 8 + &91 ) &9'(& , 8�!�§D& ,�, !�/<� , !4/<!#'6!#"  � , '6& � + '6&9/2! ,Q, �0"·&@6 4 !#/</2� , 6 4 !, ��"@! �  *) !4'�� , 4 >A! )�+ � ) 8�! 4 "z:4&0' + "��=& , :4!#"78�!4"  !{6 4 !6"�� , !«> 4 !(8�!{> ) ��/2��"�1�& )#Ù) !A:(é;> ) �U:�&9'6!#"  !:/2� , !4/<!#'�!4"  � , ' + " + '�&0/2! ,�, �0"H! �  *) !4'�� ,E+ "HEI! )�+ � ) ! , 8�!�:4&0' + "�� ,8�! , :4!4"H8�!4"  ! , 6 4 !T"�� , !3> 4 !A8�!#"�> ) ��/<�0"�1�& )#N
\��4�Uxz�.Tn]f»��<»��2� _ ��N!X	NupqN!h�Y�X;â0O0�SR[NY�!\�â��,\ n N!X Ì NWP1h�\��S\�h«O@X � N!X ß NWP5h«Oq}�\�h«O@X ^_ ��N!X.NupqN!h�Y�X;â«O0�SR�NY�Z\�â��w\�\ n N!X��aO��Yc�â{NWP ä ��N!X;N!h{NY�SR[â¢h�\��S\�h«O@X � N!X[�Wâ��qp ä �SR[â
B
NWP ä �zN!X;N!h{NY�SR[â¢h«Oq}�\�h«O@X ^

� ®�j#���Q�7h����Ik	�Ú»��2»��KÀ _ X��Wâ��qp ä �SR�â��UN?X;âQP�N!X;N!h{NY�SR[â³P�h«Oq}�\�h«O@X;NWP l �gNWP[Y ^ h�\��S\��h«O@X;NWP n �vâ�NWPH�vN��WNWPAO0�Z\]O@h{NY�SR[N ä �S\�R�O0�!\�â s �Wâah{âzPqN�Y ä N��UNH�@NY��NY�#N!X5P!\3� ä \�NY�SR[NNupqN!h�Y�X;â ^
\��4�Uxz�.Tn]f»��<»��2`�²��o�Wâ��qp ä �SR[â�YHO0���!\]O@X�h{NY�SR[N{â����UNY��O��Uâ ({1, 2, 3, 4, 5},≤) � ä � â�@\]Om�0�CO@h«O>�UNR½dOaPWPQN�NWP�N!Xt�UN�XcOV¾�\3� ä �~O à@^ ¿'R]\�NY�vN��UâQP�N!X;N!h{NY�SR[âQP%h«Oq}�\�h«O@X;NWP s ú
� ¿ s � �UâQPdh�\��S\�h«O@X;NWP sÁÌ � ß�^
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� + 1 4 ) &B¹ NÜÛ ½pº + &01 ) &0'(&%8�!T§�& ,�, !

IQ�KJt���n���nkA�~»��2»��<»�²a�zN!X;N!h{NY�SR�â
M ∈ A

NWP ä ��x@ÝH�a�]xf]zP!\ a ≤M
YHO0�~O=�CO��KO

a ∈ A ^²��zN!X;N!h{NY�SR[â
m ∈ A

NWP ä �'x5Þn�[�]x@]�P!\ m ≤ a
YHO0�CO>�CO��KO

a ∈ A ^
\��4�Uxz��TI]5»��2»��;ß _ ��N!X�NupqN!h�Y�X;â�\ n{Ì NWP ä �`hBc��S\�h{â � ß NWP ä �`h«ûq}�\�h{â ^_ �­N!XwNupqN!h�Y�X;âi\�\ n N!Xy�Wâ��qp ä �SR[âf�aO��Yc�â�NWP ä �¯hBc��S\�h{â l � Oo� ä NiN!Xx�aO��Yc�â�NWPä �·P ä ëY�Wâ��qp ä �SR[âq�UN>�CO��KO.�Zâ��qp ä �SR[â n � N!X�R�âaR�O@X B NWP ä ��h«ûq}�\�h{â l � O.� ä N>�CO��KOP ä ëY�Wâ��qp ä �SR�â6�UN B NWP!Rmû s YSâ��R�UNutp�S\��!\���� s �Wâ��SR[NY�S\n�Uâ{NY� B n@^

O "�!4/�8 + &91 ) &0'6&�8�!�§�& ,�, !�!#/-' G�� + '6�(! ,� G :�& ) &@:  ! )�+ Ä4&@8��'>A� )y, ! ) !4/t! �  *) !!Ã'�� , 4 >A! )�+ � ) 8�!¢:�&@8�&�:4&0' + "��>& , :#!4"787!4"  ! N ºD!#/p' +<, '��Q'��U8��7D�!4/-'«é<" + '��Q! ,� G:4& ) &F:  ! )�+ Ä�&@8��¢>A� )z, ! ) !#/�! �  *) !4'�� + "HEI! )�+ � ) 87!3:4&@8�&¢:4&0' + "���8�! , :#!4"78�!4"  ! N
� ®�j4���Q�7h����nkA�Ú»��2»��2à _ X�h«ûq}�\�h{â � N!XehBc��S\�h{â��vâ6�vN��WNWPAO0�Z\]O@h�NY�7R�N�N~}�\;P!R�NY� ^ L|\ä �Ñ�Wâ��qp ä �SR[â�YHO0�*�!\]O@X�h{NY�SR[N�â����UNY��O��Uâ?Rb\�NY�vN¢h«ûq}�\�h{â l �gNWP[Y ^ hBc��S\�h{â n NY�SR[â����WNWPNWPdN!X|¥��S\��Wâ¢N!X;N!h{NY�SR�â3h«Oq}�\�h«O@X l �gNWP[Y ^ h�\��S\�h«O@X n@^*_ ��Nu�qN��!R�â s P!\ M NWP5h�ûq}�\�h{â �
M ′ h«Oq}�\�h«O@X�NY�SR�â����WNWP s YSâ��5PQNY� M h«ûq}�\�h{â s M ′ ≤M ^ Í�YSâ���PQNY� M ′ h«Oq}�\�h«O@X
M = M ′ ^ ¤�Nd\3� ä O�X	h«O0�vNY�~O¢PQNF�~O³Þ³â9�|O>�Wâ���N!X�hBc��S\�h{â ^
\��4�Uxz��TI]5»��2»��2� _ X�NupqN!h�Y�X�âq�UN!XvYHû0���CO~�qâ�O0�SR�NY�Z\�â�� s �gN[Y	�gNWPQNY�SR�O��Uâ`NY��XcO=¾�\3� ä �CO
à@^ ¿ s �Wâ��.�UâQP%N!X;N!h{NY�SR�âQP=h«Oq}�\�h«O@X;NWP � �UâQPdh�\��S\�h«O@X;NWP s �vâ�Rb\�NY�vNdh«ûq}�\�h{âs�S\�hBc��



ýKÛcý�ÛMÓGÚ,çF��Ø.ç�×�Ú,ÿ�Õ�Ô=ÜwÓ�Ý[Ô=Ù���þ�ç�×�þ#ÚGÜxv=þ�ç5ÔDv�Ú,ÿ L�¸0L
�S\�h{â ^ �,â��«NupqN!h�Y�X;â sGÌ �vâ�NWP ä ��hBc��S\�h{â3YSâ���� ä N:�vâ«PQNs�@NY�Z\ t��CO=� ä N 1 ≤ 4 s �UN
f N�� f â Ì � ß �vâ�PQâ��@�Wâah�Y7O0�~OKëAX;NWP ^
I>�KJ}�[�n���nkA�Ñ»��2»��n^�
�L	NCO

(A,≤) ä �S�Wâ��qp ä �SR[â*YHO0�*�!\]O@X�h{NY�SR�N5â����UNY��O��Uâ � B ⊂ A ^L	NR�@\��WNT� ä N a ∈ A
NWP ä ��O:��]|V�hij�l��-�����I]��=�UN B P!\

b ≤ a
YHO0�~OQ�gO��KO

b ∈ B ^L	NR�@\��WNR� ä N a ∈ A
NWP ä ��Os��]SVmh��%��ÏÂ�����n]��>�UN B P!\

a ≤ b
YHO0�~O>�gO��KO

b ∈ B ^L	NF�@\��WNF� ä N B ⊂ A
NWP!R�ûTh���]SVmhSka]�j�l��-���9�I]��axf����Vm�'P!\�R]\�NY�vNR�WâaRmOaP5P ä YSNY�Z\�âa��WNWP s � � ä N�NWP!R�ûQh���]SVmh7k�]·�n�eÏ������I]��Fx@����Vm�·P!\1R]\�NY�vN=�WâaR�OaP{\��q�qNY�Z\�â��gNWP ^ L|\1R]\�NY�vN�WâaRmOaP=P ä YSNY�Z\�â��gNWP�N3\��q�qNY�Z\�â��gNWP f OKëAXcO0�gN!h{âQPT�UNs�Wâ��qp ä �SR�âFh���]SVmhSka] ^

\��4�Uxz�.Tn]�j�»��<»��n^�^�\ n L|\��Wâ��HP!\n�UNY�~O@h{âQP�N!XP�Wâ��qp ä �7R�âS�UN¢X;âQP��S¥Uh{NY�WâQPB��O@R ä �~O@X;NWP�Wâ��zXcO=�WN!XcO��!\����5�UN{â����UNY� ä P ä O@X s N!X 1 ∈ N
NWP{N!X�hBc��S\�h{â>�UN

N l min(N) = 1 n@^�1â��=âaRn�CO1YHO0�ZR�N s N!X��Wâ��qp ä �SR�â N
�vâ�NWP!R�û�O��WâFR�O��Uâ=P ä Y|NY�Z\�â��Zh{NY�SR[N ^ ¤�NY�vâaR�O0�A�Uâ*YSâ��

P
O@X[�Wâ��qp ä �SR[â(�UNdX;âQPT�S¥Uh{NY�WâQP*YHO0�gNWP s N!X Ì � N!X�ù{PQâ��@�WâaRmOaPd\��q�qNY�Z\�â��WNWPT�UN P ^5_ X�Wâ��qp ä �SR[â P

R�O@h�YSâm�Wâ=NWP!R�ûwO��WâaRmO��Uâ*P ä YSNY�Z\�â��!h{NY�SR[N s � PQNp�@NY�!\ t{�gOD� ä N min(P) = 2 ^\�\ n L|\��Wâ��HP!\n�UNY�~O@h{âQPiN!XT�Wâ��qp ä �SR�â¿�UN`X;âQPH�S¥Uh{NY�gâQPH�gNCO@X;NWP@�Zâ����gN!XcO��!\����á�UN
â����UNY� ä P ä O@X s � N!X[�Wâ��qp ä �SR[â

(0,∞) = {x ∈ R : 0 < x}
PQNB�@NY�!\ t��COS� ä N(â�NWP ä ��OH�WâaRmO�\��q�qNY�Z\�â����UN (0,∞) s3l � Ì � �[ù�R�O@h«ëA\�£Y�iPQâ��¿�WâaRmOaP\��q�qNY�!\�â��gNWPT�UN

(0,∞) nQs YSNY�Wâ�N!X[�Wâ��qp ä �SR[â (0,∞)
�vâ«R]\�NY�vNdhBc��S\�h{â ^

I>�KJ}�[�n���nkA�Ñ»��2»��n^�b�L	NCO
(A,≤) ä �@�Wâ��qp ä �SR[â�YHO0���!\]O@X�h{NY�SR[N3â����UNY��O��Uâ � B ⊂ A

ä �Ú�Wâ��qp ä �SR[â`O��WâaR�O��Uâ�P ä YSNY�Z\�â��!h{NY�SR[N ^ L	NQ�UNutp�vN'N!X.j�le�����Uxf]Mka� B s P!\wN~}�\;P!�R�N s �Wâah{â·N!X,¥��S\��Wâ�N!X;N!h{NY�SR�â sup(B) ∈ A
� ä N'PAO@R]\;Pu�(O��WN�XcOaPq�UâQP�YA�gâWY�\�N��KO��UNWPP!\3� ä \�NY�SR[NWP4|\ n sup(B)

NWP ä ��O=�WâaR�O«P ä YSNY�!\�â��T�UN B s\�\ n sup(B) ≤ c
YHO0�~O>� ä O@X3� ä \�NY� c ∈ A

�WâaR�O«P ä YSNY�Z\�â��R�UN B ^
_ P!R[â�NWP s N!X�P ä YA�gN!h{â>�UN B NWP�N!X.hBc��S\�h{â>�UN!Xp�Wâ��qp ä �SR[â=�UN�XcOaP6�WâaRmOaP0P ä YSNY�Z\�â��WNWP�UN

B ^
I>�KJ}�[�n���nkA�Ñ»��2»��n^���L	NCO

(A,≤) ä �@�Wâ��qp ä �SR[â�YHO0���!\]O@X�h{NY�SR[N3â����UNY��O��Uâ � B ⊂ A
ä �Q�Wâ��qp ä �SR[âwO��WâaR�O��Uâ5\��q�qNY�Z\�â��Zh{NY�SR�N ^ L	Nz�UNutp�vNGN!X9Þn��J�xf]�ka� B s P!\	N~}�\;P!R�N s �Wâah{âN!X�¥��S\��Wâ?N!X;N!h{NY�SR[â

inf(B) ∈ A
� ä NwPAO@Rb\;Pu�(O��WNwXcOaPR�¦âQP*YA�gâWY�\�N��KO��UNWP�P!\3� ä \�NY�SR[NWP4|\ n inf(B)

NWP ä ��O=�WâaR�O{\��q�qNY�Z\�â��T�UN B s\�\ n inf(B) ≥ c
YHO0�~O>� ä O@X3� ä \�NY� c ∈ A

�WâaRmO�\��q�qNY�!\�â��T�UN
B ^

_ P!R[â'NWP s N!Xac��qt�h{â6�UN B NWP¢N!X�h«ûq}�\�h{â(�UN!X}�Wâ��qp ä �SR�â(�UN3XcOaPB�ZâaR�OaP3\��q�qNY�Z\�â9�gNWPR�UN
B ^



L�¸ Ï Ó�Ô=Õ�ÖA×�ØeÙÉÚ�ý�Û�Ü1þ�Ù�Ô0Ó�Ý!ÚGç�þÁÿ��rþÁÿ�×.Ü�Ø�Ó1×�ØeÜ1Ô=ÿ�Ý�çDv?ØÉÓ�Ýwv,Ôwÿ
\��4���9���n���I]o^�`�`oL	NCO�N!Xx�Wâ��qp ä �SR[â A = {a, b, c, d, e, f} � XcO@�gN!XcO��!\����~�UN�â����UNY��KO��KOdYSâ��wXcO=�!XcO ä P ä �CO6�WNu¡,N~}�\��aO � Rn�~O0�HP!\�Rb\��aOV�UN4|

R = {(f, a), (a, c), (c, e), (c, d), (f, b), (b, d)}.
´ O@X<� ä XcO0�,X;âQPwN!X;N!h{NY�SR�âQP,h�\��S\�h«O@X;NWP s X;âQP1h«Oq}�\�h«O@X;NWP s N!XSh«ûq}�\�h{â � N!X|hBc��S\�h{âP!\ÉN~}�\;P!R�NY� ^÷�âah«O0�A�Uâ

B = {a, b, c, d} ⊂ A
�CO@X<� ä XcO0�%N!X}�Wâ��qp ä �SR�â6�UNs�WâaRmOaP=P ä YSNY�Z\�â��WNWPT�UN

B s N!X��UNs�WâaRmOaPd\��q�qNY�Z\�â��gNWP s � N!XvP ä YA�gN!h�â � N!X�c��qt�h{â s P!\ÉN~}�\;P!R�NY� ^
O /Á:4��"³Å 4 "  ��8�!6/<� , "���'�! ) � ,R) !�&0/2! , :4�0"5!#/�� ) 8�!4" 4 , 4 &0/ (R,≤) ! , 4 "z:4�0"¦ÃÅ 4 "  �  �  &0/<'�!#"  !V� ) 87!4"�&F8���87! ,�+ "�1 4 /;& )s+ '�>A� )8 &9"7: + & , ��¾ ) !=!#/,6 4 ! , !=!A8 + »S:4&!#/ � " G / +<,�+2, �S&  !#' G  *+ :#� N Ò[� ) �  *) &�>�& )8 !@Dt!4"�!#/�:�&F>7é  4 /<� L D�+�!4'�� , 4 , &@8��H/<& ,> ) ��> + !A8�&F8�! , 87!�� ) 8�!#"�&@: + Æ�"6!#"(!4/|:4��"³Å 4 "  �%8�!�/2� , "���'�! ) � , !#"  ! ) � , (Z,≤) >�& ) &!#/  !#� ) !#'(&387!D/<&d8 + B +<,�+ Æ�"�!4"  ! ) & N � '�¾A� , :#��"aÅ 4 "  � ,P, �0"  �  &9/<'�!4"  !Z� ) 8�!4"�&@8�� ,<="��{»�" +2 � ,4N�O "W/<& ,�+ 1 4 + !4"  ! , !A:(: + Æ0"�B�&0'6� , &{> ) ! , !4"  & ) &9/<1 4 "�& , &@>7/ + :4&@: + �0"�! ,87!:/2� , :#��"aÅ 4 "  � , »�" +2 � ,Z �  &0/<'�!#"  !T� ) 8�!#"�&@8�� , < 4 "W&0/<10� )�+3 '��¢>�& ) &HD|8�&@8�� 4 ":#��"aÅ 4 "  ��>�& ) : + &0/<'�!4"  !�� ) 8�!#"�&@8��HD�:4��" ,� *) 4 +<) 4 "�& ) !4/<&@: + Æ�"i8�!6� ) 8�!#"  �  &9/�6 4 !:#��"  !4"�1�&�/<& ) !4/<&@: + Æ�"?8�!F� ) 87!4"�>�& ) : + &9/ N

©Zªn©Zª%ã ä0ÅE±²µ�°�³�­wåpÅæ´�µáÊ�ÅæÇ-°�´�µ�ÅèçE®-°�È	­8®pÄ�µ�ÅËÊDÅËÇ-°�´�µ�ÅèÆ�ÇtÆ�®pÄ
Ð 4 >A��"�1�&9'6� , 6 4 !  !4"�!#'6� , 4 "%:#��"aÅ 4 "  �58�!  & ) !4& , 6 4 ! ) !4&0/ + Ä�& ) 8�!�'6�U87�16 4 !b+�&q<4 "�& , ! )�+ !w8�!w> )�+ � )�+ 8�&@8�! , D7! ,� &@¾�/2!A: + Ë4"787� , ! 4 "�& ) !4/<&@: + Æ�"�8�!y� ) 8�!#"�>�& ) : + &0/ , ��¾ ) !!#/K:4��"aÅ 4 "  �18�!  & ) !�& ,#N Ò[� ) ![Å�!4'«>�/<� 4 "0:#��"aÅ 4 "  �18�!�& ,�+ 1�"�&  4 ) & ,�U 6 4 !�"��1> 4 !(8�!4": 4 )�, & )�, ! ,�+ ' 4 /  G "�!�&0'�!#"  ! X 6 4 !B&@> ) ��¾�& ) >�& ) &�:4�0" , !#1 4 +<) 4 "�&(/ + :4!#"7: + &  4 ) &«:#��"4 "�& , ! )�+ !i87!f& ,�+ 10"�&  4 ) & , 6 4 !�+�&0"ê8�!i: 4 )�, & )�, !�8�! , > 4 Ë , 87!f&F> ) ��¾�& )�, ! 4 "�& ,& ,�+ 10"�&  4 ) & , > ) !!B + & ,#N�r � ,Z+ "  ! ) ! , & ) G ! ,� &@¾�/<!(:4! ) 4 "=� ) 8�!4"  �  &9/	>�& ) & ) !�&0/ + Ä�& )�, !/<& ,T & ) !�& , D�>A� ) !�Å�!#'«>�/<�7D 4 "�&W'6&0"�! ) &�87!�: 4 )�, & ) /<& , & ,�+ 1�"�&  4 ) & ,:, &@¾ + !#"78��W!4"6 4 ËF� ) 8�!#"¹+�&0"�8�! ) !4&0/ + Ä�& )�, ! Nté !4&0'6� , 4 "S![Å�!4'«>�/<�B' 4 < ,�+ '�>�/2!@½\��4�Uxz��TI]5»��2»��n^�À�L	NCO ä ���Wâ��qp ä �SR[â��UNwRn�WNWP3OaP!\3�0��O@R ä �~OaP � O@R�N!h«û@R]\��COaPxê s}� O�R[N!�h«û@R]\��COaP(ê�ê � ¾pc;P!\��CO'Y7O0�~Of�gNCO@X�\cÞQO0�`NY��ú�O0dvâQP ^ L	N�R]\�NY�vNW� ä N.� ä �WPAO0��YA�Z\�h{NY�gâ� O@R�N!h«û@R]\��COaPEê � X ä N��Uâ � O@R�N!h«û@R]\��COaPEê�ê ^eü O��KO�PQNs�@\��WNwPQâ@ë4�WNB� ä O0�A�UâQ� ä �gPAO0�3XcO¾-c;P!\��CO ^ ¾�â��!h«O@X�h{NY�SR[NwR[NY�vN!h{âQP ä �@�Zâ��qp ä �SR[â lmä PAO0�A�Uâ¢XcOaP=P!\3�@XcOaP n

C = {MI,MII, F}�Wâ�� ä ��O(�gN!XcO��!\����.�UN�â����UNY��YHO0���!\]O@X
MI ≤MI,MI ≤MII,MII ≤MII, F ≤ F.



ýKÛcý�ÛMÓGÚ,çF��Ø.ç�×�Ú,ÿ�Õ�Ô=ÜwÓ�Ý[Ô=Ù���þ�ç�×�þ#ÚGÜxv=þ�ç5ÔDv�Ú,ÿ L�¸ Û
ª OaP{�@\;P!R]\��SRmOaPÁh«O0�vNY�~OaPP�¦Nz� ä �gPAO0�GNWP!RmOaP�OaP!\3�0��O@R ä �~OaPz�Wâ����gNWP[YSâ��A�UNY�¢O�X;âQP{��\;PZRb\��SR[âQP�����UNY�vNWPwR�âaR�O@X;NWP:�UNR� ä NwPQNGY ä N��UNR�UâaRmO0�0O C �WNWP[YSN!R�O0�A�Uâ{N!X�â����UNY��YHO0���!\]O@X ^

_ P!R�âQPs�����UNY�vNWPwR�âaR�O@X;NWPwPQâ��A|
MI ≤MII ≤ F MI ≤ F ≤MII F ≤MI ≤MII.

_ P!R[â�NWP s �UN=XcOaPÁY|âQP!\]ëAX;NWP à Y|NY�Zh ä RmO��!\�â��vNWPE�UN!Xa�Wâ��qp ä �SR[â��UN=XcOaP=Rn�gNWP3OaP!\3�0��O@R ä �~OaP sN!X;N��@\�h{âQP ä ��OQ�UNdXcOaPdR%�gNWP�NY�.� ä N MI
YA�gN��WN��UN0O

MII ^
Ò[� )B &0"  ��&@¾A� ) 8�&0'6� , ! ,8 !�> ) �@¾�/<!#'(&W1�!#"�! ) &0/�DÁ6 4 ! , !�> 4 !(8�!S&@>�/ + :�& ) &./<&>�/;&0" + »S:4&@: + Æ�"?87!  & ) !4& , ½ôR��]|®�TI�Uxfh��{ºE&@8�� 4 "�:#��"aÅ 4 "  �«>�& ) : + &0/2'�!4"  !E� ) 8�!4"�&@8�� (A,R)

!#"7:4�0"  �) & ) 4 "�&) !4/<&@: + Æ�"?8�!F� ) 8�!4"  �  &0/ T 87!T'��U8���6 4 !
R ⊂ T N

? ��'�� , !
+�&�B +2,� �(!4"H!#/[!�Å�!#'�>�/2�(/;& ) !#/;&@: + Æ�" T "��V! , ��" + :4& N=Ê &V&F>�/ + :�&@: + Æ0"&>/<&?>�/<&0" + »S:�&@: + Æ0"`8�!  & ) !�& , :4��" ,�+<,8 !�!4"i8 +<, !Aö�& ) 4 "�&?EI� ) '(&�87! ) !�&0/ + Ä4& )D �U8�& ,/;& ,� & ) !�& ,P !#" + !#"78��s!4"?: 4 !4"  &B/<& , > )�+ � )�+ 8�&@8�! , 6 4 ! , !w:#��"���Ä(:�&9"	D�! ,� �B! , D  & ) !4& ,6 4 !38�!A¾A!#"�> ) !A:#!A87! ) "7!A:4! , & )�+ &0'�!#"  !T&B�  *) & ,4N

��Uxfhf»��2»��n^�` ´ O��KO@�Wâ��qp ä �SR�â3tp�S\�R�â¢YHO0���!\]O@X�h{NY�SR[N?â����¦NY�|O��Uâ (A,R)

R]\�NY�vN ä �N!X;N!h{NY�SR�â�h�\��S\�h«O@X ^
¤�N!h{âQP!R%�~O��!\���� ^ Ð !�& 4 "¿!#/<!4'�!4"  � x1 ∈ A N Ð + x1 ! , ' + " + '6&9/�!4/�/<!#'6&�6 4 !A8�&8�!4'�� ,� �) &@87�7D�!4"�:4& , �{:#��"  �) & )�+ ��! � +<,� ! x2 ≤ x1

:4��"
x2 6= x1 N Ð + x2 ! , ' + " + '�&0/6 4 !A8�&�8�!#'6� ,� *) &@8��:!4/	/2!4'6&HD ,�+ "��s! � +2,� ! x3 ≤ x2

<
x3 6= x2 N�? ��'��:!4/�:#��"aÅ 4 "  �! , »�" +2 �V"�!A:#! , & )�+ &0'6!#"  !B! ,� !�> ) �U:#! , �'87!A¾A!  ! ) ' + "�& ) &@>A� )8 &0"787� 4 "H!#/<!4'�!4"  �' + " + '6&9/ N

O-,� !T/<!#'6&�>A! ) ' +3 !=:4��" ,� *) 4 +<) 4 "S&9/<1�� )�+3 '���>�& ) &B/;&�:4�0" ,� �) 4 :(: + Æ�"�8�!4/�� ) 8�!4" �  &0/ T ⊇ R NÒ}& )8 *+ '�� , 8�! A <:!4/2!41 + '6� , 4 "�!#/<!#'6!#"  �y' + " + '6&9/ a1 DK6 4 !z! � +<,8 !G>A� ) !4/�/2!4'6&HD& 4 "76 4 !H"7��! , "�!(:4! , & )�+ &0'�!4"  !W��" + :4� U !#/<!(:A: + Æ�"�8�! 4 "�&  & ) !�&z>�& ) & ) !�&0/ + Ä4& ) /<&/;&·> )�+ '6! ) &z8�!.!4"  *) !./<& ,V & ) !4& , ' G , > )�+ � )�+2 & )�+ & ,�X�N � +�� ) &�!4/w:#��"aÅ 4 "  � A −
{a1}

! , 4 "':#��"aÅ 4 "  ��>�& ) : + &0/2'�!#"  !�� ) 8�!#"�&@8���:4�0">!4/�� ) 8�!#"'6 4 ! + "78 4 :#! R , ��¾ ) !Ë4/ N �Z!A>A!  �+ '�� , !#/1> ) �¦:#! , �·>�& ) &�!4/<!#1 +<) 4 "Ñ!4/2!4'�!4"  �@' + " + '6&9/ a2 U 6 4 !�>A� ) !4//<!4'6&@&0"  ! )�+ � ) "�!(:4! , & )�+ &0'�!4"  !q! � +<,8 ! X <Ñ& , é , 4 :4! ,�+ B�&0'6!#"  !�+�& ,� &5&01��  & ) /2� ,!4/<!#'�!4"  � , 8�! A NO /�� ) 8�!4"  �  &0/ T ! ,
a1 ≤ a2 ≤ a3 ≤ ... ≤ an



L�¸ ¹ Ó�Ô=Õ�ÖA×�ØeÙÉÚ�ý�Û�Ü1þ�Ù�Ô0Ó�Ý!ÚGç�þÁÿ��rþÁÿ�×.Ü�Ø�Ó1×�ØeÜ1Ô=ÿ�Ý�çDv?ØÉÓ�Ýwv,Ôwÿ
\��4�Uxz��TI]5»��2»��n^�»oL	NCO·N!XZ�Wâ��qp ä �SR[â A = {1, 2, 3, 4, 5} � XcO��gN!XcO��!\����Ñ�UN�â����UNY�YHO0�*�!\]O@X.NY�

A s
R = {(1, 1), (2, 2), (3, 3), (4, 4), (5, 5), (1, 2), (1, 3), (2, 3), (1, 4), (1, 5), (4, 5)}.

_ X;N��@\�h{âQP ä �oN!X;N!h{NY�SR[â�h�\��S\�h«O@X s � ä N·NY�#N!XÉYA�Z\�h{NY�@�COaPQâ�NWP.�vN��WNWPAO0�Z\]O@h{NY�SR[N
x1 = 1 ^ ¤%NWP[Y ä £WPGNY��N!X��Wâ��qp ä �SR�â A−{1} R�NY�vN!h{âQPÁXcOE�gN!XcO��!\������¦NGâ����UNY��\��A� ä �!\n�KO

R1 = {(2, 2), (3, 3), (4, 4), (5, 5), (2, 3), (4, 5)}.

_ X;N��@\�h{âQP ä ��N!X;N!h{NY�SR[â'h�\��S\�h«O@XÉNY�SR%�gN«X;âQP(�UâQPwYSâQP!\]ëAX;NWPV�CO0�A�@\n�KO@R[âQP6� ä N¢PQâ��rN!Xù���N!X ß�^ ÷�âah{N!h{âQP x2 = 2 ^·_ �åN!XZ�Wâ��qp ä �SR�â A − {1, 2} R�NY�vN!h{âQP ä ��â����UNY�\��A� ä �!\n�Uâ0|
R1 = {(3, 3), (4, 4), (5, 5), (4, 5)}.÷�âah«O@h{âQP

x3 = 3 l RmO@h«ëA\�£Y�9YSâ4�0c]O@h{âQP�N!X;N��@\���N!X ß@n@^¬´ â9�7Rb\�� ä O0�A�Uâ�N!XeYA�gâm�WNWPQâ
x4 = 4 � x5 = 5 ^ �,â��dRmO0�SR[â?N!X�â����UNY��R[âaRmO@X�NWP4|

1 ≤ 2 ≤ 3 ≤ 4 ≤ 5.

C ¾ , Ë ) B�! , !�6 4 !Á>A�U8 ) é;&9'6� , +�&@¾A! ) !#/<!41 + 8��G8�!p�  �) &z'(&9"�! ) &z/<� , xi

>�& ) &z��¾  !#"�! )4 "H� ) 8�!4"  �  &0/e8 +2,� *+ "  �7D  &9'�¾ + Ë#"�:4�0'�>�&  *+ ¾7/<!d:4��"W!4/[� ) 8�!4"�>�& ) : + &0/e:#��"H!#/.6 4 !:#��'�!4"7Ä4&0'�� ,4N
\��4���9���n���I]o^�`�»oL	N�Rb\�NY�vNq� ä N�h{â��SR�O0� ä ��Oo�CO��UNY��O5�¦N�h{â��SRmO~pqNS�UN ä ��O�Y�\�NCÞQOPQN��@¥���N!XvP!\3� ä \�NY�SR�N�NWP4� ä N!h«OV�UNdRmO0�gNCOaP ^÷SO0�WNCOaP4| _ �HPAO@h«ëAXcO0� s O@R[â����S\�X�XcO0� s Y�\��SR�O0� s N!h�Y7O�� ä N!R�O0� s X�\�h�Y�\]O0� s �gN��@\;P!R%�~O0� ^�P�!\�â��Z\n�KO��UNWP4| _ �HPAO@h«ëAXcO0��O��7R�NWP>�UN'O@R[â����S\�X�XcO0� s O@R�â����S\�X�XcO0�?O0�SR[NWP>�UN0Y�\��SR�O0� sY�\��SR�O0�0O0�SR[NWP:�UN�N!h�YHO�� ä N!RmO0� s X�\�h�Y�\]O0�3O0�SR[NWPR�UNGY�\��SR�O0� ^¤d\;PQNYd�O0� ä �{YSâQP!\]ëAX;N�Y�XcO0�S\ t��CO��!\����H�UNdXcOaPdRmO0�gNCOaP ^
ì6ë*ì í ï�¤aî(ñ�£?Ç("0+ðï ñ ÇYò0ïzó?-�/3+¨&?ïõô²ö�ö3Ç!ï
Ð !�&

(A,≤) 4 "�:4�0"aÅ 4 "  ��� ) 87!4"�&F8�� N
IQ�KJt���n���nkA�~»��;ß	�%^ê¤w\��WN!h{âQP.� ä N (A,≤) NWP ä �á�gN!Rnc�� ä X;âzP!\5YHO0�~O÷� ä O@X;NWP4� ä \�NY�CON!X;N!h{NY�SR[âQP

x, y ∈ A
N!X}�Wâ��qp ä �SR[â {x, y} ⊂ A

R]\�NY�vNwP ä YA�WN!h{â�NFc��qt�h{â ^



ýKÛnøqÛrÜ5þ�×eÖ!ÓwØ.ÙÁÚ,ÿ�ù_ú=Ù�û,þpü*Ü1Ô=ÿ>v=þ~üwÚdÚGÙeþ L�¸ M
� ®�j#���Q�7h����Ik	�Ú»��;ß��2boL|\

(A,≤) NWP ä �o�Wâ��qp ä �SR[â�â����UNY��O��Uâ sGä R]\�X�\cÞQO0�gN!h{âQP�XcO'P!\��� ä \�NY�SR[NT�vâaR�O��!\�����YHO0�~OV�UNWP!\3�0��O0�3O@X�P ä YA�gN!h{â � O@X�c��qt�h{â6�UN!X[�Wâ��qp ä �SR�â=ýW} s ��þ |
sup{x, y} = x ∨ y.

inf{x, y} = x ∧ y.ÿ ë!PQ£Y�Y�@NWPQN�� ä N s O@X7N!h�Y�X;NCO0��NWP!RmOD�vâaR�O��!\���� s �UN|�qâ��Zh«O�\�h�Y�X c��!\�R�O3NWP!R�O@h{âQP{�UNutp�S\�NY�S��Uâq�UâQP{âWY|NY�~O��!\�â��vNWP�NY�rN!X{�Wâ��qp ä �SR�â A ^'_ X�P ä YA�WN!h{â sup{x, y} NWP�N!Xt�WNWP ä X�R�O��Uâ�UN%âWYSNY�~O0�
x
�Wâ9�

y l NY�iNWPQN0â����UNY� n h{N��@\]O0�SR[N=XcO?âWYSNY�~O��!\���� ∨ ^ ¤�N!X�h�\;P!h{â�h{â4�UâN!X�c��qt�h{â
inf{x, y} NWPdN!X��gNWP ä X�R�O��Uâ:�UNdâWYSNY�~O0� x �Wâ�� y l NY��NWPQNwâ����¦NY� n h{N��@\]O0�SR�NXcO�âWYSNY�~O��!\���� ∧ ^

\��4�Uxz�.Tn]�j�»���ß	�2��\ n L|\ X NWP ä �q�Wâ��qp ä �SR[â s � P(X)
NWP=N!X	�Wâ��qp ä �SR�â��qâ��!h«O��Uâ�YSâ��R�â4�UâQP«X;âQP�P ä ëY�Wâ��qp ä �SR[âQP(�UN X s N!XvYHO0� (P(X),⊆) NWP ä �¿�gN!Rnc�� ä X;â s �UN«R�O@XS�qâ��Zh«O� ä NwPZ\ A,B ∈ X s A ∨B = A ∪B � A ∧B = A ∩B ^\�\ n�´�ä O@X3� ä \�NY�s�Wâ��qp ä �SR�â¢R[âaRmO@X�h{NY�SR[N�â9���UNY��O��Uâ (A,≤) NWP ä �H�WN!Rnc�� ä X;â ^\�\�\ n L|\P�Wâ��HP!\n�UNY�~O@h{âQP3N!X[�Wâ��qp ä �SR�â��UNdX;âQPy�S¥Uh{NY�WâQPy��O@R ä �CO@X;NWP:�Wâ���XcO6�gN!XcO��!\�����UN�â����UNY�.�KO��KOdYSâ��

a ≤ b⇔ ∃p ∈ N : a · p = b,�WNWP ä X�R�OQ� ä N (N,≤) NWP ä �H�WN!Rnc�� ä X�â s � YHO0�~O>� ä O�X�NWP4� ä \�NY�~O a, b ∈ N

a ∨ b = mcm(a, b), a ∧ b = mcd(a, b),

�Uâ��A�UN
mcm

NWP�N!XHhBc��S\�h{âR�Wâah�¥���h�¥¦X�R]\ºY�X;â � mcd
NWP�N!XHh«ûq}�\�h{âR�Wâah�¥��V�@\��Q\;PQâ�� ^\�� n L|\ R NWP�XcO=�gN!XcO��!\����f�UN�â����UNY�f�UN!X�NupqN!h�Y�X;â?O0�SR�NY�Z\�â�� s � �Wâ��HP!\n�UNY�~O@h{âQP¢N!X�Wâ��qp ä �SR[â D12

�qâ��Zh«O��UâwYSâ��3X;âQPT�S¥¦h{NY�gâQPT��O@R ä �~O@X;NWPs� ä NdPQâ��@�@\��Q\;PQâ��gNWP:�UN Ì ù s N!XYHO0�
(D12, R ∩ (D12 ×D12))

NWP ä �H�gN!Rnc�� ä X;â ^
Ð !4&

(A,≤) 4 " ) !  é�: 4 /<� N Ò}& ) &�: 4 &0/2! , 6 4 + ! ) & x, y ∈ A , ! , &  *+2, En&@:#!4"5/<& ,R,�+ Ã1 4 + !#"  ! , > ) ��> + !A8�&@87! ,:U /<&�> )�+ '6! ) &�<>/<& , !41 4 "78�& , ! ,�+ 1 4 !4"�8 +2) !(:  &9'6!#"  !387!R/<& ,8�!(»�" + : + ��"�! , 8�! x ∨ y = sup{x, y} < x ∧ y = inf{x, y} X ½ôR��]|�}�I�Uk�h7ká^��
x ≤ (x ∨ y) D y ≤ (x ∨ y) D (x ∧ y) ≤ x

<
(x ∧ y) ≤ y NôR��]|�}�I�Uk�h7k b�� Ð + x ≤ z

<
y ≤ z

Da!4"  ��"7:#! , (x ∨ y) ≤ z N � " G /2��1�&9'6!#"  !@D ,�+
z ≤ x

<
z ≤ y

D�!4"  ��"7:#! , z ≤ (x ∧ y) NôR��]|�}�I�Uk�h7kÚ��� ��� ]A�ex.l�Vmh¦V��u�a�ukahSk��
(x ∨ y) = (y ∨ x) < (x ∧ y) = (y ∧ x) N¤�N!h{âQP!R%�~O��!\���� ^ ºD!4'�� ,8 *) & ) !4'�� , /;&%> )�+ '6! ) &%8�!y/;& , 87� , > ) ��> + !(8�&@8�! ,RU /;&:�  *) & , !8�!4' 4 ! ,� *) &¢8�!F'(&0"7! ) &�&9" G /2��1�& X ½ (x ∨ y) = sup{x, y} = sup{y, x} = (y ∨ x).



L�¸ ¼ Ó�Ô=Õ�ÖA×�ØeÙÉÚ�ý�Û�Ü1þ�Ù�Ô0Ó�Ý!ÚGç�þÁÿ�ùrþÁÿ�×.Ü�Ø�Ó1×�ØeÜ1Ô=ÿ�Ý�çDv?ØÉÓ�Ýwv,Ôwÿ
ôT��]|�}�I�¦kahSk¨Àa� � � j4]����nh¦V����a�uk�h7k��

(x ∨ y) ∨ z = x ∨ (y ∨ z)
<
(x ∧ y) ∧ z =

x ∧ (y ∧ z)¤%N!h�âQP!Rn�~O��!\���� ^ ºD!#'6� ,8 *) & ) !#'6� , /<&�> )�+ '6! ) &�87!>/;& , 8�� , > ) ��> + !A8�&F8�! ,SU /;&W�  �) &, !�87!4' 4 ! ,� *) &i8�!='6&0"�! ) &.&0" G /2��1�& X�N_? ��'�> ) ��¾�& ) !4'�� , DP!#"r> )�+ '6! ) / 4 1�& ) D�6 4 !
(x ∨ y) ∨ z ≤ x ∨ (y ∨ z)

<�8�!�Å�& ) !4'�� , :4�0'6�5!�Å�! ) : + : + ��!#/�B�! )�+ »7:�& ) /;&f�  �) &87! ,�+ 1 4 &0/�8�&@8	D-! , 87!A: +<) D�6 4 ! x ∨ (y ∨ z) ≤ (x ∨ y) ∨ z) N Ò[� ) /;&�> ) �@> + !(8�&@8åè
x ≤ x∨(y∨z) < y ≤ (y∨z) ≤ x∨(y∨z) N Ò�� ) /;&*> ) ��> + !A8�&@8 ¸ (x∨y) ≤ x∨(y∨z) NÒ[� ) �  *) &=>�& )� ! z ≤ (y∨z) ≤ x∨(y∨z) <�DK>A� ) /<�  &0"  �7D (x∨y)∨z ≤ x∨(y∨z) N
ôT��]|�}�I�¦kahSk.`�� � ôT��]|�[�n�UkahSk`ka� � ®�j4]������Ik	���

(x∨y)∧x = x
<
(x∧y)∨x = x N¤%N!h�âQP!Rn�~O��!\���� ^ ºD!#'6� ,8 *) & ) !#'6� , /;&?> )�+ '�! ) &?8�!�/;& ,y+ 1 4 &0/�8�&@8�! ,�U /<&Q�  �) & , !«8�!ZÃ' 4 ! ,� �) &q&9" G /2��1�&0'�!#"  ! XYN Ò[� ) /;&'> ) ��> + !A8�&@8rè�<./;& ) !(EI! � + B + 8�&@8z87!(/<& ) !4/<&@: + Æ�"

x ≤ (x∨y) < x ≤ x N Ò[� )- &0"  � x ≤ (x∨y)∧x N Ò[� ) �  *) &w>�& )� !FD >�& ) &w: 4 &0/;6 4 + ! )
z
D
(z ∧ x) ≤ x

D}/ 4 !410�
((x ∨ y) ∧ x) ≤ x N ºD!(/;& , 8�� , 8�! ,�+ 1 4 &0/;8�&@8�! , <i8�!6/;&> ) ��> + !A8�&F8S&0"  *+2,�+ '«Ë  *)�+ :�& , ! ,�+ 1 4 !d6 4 ! (x ∨ y) ∧ x = x N

O " ) ! , 4 '�!4"	D!+7!4'�� , > ) ��¾�&@8��36 4 ! ,�+� !#"�!4'�� , 4 "�:#��"aÅ 4 "  �T� ) 8�!#"�&@87� (A,≤):#��"R! ,� �) 4 :  4 ) &�87! ) !  é�: 4 /2�7D³>A�U8�!4'�� , :#��" ,�+ 8�! ) & )�, ��¾ ) !�!4/ :4�0"aÅ 4 "  � A 8�� , ��>A! ) &aÃ: + ��"7! , DF6 4 !É8�!4"��  &0'�� , >A� ) ∨ < ∧ DF6 4 ! , &  �+<, En&F:4!#":/;& , > ) ��> + !A8�&@87! , :#��"�' 4  &  *+ B9&HD& , �U: + &  *+ B9&�<98�!(&@¾ , � ) : + Æ�" N e[&0'�¾ + Ë#"	De:#��'6�S&�+7� ) &?B�! ) !4'�� , D[! , >A� ,�+ ¾7/<!G+�&@:#! )/<&{:4�0" ,� �) 4 :(: + Æ0"�&0/ ) !(B�Ë , D +%N ! N Dv>�& )8 *+ !#"78���8�! 4 "9:#��"aÅ 4 "  � A :4��"`8�� , ��>A! ) &@: + �FÃ"7! , D�6 4 !%8�!#"��  &9'6� , >	� ) ∨ < ∧ D|6 4 ! , &  *+2, En&01�&9"S/<& , > ) ��> + !A8�&F8�! , :#��"�' 4  &  *+ B9&HD& , �U: + &  *+ B9&3<{8�!y&@¾ , � ) : + Æ�"	D�! , >A� ,�+ ¾�/<!58�!(»�" +<)�, ��¾ ) !y!4/v:#��"aÅ 4 "  � A 4 "�& ) !4/<&@: + Æ�"87!(� ) 8�!#" ≤ 8�!  &0/�'6&0"�! ) &�6 4 ! (A,≤) ! , 4 " ) !  é;: 4 /<� N Ò[� ) !#/</2�7D�<�8�!�EI� ) '6&:#��'«>�/<!  &0'�!4"  !=!(6 4 + B9&9/<!#"  !FD , !�> 4 !(8�!H&@87��>  & ) :4�0'6��8�!(»�" + : + Æ�"r8�! ) !  é�: 4 /2�7D: 4 &0/�6 4 + ! ) &�8�!F/;& ,z,�+ 1 4 + !#"  ! , ½

• � "å:#��"aÅ 4 "  �5� ) 8�!4"�&F8�� (A,≤)  &0/56 4 !�>�& ) &z: 4 &0/<! , 6 4 + ! ) & x, y ∈ A
!#/

:4��"³Å 4 "  � {x, y}  *+ !4"�! , 4 > ) !4'���!dé2"H»�'�� N
• � "3:4��"aÅ 4 "  � A :#��"087� , ��>A! ) &@: + ��"�! , DF8�!#"��  &@8�& , >A� ) ∨ < ∧ Da6 4 ! , &  *+2, En&@:#!4"/;& , > ) ��> + !A8�&F8�! , :#��"�' 4  &  *+ B�&HD�& , �U: + &  *+ B�&%<?8�!T&@¾ , � ) : + Æ�" N
O-,[+ '«>A� )� &0"  ! , !(ö�&0/<& ) 6 4 !P!4"R/;&z/ +3 ! ) &  4 ) & , ��¾ ) !P!#/  !4'6&Z! , 4 , 4 &9/�!#"7:4�0"  *) & )/<&�> ) ��> + !A8�&@8�87!=\n�UN!h�Y|âaR[NY���!\]O@D0& , &@¾A! ) DK6 4 !*>�& ) &=: 4 &0/�6 4 + ! ) x ∈ A , !�B�! )�+ »S6 4 !4"/<& , :#��"78 + : + ��"�! , x∨x = x

<
x∧x = x

D�:4��'�� 4 "�& � + ��'6&�! � + 1 + ¾�/<!P&E/<&D! ,� �) 4 :  4 ) &87! ) !  é;: 4 /2� N Ð + ".!4'�¾�& ) 1��7D ,�+ ∨ < ∧ , &  *+2, En&@:#!4"�/;& , > ) ��> + !A8�&@87! , :#��"�' 4  &  *+ B9&HD& , �U: + &  *+ B9&i<r8�!H&@¾ , � ) : + Æ�"	Dz"�!A:#! , & )�+ &9'6!#"  ! , &  �+<, En&F:4!4"  &0'�¾ + Ë4"Ñ/;&�:4�0"78 + : + Æ0"



ýKÛnøqÛrÜ5þ�×eÖ!ÓwØ.ÙÁÚ,ÿ�ù_ú=Ù�û,þpü*Ü1Ô=ÿ>v=þ~üwÚdÚGÙeþ L�¸ Â
8�! + 8�!4'«>A�  !#"7: + & NfO "_!!EI!A:  �7DÁ8�&@8��9: 4 &0/;6 4 + ! ) !4/2!4'�!4"  � x ∈ A

D  ��'(&9'6� , /;&! � > ) ! ,�+ Æ�"
E := x ∨ (x ∧ (x ∨ x)).

Ê /<&0'6&0"78�� (y = x∨x) <6&F>�/ + :�&0"H8��R/<&3> ) ��> + !A8�&@8�8�!E&F¾ , � ) : + Æ�"	D���¾  !4"7!4'�� , 6 4 !
E
! ,�+ 1 4 &0/�& x N Ò[� ) �  *) &d>�& )� !FD ,�+ !4" E &@>7/ + :�&0'�� , /<&w> ) �@> + !(8�&@8«8�!�&F¾ , � ) : + Æ�"6&

x∧ (x∨x) �@¾  !#"�!4'�� , 6 4 !�8 + :,+�&R! � > ) ! ,�+ Æ0"Q! ,�+ 1 4 &0/A& x∨x N-O "�:#��" , !A: 4 !4"7: + &HD
x ∨ x = x NxU � " G /<��1�&0'�!4"  ! , !d> ) 4 !(¾�&�/;&s�  *) &¢> ) ��> + !A8�&@8�87! + 8�!4'«>A�  !4"7: + & X�N

é !4&0'6� , 6 4 !D!!EI!A:  *+ B�&0'�!4"  !�! , >A� ,�+ ¾7/<!187!(»�" +2) 4 "�& ) !4/<&@: + Æ�"«8�!�� ) 8�!#"W�gN!R]\�� ä �XcO0��&�>�& )� *+2) 8�!�8�� , ��>A! ) &@: + ��"�! , 6 4 ! , &  *+<, En&01�&9"W/;& , > ) �@> + !(8�&@8�! , :#��"�' 4  &  *+ B9&HD& , �U: + &  �+ B9&%<�8�!R&F¾ , � ) : + Æ�" N
O "./<�{6 4 ! ,�+ 1 4 !%:4��" ,�+ 8�! ) & ) !4'�� , 4 "`:4��"³Å 4 "  � A <�8�� , ��>A! ) &@: + ��"�! , ∨ < ∧8�!(»�" + 8�& ,s, ��¾ ) ! A 6 4 ! , &  �+<, En&F:4!4"5/;& , > ) ��> + !A8�&@8�! , :4��"�' 4  &  *+ B9&HDt& , �U: + &  *+ B9&�<8�!T&@¾ , � ) : + Æ�" N ºD!!»�" + '6� , /<& ,�+ 1 4 + !4"  ! ) !#/;&F: + Æ0">!#" A ½

x ≤ y ⇔ x ∨ y = y.

� "  ! , 8�!?87!4'�� ,� �) & ) 6 4 ! (A,≤) ! , 4 " ) !  é�: 4 /2�7D�>	�U87!4'�� , :�& ) &@:  ! )�+ Ä�& ) /;&) !4/<&@: + Æ�" ≤ 8�!F�  �) ��'��U8��7½

��Uxfhf»��;ß	�KÀ��*O0�~O=�CO��KO

x, y ∈ A
PQN3R]\�NY�vNR� ä N

x ≤ y ⇔ x ∧ y = x.

¤�N!h{âQP!R%�~O��!\���� ^ Ð ! ) G , 4 »7: + !#"  !5:4��"�8�!4'�� ,8 *) & ) 6 4 !5>�& ) &d: 4 &9/<! , 6 4 + ! ) & x, y ∈ A
D

x ∨ y = y
!A6 4 + B9&0/2!6& x ∧ y = x N Ð 4 >A��"71�&0'�� , 6 4 ! x ∨ y = y NQO "f! , !{:4& , �

x ∧ (x ∨ y) = x ∧ y
D�! , 8�!A: +<) D x = x ∧ y N �x!(:Aé;> ) �U:�&9'6!#"  !@D ,�+ x ∧ y = x

D
 !4"H8 ) !#'6� , 6 4 ! (x ∧ y) ∨ y = x ∨ y D�! , 8�!A: +<) D y = x ∨ y N

? ��'«> ) �@¾A!4'�� , &�+�� ) &�6 4 ! (A,≤) ! , 4 " ) !  é�: 4 /2�7½è N�Ê & ) !#/;&F: + Æ0" ≤ , &  *+2, En&@:#!P/;&,> ) �@> + !(8�&@8R���K�[�K�a�u�7h N}O "s!(EI!(:  �7D@>�& ) &1:�&F8�& x ∈ A, !  �+ !#"�!d6 4 ! x ∨ x = x
D�! , 87!A: +2) D ∀x ∈ A, x ≤ x N¸ NMÊ & ) !4/<&@: + Æ�" ≤ , &  *+2, En&@:#!q/<&�> ) ��> + !A8�&F8åj��]xz�KVm���I��h N Ð + x ≤ y

DG<
y ≤ x

D
 !4"H8 ) !#'6� ,>,�+ ' 4 /  G "�!4&0'�!#"  !�6 4 ! x ∨ y = y

D�<å6 4 !
y ∨ x = x

D5<�D=>A� ) /;&> ) ��> + !A8�&@8':4��"�' 4  &  *+ B9&�8�! ∨ D���¾  !#"�!#'6� , 6 4 ! y = x NL NÁÊ & ) !4/;&F: + Æ0" ≤ , &  *+2, En&@:#!F/;&�> ) ��> + !(8�&@8'V���h��.j���V�����h N Ð 4 >A�0"�1�&0'�� , 6 4 ! x ≤ y
D!

y ≤ z N-O "Q! , !w:�& , � x∨ y = y
D¦<

y ∨ z = z N � +�� ) &�¾ + !4"	D7&�>�& )� *+2) 8�!E! , & , 8�� ,



L0L á Ó�Ô=Õ�ÖA×�ØeÙÉÚ�ý�Û�Ü1þ�Ù�Ô0Ó�Ý!ÚGç�þÁÿ�ùrþÁÿ�×.Ü�Ø�Ó1×�ØeÜ1Ô=ÿ�Ý�çDv?ØÉÓ�Ýwv,Ôwÿ
+ 1 4 &0/�8�&@87! , ��¾  !4"�!#'6� , 6 4 !@½ x ∨ z = x∨ (y ∨ z) = (x ∨ y)∨ z) = y ∨ z = z

D�! ,87!A: +2) D x ≤ z N
Ê & , > ) ��> + !(8�&@8�! , è�D ¸ < L ' 4 ! ,� *) &0"'6 4 ! (A,≤) ! , 4 "�:#��"aÅ 4 "  ��� ) 87!4"�&@87� N

Ï7N Ò}& ) &i:�&F8�&i>�& ) 87!S!#/<!#'6!#"  � , x, y ∈ A , !  �+ !4"7!�6 4 ! sup{x, y} = x ∨ y.U]Ê &%> ) �@> + !(8�&@8 ) !4/;&F: + ��"�&@8�&3:#��"Q/<&R! � +2,� !#"7: + &%8�!4/�é<"H»�'��08�!4/�:4��"³Å 4 "  � {x, y} , !87!4' 4 ! ,8 *) &D&9" G /2��1�&0'�!#"  ! X�N Ò 4 ! ,� ��6 4 !FD@>A� ) /;&G> ) ��> + !A8�&@838�!P&F¾ , � ) : + Æ�"	D x∧(x∨
y) = x

D³<
y∧(x∨y) = y

D  !4"78 ) !4'�� , 6 4 ! x ≤ (x∨y) D³< y ≤ (x∨y) D�! , 87!A: +2) D x∨y! , 4 "�&%:#�  & , 4 >A! )�+ � ) 8�! {x, y} Nté !4&0'�� , 6 4 !E! , /;&T' G , >A!A6 4 !(ö�&H½ Ð 4 >A��"�1�&9'6� ,6 4 !
z ∈ A

! ,F &0/�6 4 ! x ≤ z
<
y ≤ z NBO "�! , !«:4& , �HD x ∨ z = z

D�<
y ∨ z = z N

Ê 4 !#1�� (x∨z)∨(y∨z) = (z∨z) = z N Ò[! ) �7DK>A� ) /;& , > ) ��> + !A8�&F8�! , :#��"�' 4  &  *+ B�&5<& , �U: + &  *+ B9&G8�! ∨ U <d>A� ) /;&G> ) ��> + !(8�&@808�! + 8�!4'«>A�  !#"7: + &HD³:4��" , !A: 4 !4"7: + &58�!P&0'�¾�& ,�X D !4"�!#'6� , 6 4 ! (x∨ z)∨ (y ∨ z) = (x∨ y)∨ (z ∨ z) = (x∨ y)∨ z NpO "?8�!(»�" +2 *+ B9&HD
(x ∨ y) ∨ z = z

DS8�!d8��0"78�!
(x ∨ y) ≤ z N

Ò[� ) :4��" ,�+ 1 4 + !#"  !@D¦87!A¾ + 8��s&:/<&T!A6 4 + B9&0/2!4"7: + &38�!4'�� ,� �) &@8�&HD¦>A�U8 ) !4'�� , 4  �+ / + Ä�& ):#��'��¢8�!(»�" + : + Æ�"'8�! ) !  é�: 4 /2�¢: 4 &0/�6 4 + ! ) &�8�!F/;& ,z,�+ 1 4 + !#"  ! , ½
• � "å:#��"aÅ 4 "  �5� ) 8�!4"�&F8�� (A,≤)  &0/56 4 !�>�& ) &z: 4 &0/<! , 6 4 + ! ) & x, y ∈ A

!#/
:4��"³Å 4 "  � {x, y}  *+ !#"�! , 4 > ) !4'���!wé2"H»�'�� N-O ">! ,� !d:�& , �«>A�U8 ) !4'�� , 87!(»�" +2)/;& , �@>A! ) &F: + ��"�! , ∨ < ∧ !#"S!#/ ) !  é;: 4 /2��&�>�& )� �+<) 8�!F/<& ) !#/;&@: + Æ0" ≤ N

• � "�:4��"³Å 4 "  � A :4�0"z8�� , ��>A! ) &@: + ��"�! , D.8�!#"��  &@8�& , >A� ) ∨ < ∧ De6 4 ! , &  *+2, ÃEn&@:4!#"W/<& , > ) �@> + !(8�&@8�! , :#��"�' 4  &  *+ B�&HDA& , �U: + &  *+ B9&�<�8�!s&F¾ , � ) : + Æ�" NxO "q! ,� !:�& , �7D�>A�U8 ) !#'6� , 87!(»�" +2) /<& ) !4/<&@: + Æ�"�8�!B� ) 8�!4" ≤ &?>�& )� *+2) 8�! ∨ �>!(6 4 + B9&³Ã/<!#"  !#'6!#"  !T&�>�& )� �+<) 8�! ∧ N
IQ�KJt���n���nkA�~»��;ß	�<`oL	NT�@\��WNF� ä N ä �q�WN!Rnc�� ä X;â (A,≤) NWPT�@\;P!R%�Z\]ë ä Rb\��@â%P!\�YHO0�COV� ä O@�X;NWP4� ä \�NY�~O x, y, z ∈ A

PQNF�@NY�!\ t{�gO(� ä N x ∨ (y ∧ z) = (x ∨ y) ∧ (x ∨ z) ^
Ð + 4 " ) !  é�: 4 /<� (A,≤) ! , 8 +<,� �)�+ ¾ 4  *+ B��7DD!#"  ��"7:#! ,S &9'�¾ + Ë4" , ! , &  *+<, En&@:4!�/<&8 +<,� �)�+ ¾ 4  *+ B + 8�&@8�87!(/;&=��>A! ) &@: + Æ�" ∧ ) ! , >A!(:  �`8�!6/;&=��>A! ) &@: + Æ�" ∨ Dt& , &@¾A! ) D�6 4 !

x∧(y∨z) = (x∧y)∨(x∧z) > 4 ! , D ,�+ x, y, z ∈ A
DK>A� ) /<&�> ) ��> + !(8�&@8�8 +<,8 *)�+ ¾ 4  �+ B9&¦D

(x ∧ y) ∨ (x ∧ z) = ((x ∧ y) ∨ x) ∧ ((x ∧ y) ∨ z) = U >A� ) /;& , > ) ��> + !A8�&@8�! , 8�!&F¾ , � ) : + Æ�"¯<�8 +2,� *)�+ ¾ 4  *+ B�& X = x ∧ (z ∨ (x ∧ y)) = U > ) ��> + !(8�&@8¯8 +<,8 *)�+ ¾ 4  �+ B9& X
= x∧ ((z ∨ x)∧ (z ∨ y)) = U > ) ��> + !(8�&@8Q& , �U: + &  �+ B9& X = (x∧ (z ∨ x))∧ (z ∨ y) =U > ) �@> + !(8�&@8'8�!T&@¾ , � ) : + Æ�" X = x ∧ (z ∨ y) = x ∧ (y ∨ z) N
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c

M

b

m

a

� + 1 4 ) &B¹ N ¹H½ � " ) !  é�: 4 /2��"7�«8 +2,� *)�+ ¾ 4  �+ B��

� ®�j#���Q�7h����Ik	�Ú»��;ß��2» ü â3R[â4�UâQPGX;âQPZ�gN!R%c�� ä X;âQP*PQâ��Q�@\;P!Rn�!\]ë ä R]\��@âQP ^ �,â��=NupqN!h�Y�X;â s N!X�Wâ��qp ä �SR[â3â����UNY��O��Uâx�WN[YA�gNWPQNY�SR�O��UâdNY�'N!X7�@\]Om�0�~O@h«OF�UN�½wOaPWPQNZ�UN à@^]à NWP ä �6�gN!Rnc�� ä X;â� ä NT��â�PAO@R]\;Pu�(O��WNdXcOdY	�gâWY�\�N��KO��(�@\;P!Rn�!\]ë ä R]\��aO s Y ä NWP
(a ∧ b) ∨ c = m ∨ c = c

� s P!\���N!h«ëWO0�%�Uâ s
(a ∨ b) ∧ (b ∨ c) = M ∧M = M.

� ®�j#���Q�7h����Ik	�Ú»��;ß��;ß­L|\ ä �H�WN!Rnc�� ä X;â (A,≤) Rb\�NY�vN3h«ûq}�\�h{â s �UNY�vâaR�O0�WN!h{âQP3O>�@\��� f â�N!X;N!h{NY�SR�â�Y|â�� 1 s � P!\�Rb\�NY�vNdhBc��S\�h{â s Y|â�� 0.I>�KJ}�[�n���nkA�Ñ»��;ß	�2àoL	NCO
(A,≤) ä �V�gN!R%c�� ä X;âs�Wâ��{h«ûq}�\�h{â 1 � hBc��S\�h{â 0 � x ∈ A �PQN:�@\��WNR� ä N x′ ∈ A

NWP	��
7Ò
�[×��0Ò��0Ø���Ó��0Õ�
.�UN
x
P!\
x ∨ x′ = 1 � x ∧ x′ = 0.

O / ) !  é;: 4 /<�18�!�/;&G»�1 4 ) &�¹ N ¹x"�� , ' 4 ! ,8 *) &16 4 ! 4 ":!#/<!#'6!#"  �5> 4 !(8�!  !4"�! ) B9& )�+ � ,:4��'«>�/2!4'�!4"  & )�+ � , D�> 4 ! ,( &0"  � b
:#��'��

c , ��"�:#��'�>7/<!4'�!#"  & )�+ � , 8�! a D*<�&z6 4 !
a∨b = a∨c = 1

<
a∧b = a∧c = 0 N Ð + "R!4'�¾�& ) 1��7D ,�+ 4 " ) !  é;: 4 /<�x! , 8 +2,� �)�+ ¾ 4  *+ B��7D!4"  ��"7:#! , :�&@8�&S!4/<!#'6!#"  ��> 4 !A87!  !4"7! ) D-&q/2� , 4 '6�HD 4 "·:#��'�>7/<!4'�!4"  & )�+ �7De:4��'��' 4 ! ,� �) &B/;& ,�+ 1 4 + !#"  !w> ) ��>A� ,�+ : + Æ�"v½



L0L�¸ Ó�Ô=Õ�ÖA×�ØeÙÉÚ�ý�Û�Ü1þ�Ù�Ô0Ó�Ý!ÚGç�þÁÿ�ùrþÁÿ�×.Ü�Ø�Ó1×�ØeÜ1Ô=ÿ�Ý�çDv?ØÉÓ�Ýwv,Ôwÿ
ôT��]|�p]�j��n���IkA�~»��;ß	�2��LvNgO

(A,≤) ä �H�gN!R%c�� ä X;â(�@\;P!Rn�!\]ë ä Rb\��@âV�Wâ��`h«ûq}�\�h{â 1 � hBc���S\�h{â
0 s � PQNCO x ∈ A ^ L|\ x′ � x′′ PQâ��5�Wâah�Y�X;N!h{NY�SRmO0�Z\�âQPR�UN x s �vN��WNWPAO0�Z\]O@h{NY�SR[N

x′ = x′′.

¤%N!h�âQP!Rn�~O��!\���� ^ Ò[� ) + + >�Æ  ! ,�+2, x ∨ x′ = 1
D
x ∧ x′ = 0

D
x ∨ x′′ = 1

<
x ∧ x′′ = 0 Né !4&0'�� , 6 4 ! x′ ≤ x′′

½
x′ = x′ ∧ 1 = x′ ∧ (x ∨ x′′) = (x′ ∧ x) ∨ (x′ ∧ x′′) =

0 ∨ (x′ ∧ x′′) = (x′ ∧ x′′) NpO-, 8�!A: +<) D x′ ≤ x′′ N � " G /2��1�&0'�!#"  ! , !387!4' 4 ! ,� *) &¢6 4 !
x′′ ≤ x′

DS:#��"=/<��6 4 !
x′ = x′′ N

IQ�KJt���n���nkA�~»��;ß	�%^�
�²a�¿�gN!R%c�� ä X;â (A,≤) NWPR��]�xz�.Tn�Uxf����Vmh����I]rP!\GRb\�NY�vN«h«ûq}�\��h{â � hBc��S\�h{â � R[â4�Uâ�N!X;N!h{NY�SR[â x ∈ A
Rb\�NY�vN�O@X*h{NY�vâQP ä �·�Wâah�Y�X;N!h{NY�SR�O0�Z\�â ^¤%NY�vâah¢\��|O��gN!h�âQP:ÝSTu���U®���hMk����B]�]�TI��O��CO��KO.�WN!Rnc�� ä X;â@�@\;P!Rn�Z\]ë ä R]\��@â � �Wâah�Y�X;N!�h{NY�SR�O0�Z\�â ^

\��4�Uxz��TI]�j�»��;ß	�n^A^�\ n L|\ X NWP ä �Ñ�Wâ��qp ä �SR�â s � P(X)
NWP�N!X��Zâ��qp ä �SR[âw�qâ��Zh«O��UâYSâ��«R[â4�UâQP�X;âQP�P ä ëY�Wâ��qp ä �SR[â³P(�UN X s N!XvY7O0� (P(X),⊆) NWP ä �rû@X �UNAë4�~OH�UN ¼ âQâaX;N sNY��XcO�� ä N X = 1 s ∅ = 0 ^�� N��Wâ����KO@h{âQP(� ä N�PZ\ A,B ∈ X s A ∨ B = A ∪ B

� A ∧ B = A ∩ B ^`_ ��X;â'P ä �WNWP!\��@âW�@\��gN!h{âQP(� ä N'NWP!R�N�û@X �UNAë4�~OH�UN ¼ âQâaX;N?NWP'N!Xû@X �UNAë4�~OV�UN ¼ âQâaX;NT�UN3XcOaP*YHO0�ZR�NWPR�UN!X[�Wâ��qp ä �SR[â X ^\�\ n¢_ Xt�Wâ��qp ä �SR�â (B,≤) �Uâ��A�UN B = {0, 1} � ≤= {(0, 0), (0, 1), (1, 1)} NWP ä �û@X �UNAë4�~OV�UN ¼ âQâaX;N ^\�\�\ n L|\�NY�A�Uâ n � ä O�XK� ä \�NY�T�S¥Uh{NY�gâ6��O@R ä �~O@X s N!Xt�Wâ��qp ä �SR[â (Bn,≤) �qâ��Zh«O��Uâ=YSâ��R[â4�KOaP�XcOaPW�S�[R ä Y�XcOaP l â�P ä �WNWP!\�â��vNWP0tp�S\�R�OaP n �UN��%�WNY�gâQP�� � � ä �vâQP�� s p ä �SR[âÑ�Wâ��êX±O�gN!XcO��!\����q�UN0â����UNY�
(x1, ..., xn) ≤ (y1, ..., yn)

P!\ � Pm�aX;â3P!\ÁNY��R[â4�KOaP=XcOaPÉYSâQP!\��!\�â��vNWPNY�9XcOaPs� ä N (x1, ..., xn)
Rb\�NY�vN ä � 1

PQNR�@NY�!\ t��COQ� ä N (y1, ..., yn)
R�O@h«ëA\�£Y�9X;â�Rb\�NY�vN sNWP ä �rû@X �UNAë4�~OH�UN ¼ âQâaX;N ^�ü �aR[NWPQNV� ä N'N!X�N!X;N!h{NY�SR�â'h«ûq}�\�h�â�NWP (1, 1, ..., 1) � N!XhBc��S\�h{â

(0, 0, ..., 0).\�� n'_ X��Wâ��qp ä �SR[âW�UN«X;âQP��S¥¦h{NY�gâQP���O@R ä �~O@X;NWPQ�Wâ���XcOW�gN!XcO��!\����_�UN?â����UNY�_�KO��KOYSâ��wXcO(�gN!XcO��!\����.�UNR�@\��Q\;P!\]ëA\�X�\n�KO��
a ≤ b⇔ ∃p ∈ N : ap = b

�Wâ��HP!R]\�R ä � N ä �f�WN!Rnc�� ä X;â=�@\;P!R%�Z\]ë ä Rb\��@â ^«_ P!R[NB�WN!Rnc�� ä X�âQ�vâ�NWP ä ��û@X �UNAë4�~OS�UN ¼ âQâaX;N sY ä NWP!R[â:� ä NZ�vâdRb\�NY�vN,h«ûq}�\�h{â ^�� N�� ä £Y���UNWPQN�� ä NwNY��NWP!R[Nx�gN!Rnc�� ä X;â s P!\�NY�A�Uâ a, b ∈ N

a ∨ b = mcm{a, b}

a ∧ b = mcd{a, b}.
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� n L|\ R NWP«XcOq�gN!XcO��!\����¿�UN?â����UNY�¿�UN!X�NupqN!h�Y�X;â�O0�SR[NY�Z\�â�� s � �Wâ��HP!\n�UNY�~O@h{âQP{N!X�Wâ��qp ä �SR[â D12

�qâ��Zh«O��UâwYSâ��3X;âQPT�S¥¦h{NY�gâQPT��O@R ä �~O@X;NWPs� ä NdPQâ��@�@\��Q\;PQâ��gNWP:�UN Ì ù s N!XYHO0�
(D12, R ∩ (D12 ×D12))

�vâ'NWP ä �zû@X �UNAë4�~OQ�UN ¼ âQâaX;N ^ L	N,Y ä N��UN��Wâah�YA�gâ@ëWO0�� ä N{NWP!R[NB�gN!Rnc�� ä X;â�NWP��@\;P!R%�Z\]ë ä Rb\��@â s � ä N�Rb\�NY�vN�h«ûq}�\�h{â � hBc��S\�h{â s YSNY�Wâ>� ä N s YSâ��NupqN!h�Y�X;â s ùQ�vâ¢Rb\�NY�vNs�Wâah�Y�X;N!h{NY�SRmO0�Z\�â ^�Q\ n L|\ R NWP3XcOV�gN!XcO��!\����.�¦N�â����UNY�f�Wâ��HP!\n�UNY�CO��KO?NY�·N!X�NupqN!h�Y�X;â¢\�� n � �Wâ9�¦P!\n�UN!��CO@h{âQP{N!XP�Wâ��qp ä �SR[â D6

�qâ��Zh«O��Uâ%YSâ���X;âQP��S¥Uh{NY�WâQPB��O@R ä �~O@X;NWP6� ä N�PQâ��¿�@\��Q\;PQâ��gNWP�UN àQs N!X�YHO0� (D6, R ∩ (D6 × D6))
NWP ä ��û@X �UNAë4�~Oq�UN ¼ âQâaX;N ^ L	N=YA�gâWYSâ��vN(�Wâah{âNupqNY���!\��!\�â��@\]ë ä p(O0�=P ä �@\]Om�0�CO@h«O(�UNE½wOFPgPQN ^�Q\�\ n�_ XZ�Wâ��qp ä �SR�â0�qâ��!h«O��Uâ¢Y|â��?O�� ä N!X�X;âQP«P ä ëY�Wâ��qp ä �SR[âQP A �UN

N
R�O@X;NWP>� ä N�âëA\�NY�

A
NWP�tp�S\�R[â s â9ëA\�NY��P ä �Wâah�Y�X;N!h{NY�SR�O0�Z\�â N − A

NWP�tp�S\�R�â s �Wâ��HP!Rb\�R ä � N ä �û@X �UNAë4�CO.�UN ¼ âQâaX;N(�gNWP[YSN��!R[âH�UN!XGâ����UNY� ä P ä O@X��KO��Uâ«YSâ��{XcOH�gN!XcO��!\���� ⊆ ^·_ �åNWP!R�Nû@X �UNAë4�CO(�UN ¼ â³âaX;N s �Wâah{â�PQN=PQNYd�O@X<��O0�SR[NWP s A ∨B = A ∪B � A ∧B = A ∩B.ã ��]����¦x@h�ka��y(�U�����Uj4����Vmh����IkA�
O "(!#/|:#��"  ! �  � 4 , 4 &9/�87!x/;& , ! ,� �) 4 :  4 ) & , &0/<1�!(¾ ) & + :4& , &@>�& ) !A:#! 4 "�&T"��U: + Æ�"«8�!+<, �0'6� ) » , '���8�! G /<10!A¾ ) & , 8�!��{����/2! NI>�KJ}�[�n���nkA�Ñ»��;ß	�n^�bo¤%âQP`û@X �UNAë4�COaPW�UN ¼ âQâaX;N (A,∨,∧) � (A′,∨′,∧′) PQâ��o�bj4] �xf]��aÏ�hSj�P!\GN~}�\;P!R�N

f : A → A′
ëA\ � N��!Rb\��aO=�UN%h«O0�vNY�CO>� ä N5YHO0�~Oq�CO��KO a, b ∈ A

PQN
Rb\�NY�vNs� ä N f(a ∨ b) = f(a) ∨′ f(b) s f(a ∧ b) = f(a) ∧′ f(b) � XcO?\�h«Om�UNY�{YSâ�� f�UN!X}�Wâah�Y�X;N!h{NY�SR�O0�Z\�â��UN

a
NWP�N!X[�Wâah�Y�X;N!h{NY�SRmO0�Z\�â��UN

f(a) ^ºD� , G /<10!A¾ ) & , 8�!!�{����/<! +<, �0'6� ) En& ,[, ��"	D�!#"¢: 4 &9"  �T& , 4 ! ,� *) 4 :  4 ) &w8�! G /21�!A¾ ) &8�!"�P����/<!FD + 87Ë#"  *+ :�& , D9& 4 "76 4 !  !4"71�&0"T!4/2!4'�!4"  � , 8 + EI! ) !4"  ! ,4N}O / ,�+ 1 4 + !4"  !  !#� ) !#'(&"�� , >A! ) ' +3 !=:�& ) &@:  ! )�+ Ä�& )z �U8�& , /<& , G /21�!(¾ ) & , 87!#�P����/<!�»�" +3 & , ½ã ��]����¦x@hf»��;ß	�%^�� l ÷�NWâ��gN!h«O@�UNQ�WN[YA�gNWPQNY�SR�O��!\���� n�´�ä O@X3� ä \�NY�'û@X �UNAë4�CO@�UN ¼ âQâaX;N»�" +2 &¯NWP�\;PQâah{â��u�(O·O@X5û@X �UNAë4�~O5�UN ¼ âQâaX;N P(X)
�UN�XcOaP�YHO0�!R[NWPq�UN ä �á�Wâ��qp ä �SR[âtp�S\�R�â

X ^
Ê & + 8�!4&�8�!6/;&�8�!#'6� ,8 *) &@: + Æ�"@! , /;& ,�+ 1 4 + !4"  ! N Ð !�& A 4 " G /<10!A¾ ) &�8�!$�{����/2!

»�" +2 & N·? ��" ,�+ 8�! ) &0'�� , !4/5:#��"aÅ 4 "  � Aatom

EI� ) '(&F8���>A� ) /<� , û�R[âah{âQPW�UN A Dz! ,8�!A: +<) D�&@6 4 !#/</2� , !4/2!4'�!4"  � , a ∈ A
:�& ) &@:  ! )�+ Ä4&@8�� , >A� ) /<& ,�+ 1 4 + !4"  !w> ) ��> + !A8�&@8v½

x ≤ a⇒ (x = 0 ∨ x = a).Ð !3> 4 !A8�!38�!#'6� ,8 *) & ) 6 4 ! A ! ,x+<, ��'6� ) En&B&9/ G /21�!A¾ ) & P(Aatom)
8�!T/<& , >�& )8 ! , 8�!4/:4��"aÅ 4 "  � Aatom N

? ��'��?:#��" , !(: 4 !#"7: + & ,F+ "�'�!A8 + &  & , 8�!B! ,� !  !#� ) !#'(&{>A�¦87!4'�� , ! ,� &@¾�/2!A:4! ) /<& ,,�+ 1 4 + !#"  ! , ½



L0L Ï Ó�Ô=Õ�ÖA×�ØeÙÉÚ�ý�Û�Ü1þ�Ù�Ô0Ó�Ý!ÚGç�þÁÿ�ùrþÁÿ�×.Ü�Ø�Ó1×�ØeÜ1Ô=ÿ�Ý�çDv?ØÉÓ�Ýwv,Ôwÿ
• e[�U8�& , /;& , G /<10!A¾ ) & , 8�!%�P����/<!?»�" +3 & ,� �+ !#"�!4" 2n !4/2!4'�!4"  � , D ,�+ !4"H8�� n

!#/"���'�! ) �«87! , 4 , G  ��'6� ,4N
• ºD� , G /<10!A¾ ) & , 8�!&�{����/2!{»�" +2 & , :4��"¿!#/�' +2, '��q"���'�! ) �98�! G  ��'�� , D-�`8�!!4/2!4'�!4"  � , D , ��" +2, ��'�� ) En& ,4N
Ò}& ) &�»�"�&0/ + Ä�& ) D�B9&0'�� , &H! ,� &F¾�/<!(:4! ) 4 "�> )�+ "7: + > + ��6 4 !�>A! ) ' +2 �+<) G ��¾KB + & ) /;&87!4'�� ,� �) &@: + Æ�"'87!T' 4 :,+�& , > ) ��> + !A8�&@8�! ,4N

ôT���%�����u�[�I]�ka�`k�lahST%�]k�h7k
? & ,�+P �U8�& , /;& , > ) ��> + !A8�&@87! ,s) !4/<&@: + ��"�&@8�& , :4�0"�/<� ,R) !  é�: 4 /2� , <f/<& , G /<10!A¾ ) & ,87!
�{����/2!  *+ !4"7!4" 4 "�&�B�! )�,�+ Æ�"�>�& ) &W/;&W�@>A! ) &F: + Æ0" ∨ <5�  *) &�>�& ) &H/<&W��>A! ) &@: + Æ�"

∧ N>Op,8 �q"��q! , >A� ) :4& , 4 &9/ + 8�&@8 ,�+ "���:#��" , !A: 4 !4"7: + &�8�!6/;&'> ) �@> + &>! ,� �) 4 :  4 ) &�8�!G /<1�!(¾ ) &�8�!$�{����/2! N ºD!�+�!(:*+7�7D-! ,� G ) !#/;&@: + ��"�&@8���:#��" 4 " ) ! , 4 /  &@8���6 4 !�+�!#'6� ,B +2,� �@!4"~/<&i> )�+ '�! ) & , !A:(: + Æ�"�8�!S! ,8 !�:�&@>Hé  4 /<�7D{& , &@¾A! ) DG6 4 ! ,�+ (A,≤) ! , 4 ":#��"aÅ 4 "  �F� ) 8�!#"�&@8��HD�!#"  �0"7:4! , (A,≥)  &0'�¾ + Ë#"B! , 4 "«:#��"aÅ 4 "  �F� ) 8�!#"�&@8��HD 8���"H8�!
≥= (≤)−1.

O-,8 �:! , D�/<& ) !4/;&F: + Æ�"«87! + " B�! )�, &38�! 4 "�& ) !#/;&@: + Æ0"«8�!x� ) 8�!4"�8�&@8�&¦D  &9'�¾ + Ë4"�! , 4 "�&) !4/<&@: + Æ�"·8�!Q� ) 8�!4" N � 8�!4' G , D�"�� ) ! , 4 /  &�8 + Eué;: + /Á:#��'«> ) ��¾�& ) 6 4 !FD ,�+ !4" (A,≤) !4"�!#'6� , 6 4 ! x∨ y = M
<
x∧ y = m

D�!4"V!#/�:4��"³Å 4 "  �s� ) 8�!#"�&@8��%:4�0"V/<& ) !4/;&F: + Æ0"87!T� ) 8�!#" + "KB�! )�, &HD (A,≥)  !#"78 ) !#'�� , 6 4 ! x ∨ y = m
<
x ∧ y = M N Ò[� ) !4/</2�7D�&>�& )� �+<) 87!w: 4 &9/;6 4 + ! ) !#" 4 "7: + &@8���B G / + 8��:!4" 4 " ) !  é�: 4 /2�s�B!4" 4 " G /21�!A¾ ) &%8�!'�{����/<!, !�> 4 !A87!���¾  !4"�! ) 4 "s" 4 !(B��E!#" 4 "7: + &@87��B G / + 8�� ,�+ ":' G , 6 4 ! , 4 ,� *+3 4 +2) !4"s!#/�' +<, '6�:4&@8�& 4 "7�«8�!F/<� ,z,�+ 1 4 + !#"  ! ,Z, é<'�¾A��/2� , >A� ) !4/�6 4 !T&@>�& ) !A:#!R& , 4 87! ) !(:*+�&H½

≤ >A� ) ≥
∨ >A� ) ∧
∧ >A� ) ∨è >A� ) á
á >A� ) è

Ê &Q! � > ) ! ,�+ Æ0"���¾  !4" + 8�&Q&0/ ) !�&0/ + Ä�& ) /<& ,E, 4 ,� �+2 4 : + �0"�! , &9"  ! )�+ � ) ! , ! , 8�!4"��0' + Ã"�&@8�&�! � > ) ! ,�+ Æ�"�8 4 &0/	8�!F/;&s! � > ) ! ,�+ Æ�"�8�&@8�& N� , éS>A� ) !�Å�!#'�>7/<�7D ,�+ (A,≤) ! , 4 " ) !  é;: 4 /<�y� 4 " G /<10!A¾ ) &=8�!(�{����/2!@D@< x, y ∈ A !4"78 ) !4'�� , 6 4 !



ýKÛ*) Ûrþz�aþ�ÜwÓ�Ý!Ó�Ý!Ú,ÿ L�L Û
• ºD!:/<&,+ ) �-+ + !/.�&-. x ∨ x = x 0 �@¾  !#" . ) é<&0'�� , . +2) !/1  &9'6!#"  ! 0 +A� ) . 2�&0/ + .�&-. 03 2�! x ∧ x = x N
• ºD!E/;&#+ ) �4+ + !5.�&-. x ≤ (x∨ y) ��¾  !4" . ) é;&9'6� , . +<) !51  &0'�!4"  ! 0 +A� ) .62�&0/ + .�&-. 03 2�! x ≥ (x ∧ y) � 0 ! 3 2 +87 &0/2!4"  !4'�!4"  ! 0 (x ∧ y) ≤ x N
• ºD!H/<&9+ ) �4+ + !/.�&-. (x ∨ y) = (y ∨ x)

��¾  !4" . ) é;&0'�� , . +<) !/1  &0'�!4"  ! 0 +A� ). 2�&9/ + .�&-. 0 3 2�! (x ∧ y) = (y ∧ x) N
• ºD!P/;&:+ ) �4+ + !/.�&-. x∨(y∧z) = (x∨y)∧(x∨z) ��¾  !4" . ) é;&9'6� , . +<) !/1  &0'6!#"  ! 0+A� ) . 2�&0/ + .�&�. 0 3 2�! x ∧ (y ∨ z) = (x ∧ y) ∨ (x ∧ z) N
• ºD!�/<&;+ ) �-+ + !/.�&-. x ∨ 1 = 1

��¾  !#" . ) é;&0'�� , . +<) !/1  &0'6!#"  ! 0 +A� ) . 2�&0/ + .�&-. 03 2�! x ∧ 0 = 0 N
ì(ë=< >H¢vï@?�ñÉòAñ�òYöBA
\��4�������%���I]Ñ^�`	ß	� O-,� 2 . + & )�,�+ /;& ,x,�+ 142 + !4"  ! ,x) !#/;&-1 + ��"7! ,x, ��" ) !#/;&-1 + ��"7! , .�!R� ) .�!4"�,.�!F! 3 2 +C7 &0/2!4"61 + &¦½+�X Ð !4&�!#/D14�0"aÅE2�"  � N7 F /<& ) !4/<&-1 + Æ�" aRb ,�+ a+ b < 9 N+<+;X Ð !�&�!4/G14��"aÅE27"  � R .7!T/<& ,z) !51  & , .7!4/D+�/<&0"�� F /;& ) !4/<&-1 + Æ�";.�!H+�& ) &0/2!4/ +3, '�� 0! ,� �6! ,50 rRr′ ,�+ r F r′ , ��"
+�& ) &9/<!4/<& ,4N+<+2+;X Ð !�&=!#/I1#��"aÅE2�"  � A = {a, b, c, d, 1, 2, 3} N(O "�Ë4/�.�!(»�" + '�� , 2�"�& ) !#/;&�1 + Æ0"+A� ) /;&	152�&0/D.�&�.�� , m,n ∈ A mRn ,�+ �¢¾ + !4" m F n , ��"S&9'�¾A� , "��7'6! ) � , �«¾ + !#"
m F n , ��"S&0'�¾A� , /2!  *) & ,4N+C77X Ð !�&Q!#/�14�0"aÅE2�"  � B = {1, 2, 3, 4, 7, 8, 90} NsO "9Ë#/�.�!(»�" + '�� , /<& ,�+ 1-2 + !#"  !) !4/<&-1 + Æ�" S 0 aSb ,�+ 3a > b N
\��4�������%���I]Ñ^�`�à��D�x!/+ ) ! , !#"  & ) '�!/. + &0"  !H. + 1 ) &�JI� , F , 2 , '6&  �)�+ 1#! , /<& ,Z) !#/;&-1 + �0"�! ,.�!4/�![Å�! ) 1 + 1 + ��&0"  ! )�+ � ) .7!(»�" + .�& ,Z, �@¾ ) !H14��"³ÅE2�"  � , »�" +2 � ,4N
\��4�������%���I]o^�`���� O "q/<& ,Z) !4/<&-1 + ��"�! , .�!4/a!�Å�! ) 1 + 1 + ��è Û MK.�!(»�" + .�& ,x, ��¾ ) !#1#��"aÅE27"  � ,»�" +2 � , 3 2�!="�� , !�&9" ) !ML�! � +C7 & ,qUn) ! , +A!/1  �+C7 &9'6!#"  ! ,�+ '�Ë  *)�+ 1�& ,/0p) ! , +A!51  *+87 &0'�!4"  ! *) &9" ,�+3 *+C7 & ,�X 14&0/N1/2�/;& )p, 2O1#/;&-2 , 2 ) & ) !/L�! � +C7 & UI) ! , +A!51  *+C7 &0'�!4"  ! ,�+ '«Ë  �)�+ 1�& 0�) ! , +A!/1!Ã *+C7 &0'�!4"  !  *) &0" ,�+2 *+87 & X�N
\��4�������%���I]V^�»�
��pe���'(& ) /;&�14/;&�2 , 2 ) & ) !/L�! � +87 & F  *) &9" ,�+3 *+C7 &@.7!p/<& ) !#/;&�1 + Æ0"'.7!(»�" + .�&!4"=!4/D1#��"aÅE2�"  �

{1, 2, 3, 4, 5, 6}



L0L ¹ Ó�Ô=Õ�ÖA×�ØeÙÉÚ�ý�Û�Ü1þ�Ù�Ô0Ó�Ý!ÚGç�þÁÿ�ùrþÁÿ�×.Ü�Ø�Ó1×�ØeÜ1Ô=ÿ�Ý�çDv?ØÉÓ�Ýwv,Ôwÿ
1#��'��7½

R = {(1, 2), (1, 4), (3, 6), (5, 4)}.
é ! )�+ »�1�& ) 3 2�!S! , 2�"�& ) !#/;&-1 + Æ�"�.�!=� ) .�!#" N �Z!5+ ) ! , !4"  & )6, 2P. + &01 ) &0'6&Q.�!q§�& , Ã, ! N@? &0/N1/2�/;& ) !4/2!4'�!4"  � , '6& � + '6&0/3! ,50 ' + " + '�&0/3! , F ' G�� + '�� , F '«é<" + '�� ,R,�+ /2� ,R 27¾ + ! ) & N
\��4���9���n���I]o^�»�^��Zº�! , 1 )�+ ¾ +<) !4/D1#��"aÅE2�"  �,1#�S1 + !#"  !�.7!«è Û M N +<+;XYN
\��4���9���n���I] ^�»�b�� Ð !�&@!4/(1#��"aÅE2�"  � A = {α, β, γ, ω} N e[�0'(&0'�� , /;& ,�+ 142 + !4"  !) !4/<&-1 + Æ�"Q!4"�Ë4/b½

R = {(α, α), (α, β), (α, γ), (γ, ω)}.
? �0" ,� �) 2 +2) /<&:14/<&-2 , 2 ) & ) !/L�! � +C7 & F  *) &0" ,�+2 *+87 &:.�! R F 7 ! )�+ »�1�& ) 3 2�!P! , 2�"�& ) !4/<&-1 + Æ�".7!p� ) .�!#" N �Z!5+ ) ! , !4"  & )�, 2�. + &91 ) &0'6&�.7!�§D& ,�, ! F 1#��" ,8 *) 2 +2) 2�"�& ) !#/;&-1 + Æ�"T.�!p� ) .�!4" �  &9/ 3 2�!�14�0"  !#"�1�&�& R N
\��4���9���n���I]@^�»�����ºD!#'6� ,� *) & ) 3 2�!�!4"O1/2�&0/ 3 2 + ! ) G /21�!A¾ ) &H.�!U�P����/<! , ! 7 ! )�+ »�14&0"(/<& ,/2! F ! , .�!�¤	V � â��%�XW0�S½ ∀x, y ∈ A, (x ∧ y)′ = x′ ∨ y′ F (x ∨ y)′ = x′ ∧ y′, .���" .�!
x′

.�!4"7�  &�!#/D14��',+�/2!4'�!4"  & )�+ �	.�! x N
ì6ëEY >W¢	ï@?�ñ�ò(ñ�òYöBAZ?.ï:Aa£'ïGÇ�¤aöBA
\��4���9���n���I]o^�À	b��

+�X Ð !4& (a, b) ∈ R N_? �0'6� (b, b) ∈ IdA

!4"  ��" 1#! , (a, b) ∈ R ◦ IdA N¿O-,� �+ ) 2�!(¾�& 3 2�! R ⊂ R ◦ IdA N Ð + (a, b) ∈ R ◦ IdA

!#"  �0" 14! , +A� ) .�!(»�" + 1 + Æ�"W! � +<,8 !
c ∈ A  &0/ 3 2�! (a, c) ∈ R F (b, c) ∈ IdA N Ò�� ) .�!(»�" + 1 + Æ�"%.7!:/;& + .�!4"  *+ .�&-. b = c

F , !  �+ !#"�!F!#/��  *) �[14��"  !#" + .�� N+<+;X Ð ! ) &FÄ4��"�&[14�0'6��!#" +;XYN+<+2+;Xp? ��'��	14&-.�&:!#/<!#'6!#"  �B.7! IdA

! , .�!D/;&�JI� ) '6& (a, a) 0 1#��" a ∈ A
!4"  ��" 1#! ,/<& ) !4/<&-1 + Æ�" + " 7 ! )�, &�"��  *+ !4"7!F" + "�1���">!4/2!4'�!4"  ��"S27! 7 � N+C77X Ð !�& (a, d) ∈ R ◦ (S ◦ T ) NRO � +2,� !B!4"  ��"614! , b ∈ B  &0/ 3 2�! (a, b) ∈ R F

(b, d) ∈ S ◦ T N ºD!s/;& , !4142�"6.�& ) !4/<&-1 + Æ�"%.7!	+A! )8 !#"�!4"�!/1 + & , !	.7!5. 2 1#! 3 2�!s! � +<,8 !
c ∈ C  &9/ 3 27! (b, c) ∈ S F (c, d) ∈ T N Ò[� )T &0"  � 0 .�!(/<&=! � +<,8 !4"61 + &%.�!

b 0}, !.7!5. 2 1#! 3 2�! (a, c) ∈ R ◦ S N Ð !T14��"614/C2 F !y/;& + " 1#/N2 ,�+ Æ0"$.7! + Ä 3 2 + !5.�&s&	.�! ) !51 R &K.�!#/R !51 R � 3 2�! (c, d) ∈ T NpO /��  *) �[1#��"  !4" + .�� , ! ) &@Ä4�0"�&�&0" G /<�01�&0'�!#"  ! N
77X C ¾ , ! )E7 !#'�� , 3 27! (c, a) ∈ (S ◦ R)−1 ,�+ F , �0/;&0'�!4"  ! ,�+ ! � +2,� ! b ∈ B F

(a, b) ∈ R F (b, c) ∈ T NtO-,� �T! , ! 3 2 +C7 &9/<!#"  !Z&T.�!/1 +2) (b, a) ∈ R−1 F (c, b) ∈ T−1 Nº�!T! ,8 &�'(&9"�! ) & (c, a) ∈ R−1 ◦ T−1 N



ýKÛ]\KÛrþz�aþ�ÜwÓ�Ý!Ó�Ý!Ú,ÿ�Ü5þÁÿ�Øeþ�Ù�×�Ú,ÿ L�L M
\��4�������%���I] ^�À	��� +;X�Ê & ) !#/;&-1 + Æ�" R

! ,�) !/L�! � +87 & ,�+ F , ��/;&9'6!#"  ! ,�+ (a, a) ∈ R+�& ) &^1�&-.�&
a ∈ A N Ò[� )� &9"  � +�X ! , ! � &-1  &9'6!#"  !:/;&^.�!!»�" + 1 + Æ�"Q.7!s/;&,+ ) �4+ + !/.�&-.) !/L�! � +C7 & N+<+;X R ! ,x,�+ '«Ë  *)�+ 14& ,�+ F , ��/<&0'6!#"  ! ,�+ (b, a) ∈ R

+�& ) &[14&-.�& (a, b) ∈ R N+<+2+;X R ! , &0"  �+<,�+ '«Ë  �)�+ 14& ,�+ F , ��/<&0'�!4"  ! ,�+ (a, b), (b, a) ∈ R + '^+7/ + 1�& a = b 0! 3 2 +C7 &0/<!#"  !4'�!4"  ! (a, b) ∈ R ∩R−1 + ',+�/ + 14& (a, b) ∈ IdA N+C77X R ! ,F *) &0" ,�+3 *+87 & ,�+ F , ��/;&9'6!#"  ! ,�+ (a, b), (b, c) ∈ R + ',+�/ + 14& (a, c) ∈ R NÒ[! ) � (a, b), (b, c) ∈ R
! , ! 3 2 +87 &0/2!4"  !T& (a, c) ∈ R ◦R N

\��4�������%���I]_^�ÀAÀa�
+�X�? ��'6� R ! , 2�"�& ) !#/;&-1 + Æ�"^.�!E! 3 2 +C7 &0/2!4"61 + &R!4"  ��"614! , ! ,�) !ML�! � +C7 & 0 .�!E'��S.��3 27!�+�& ) &[14&-.�& a ∈ A , !  *+ !4"�! 3 2�! aRa F .�!F! ,� !F'6�S.�� a ∈ a N+<+;X Ð !4& c ∈ a

!#"  ��" 1#! , cRa F aRb N Ò[� ) /;&,+ ) �4+ + !5.�&-.  *) &0" ,�+2 *+87 & cRb F & , é
c ∈ b N ºD! + 142�&0/�'(&0"7! ) & , !�+ ) 2�!(¾�&�!#/��  *) �[14��"  !4" + .�� N+<+2+;X Ð 2 +A��"�1�&0'6� , 3 2�! a ∩ b 6= ∅ !4"  �0" 14! , ! � +<,8 ! c ∈ A

.�!T'��S.�� 3 2�! aRc F
bRc

/<� 3 2�!x1�& ) &0"  �+ Ä�&T+A� ) /;&'+ ) �4+ + !/.�&-. ,�+ '«Ë  *)�+ 14& F +A� ) /;&'+ ) �4+ + !5.�&-.  �) &0" ,�+2 �+C7 &3 27! aRb F +A� )Z+2+�X 3 2�! a = b
/<� 3 27!�.�&[2�"�&[14��"  *) &�. + 1/1 + Æ�" N+C77X Ð !4& c ∈ A

!4"  ��" 1#! , c ∈ c
+A� ) /<� 3 2�! , !  *+ !4"�!y/;& + 142�&0/N.�&�. ) ! 3 2�! )�+ .�& N

\��4�������%���I]_^�À�`��
+�XTO-, 2�"�& ) !#/;&-1 + Æ�"9.�!V! 3 2 +87 &0/2!4" 1 + & N.O "¿!/JI!/1  � 0 ! ,B) !/L�! � +C7 &_+A� ) 3 2�!  �S.�&+�&0/;&F¾ ) & p !4',+ + !AÄ�&[+	� ) /;&�' +2, '6&B/<!  *) & 3 2�!:/<&[+ ) �4+ + &[+�&0/<&@¾ ) & p NZO-,�,�+ '«Ë  �)�+ 1�&+A� ) 3 2�! ,�+ pRq !#"  �0" 14! , /<&(+ )�+ '�! ) &Z/<!  *) &:.�!P/;&:+�&0/<&@¾ ) & p ! ,[+ 142�&0/ 3 27!{/;&:+ )�+ '�! ) &/<!  �) &'.�!x/;&'+�&0/;&F¾ ) & q 0 +A� )p &0"  � qRp 0 + 2�! ,P, 2 , + )�+ '�! ) & , /<!  *) & ,p, ��" + 1-2�&0/<! ,4N ºD!+ 142�&9/['6�S.�� ,�+ /<&$+ )�+ '�! ) &(/<!  *) &O.�!B/;&O+�&0/<&@¾ ) & p ! ,y+ 142�&9/ 3 27!�/;&O+ )�+ '6! ) &(/2!  �) &.�!Q/;&%+�&9/;&@¾ ) & q F /;&%+ )�+ '�! ) &S/<!  *) &%.�!Q/<&%+�&0/<&@¾ ) & q ! ,B+ 142�&0/ 3 2�!Q/;&%+ )�+ '�! ) &/<!  �) &^.�!s/;&^+�&9/;&@¾ ) & r 0 !4"  ��" 1#! , /;&^+ )�+ '�! ) &6/<!  *) &O.�!s/<&^+�&0/;&F¾ ) & p ! ,E+ 1-2�&0/ 3 2�!/;&,+ )�+ '�! ) &�/2!  *) &,.�!:/<&,+�&0/<&@¾ ) & r 0 +A� ) /<� 3 2�! , !  �+ !4"7!R/;&,+ ) �4+ + !5.�&�.  *) &9" ,�+3 *+87 & Nr �6! , 2�"�& ) !4/<&-1 + Æ�"&.�!T� ) .�!4"`+A� ) 3 2�! R & F +�&0/<&@¾ ) & , . +2,� *+ "  & , 1#��'�� alto F alba3 27! 7 ! )�+ »�14&0" altoRalba F albaRalto 0 /N2�!#1���"���! , &9"  *+2,�+ '«Ë  *)�+ 1�& NO /a1#��"aÅE2�"  �914�S1 + !#"  !S! , !#/a1#��"aÅE2�"  �9.�!q/2!  *) & , +62�! ,(, !%+ 27!5.�! + .�!#"  �+ »�14& )1�&-.�&[1#/;& , !H.�!F! 3 2 +87 &0/2!4" 1 + &K14�0"S/<& + " + 1 + &9/b.7!�1/2�&0/ 3 2 + ! ) &K.�!F/;& , +�&9/;&@¾ ) & , 3 2�!T/<&JI� ) '6&0" N
+<+;XpOp,�) !ML�! � +C7 &K+ 27! , {(a, a), (b, b), (c, c), (d, d)} ⊂ R Npr �B! ,z,�+ '�Ë  *)�+ 1�&�+ 2�! ,

(a, b) ∈ R
+A! ) � (b, a) /∈ R NFO-, &0"  �+<,�+ '«Ë  �)�+ 14&^+62�! , "c2�" 14& , !  �+ !#"�!4" m 6= l  &9/3 27! (m, l) ∈ R F (l,m) ∈ R NSO-,R *) &0" ,�+2 *+87 &&+ 2�! , !4/���" + 14�`1�& , � ) !#/<! 7 &0"  !6! ,

(a, b), (b, c) ∈ R F !/JI!51  *+87 &0'�!4"  ! (a, c) ∈ R N Ò[� )s &0"  �.! , 2�"�& ) !#/;&-1 + Æ0"�.�!



L0L ¼ Ó�Ô=Õ�ÖA×�ØeÙÉÚ�ý�Û�Ü1þ�Ù�Ô0Ó�Ý!ÚGç�þÁÿ�ùrþÁÿ�×.Ü�Ø�Ó1×�ØeÜ1Ô=ÿ�Ý�çDv?ØÉÓ�Ýwv,Ôwÿ

� + 142 ) &s¹ N MU½ O Å�! ) 1 + 1 + �'è Ï�Û�NÐ+2+;XYN º + &91 ) &9'(&B.�!T§D& ,�, !

� ) .�!#" U +�& ) 1 + &0/ X +A! ) �."��_.7!Q! 3 2 +87 &0/2!4" 1 + & N Ð 2�. + &01 ) &0'6&`.�!Q§D& ,�, !Q! ,8 G !#"¿/;&� + 142 ) &B¹ N M N+<+2+;Xy? ��'��  �S.��S"���'�! ) �q!#"  ! ) �q"��q"c2�/<� n  *+ !#"�!6!#/�' +<, '�� ,�+ 10"�� 3 2�! n , ! �+ !#"�!D/<&�+ ) �4+ + !/.�&-. ) !ML�! � +C7 & N Ð + a, b !#"  ! ) � , "��:"S2�/2� ,d7 ! )�+ »�14&0" 3 2�! signo(a) =
signo(b)

!#"  �0" 14! , signo(b) = signo(a)
14��"¿/<� 3 27!>/;& ) !4/<&-1 + Æ�"�! ,�,�+ '�Ë  *)�+ 14& Ne[&0'�¾ + Ë4"=! ,x *) &0" ,�+3 *+87 &K+ 2�! ,�, !  *+ !4"�! 3 2�! ,�+ signo(a) = signo(b) F signo(b) =

signo(c)
!4"  ��" 1#! , signo(a) = signo(c) N Ò[� )D &0"  �V! , 2�"�& ) !#/;&-1 + Æ0"Q.�!s! 3 2 +fe Ã

7 &0/<!#" 1 + & F "���! , .7!T� ) .�!4"
+A� ) 3 2�!T"7��! , &0"  *+2,�+ '«Ë  *)�+ 1�& U R & F "���'�! ) � , . +<,8 *+ "  � ,1#��"=!4/�' +<, '6� ,�+ 1�"�� X�NO /g14��"aÅE27"  �	1#�S1 + !4"  !  *+ !4"�!a.�� , !4/2!4'�!4"  � ,/0 . + 1�&0'6� , signo+ F signo− 0 3 2�!, ��" 0Z) ! , +A!/1  *+87 &0'�!4"  ! 0 /;&�1#/;& , !%.�!q! 3 2 +C7 &0/<!#" 1 + &�.�!W/2� , +A� ,�+3 *+87 � , F /;&�.7!W/2� ,"7!41�&  �+C7 � ,#N+C77X�O-,a) !ML�! � +87 &:+ 27! , +�& ) &!14&-.�&z"���'6! ) � ) !�&9/ a , !  �+ !4"7! 3 2�! a−a = 0 ∈ Z N[O-,,�+ '«Ë  �)�+ 14& F & 3 2�! ,�+ a−b ∈ Z
!4"  ��" 1#! , b−a ∈ Z N}Op,� *) &0" ,�+3 *+87 &:+ 2�! ,},�+ a−b ∈ Z

F b− c ∈ Z
!4"  �0" 14! , /;& , 2�'6&:! , 2�"V"���'�! ) �s!#"  ! ) �7½ a− b+ b− c = a− c ∈ Z NÒ[� )z &9"  ��! , 2�"�& ) !4/<&-1 + Æ�";.�!F! 3 2 +87 &0/<!#" 1 + & 3 2�!T"���! , .7!T� ) .�!#" NÐ !  *+ !#"�! 3 27! a = {a+ k : k ∈ Z} NÐ !$+62�!5.�!  ��'6& ) !4"�14&-.�&%14/<& , !O.7!V! 3 2 +87 &0/2!4" 1 + &`2�" ) !5+ ) ! , !4"  &0"  !Q!4"  *) !?á

F 2�"�� U +A�S.7é;&0'�� , .�!51 +<)50�, 2%+�& )� !#.�!/1 + '(&9/ X +A� ) /<� 3 27!:!4/h14��"aÅE27"  �^14�S1 + !4"  ! , !+62�!5.�! + .�!4"  *+ »�1�& ) 14�0"S!#/ + "  ! )=7 &0/2� [0, 1) N



ýKÛ]\KÛrþz�aþ�ÜwÓ�Ý!Ó�Ý!Ú,ÿ�Ü5þÁÿ�Øeþ�Ù�×�Ú,ÿ L�L Â
\��4�������%���I]_^�À�»��

+�X N5 = {1, 2, 3, 4, 5} NÁÊ & ) !4/<&-1 + Æ�"Q! , !4/ ,�+ 142 + !4"  !'1#��"aÅE2�"  �7½
R = {(2, 5), (5, 2), (3, 4), (4, 3)}.

Ê &  &@¾�/<&W& , �S1 + &-.�&%1#��" ,�+<,� !V!4" ) !5+ ) ! , !4"  & ) /<� , + 2�"  � , .�! R !4"�2�"�+�/;&9"��
14��� ) .�!4"�&�.�� NO /D. + 1 ) &�JI�B& , �S1 + &-.���! , ½

(N5, {(2, 5), (5, 2), (3, 4), (4, 3)}).

+<+;XPO "=! ,8 !�1#��"aÅE2�"  ��/;& ) !#/;&-1 + Æ�"Q! , ½
R = {(1, 1), (1, 2), (1, 3), (1, 4), (1, 5), (1, 6), (1, 7), (1, 8), (1, 9), (1, 10),

(2, 2), (2, 4), (2, 6), (2, 8), (2, 10), (3, 3), (3, 6), (3, 9), (4, 4), (4, 8), (5, 5), (5, 10)

(6, 6), (7, 7), (8, 8), (9, 9), (10, 10)}
Ê &  &@¾�/<&W& , �S1 + &-.�&%1#��" ,�+<,� !V!4" ) !5+ ) ! , !4"  & ) /<� , + 2�"  � , .�! R !4"�2�"�+�/;&9"��

14��� ) .�!4"�&�.�� NO /D. + 1 ) &�JI�B& , �S1 + &-.���! , ½
(N10, R).

+<+2+;XÉÊ & ) !4/<&-1 + Æ�"Q! , ½
R = {(∅, ∅), (∅,N1), (∅,N2), (∅,N3), (∅,N4), (∅,N5), (N1,N1),

(N1,N2), (N1,N3), (N1,N4), (N1,N5),

(N2,N2), (N2,N3), (N2,N4), (N2,N5), (N3,N3), (N3,N4),

(N3,N5), (N4,N4), (N4,N5), (N5,N5)}
Ê &  &@¾�/<&W& , �S1 + &-.�&%1#��" ,�+<,� !V!4" ) !5+ ) ! , !4"  & ) /<� , + 2�"  � , .�! R !4"�2�"�+�/;&9"��

14��� ) .�!4"�&�.�� 0� ��'6&0" .��'1#��'��H1#��� ) .�!#"�&-.�& , /<� ,t, 27¾Hé<" . + 14! ,�U !#/|á'+�& ) &y!#/�1#��"aÅE2�"  �
7 &-1(é<� X�NpO /D. + 1 ) &�JI��& , �S1 + &-.���! , ½

(A,R).

+C77X�Ê &  &@¾7/;&T& , �S1 + &-.�&H14��" ,�+<,8 !�!#" ) !/+ ) ! , !4"  & ) /<� , + 27"  � , .�! R !4"O27"O+�/;&9"��
14��� ) .�!4"�&�.�� 0� ��'6&0" .��$+A� ) !�Å�!#'^+7/<�

a = 1 0 b = 2 0 d = 3 F c = 4 NsO /�. + 1 ) &�JI�& , �S1 + &-.7��! , ½
(B,R).
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\��4���9���n���I]o^�À�ß	�

+�X e[�0'(&0'�� , N5

� ) .�!#"�&-.��,.7!T/<&	JI� ) '(&	2 , 2�&0/ N












0 0 0 0 0
0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0













+<+;X e���'6&9'�� , N10

� ) .�!#"�&-.7�,.�!T/<&	JI� ) '6&	2 , 2�&9/ N
































1 1 1 1 1 1 1 1 1 1
0 1 0 1 0 1 0 1 0 1
0 0 1 0 0 1 0 0 1 0
0 0 0 1 0 0 0 1 0 0
0 0 0 0 1 0 0 0 0 1
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

































+<+2+;X e[�0'(&9'6� , A � ) .�!#"�&-.��,.7!T/<&	JI� ) '(&s!#" 3 2�!F! ,� G ! , 1 )�+2 � N
















1 1 1 1 1 1
0 1 1 1 1 1
0 0 1 1 1 1
0 0 0 1 1 1
0 0 0 0 1 1
0 0 0 0 0 1

















+C77X e���'6&0'6� , B � ) .�!#"�&-.��,.7!HJI� ) '6&�&9/CJn&@¾�Ë  *+ 1�& N








0 0 1 1
0 1 0 0
0 0 1 1
0 0 0 1









\��4���9���n���I] ^�À	à��oÒ[�S.�!#'6� , R &-1#! ) /2�5&-2  �0' G  *+ 1�&0'�!4"  !='6!/. + &9"  !
2�"i+ ) �S1#!5. + Ã' + !#"  �K.�!R�q&-+7/<! Uj7 ! ) /;&�Ò ) G 1  *+ 1�& Û .�!R�q&-+7/<!y!#"S/<&	+ G 1 + "�&Bk{!(¾ ) !MJI! )�+ .�& X 3 27!



ýKÛ]\KÛrþz�aþ�ÜwÓ�Ý!Ó�Ý!Ú,ÿ�Ü5þÁÿ�Øeþ�Ù�×�Ú,ÿ L Ï è
.�&-.�&l27"�&.'(&  �)�+ Ä M 1�&0/C1527/;&

M2 No? �0" M2 14��" ,� *) 2 F !`2�"�&�'6&  �)�+ Ä M2∗ 3 2�!
 *+ !#"�!T27"9èE!4">/<&:!#"  *) &-.�&	.�! , 27¾Hé<" . + 14! ij ,�+ /<&B1#� )�) ! , +A�0" . + !#"  !y!4"  �) &-.�&s!4" M2! , "��H"c2�/<& F 27"�áW!#"�1�& , �_14��"  *) & )�+ � N u  ��'(&S/<&`. + JI! ) !4"61 + & M2∗ −M

+�& ) &14��',+ ) �@¾�& )p,�+� *+ !4"�!x!4"  *) &-.�& , +A� ,�+2 *+87 & ,�U ! , .�!/1 +<)�,�+ R & F &9/<142�"�&T!#"  �) &-.�&T"��:"S27/;&"S2�! 7 & X�N
O "�1/2�&0/ 3 2 + ! ) 14& , � +�X "��=! ,F �) &0" ,�+2 �+C7 &;+A� ) 3 2�! 2R5 F 5R2

+A! ) � 2 + 2 = 4"��S! , 2�"@'s��/  �+ +�/2�;.�!VM N�Ê & ) !#/;&�1 + Æ0" +2+�X ! ,T *) &9" ,�+3 *+C7 &&+A� ) 3 2�! ,�+ a . +87�+ .�!�& b!4"  ��" 1#! , b = aK
14�0"

K
2�"q"���'6! ) �6!4"  ! ) � N ºD!4/�' +<, '���'6�S.�� ,�+ b . +87�+ .�!R& c!4"  ��" 1#! , c = bK ′ 1#��" K ′ 2�"W"��7'6! ) �(!4"  ! ) � N Ò[� )x &0"  � c = aKK ′ 0 .�!:'��S.��3 27! a . +C7�+ .7!Q& c NzÊ & ) !4/;&�1 + Æ�" +<+<+<X ! ,s *) &9" ,�+3 *+C7 &%+ 2�! , /2�W! , /<& + " 1#/N2 ,�+ Æ�" NiÊ &) !4/<&-1 + Æ�" +C77X ! ,Z *) &0" ,�+2 *+87 & N

\��4�������%���I]á^�À	��� Ê & ) !4/<&-1 + Æ�" +;X "��S! ,R) !/L�! � +C7 & 0 +�& ) &
1#��" 7 ! )� �+<) /;&>!#" ) !ML�! � +C7 &R & F 3 27!�2�" +2) & R !#/D14��"aÅE27"  �
{(2, 2), (3, 3), (4, 4), (5, 5)}.

Ê & ,Z) !4/;&�1 + ��"�! ,z+2+�X F +2+<+;X�, �0" ) !/L�! � +C7 & ,4N
Ê & ) !4/<&-1 + Æ�" +C77X "���! ,x) !/L�! � +87 & 0 R & F 3 2�!R&@ö�&-. +2) /<!D!4/�!#/<!4'�!4"  � (a, a)

\��4�������%���I]_^�`�
�� Ê & ) !#/;&�1 + Æ0" +;X ! ,x,�+ '«Ë  *)�+ 14& N
Ê & ) !4/<&-1 + Æ�" +<+;X "���! ,Z,�+ '«Ë  �)�+ 1�& 0 R & F 3 27!�2�" +2) /<!E!#/D14��"³ÅE2�"  �7½

{(2, 1), (3, 1), (4, 1), (5, 1), (6, 1), (7, 1), (8, 1), (9, 1), (10, 1),

(4, 2), (6, 2), (8, 2), (10, 2), (6, 3), (9, 3), (8, 4), (10, 5)}.
Ê & ) !4/<&-1 + Æ�" +<+2+;X "���! ,x,�+ '�Ë  *)�+ 1�& 07, 2`14/<&-2 , 2 ) & ,�+ '«Ë  *)�+ 1�&s! , A× A N
Ê & ) !4/<&-1 + Æ�" +C77X "��(! ,D,�+ '�Ë  *)�+ 1�& 0 R & F 3 2�!B27" +<) /<!F/<� , !#/<!#'6!#"  � , (c, a) 0 (d, c)

F (a, d) N
\��4�������%���I]_^�`a^��GÒ}& ) &K1�&0/C152�/<& ) /<&K1#/;&-2 , 2 ) &  *) &0" ,�+3 *+87 &	.�!F/;&s��" + 1�& ) !4/<&-1 + Æ�" 3 2�!"���! ,Z *) &0" ,�+3 *+87 & 0 /<& +;XM0 R & F 3 27!�2�" +2) /<� , !4/<!#'�!4"  � ,

(2, 2), (5, 5), (3, 3), (4, 4).

\��4�������%���I]H^�`�b�� ? ��" ,�+ .�! ) &0'�� , 2�"�&E'(&  �)�+ Ä�1#��'��'2�"�&E/ +2,� &a14��"K.�� ,-, 27¾7é<"6. + 1#! ,4NÐ + /<&B!4"  *) &-.�&�! , ½
a11, a12, ..., a1n, ..., bn1, ..., bnn.



L Ï ¸ Ó�Ô=Õ�ÖA×�ØeÙÉÚ�ý�Û�Ü1þ�Ù�Ô0Ó�Ý!ÚGç�þÁÿ�ùrþÁÿ�×.Ü�Ø�Ó1×�ØeÜ1Ô=ÿ�Ý�çDv?ØÉÓ�Ýwv,Ôwÿ
Ê &K14� )�) ! , +A��" . + !4"  ! , &0/ + .�& , !H.�!(»�"�!�14��'��[2�"�&�'(&  �)�+ ÄT.�!F!4"  *) &-.�& , cij

.���"6.�!@½
cij = ai1b1j + ...+ ainbnj.

º�!T! ,8 !T'��S.���!#/a&0/21�� )�+3 '��	.�!(¾A! , ! ) ½
O "  *) &-.�&H½ a11, a12, ..., a1n, ..., bn1, ..., bnn.��� ) i = 1  � n��� ) j = 1  � n

cij := 0��� ) l = 1  � n
cij := cij + ailbljÐ &0/ + .�&H½ c11, ..., cnn N

\��4���9���n���I]�^�`���� Ê &:��" + 1�& ) !#/;&-1 + Æ0"("��  *) &9" ,�+3 *+C7 &R! , /<&#.�! +�X�N�Ê & , '(&  *)�+ Ä W0
! ,! � &-1  &0'6!#"  !T/<&B'6&  *)�+ ÄT.7!4/�1 ) &�JI�[. +2)�+ 1 + .�� 0 ! ,� �6! ,50

W0 =













0 0 0 0 0
0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0













Ê &:'(&  �)�+ Ä W1  *+ !4"�!U2�";2�"��K.���"6.�!
W0  !4"�1�&	2�";2�"�� F &-.�!#' G ,�, ! 7 ! )�+ »�14& 3 27!

w1ij = 1 ,�+ w0i1 = 1 = w01j NS? ��'��S!4"f"S2�! ,� �) �Q14& , �q/;&&+ )�+ '�! ) &?»�/<&
.�!
W0

! , �S.�&B"S2�/<&B!4"  ��" 1#! ,
W1 = W0.

Ê &:'(&  �)�+ Ä W2  *+ !4"�!U2�";2�"��K.���"6.�!
W1  !4"�1�&	2�";2�"�� F &-.�!#' G ,�, ! 7 ! )�+ »�14& 3 27!

w2ij = 1 ,�+ w1i2 = 1 = w12j NEOp,8 &$1#��" . + 1 + Æ�" , ! 7 ! )�+ » 1�& , Æ�/2�V!#" w152 = 1 = w125 0+A� )z &9"  � , !  *+ !4"�! w255 = 1 N

W2 =













0 0 0 0 0
0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 1 1













Ê &:'(&  �)�+ Ä W3  *+ !4"�!U2�";2�"��K.���"6.�!
W2  !4"�1�&	2�";2�"�� F &-.�!#' G ,�, ! 7 ! )�+ »�14& 3 27!

w3ij = 1 ,�+ w2i3 = 1 = w23j NEOp,8 &$1#��" . + 1 + Æ�" , ! 7 ! )�+ » 1�& , Æ�/2�V!#" w243 = 1 = w234 0
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+A� )z &0"  � , !  �+ !4"7! w344 = 1 N

W3 =













0 0 0 0 0
0 0 0 0 1
0 0 0 1 0
0 0 1 1 0
0 1 0 1 1













Ê &:'6&  *)�+ Ä W4  �+ !#"�!T2�";2�"��K.7��" .�!
W3  !4"71�&	2�";2�"�� F &�.�!4' G ,�, ! 7 ! )�+ » 1�& 3 2�!

w4ij = 1 ,�+ w3i4 = 1 = w34j NyO-,� &O14��" . + 1 + Æ�" , ! 7 ! )�+ »�1�& , Æ�/2�(!4" w334 = 1 = w343 0+A� )z &0"  � , !  �+ !4"7! w433 = 1 N

W4 =













0 0 0 0 0
0 0 0 0 1
0 0 1 1 0
0 0 1 1 0
0 1 0 1 1













Ê &:'6&  *)�+ Ä W5  �+ !#"�!T2�";2�"��K.7��" .�!
W4  !4"71�&	2�";2�"�� F &�.�!4' G ,�, ! 7 ! )�+ » 1�& 3 2�!

w5ij = 1 ,�+ w4i5 = 1 = w45j NyO-,� &O14��" . + 1 + Æ�" , ! 7 ! )�+ »�1�& , Æ�/2�(!4" w425 = 1 = w452 0+A� )z &0"  � , !  �+ !4"7! w522 = 1 N

W5 =













0 0 0 0 0
0 1 0 0 1
0 0 1 1 0
0 0 1 1 0
0 1 0 1 1













Ð !s��¾ , ! )E7 &;14��'�� , ! R &9" + "  *) �S.62 1 + .�� Ï 2�"7� , !4"H/;&^. + &91���"�&0/h14� )�) ! , +A��" . + !4"  ! ,&S/2� , !#/<!4'�!#"  � , (2, 2), (3, 3), (4, 4), (5, 5) 3 27! , �0"5/2� , !#/<!#'6!#"  � , 3 2�! R & F 3 2�!2�" +<) & R +�& ) &  !4"�! ) /<&  �) &0" ,�+2 �+C7�+ .�&-. N
\��4�������%���I]¦^�`�Àa� Ò}& ) &m14�0" ,� *) 2 +<) /;&91#/;&-2 , 2 ) & ) !/L�! � +C7 & R !#'6� , .�!.&@ö�&�. +<) /2� ,!4/<!#'�!4"  � ,

(b, b), (c, c), (d, d)(e, e).ºD!T! ,� !F'6�S.��H½
Cr = {(a, a), (b, b), (c, c), (d, d), (e, e), (a, c), (c, e), (c, d), (b, d)}.Ò}& ) &&14��',+ 2  & ) /;&&1#/;&�2 , 2 ) &  *) &0" ,�+2 *+87 &Q��¾ , ! )E7 &0'�� , 3 2�! (a, c), (c, e) ∈ Cr

+A� ) &0"  �:.7!A¾A!4'�� , 2�" +<) (a, e) N ºD! + 142�&0/9'6�S.�� (a, c), (c, d) ∈ Cr

+A� )� &9"  �!.�!A¾A!#'6� ,
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27" +<) (a, d) NpO-, 2�"�&K14�0'^+ ) ��¾�&-1 + Æ0";.�!4'�� ,8 *) & ) /;& ,�+ 1-2 + !#"  ! + 1-2�&0/C.�&-. 0�,�+ !#" .�� Ct/<&K1#/;&-2 , 2 ) &  *) &0" ,�+2 *+87 &	.�! Cr

½

Ct = {(a, a), (b, b), (c, c), (d, d), (e, e), (a, c), (c, e), (a, e), (c, d), (a, d), (b, d)}.
\��4���9���n���I] ^�`�`���Ò[& ) &Q14&0/N1/2�/;& ) /<&%14/<&-2 , 2 ) & ) !/L�! � +C7 & R & F 3 2�!;2�" +2): �S.�� , /2� ,' + !#'�¾ ) � , .�!x/;&H. + &01���"�&0/ Nt? ��'�� (f, a), (a, c) ∈ R

!4"  �0" 14! , (f, c) ∈ Ct N � R � ) &
(f, c), (c, e) ∈ Ct + ',+�/ + 14& (f, e) ∈ Ct N�? ��'6� (a, c), (c, e) ∈ R

!4"  ��"614! , (a, e) ∈
Ct N¨? ��'�� (a, c), (c, d) ∈ R

!4"  ��"614! , (a, d) ∈ Ct N¨? ��'�� (f, c), (c, d) ∈ R!#"  ��" 14! , (f, d) ∈ Ct N � + "�&0/2'�!#"  ! (f, b), (b, d) ∈ R
!4"  ��" 1#! , (f, d) ∈ Ct N ºD!! ,� !T'6�S.��H½

Ct = {(a, a), (a, c), (a, d), (a, e), (b, b), (b, d), (c, c), (c, d), (c, e),

(d, d), (e, e), (f, a), (f, b), (f, c), (f, d), (f, e), (f, f)}.

O "=!/JI!/1  � 0 /<&B'6&  �)�+ Ä 3 27!T/<� ) !/+ ) ! , !4"  &�! , ½

A =

















1 0 1 1 1 0
0 1 0 1 0 0
0 0 1 1 1 0
0 0 0 1 0 0
0 0 0 0 1 0
1 1 1 1 1 1

















.

u , !  *+ !4"7! 3 2�! A2 "��  *+ !4"�!T!#"  �) &-.�& , "��6"S2�/<& , "S27! 7 & ,50 /N2�!#1��6! , !4"q!/JI!/1  �$27"�&
) !4/<&-1 + Æ�"  *) &9" ,�+3 *+87 & N

A2 =

















1 0 2 3 3 0
0 1 0 2 0 0
0 0 1 2 2 0
0 0 0 1 0 0
0 0 0 0 1 0
2 2 3 5 4 1

















.

éD+ !#" .�� , 2,. + &01 ) &9'6&U.�!x§�& ,�, ! Uj7 ! ) � + 1-2 ) &E¹ N ¼ X}, !  *+ !4"7! 3 2�! R & F .�� , !4/2!4'�!4"  � ,'6& � + '6&9/2! , 3 2�! , ��" d F e F +A� )� &0"  �f"7� R & F ' G�� + '�� N §�& F 2�"Ñ!4/2!4'�!4"  �' + " + '�&0/ f 3 2�!R! , &-.�!#' G , !4/a'«é<" + '�� N�O /a!#/<!4'�!#"  � d ! , 14�  & , 26+	! )�+ � ) .�! B F! , &-.�!4' G , /<&s��" + 1�& 0 +A� )� &0"  ��! , !4/ , 2 + ) !4'�� NÁÊ &B��" + 1�&K1#�  & + "6JI! )�+ � ) ! , f 3 2�!+A� )z &9"  ��! , !4/�é2"H»�'��K.�! B N
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� + 1-2 ) &B¹ N ¼H½ O Å�! ) 1 + 1 + �'è Û�Û�N º + &91 ) &0'6&B.�!T§D& ,�, !

\��4�������%���I]@^�`�»����Z!5+ ) ! , !#"  &0'6� , 1�&�.�&�2�"�&�.�!x/;& ,- & ) !�& , +A� )�, 2 + " + 1 + &0/ U !#" , &9'¢Ã¾�/;& ) 14�0"S/<& E F !#'^+�& 3 27!  & ) 14��"=/<& e X ½
Tareas = {E, a, p, e, l, r}

Ê & , + )�+ � )�+ .�&-.7! ,z, ��"	½
E ≤ a, a ≤ p, p ≤ e, l ≤ p.u R &-1 + !#" .�� , 2`1#/;&-2 , 2 ) & ) !ML�! � +C7 & F  �) &0" ,�+2 �+C7 &	.�&0"
2�"=� ) .7!4"
+�& ) 1 + &9/�½

{(E, a), (a, p), (E, p), (p, e), (E, e), (a, e), (l, p), (l, e)

(E,E), (a, a), (p, p), (e, e), (l, l), (r, r)}.
O /�� ) .�!4"  �  &9/ 3 2�!'14�0'^+�/2!  &:! ,8 !y� ) .�!#"&+�& ) 1 + &0/ Uj7 ! ) . + &91 ) &0'6&�.�!F§D& ,�, !y!4">/<&� + 1-2 ) &s¹ N Â X{, ! 7 &[1#��" ,8 *) 2 F !4" .��^.�!F/<& ,�+ 142 + !4"  !E'(&0"7! ) & N Ð !y!4/ + 1�!U2�"=!#/<!4'�!4"  �' + " + '6&9/ 0 +A� ) ![Å�!4',+�/<�6!#/

E N e���'6&0'�� , !#/n1#��"aÅE2�"  � Tareas − {E} F !#/[� ) .�!4"3 27! , ! + " . 2614!F½
{(a, p), (p, e), (a, e), (l, p), (l, e)
(a, a), (p, p), (e, e), (l, l), (r, r)}.� R � ) &�!4/<!#1 + '6� , 2�"S!#/<!4'�!4"  ��' + " + '6&9/ a F !4/h1#��"aÅE27"  � ) ! , 2�/  &0"  !�.�! 3 2 +3 & ) !4/!4/<!#'�!4"  � a 0 14��"R!#/�� ) .�!4" + "6. 2 1 + .�� N � , é , 2614! ,�+C7 &0'6!#"  !P��¾  !4"�!#'6� ,/0 +A� ) !�Å�!4',+�/2�



L Ï ¹ Ó�Ô=Õ�ÖA×�ØeÙÉÚ�ý�Û�Ü1þ�Ù�Ô0Ó�Ý!ÚGç�þÁÿ�ùrþÁÿ�×.Ü�Ø�Ó1×�ØeÜ1Ô=ÿ�Ý�çDv?ØÉÓ�Ýwv,Ôwÿ

� + 142 ) &B¹ N ÂH½ O Å�! ) 1 + 1 + �'è Û ¹ N º + &01 ) &0'6&	.7!R§�& ,�, !

U /;&s!4/2!51/1 + Æ�"
.7!4/�!4/2!4'�!4"  ��' + " + '�&0/	"7��! , ��" + 1�&�& , é 3 2�! R & F 7 & )�+ & , '6&0"�! ) & , .�!R &-14! ) /<� X ½
E ≤ a ≤ l ≤ p ≤ e ≤ r.

\��4���9���n���I]o^�`	ß	�
+�X�Ê & ) !#/;&-1 + Æ�"H.�!(»�" + .�&x!4" +;X "��D! ,[) !/L�! � +C7 &a+ 27! ,� � 3 2�! 0 +A� ) !�Å�!4',+�/2� 0 7+7 =

14
"�� 7 ! )�+ »�1�& , ! ) '�!4"7� ) 3 27!�Â N Ò[� )Z &0"  �6"��O+ 2�!/.�! , ! )�) !#/;&-1 + Æ�"
.�!R� ) .7!4"q" +.7!(! 3 2 +C7 &9/<!4"61 + & NVé ! )�+ »�14&S/<&
+ ) �4+ + !5.�&-. ,�+ '�Ë  *)�+ 1�& F & 3 2�! a + b = b + a N>r �! ,E *) &9" ,�+3 *+C7 & F & 3 27! 0 +A� ) !�Å�!#'^+7/<� 0 7R1 F 1R7 F ,�+ "H!4'�¾�& ) 1�� 7 + 7 > 9 N ºD!R !51 R �6/;& ) !#/;&-1 + Æ0">! , ½

R = {(1, 1), (1, 2), (1, 3), (1, 4), (1, 5), (1, 6), (1, 7), (2, 1), (2, 2), (2, 3), (2, 4),

(2, 5), (2, 6), (3, 1), (3, 2), (3, 3), (3, 4), (3, 5), (4, 1), (4, 2), (4, 3), (4, 4),

(5, 1), (5, 2), (5, 3), (6, 1), (6, 2), (7, 1)}
+<+;X{Ê & ) !4/<&-1 + Æ�"�.�!o+�& ) &0/2!4/ +2, '��5! ,>) !/L�! � +C7 & UI �S.�& ) !51  &¿! , +�& ) &0/2!4/<&�& , é' +<, '(& X[,�+ '«Ë  �)�+ 1�& Un,�+ r ! , +�& ) &9/<!4/<&y& r′ !4"  ��" 1#! , r′ ! , +�& ) &0/2!4/<&y& r X F  *) &0" ,�+2 *+87 &UI,�+ r ! , +�& ) &0/2!4/<&F& r′ F r′ /2�R! , & r′′ !#"  �0" 14! , r ! , +�& ) &0/2!4/<&F& r′′ XYN ºD!�! ,8 !�'6�S.7�! , 2�"�& ) !4/<&-1 + Æ�";.�!F! 3 2 +87 &0/2!4" 1 + & N
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Ò[�S.�!#'6� ,- ��'(& ) 14�0'6� ) !/+ ) ! , !4"  &9"  !x!4",14&-.�&'14/<& , !!.�!z! 3 2 +C7 &0/<!#" 1 + &y/<& ) !/1  &3 27!,+�& , &&+A� ) !#/-� )�+ 1�!#" 0 F !4"  ��" 1#! , !4/�14��"aÅE27"  �&14�S1 + !4"  ! , !,+62�!5.�! + .�!#"  �+ »�14& )14��"Ú/;& , !#' + 1 +2) 1/2�"6JI! ) !4" 1 + &92�" + .�&-. 0!7�+ !4"6.���14&-.�& ) !/1  &m14��'��5!4/D��" + 1#��+ 2�"  �.�![14� )8 ![1#��"o. + 1 R & , !4' + 1 +<) 152�"pJI! ) !#" 1 + & NBOp,8 �=! , !4/ , 2 14��"³ÅE2�"  �`.�!4/�+7/;&0"�� ) !4&0/.�!(»�" + .��[14��'�� {(x, y) : x2 + y2 = 1, x ≥ 0} − {(−1, 0)} N
+<+2+;XwÊ & ) !4/<&-1 + Æ�"@! ,s) !ML�! � +87 & F & 3 2�!V/;&`1/2�&0/ + .�&-.�.�! , ! ) "���'�! ) �q�W/<!  *) &S/<&14��',+�& )8 !T14&-.�&s!4/<!#'6!#"  �K.�! A 14�0" ,�+ 1��B' +<, '�� N}Op,z,�+ '�Ë  *)�+ 14&B+A� ) 3 27! ,�+ m,n ∈

A , ��"¨&0'�¾A� , "��7'6! ) � ,�UI) ! , +A!51  *+C7 &0'�!4"  !�&0'�¾A� , /<!  *) & ,�X !4"  ��"614! , /;&f' +2, '6&+ ) �4+ + !5.�&-../<&  *+ !#"�!#" n,m ∈ A N ºD! + 142�&0/['(&9"�! ) &Q! ,y *) &9" ,�+3 *+C7 & N Ò[� )E &9"  �Q! ,2�"�& ) !#/;&�1 + Æ0"o.�!6! 3 2 +C7 &0/<!#" 1 + & NQO /d1#��"aÅE27"  �%1#�S1 + !4"  ! A/R ! , 2�"m1#��"aÅE27"  �%.7!
.�� , !4/2!4'�!4"  � ,/0 /<&K1#/;& , !H.�!F/<� , "��7'6! ) � , F /;&	14/;& , !H.7!T/<& , /<!  *) & ,4N

+C77X,Ê & ) !4/;&�1 + Æ0"S! ,D) !ML�! � +87 &O+A� ) 3 2�! 3a > a
+�& ) &^1�&-.�&("��7'6! ) �("�&  2 ) &9/ 0 !#"+�& )� �+ 1/2�/;& ) +�& ) &T1�&�.�&y!#/<!#'6!#"  �'.�! B Ntr �y! , &0"  *+2,�+ '«Ë  *)�+ 1�& F & 3 2�! 0 +A� ) ![Å�!4',+�/<� 0

1S2 F & 3 2�! 3 > 2 F 2S1 F & 3 2�! 6 > 1 N�r ��! ,�,�+ '«Ë  �)�+ 14& F & 3 2�! 0 +A� ) !�Å�!#'^+�/2� 0
90S1

+A! ) � 3 × 1 < 90 N Ò[� )� &0"  �@"7�@! , .�!S! 3 2 +C7 &0/<!#" 1 + &." + .�!=� ) .�!4" NåÊ &) !4/<&-1 + Æ�"Q! , ½
S = {(1, 1), (2, 2), (3, 3), (4, 4), (7, 7), (8, 8), (90, 90), (1, 2), (2, 1), (2, 3),

(2, 4), (3, 1), (3, 2), (3, 3), (3, 4), (3, 7), (4, 1), (4, 2), (4, 3), (4, 7), (4, 8), (4, 90),

(7, 1), (7, 2), (7, 3), (7, 4), (7, 8), (7, 90), (8, 1), (8, 2), (8, 3),

(8, 4), (8, 7), (90, 1), (90, 2), (90, 3), (90, 4), (90, 7), (90, 8), (90, 90)}.\��4�������%���I]_^�`Aà��
+�X{O /D. + 1 ) &�JI�s! , (N7, R)

1/2 F &�'6&  *)�+ ÄD! ,




















1 1 1 1 1 1 1
1 1 1 1 1 1 0
1 1 1 1 1 0 0
1 1 1 1 0 0 0
1 1 1 0 0 0 0
1 1 0 0 0 0 0
1 0 0 0 0 0 0





















+<+;X Ð !�&0" A′ = {a, b, c, d} F B ′ = {1, 2, 3} !#"  �0" 14! , !#/D. + 1 ) &�JI��& , �S1 + &-.���&B/;&) !4/<&-1 + Æ�"�! , ½ (A, (A′×A′)∪ (B×B′)}) N Ð 26'(&  *)�+ Ä U 14��"6!#/�� ) .7!4"6!4"6!4/ 3 2�!x! ,8 &
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! , 1 )�+2 � A X ! , ½





















1 1 1 1 0 0 0
1 1 1 1 0 0 0
1 1 1 1 0 0 0
1 1 1 1 0 0 0
0 0 0 0 1 1 1
0 0 0 0 1 1 1
0 0 0 0 1 1 1





















+C77X}O /6. + 1 ) &�JI�E& , �S1 + &-.7�y! , (B, S) F 2�"�&y'6&  *)�+ Ä".�!Z&-. F &-14!#" 1 + & , 14��"B!4/�� ) .�!#"!#" 3 2�!T! ,� G ! , 1 )�+2 � B ! , ½




















1 1 0 0 0 0 0
1 1 1 0 0 0 0
1 1 1 1 1 0 0
1 1 1 1 1 1 0
1 1 1 1 1 1 0
1 1 1 1 1 1 0
1 1 1 1 1 1 1





















\��4���9���n���I]�^�`���� Ê &Q��" + 1�& ) !4/<&-1 + Æ�" 3 27!�"��>! ,F) !/L�! � +87 &>! , /;& +;X F , 2o1#/;&-2 , 2 ) &) !/L�! � +C7 &�! , &Fö�&-. +2) (5, 5) 0 (6, 6) F (7, 7) N
Ê &H��" + 1�& ) !#/;&�1 + Æ0" 3 27!>"��.! ,�,�+ '«Ë  *)�+ 14&q! , /;& +C77XYNf? ��'6�W/;&q'(&  *)�+ ÄO.�! , 2. + 1 ) &�JI�  *+ !4"�!  �S.�& , /;& , !4"  *) &�.�& , .�!�/;&'JI� ) '6& aij = 1

152�&9" .��
i ≤ j

!#"  ��" 14! ,�, 21#/;&-2 , 2 ) & ,�+ '�Ë  *)�+ 1�&:! , B ×B Ne[�0'(&9" .���/;&.'6&  �)�+ Ä;.�!4/:. + 1 ) &�JI�l.7! +;Xs, !S��¾ , ! )E7 & 3 27! , 2P1/2�&-. ) &-.��  *+ !4"�! �S.�& , /;& , !4"  �) &-.�& , "���"c2�/;& , .�!y'6�S.7� 3 27! , 2
1#/;&-2 , 2 ) &  *) &9" ,�+3 *+C7 &s! , N7 ×N7 N
Ê &[1#/;&-2 , 2 ) &  *) &0" ,�+3 *+87 &	.�! +C77X 14�0" ,�+2,� !F!4"S&@ö�&�. +<) /<� , !4/<!#'�!4"  � ,

(1, 3), (1, 4), (1, 7), (1, 8), (2, 4), (2, 7), (2, 8), (3, 8).\��4���9���n���I] ^�»�
a� Ê & ) !#/;&-1 + Æ�"f! , &0"  *+2,�+ '�Ë  *)�+ 1�& 0� *) &0" ,�+3 *+87 & F "�� ) !ML�! � +C7 & N Ð 21#/;&-2 , 2 ) & ) !ML�! � +87 &,1#��" ,�+<,� !F!4"`27" +<)� �S.�&B/;&	. + &010��"�&0/ N� +<) &0" .���!4/h. + &01 ) &0'6&	.�!R§D& ,�, ! Uj7 ! ) /;&�� + 1-2 ) &�¹ N èQá X�, !T��¾ , ! )E7 & 3 2�!�è 0 L FÛs, ��"=' + " + '�&0/3! , F ¸ 0�Ï F ¹�'6& � + '6&0/3! ,#N-r � R & F ' G�� + '��s" + '«é<" + '�� N\��4���9���n���I]i^�»�^��_ºD!Q!#"  �) !  �S.�& , /;& ,s) !51  & , +�& ) &0/2!4/<& ,VU !4"�/;&q' +<, '(&
14/;& , !$.�!! 3 2 +C7 &9/<!#" 1 + & X !#/<!41 + '�� , /<& 3 27!U+�& , &#+A� ) !#/A� )�+ 1�!#" N Ò[� )� &0"  �B+A�S.7!4'�� ,P+ .�!4"  *+ »HÃ14& ) 1�&�.�&K1#/;& , !T.�!y! 3 2 +C7 &0/<!#" 1 + &	1#��">!#/ G "�142�/2� 3 2�!TJI� ) '(&#. + 1 R & ) !51  &	14��"Q!4/�!�Å�!.7!R&F¾ , 1 +<, & ,50 ! ,8 �6! ,50 14��"=!#/ + "  ! )=7 &0/2� [0, 180) ⊂ R N



ýKÛ]\KÛrþz�aþ�ÜwÓ�Ý!Ó�Ý!Ú,ÿ�Ü5þÁÿ�Øeþ�Ù�×�Ú,ÿ L Ï Â

� + 142 ) &B¹ N èqáH½ O Å�! ) 1 + 1 + �'è�¹�á N º + &01 ) &0'6&	.7!R§�& ,�, !

\��4�������%���I]_^�»Ab�� Ê &�'6&  *)�+ � .�! R ! , ½








1 1 1 0
0 0 0 0
0 0 0 1
0 0 0 0









Ê &�'6&  �)�+ ÄT.�! , 2
14/;&�2 , 2 ) & ) !/L�! � +87 &�! , ½

Cr =









1 1 1 0
0 1 0 0
0 0 1 1
0 0 0 1









? ��'��

C2r =









1 2 2 1
0 1 0 0
0 0 1 0
0 0 0 1









, !  �+ !#"�! 3 2�!F/;&s'(&  �)�+ ÄT.�!F/;&	14/<&-2 , 2 ) &  *) &9" ,�+3 *+C7 &s! , ½



L Û á Ó�Ô=Õ�ÖA×�ØeÙÉÚ�ý�Û�Ü1þ�Ù�Ô0Ó�Ý!ÚGç�þÁÿ�ùrþÁÿ�×.Ü�Ø�Ó1×�ØeÜ1Ô=ÿ�Ý�çDv?ØÉÓ�Ýwv,Ôwÿ

� + 1-2 ) &B¹ N è�è@½ O Å�! ) 1 + 1 + �'èm¹ ¸ N º + &01 ) &0'(&B.�!T§�& ,�, !









1 1 1 1
0 1 0 0
0 0 1 0
0 0 0 1









,

+62�! , ! ,� &�'6&  *)�+ Äy&9/D1/2�&-. ) &-.���"��  *+ !#"�!F!#"  �) &-.�& , "7��"S27/;& , "S27! 7 & ,4N
� "�& ) !4/<&-1 + Æ�";.�!F� ) .7!4"  �  &0/ 3 2�!T/<&K1#��',+�/<!  &	+A�S. ) é<& , ! ) ½

α ≤ β ≤ γ ≤ ω.

\��4���9���n���I] ^�»���� Ð !�&0"
x, y ∈ A.

Ò}& ) &`1#��'^+ ) ��¾�& ) 3 2�! (x ∨ y)′ = x′ ∧ y′ 0 ! ,, 2H»�1 + !4"  !U14�0" 7 ! )�+ »�14& ) 3 2�! (x∨ y)∨ (x′ ∧ y′) = 1 F 3 2�! (x∨ y)∧ (x′ ∧ y′) = 0.é ! G '�� , /2�7½ (x∨ y)∨ (x′ ∧ y′) = ((x∨ y)∨ x′)∧ ((x∨ y)∨ y′) = (x∨ x′)∨ y)∧
(x ∨ 1) = ((1 ∨ y) ∧ 1)) = 1 ∧ 1 = 1.

ºD!#JI� ) '(& ,�+ ' + /<& )50 (x ∨ y) ∧ (x′ ∧ y′) =
(x∧ (x′∧y′)∨ (y∧ (x′∧y′) = (0∧y′)∨ ((y∧y′)∧x′) = 0∨ (0∧x′) = 0∨0 = 0.
Ê &F�  *) &H+ ) �4+ + !5.�&-. U /<! F .�!�ºD!E�S� ) 1�&9" X-, !��@¾  *+ !4"�!:. +<) !51  &0'�!4"  !:+A� ) . 2�&0/ + .�&-. N



q rtsvuxw`y{zG| }

q |�~�w
�
|�zG�P� � �9����� �i~��P� �
�i�;y��izxw&|��

O "5! ,� & , !51/1 +N� "�1#��/<!/151 + ��"�&0'6� , 14��"  *) ��/<! , F ! ��G '6!#"�! ,s) ! , 2�!4/  � , .�! U &0/2142�"�� ,*X152 )�, � , &0"  ! )�+ � ) ! ,50 14�0'6�B2�" + " ,� �) 2�'�!4"  �:�  *+ /g+�& ) &:!#/�! ,� 26. + �	.�!E/<&:& ,�+ 1�"�&  2 ) & N� /<1-2�"�� , !���! ) 1 + 1 + � , R &0" ,�+ .��q! �  �) &@éC.�� , .�!^. + JI! ) !4"  ! , / +C��) � ,#N=O-, .�! , !Aö�&0/;& ) !4/ ! �  �%�����h��� ) !51#��1 + .���!4"=/;& ��+C� / + �01 ) &�Jué2& N

L Û è
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 �;£ \#¤$¥/¦#¥�§H��¨ hp©m�pª@Ý6©��n��h £ ��«������X©mh�� � ]A�x©m��]g¬�õTb�^-��^�bp��b�
A
A`

�a&[. 2 ) &-1 +N� "&.�!#/a! � &0'�!4"=! , .7!�27"�& R � ) & N? ��" ,8 &K.�!  *) ! , !���! ) 1 + 1 + � ,#N �a&K+62�"  2�&-1 +C� ";.�!'1�&�.�&K2�"��K.�!y/<� , &-+�& )� &�.�� , /;&+ " . + 1�&s!4/�!#"S2�" 1 + &�.�� N�a& ,Z) ! , + 27! ,� & ,�,�+ "	�E2 ,8 *+C­ 1�&-1 +N� " , !�1#��" ,�+ .�! ) & ) G "="��,1#� )�) !51  & ,#N® !H+ 2�!/.�!4"`2 , & ) /2� , &-+62�"  ! , +A! ) ��"��,14&0/N1/2�/;&�.�� ) & ,4N

\�¯4���9���n���I]o^�� U L + 2�"  � ,*X º�!4'�� ,� �) & ) +A� )Z+ " .62 151 +N� " 3 2�!T/;& ,�+ 142 + !4"  !H.�! ,�+ 142�&0/]°.�&-.=! , 1 + ! )� &[+�& ) &K1�&�.�&�"���'�! ) ��"�&  2 ) &0/ n ±
(2n)! < 22n(n!)2.

\�¯4���9���n���I]Sb�� U L + 2�"  � ,*XI� "T�E2�!410��.�!Z/2�  ! ) é;&U1#��" ,�+2,� !x!#"6'6& ) 1�& ) . + !5²Z"���'�! ) � ,!#"  �) !B!#/*è F !4/-M-³ N �a&$1#��' ��+ "�&-1 +C� "q1�&0"�&-.�� ) &V! ,� G JI� ) '6&-.�&^+A� ) ¸ ³V"��7'6! ) � ,#N§�& F + ) !#' + � ,�+�, !T&-1 + ! )� &0"9è�³ 0�´p0¶µ ��" + "�1427"��[.�!F! ,� � , ¸ ³B"���'�! ) � ,4N
Un+;XyU è�+ 27"  � X ºD!  ! ) ' + "�& ) 1/2 G "  & , +A� ,�+C� /<! , &-+ 2�! ,� & , R & F NUn+2+�XDU èH+ 2�"  � X ºD!  ! ) ' + "�& ) /;&	+ ) � � & ��+ / + .�&�.;.�!T&-1#! )� & ) è·³�"���'�! ) � ,4NUn+2+<+;XDU è�+ 27"  � X ºD!  ! ) ' + "�& ) /<&K+ ) � � & �7+ / + .�&-.$.�!T� �7 !#"�! ) + ) !#' + � N

\�¯4���9���n���I]²��� UIÏ + 2�"  � ,*X ºE&-.7� , n, p .�� , "��7'6! ) � , !#"  ! ) � , '(& F � ) ! , 3 2�!�è1#��" ,8 *) 2 +<) 2�":&0/21�� )�+3 '�� 3 27!".�!  ! ) ' + "�! ,�+ ! � +2,� !�!#/ + " 7 ! )�, �a.�! n +�& ) &Z!4/c+ ) �S. 2 1  �' � . 2�/2� p F 0�,�+ ! � +2,� ! 0 /2�,14&0/C152�/2! N �x!/14� ) .�&0'�� , 3 2�!R! ,8 ! + " 7 ! )�, �6! , 2�"S"���'�! ) �!#"  ! ) � m  &0/ 3 2�! n × m ≡ 1 mod p N �[�S.�!4'�� , /2/;&0'�& )/0�,�+ "~"�!/14! ,�+ .�&�.¸.�!
1#��" ,8 *) 2 +<) /2� 0 &;2�"@&9/<1�� )�+3 '�� mcd(x, y) 3 2�![1�&0/C152�/<&V!#/-' G�� + '��$14�0'B�7"l. +C7�+<, � ).7!�.�� , !4"  ! ) � , 152�&0/<! , 3 2 + ! ) & x ! y N
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 �;£ \#¤$¥/¦#¥�§H��¨ h6©��pª@Ý6©��n��h £ ��«������X©mh�� � ]A�x©m��]g¬d¹V�S«�l��S¬f©m]�õba^-��^�b6��b�
�
	`

�a&[.62 ) &-1 +N� "&.�!#/�! � &0'�!4"=! , .�!H2�"�& R � ) & N? ��" ,8 &K.�!  �) ! , !º��! ) 1 + 1 + � ,#N �a&	+ 2�"  2�&-1 +N� ";.�!'14&-.�&K27"��[.�!y/2� , &�+�& )� &-.�� , /<&+ " . + 1�&s!4/�!4"S27" 1 + &-.�� N�a& ,Z) ! , +62�! ,8 & ,�,�+ "	�E2 ,� *+8­ 1�&�1 +C� " , !H14��" ,�+ .7! ) & ) G "="��[14� )�) !/1  & ,4N® !H+ 2�!/.�!4"`2 , & ) /<� , &�+ 2�"  ! , +A! ) ��"��[1�&0/C152�/<&-.�� ) & ,4N

\�¯4�������%���I]o^�� U L + 2�"  � ,*X ºD!4'�� ,8 *) & ) +A� )Z+ " . 2 1/1 +C� " 3 2�!R/<& ,�+ 142 + !4"  !'.�! ,�+ 142�&9/8°.�&-.=! , 1 + ! )8 &K+�& ) &[14&-.�&�"���'6! ) ��"�&  2 ) &0/ n ±
(2n)! < 22n(n!)2.

�sh�«4��»����n��»[l������nkA� ± �}& ) & n = 1 , !  *+ !#"�! 3 2�!�/<&;.7! ,�+ 142�&9/N.�&-.H! ,'7 ! ) .�&-.�! ) &
2! = 2 < 22(1)2 = 4 NôEh�«4]¼»a�o�%��»[l������nkA� ±B? ��'��q/<&
+ )�+ '6! ) &&+�& )� !O.7!(/;&
.7! ,�+ 142�&0/C.�&-.@!4"5!#/"14& , �
n+ 1

! ,
(2(n+ 1))! = (2n+ 2)! = (2n+ 2)(2n+ 1)(2n)!,!4"  ��" 1#! , +A� ) R + + �0 ! ,�+2, .�! + " . 26151 +C� " , !  *+ !4"�! 3 27!

(2(n+ 1))! < (2n+ 2)(2n+ 1)22n(n!)2.

��& , !#142�" .�&,+�& )8 !H.�!F/<&K.�! ,�+ 1-2�&0/C.�&-.>!#"S!#/D1�& , � n+ 1
! ,

22(n+1)((n+ 1)!)2 = 22(n+ 1)222n(n!)2.

ºD!:! ,� !:'��S.�� � & ,� &^14�0'^+ ) � � & )/0 2 , &9" .��(/;&[.�! ,�+ 142�&9/N.�&�.S� �7 !4" + .�&,.�!R/;& R + + � ° ! ,�+<, .�! + " . 2 1/1 +C� " ±
(2n+ 2)(2n+ 1) < 22(n+ 1)2.

Op,8 &[.�! ,�+ 142�&0/N.�&-.>! , ! 3 2 +87 &0/2!4"  !T&
4n2 + 6n+ 2 < 4n2 + 8n+ 4
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F +	� )z &0"  � 7 ! ) .�&�.�! ) & N\�¯4���9���n���I]Sb�� U L + 2�"  � ,*XI� "T�E2�!410��.�!Z/2�  ! ) é;&U1#��" ,�+2,� !x!#"6'6& ) 1�& ) . + !5²Z"���'�! ) � ,!#"  �) !B!#/*è F !4/-M-³ N �a&$1#��' ��+ "�&-1 +C� "q1�&0"�&-.�� ) &V! ,� G JI� ) '6&-.�&^+A� ) ¸ ³V"��7'6! ) � ,#N§�& F + ) !#' + � ,�+�, !T&-1 + ! )� &0"9è�³ 0�´p0¶µ ��" + "�1427"��[.�!F! ,� � , ¸ ³B"���'�! ) � ,4N
Un+;XyU è�+ 27"  � X ºD!  ! ) ' + "�& ) 1/2 G "  & , +A� ,�+C� /<! , &-+ 2�! ,� & , R & F N§�& F 3 27!T!4/2!41 +2) è�³B"���'�! ) � , !4"  *) ! , !  !#"  &,+A� ,�+C� /<! ,50 ! ,8 ��! ,/0

(

70

10

)

.

Un+2+�XDU èH+ 2�"  � X ºD!  ! ) ' + "�& ) /;&	+ ) � � & ��+ / + .�&�.;.�!T&-1#! )� & ) è·³�"���'�! ) � ,4N§�& F 3 27!T!4/2!41 +2) /<� , è·³�"���'�! ) � , !4"  *) !F/<� , ¸ ³ 3 2�! , &9/<!4" ±
(

20

10

)

/

(

70

10

)

.

Un+2+<+;XDU è�+ 27"  � X ºD!  ! ) ' + "�& ) /<&K+ ) � � & �7+ / + .�&-.$.�!T� �7 !#"�! ) + ) !#' + � N§�& F 3 27! , 2�'6& ) /;&	+ ) � � & ��+ / + .�&-.;.7!R&-1#! )8 & ) è�³ 0�´60�µ F ³ NpOp,8 � , ! ) G ±
(

(

20

10

)

+

(

20

9

)

× 50 +

(

20

8

)

×
(

50

2

)

+

(

50

10

)

)/

(

70

10

)

.

\�¯4���9���n���I]²��� UIÏ + 2�"  � ,*X ºE&-.7� , n, p .�� , "��7'6! ) � , !#"  ! ) � , '(& F � ) ! , 3 2�!�è1#��" ,8 *) 2 +<) 2�":&0/21�� )�+3 '�� 3 27!".�!  ! ) ' + "�! ,�+ ! � +2,� !�!#/ + " 7 ! )�, �a.�! n +�& ) &Z!4/c+ ) �S. 2 1  �' � . 2�/2� p F 0�,�+ ! � +2,� ! 0 /2�,14&0/C152�/2! N �x!/14� ) .�&0'�� , 3 2�!R! ,8 ! + " 7 ! )�, �6! , 2�"S"���'�! ) �!#"  ! ) � m  &0/ 3 2�! n × m ≡ 1 mod p N �[�S.�!4'�� , /2/;&0'�& )/0�,�+ "~"�!/14! ,�+ .�&�.¸.�!
1#��" ,8 *) 2 +<) /2� 0 &;2�"@&9/<1�� )�+3 '�� mcd(x, y) 3 2�![1�&0/C152�/<&V!#/-' G�� + '��$14�0'B�7"l. +C7�+<, � ).7!I.�� , !4"  ! ) � , 152�&9/<! , 3 2 + ! ) & x ! y N ® & � !4'�� , 3 2�!�!#/ + " 7 ! )�, �(.�! n ' � .62�/<� p ! � +2,� !
,�+ F , ��/;&9'6!#"  ! ,�+ mcd(n, p) = 1 N�O-,8 & , ! ) G /;&B+ )�+ '6! ) &:/;é2"�!�&B.�!'+ , !/2 .��S1 � . + 1�� N® + ! � +<,8 ! 0 !4"  *) & ) G !#"½2�" � 2 1#/<! 3 2�! 7 &l14�0'^+ ) � � &0"6.�� ,�+ !4/!+ ) �S.62 1  ��.�&l27"��
R & ,� &�!4" 1#��"  �) & ) !#/ + " 7 ! )�, � N

O "  *) &-.�& ± n, p
I := mcd(n, p)�¾J
I 6= 1  R !#" R :=

�H�b¿[À�ÁÂVY�bVHÁ����-VY�ÄÃ�¿[Å(�4�-ÆSÇN¿TÈ!4/ , !
R := 2k R + /2! R× n mod p 6= 1

R := R + 1® &0/ + .�& ± R
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 �;£ \#¤$¥/¦#¥�§H��¨ h6©��pª@Ý6©��n��h £ ��«������X©mh��E\UÉ�h�ªf���iÊz�n��h ¬ õTb6��bp��b�
�
A»

�a&[.62 ) &-1 +N� "&.�!#/�! � &0'�!4"=! , .�!  *) ! , R � ) & ,#N? ��" ,8 &%.7!V¹S!º��! ) 1 + 1 + � ,#N �a&`+ 2�"  2�&-1 +N� "9.7!O14&-.�&`2�"��%.�!(/2� , &-+�& )� &�.�� , /<&+ " . + 1�&s!4/�!4"S27" 1 + &-.�� N�a& ,Z) ! , +62�! ,8 & ,�,�+ "	�E2 ,� *+8­ 1�&�1 +C� " , !H14��" ,�+ .7! ) & ) G "="��[14� )�) !/1  & ,4N® !H+ 2�!/.�!4"`2 , & ) /<� , &�+ 2�"  ! , +A! ) ��"��[1�&0/C152�/<&-.�� ) & ,4N

\�¯4�������%���I]á^�� U è^+ 2�"  � X ºD&-.�� , .�� , "���'6! ) � ,R) !�&9/<! , a F r 0 r 6= 1
.�!4'�� ,8 *) & )+A� )Z+ " . 2 1/1 +C� "&+�& ) &[14&-.�&�"���'6! ) ��"�&  2 ) &0/ n ±

a+ ar + ar2 + · · ·+ arn =
a(rn+1 − 1)

r − 1
.

\�¯4�������%���I]5b�� U è#+ 27"  � X ��� ) '6&0/ + ²�& F .�!  ! ) ' + "�&�/;& 7 &0/ + .�!/²H.�!4/ ,�+ 142 + !4"  ! ) &-²#��°"�&0' + !#"  � ±§ + + �9 ! ,�+<,/±Ë Á"VÌÃMÀ�Æ7�-ÁÂ¿�Í!VY��Àº¿����ÌVÌÃF�b¿	ÃMÆXÃºÈ�VY�A�SVY�ÌÎ'Å,W-À�VMÅ«û-ÀÏÁ���W�Ã5Ð
Ë Át�b¿:Ñ�Æ�V��S¿OW-Ç�ëÌW-ÇN¿����ÌVÌÃMÀ�¿�Í�VÌÃMÀÏÆ7�-ÁÂ¿-Ð
Ë ÆXÃºÈ�VY�A�S¿[Å,W-ÀºVMÅ«û-À�Á���W�Ã5Ðe[! ,�+2,5±ÒSÆ¶V��S¿^W-ÇeëÌW-ÇN¿����ÌVÌÃMÀº¿-Ð

\�¯4�������%���I]@��� U ¸ + 27"  � ,�XUn+;XZU èa+62�"  � X º�!  ! ) ' + "�& ) .�!(152 G "  & , '(&0"7! ) & ,�, !a+ 2�!/.�!4" ) !5+�& )8 *+2) è ¸ 1�&0' + °, !  & ,x+ 142�&0/2! , !4"  *) ! Û +A! )�, ��"�& ,#NUn+2+�XQU è`+ 2�"  � X ��&�' +<, '(&_+ ) !41-2�"  & 3 2�!q!#" Un+�X +A! ) �f"7�9+A! ) ' +2 *+ !4"6.�� 3 2�!" + "�1-2�"�&K+A! )�, ��"�& ) !/1 +C� & U ! ,8 *)�+ 1  &0'6!#"  ! X ' G , .�! ,�+ !  !H14&0' +<, !  & ,#N
\�¯4�������%���I]QÀ�� U è:+ 2�"  � X ® !�& G = (V,E)

2�"�1 ) &�JI� ,�+ '^+7/<!@1#��"�! � � 0 .�!Z'6�S.�� 3 27!
|V | = n NUn+;XSU ³ N Û + 2�"  � ,*X ºD!  ! ) ' + "�& )/0 !4"iJj2�"61 +C� "i.�!

n 0 !#/D"���'�! ) �f' G�� + '6� F !4/"���'�! ) ��'«é<" + '��	.�!T& )�+2,� & , .�! G N



L Û ¹ ���U�I�5�U���d�ðø�� �!�,çK�n¡'�:��þÁÿ�ùrþ�¢Dúy��þ�ç�þÁÿ`¡1þÉÿ��.þI�h���,ÿ

Un+2+�X=U ³ NÜÛ + 2�"  � ,*X ºD!  ! ) ' + "�& ) 152 G /D! , !4/D"���'�! ) �5'«é<" + '��9.7!.& )�+2,� & , 3 27!+62�!5.�!  !4"�! )x,�+ ! , !/2�/<! )�+ &0"�� N
\�¯4���9���n���I]f`�� U ¸ + 2�"  � ,*X ® !4&0"=/<� ,� �) ! , 1 ) &�JI� ,z,�+ ',+�/<! ,z,�+ 142 + !4"  ! ,

G1 = (V1 = {a, b, c}, E1 = {{a, b}, {b, c}, {a, c}}),

G2 = (V2 = {1, 2}, E2 = {{1, 2}}),
G3 = (V3 = {α, β, γ, ε}, E3 = {{α, β}, {α, γ}, {γ, ε}}).

Un+;XQU è
+ 2�"  � X�? ��" ,8 *) 2 +2) !#/z1 ) &�JI� G = (G1 × G2) ∪ G3 N ºD!  ! ) ' + "�& ) /2� ,1 ) &-.�� , .�! , 2 ,:74Ó4)� �+ 1#! ,#N{? ��" ,8 *) 2 +<) 2�"�&�'6&  *)�+ ²T.7!R&�. F &-1#!4" 1 + & , .�! G NUn+2+�XSU ³ N Û + 2�"  � X ºD!  ! ) ' + "�& )(,�+ !#/E1 ) &�JI� G
! , 1#��"�! � � 0 � 0 !4" , 2¸.�!MJI!51  � 01/2 G "  & , 14��',+A��"�!#"  ! , 1#��"�! � & ,x �+ !4"7! N º�!  ! ) ' + "�& )z,�+ ! ,�O 2�/<! )�+ &0"�� 0 .�!  ! ) ' + "�& ),�+ ! , §�&0' + /  ��" + &0"�� NUn+2+<+;XPU ³ N Û + 2�"  � X ºD!  ! ) ' + "�& ) 152 G "  � , 1�&9' + "�� ,},�+ ',+�/2! , .�!Z/2��"�1 +3 26. L  *+ !4"�!#", 2S! �  �) !#'6� + " + 1 + &9/ F , 2=! �  *) !4'�� ­ "�&0/�!4"=!4/ 74Ó#)� *+ 14! (a, 1) N

\�¯4���9���n���I]f»�� U L + 2�"  � ,*X ® !4&�!4/ ,�+ 142 + !4"  ! ,�+2,� !4'6&K.�!H14��"71 ) 2�!#" 1 + & , / + "�!�&9/<! ,5±
x ≡ 5 mod 7

x ≡ 3 mod 9

x ≡ 4 mod 5

Un+;XyU ³ N Û + 27"  � ,�X ºD!  ! ) ' + "�& ) !#/D14��"��E27"  �,.7! , ��/N261 + �0"�! , .�!#/ ,�+<,8 !4'6& NUn+2+�XBU ¸ + 27"  � ,�XR? �0" ,� �) 2 +2) 2�"f&0/<1�� )�+3 '�� 3 27!  !4"�1�&
14��'��=!4"  *) &�.�&
.�� , "��p°'�! ) � , "�&  2 ) &0/2! , . +2,� �+ "  � , a, b F 3 2�!U.�!  ! ) ' + "�!(1/2 G "  & ,P, �0/N2 1 + ��"7! , .�!4/ ,�+<,8 !4'6&&9"  ! )�+ � )sU !4/n.�!#/t&�+�& )8 &-.�� UI+�X�Xz, �0"H'6& F � ) ! , � + 1-2�&0/2! , 3 27!s!4/['«é<" + '��^.7! {a, b}
F '6!#"�� ) ! , � + 142�&0/2! , 3 2�!T!#/�' G�� + '6�	.�! {a, b} NUn+2+<+;XPU ³ N Û�X º�! ­ " +2) !4/  &9'(&Fö��'.7!Z/<&E!#"  *) &-.�&y!#" Un+2+�X F ! ,8 2 . + & ) /;&T1#��',+�/<!º� + .�&�..7!4/a&0/<10� )�+3 '�� N



L Û M

 �;£ \#¤O¥5¦�¥Ô§W��¨ hp©m�SªfÝ6©��n��h £ ��«������X©mh��E\UÉ�h�ª@���iÊz�n��h ¬{���S«�l��S¬f©m]�õbp��bp��b�
�
A»

�a&[.62 ) &-1 +N� "&.�!#/�! � &0'�!4"=! , .�!  *) ! , R � ) & ,#N? ��" ,8 &%.7!V¹S!º��! ) 1 + 1 + � ,#N �a&`+ 2�"  2�&-1 +N� "9.7!O14&-.�&`2�"��%.�!(/2� , &-+�& )� &�.�� , /<&+ " . + 1�&s!4/�!4"S27" 1 + &-.�� N�a& ,Z) ! , +62�! ,8 & ,�,�+ "	�E2 ,� *+8­ 1�&�1 +C� " , !H14��" ,�+ .7! ) & ) G "="��[14� )�) !/1  & ,4N® !H+ 2�!/.�!4"`2 , & ) /<� , &�+ 2�"  ! , +A! ) ��"��[1�&0/C152�/<&-.�� ) & ,4N

\�¯4�������%���I]á^�� U è^+ 2�"  � X ºD&-.�� , .�� , "���'6! ) � ,R) !�&9/<! , a F r 0 r 6= 1
.�!4'�� ,8 *) & )+A� )Z+ " . 2 1/1 +C� "&+�& ) &[14&-.�&�"���'6! ) ��"�&  2 ) &0/ n ±

a+ ar + ar2 + · · ·+ arn =
a(rn+1 − 1)

r − 1
.

�}& ) & n = 1 , !  *+ !4"�! 3 27!T!4/D+ )�+ '�! ){ �Ó4) ' + "��K.�!F/;& + 142�&9/N.�&�.Q!4"
1527! ,� �+N� "=! ,
a+ ar = a(r + 1).

�[� ) �  �) ��/<&-.�� 0 !4/ , !41-2�" .��  �Ó4) ' + "��B! ,5±
a(r2 − 1)

r − 1
=

a(r + 1)(r − 1)

r − 1
= a(r + 1),

+A� ) /2� 3 2�!T/<& � & , !H.�!F/;& + " . 26151 +N� ">! ,!7 ! ) .�&-.�! ) & NP? ��'��
a+ ar + ar2 + · · ·+ arn+1 = (a+ ar + ar2 + · · ·+ arn) + arn+1,

!4"  ��" 1#! ,/0 +A� ) R + + �9 ! ,�+<, .�! + "6. 2 1/1 +N� " 0 /;&B&0"  ! )�+ � )�, 27'(&B! ,Z+ 142�&9/�&
a(rn+1 − 1)

r − 1
+ arn+1.

�x! , 2�/  &$2�"�&;1#��',+ ) � � &-1 +C� " 7 ! )�+8­ 1�& ) 3 2�!�! ,� �>! ,y+ 142�&0/}&Q/<&OJ ��) '	2�/;& � 2 , 1�&-.�& 0! ,� �6! ,5±
a(rn+2 − 1)

r − 1
.



L Û-µ ���U�I�5�U���d�ðø�� �!�,çK�n¡'�:��þÁÿ�ùrþ�¢Dúy��þ�ç�þÁÿ`¡1þÉÿ��.þI�h���,ÿ
\�¯4���9���n���I]5b�� U è#+ 2�"  � X ��� ) '6&0/ + ²4& F .�!  ! ) ' + "�&�/<& 7 &0/ + .�!5²H.�!#/ ,�+ 1-2 + !#"  ! ) &-²#��°"�&0' + !4"  � ±§ + + �0 ! ,�+<,5±Ë Á�VÌÃMÀÏÆ7�4ÁÂ¿�Í@VY��Àº¿����ÌVÌÃF�b¿	ÃMÆcÃºÈ�VY�A�SVY�ÄÎHÅ,W-ÀºVMÅ«û-À�Á���W�Ã5Ð

Ë Á-�b¿!Ñ�Æ�V��S¿OW-Ç�ëÌW-ÇN¿����ÌVÌÃMÀ�¿�Í�VÌÃMÀÏÆ��-ÁÂ¿-Ð
Ë ÆcÃºÈ�VY�A�S¿KÅ,W-À�VMÅ«û-ÀÏÁ���W�Ã5Ðe�! ,�+<,/±ÒSÆ¶V��S¿OW-Ç�ëÌW-ÇN¿����ÌVÌÃMÀ�¿-Ð

�a& , R + + �0 ! ,�+<,z, ��" ±
H1 := (e⇒ ¬s)
H2 := (¬b⇒ e)
H3 := s�a&  ! ,�+<, ! , T := b N ºD��"6.�! e ! , VÌÃMÀ�Æ7�-ÁÂ¿ 0 s ! , ÃMÆXÃºÈ�VY�A�S¿BÅ,W-ÀºVMÅ«û-À�Á���W�Ã 0 b ! , Ñ�Æ�V��S¿W-Ç�ëÌW-ÇN¿����ÌVÌÃMÀ�¿ Nº�! � !4'�� ,:7 ! )�+8­ 1�& ) 3 2�!T/;&BJI� ) '(&	+ ) �4+A� ,�+ 1 + ��"�&0/

(H1 ∧H2 ∧H3)⇒ T! , 2�"�&  &-2��  /<�01�é<& N® + /;& , R + + �0 ! ,�+2,�, ��"^Jn&0/ , & , "�� R & F "�&-.�& 3 2�!U1#��'^+ ) � � & )50 !#"  ��" 1#! , +A�S.�!#'6� ,, 2 +A��"�! ) H1 : V 0 H2 : V 0 H3 : V N6? ��'�� H3 : V
!#"  �0" 14! , s : V F +�& ) & 3 2�!

H1 , !�& V .�! � ! , ! ) e : F N �}& ) & 3 27! H2 , !�& V .�! � ! , ! ) b : V /2� 3 27! R &�14! 3 2�!
T : V 0�,�+ !4" .7� 0 .�!F! ,� !T'��S.�� 0 2�"�&  &-2  ��/<�01�é<& F !#/ ) &-²#��"�&0' + !#"  � 7 G / + .�� N\�¯4���9���n���I]f��� U ¸ + 2�"  � ,*XUn+;XZU èa+ 2�"  � X ºD!  ! ) ' + "�& ) .�!a1/2 G "  & , '6&0"�! ) & ,�, !a+ 2�!5.7!4" ) !/+�& )� �+<) è ¸ 14&0' + °, !  & ,x+ 1-2�&0/2! , !4"  *) ! Û +A! )�, �0"�& ,#NUn+2+�XQU è`+ 27"  � X �a&�' +<, '6&_+ ) !4142�"  & 3 2�!S!4" UI+�X +A! ) �f"���+A! ) ' +3 *+ !4" .�� 3 27!" + "�1427"�&K+A! )�, ��"�& ) !51 +N� &�' G ,TU ! ,� *)�+ 1  &0'�!4"  ! X .�! ,�+ !  !H1�&9' +2, !  & ,4N

Un+;X CR5,12 = (1612) NUn+2+�X � ,�+ 1�"�&9'6� ,Kµ 1�&0' +2, !  & , &_2�"�&l+A! )�, ��"�& N �Z!5+�& )8 *+ '6� , /;& ,BÏ.) ! ,� &0"  ! ,+�& ) &q� �7 !#"�! ) !4/{/<&%14&0"  �+ .�&�.�.7! ) !5+�& )� � , 3 2�!Q& ,�+ 1�"�&0"5' G , .�!>M%14&0' +<, !  & , &27"�&B+A! )�, �0"�& ­ ��&-.�& Np? �0'6� R & F 1 + " 14�B+A! )�, �0"�& ,50 .�! � ! +2) '	2�/  �+ +�/ + 14&-.���+A� )�Ûp0 .�!'��S.�� 3 2�!F/;&	1�&0"  *+ .�&-. � 2 , 1�&-.�&�! ,
CR5,12 − 5CR5,4.\�¯4���9���n���I]>Àa� U è:+ 2�"  � X ® !4& G = (V,E)

2�"�1 ) &�JI� ,�+ ',+�/2!@14�0"�! � � 0 .�!Z'��S.�� 3 2�!
|V | = n N



L Û-´
Un+;XSU ³ N Û + 2�"  � ,*X ºD!  ! ) ' + "�& )/0 !4"iJj2�"61 +C� "i.�!

n 0 !#/D"���'�! ) �f' G�� + '6� F !4/"���'�! ) ��'«é<" + '��	.�!T& )�+2,� & , .�! G NUn+2+�X=U ³ N Û + 2�"  � ,*X ºD!  ! ) ' + "�& ) 1/2 G /D! , !#/D"���'�! ) ��'«é<" + '���.�!H& )�+2,� & , 3 2�!+ 2�!5.7!  !4"7! )x,�+ ! , !52�/2! )�+ &0"�� N
Un+;X}O /�1 ) &�JI�'14�0"�! � �R'«é<" + '��E! , 2�" G )�� ��/ .7!Z'6�S.�� 3 2�! |V | ≥ n−1 NtO /�1 ) &�JI�14��"=' G , & )�+2,� & ,z, ! ) G Kn N ºD!F'6�S.7� 3 2�!

n− 1 ≤ |V | ≤ n(n− 1)/2.

Un+2+�Xx? ��'6�  �S.�� , /<� ,a74Ó#)� *+ 14! , R &0"_.�! , ! ) .�!s1 ) &�.��;+�& )50 !#"  �0" 14! ,50 !#/t1 ) &-.��'�é2" + '��H! , .�� , F +A� )B &0"  � |V | = n NÑO /!1 + 1#/<� Cn

! , 27"o!���!4',+�/2�l.���" .�! , !&0/N14&0" ²4&B! ,� !T'�é2" + '�� N\�¯4�������%���I]@`�� U ¸ + 27"  � ,�X ® !�&0"=/<� ,� *) ! , 1 ) &�JI� ,z,�+ ',+�/2! ,�,�+ 1-2 + !#"  ! ,
G1 = (V1 = {a, b, c}, E1 = {{a, b}, {b, c}, {a, c}}),

G2 = (V2 = {1, 2}, E2 = {{1, 2}}),
G3 = (V3 = {α, β, γ, ε}, E3 = {{α, β}, {α, γ}, {γ, ε}}).

Un+;XQU è
+62�"  � X�? ��" ,8 *) 2 +<) !4/z1 ) &�JI� G = (G1 × G2) ∪ G3 N ºD!  ! ) ' + "�& ) /2� ,1 ) &-.7� , .7! , 2 ,:74Ó4)8 *+ 14! ,4N{? ��" ,� *) 2 +<) 2�"�&�'6&  �)�+ ²U.�!T&-. F &-1#!4" 1 + & , .�! G NUn+2+�XSU ³ NÜÛ + 2�"  � X ºD!  ! ) ' + "�& )(,�+ !4/D1 ) &�JI� G
! , 14��"7! � � 0 � 0 !4" , 2¸.�!/JI!/1  � 0152 G "  & , 14�0'^+A�0"�!4"  ! , 14��"7! � & ,Z *+ !#"�! N ºD!  ! ) ' + "�& )z,�+ ! ,�O 2�/2! )�+ &0"�� 0 .7!  ! ) ' + "�& ),�+ ! , §D&0' + /  �0" + &9"�� NUn+2+<+<X{U ³ NÜÛ + 27"  � X ºD!  ! ) ' + "�& ) 152 G "  � , 14&0' + "�� ,},�+ '^+7/<! , .�!z/<��"71 +2 2 . L  �+ !#"�!4", 2S! �  *) !#'6� + " + 1 + &0/ F , 2S! �  �) !4'�� ­ "�&0/�!#"S!4/ 7-Ó4)� �+ 1#! (a, 1) N

Un+;X�O /�1 ) &�JI�B! , G = (V,E)
.��0" .�!

V = {(a, 1), (b, 1), (c, 1), (a, 2), (b, 2), (c, 2), α, β, γ, ε}

F
E = {{(a, 1), (b, 1)}, {(b, 1), (c, 1)}, {(a, 1), (c, 1)}, {(a, 2), (b, 2)}, {(b, 2), (c, 2)},

{(a, 2), (c, 2)}, {(a, 1), (a, 2)}, {(b, 1), (b, 2)}, {(c, 1), (c, 2)}}.��� , 1 ) &-.�� ,I7 ! )�+C­ 14&0" ± gr(v) = 3
+�& ) &#14&-.�& v ∈ V1×V2 gr(α) = gr(γ) = 2 0

gr(β) = gr(ε) = 1 N�}& ) &�!#/�� ) .�!#"S! , 1#��1 + .���!#"S/2� ,@74Ó4)8 *+ 14! ,/0 2�"�&�'(&  *)�+ ²T+ 2�!/.�! , ! )5±



L ¹4³ ���U�I�5�U���d�ðø�� �!�,çK�n¡'�:��þÁÿ�ùrþ�¢Dúy��þ�ç�þÁÿ`¡1þÉÿ��.þI�h���,ÿ

































0 1 1 1 0 0 0 0 0 0
1 0 1 0 1 0 0 0 0 0
1 1 0 0 0 1 0 0 0 0
1 0 0 0 1 1 0 0 0 0
0 1 0 1 0 1 0 0 0 0
0 0 1 1 1 0 0 0 0 0
0 0 0 0 0 0 0 1 1 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0 1
0 0 0 0 0 0 0 0 1 0

































Un+2+�XPO /�1 ) &�JI��! , "��[14�0"�! � �,+ 2�! ,Z *+ !4"�!T.�� , 1#��',+A��"�!#"  ! , 14��"7! � & ,50 F & 3 2�!F/;&27" +N� "S! , . +<, �E2�"  & F 14&-.�&O27"��$.�!:/2� , ' + !#' ��) � , .�!:/<&,2�" +N� "q! , 14�0"�! � � N � /["7�, ! ) 1#��"�! � �="��&+ 2�!/.�! , ! ) §�&0' + /  �0" + &9"�� N � /  !#"�! ) .7� , 1#��'^+A�0"�!4"  ! , 1#��"�! � & ,5014&-.�&[2�"�&[.�!F!4/</<& , 14�0"q& )�+<,8 & , "7�,+ 2�!/.�! , ! )�O 2�/2! )�+ &0"�� NUn+2+<+;XR? ��'��H!#/�! �  *) !4'�� + " + 1 + &0/ F ­ "�&0/@.7!4/@1�&0' + "��W! , !4/�' +<, '�� 0 "��l+ 2�!/.�!
R & � ! ) 14&0' + "�� , "�� ,�+ ',+�/<! , .�!>! , &./<�0"�1 +3 2 . N ºD!>'��S.�� 3 27!
14&-.�&_1�&0' + "7�_.�!/2��"�1 +3 26. L ! ,/0 !#">!/JI!/1  � 0�,�+ ',+�/2! N §D& F .�� , 1�&9' + "�� ,{,�+ '^+7/<! , .�!y/<��"71 +2 2 . L 0 3 27!, ��" ±

(a, 1), (b, 1), (c, 1), (a, 1) y(a, 1), (c, 1), (b, 1), (a, 1).u "��9+ 27!5.�! R & � ! ) ' G , +62�! , !4"~/<&o14�0'^+A��"7!4"  !%1#��"�! � &f!#" 3 27!W! ,� G (a, 1) 03 2�!Q! , 2�"�+ ) �S. 2 1  � 0p,�+ !#/@1�&9' + "�� , 2 � !=&W/<&W&0/  2 ) &%.7! ­ " + .�&Q+A� ) /;& , !4142�"6.�&1#��� ) .7!4"�&-.�& + 142�&9/�& ¸ 0 "��,+ 27!5.�!T!#"`.�� , +�& , � ,/0�7 ��/ 7 ! ) &0/ 74Ó4)8 *+ 1#! (a, 1) N\�¯4���9���n���I]f»�� U L + 2�"  � ,*X ® !4&�!4/ ,�+ 142 + !4"  ! ,�+2,� !4'6&K.�!H14��"71 ) 2�!#" 1 + & , / + "�!�&9/<! ,5±
x ≡ 5 mod 7

x ≡ 3 mod 9

x ≡ 4 mod 5

Un+;XyU ³ N Û + 27"  � ,�X ºD!  ! ) ' + "�& ) !#/D14��"��E27"  �,.7! , ��/N261 + �0"�! , .�!#/ ,�+<,8 !4'6& NUn+2+�XBU ¸ + 27"  � ,�XR? �0" ,� �) 2 +2) 2�"f&0/<1�� )�+3 '�� 3 27!  !4"�1�&
14��'��=!4"  *) &�.�&
.�� , "��p°'�! ) � , "�&  2 ) &9/<! , . +<,8 *+ "  � , a, b 3 2�!,.�!  ! ) ' + "�!K152 G "  & ,F, ��/C2 1 + ��"�! , .7!4/ ,�+<,8 !4'6&&9"  ! )�+ � )z, !�&9"q'6& F � ) ! , � + 142�&9/<! , 3 27!R!4/�'�é2" + '��K.7! {a, b} F '�!4"7� ) ! , � + 142�&9/<! ,3 2�!F!4/�' G�� + '��	.�! {a, b} NUn+2+<+;XPU ³ N Û�X º�! ­ " +2) !4/  &9'(&Fö��'.7!Z/<&E!#"  *) &-.�&y!#" Un+2+�X F ! ,8 2 . + & ) /;&T1#��',+�/<!º� + .�&�..7!4/a&0/<10� )�+3 '�� N



L ¹Hè

Un+;X ® !B+ 2�!/.�!B&-+7/ + 14& ) !4/  !4� ) !4'6& ? R + "��O.�!:/2� ,�) ! ,� � , F & 3 2�! Û F M , ��"W"��S°'6! ) � , + )�+ '�� , F ´ "��:! , 27"('B�7/  *+ +7/2� , 2 F � N�O "  ��" 1#! , !4/¶14��"��E27"  �#.�! , ��/C2 1 + ��"�! ,! ,5±
{264 + 7× 5× 9K : K ∈ Z}.

Un+2+�X �[�S.�!#'6� , R &-14! ) !4/ ,�+ 142 + !4"  !F&0/21�� )�+K '��
O "  �) &-.�& ± a, b�¾J
a < b  R !4" m := a 0 M := b

!4/ , ! m := b 0 M := a
i := 0
s := 0k R + /<! 264 + 7× 5× 9i ≤M+ J 264 + 7× 5× 9i ≥ m  R !4" s := s+ 1

i := i+ 1® &0/ + .�& ± s
Un+2+<+<X º�! ­ " + '�� , M 1#��'��6!4/  &9'(&Fö��,.�!:/<&�!#"  �) &-.�& F !4"  ��" 1#! , !#/[&0/21�� )�+3 '��! , .7!�1#��',+�/<!º� + .�&�.Q/ + "�!�&9/ N



L ¹ ¸ ���U�I�5�U���d�ðø�� �!�,çK�n¡'�:��þÁÿ�ùrþ�¢Dúy��þ�ç�þÁÿ`¡1þÉÿ��.þI�h���,ÿ

 �;£ \#¤O¥/¦#¥�§H��¨ h6©m�SªfÝp©��%��h £ �Ï«������X©mh��y\UÉ�h�ªf���iÊz�%�ah�¬�õR`p���p��b�
�
A»

�a&[. 2 ) &-1 +N� "&.�!#/a! � &0'�!4"=! , .7!  �) ! , R � ) & ,4N? ��" ,8 &%.�! Ï !���! ) 1 + 1 + � ,4N �a&`+62�"  2�&-1 +C� "9.�!^1�&-.�&%27"��Q.7!(/2� , &-+�& )8 &-.�� , /;&+ " . + 1�&s!4/�!#"S2�" 1 + &�.�� N�a& ,Z) ! , + 27! ,� & ,�,�+ "	�E2 ,8 *+C­ 1�&-1 +N� " , !�1#��" ,�+ .�! ) & ) G "="��,1#� )�) !51  & ,#N® !H+ 2�!/.�!4"`2 , & ) /2� , &-+62�"  ! , +A! ) ��"��,14&0/N1/2�/;&�.�� ) & ,4N

\�¯4���9���n���I] ^�� U ¸ ³`+ 2�"  � ,*X ® !�& Kn = (V,E)
!#/{1 ) &�JI� ,�+ ',+�/2!^1#��',+�/<!  �%.�!

n
74Ó#)� �+ 14! ,4NUn+;X�UnÏ + 27"  � ,�X º�!  ! ) ' + "�& ) |V | 0 !#/�1 ) &-.��a.�!�14&-.�& 74Ó4)8 *+ 1#! F 0 2 , &0" .7�E/;&:J ��) '	2p°/<& 3 2�! ) !4/<&-1 + ��"�&T!#/	1 ) &-.7�	.7!E/2� ,d74Ó#)� *+ 14! , 14��"V!#/	"���'�! ) �	.�!E& )�+<,� & ,50 .�!  ! ) ' + "�& )
|E| N Un+2+�X=UIÏ + 2�"  � ,*X ºD!#'	2�! ,8 *) &f/;&oJ ��) '	2�/;&.� �7 !4" + .�&9+�& ) & |E| +A� )(+ "6. 2 151 +N� "!#"5!#/�"���'�! ) �%.7! 74Ó#)� �+ 14! ,QUn,�+ "�2 , & ) /;&;J ��) '	2�/<& 3 27! ) !#/;&-1 + ��"�&>!4/�1 ) &-.��`.�!6/2� ,
74Ó#)� �+ 14! , 14�0"=!4/�"��7'6! ) �[.�!T& )�+2,� & ,�XYNUn+2+<+;XPUIÏ +62�"  � ,�X ºD!  ! ) ' + "�& ) +�& ) & 3 2 Ó!7 &0/<� ) ! , .�! n !#/�1 ) &�JI� Kn

! , !527/<! )�+ &9"�� Nut+�& ) &K152 G /<! , ! , R &0' + /  ��" + &0"�� NUn+87�XFUIÏ +62�"  � ,�X ºD!  ! ) ' + "�& ) 152 G "  � ,�, 2 � 1 ) &�JI� ,x+<, ��'�� ) JI� , & C3 U !4/h1 + 1#/<�[.�! �) ! , !#/<!#'6!#"  � ,�X- �+ !4"7!D!#/	1 ) &�JI� Kn N �a&R' +2, '6&H+ ) !4142�"  &B14&0' ��+ &9" .�� C3 +A� ) C4 NUj77XyUnÏ + 2�"  � ,*X ºD!  ! ) ' + "�& )/0p­ ��&-.�&K2�"�&�& )�+<,8 & e ∈ E 0 1/2 G "  � ,z, 2 � 1 ) &�JI� , .�!
Kn +2, ��'�� ) JI� , & C3 14��"  *+ !#"�!4"=/<&�& )�+<,8 & e N
\�¯4���9���n���I]fb�� U ¸ ³K+ 27"  � ,�XUn+;X:U�µ + 2�"  � ,*X º�!4'�� ,� �) & ) 3 27!K+�& ) &  �S.��V"���'6! ) �V"�&  2 ) &0/ n 0 n2 + 1

"��Q! ,. +C7�+<,�+N� /2!T+A� ) è ´7NUn+2+�X�U è ¸ + 2�"  � ,�X ºD!  ! ) ' + "�& ) /<&B+ ) � � & ��+ / + .�&�.O.�! 3 27!T&9/�!#/<!#1 +<)� *) ! , "���'�! ) � ,"�&  2 ) &0/<! , '6!#"�� ) ! , � + 142�&0/2! , 3 2�!«è�³-³ U +A� ,�+N� /2!4'�!4"  ! ) !5+A!  �+ .�� ,�XU & X{, !�&0"S/2� ,� �) ! , 's��/  *+ +�/2� , .�!¢è�M 0UÏ��X &0/�'6!#"�� , 27"��,.�!F/<� ,{ *) ! , !#/<!#1 + .�� ,z, !4&,1#��"�1 ) 2�!4"  !�1#��" Û ' � . 2�/2�?è�M 0U 1 X�, !�&9" , �0/N2 1 + ��"�! , .7!4/ ,�+2,� !#'6&K.�!H14��"�1 ) 2�!#" 1 + & ,5±
x ≡ 2

'��S.
3

x ≡ 5
'��S.

7
x ≡ 4

'��S.
2



L ¹ L
\�¯4�������%���I]H��� U ¸ ³#+ 2�"  � ,�X ® !�& G = (V,E)

2�"Q1 ) &�JI� ,�+ '^+7/<! U "��	. +2)�+ 1 + .�� X .�&-.7�14��'�� ±
V = v1, . . . , vn

! , 2�"�&�/ +<,8 &	.�!F"���'6! ) � , !4"  ! ) � , "�� ) !5+A!  *+ .�� , F
E = (e11, e12), . . . , (em1, em2)

! , 2�"�&./ +2,� &Q.�!;+�& ) ! , � ) .7!4"�&-.7� ,SU / +<,� & , .7!.�� , !4/2!4'�!4"  � ,*X .7!T"���'�! ) � , !4"  ! ) � , .7! V N? ��" ,� �) 2 +2) /2� ,z,�+ 142 + !4"  ! , &0/21�� )�+K '�� , F ! ,� 2 . + & )Z, 2
14�0'^+�/2!�� + .�&-. ±UnÏ + 2�"  � ,*X �-ÎY��À�Á��ÌV5Ð{e + !4"7!#1#��'��6!#"  �) &-.�& G F 2�"S"���'�! ) �6!#"  ! ) � v N ºD!  ! ) °' + "�& ,�+ v ! , 27" 74Ó#)� �+ 14!H.�! G NUnÏ + 2�"  � ,*X W0��ÁNÃMÀÂWXÐEe + !#"�!	1#��'��(!4"  *) &�.�& G F 27"_+�& ) � ) .�!4"�&-.�� e := v1, v2 NºD!  ! ) ' + "�& ,�+ e ! , 2�"�&�& )�+<,� &K.7! G NUnÏ + 2�"  � ,*X W�� � W��ÌVY��À�VÌÃ5Ð÷e + !4"�!`14�0'6�@!#"  *) &-.�& G F 2�"Ñ"���'�! ) �f!#"  ! ) � v NºD!  ! ) ' + "�&  �S.�& , /;& , & )�+<,8 & , 3 27! , ��"S&-. F &-14!#"  ! , 14�0" v NUnÏ + 27"  � ,�X �0�EW��S¿-ÐRe + !4"7!K14��'��Q!#"  �) &-.�& G F 2�"."���'�! ) �>!#"  ! ) � v N ºD!  ! ) °' + "�&s!4/�1 ) &-.7�,.7!
v NUnÏ + 2�"  � ,*X VMÆSÇNVY��ÁÏW0�b¿-ÐFe + !#"�!	14��'��V!4"  *) &-.�& G U 1#��"�! � � X F .�!  ! ) ' + "�& ,�+ G *+ !#"�!y��"��[2�"`14&0' + "��B!/2�/<! )�+ &0"�� N

\�¯4�������%���I].Àa� U ¸ ³K+ 2�"  � ,�XUn+;XQU è·³l+ 2�"  � ,*X�O "o!4/!14��"Ô�E2�"  ��.�!>/;& , JI� ) '6& , + ) �4+A� ,�+ 1 + ��"�&9/<! , .�! ­ " + '�� ,/;& ,�+ 142 + !4"  ! ) !4/<&-1 +C� " ± P , ! ) !4/;&�1 + �0"�&;1#��" Q ,�+ F , ��/<&0'�!4"  ! ,�+ P ∨ Q ! , 2�"�& &-2  ��/<�01�é<& N ºD!  ! ) ' + "�& )D,�+ ! ,� & ) !4/<&-1 +N� "q! ,y) !/L�! � +C7 & 0�,�+ ' ÓY *)�+ 1�& 0 &0"  *+<,�+ ' Ó# �)�+ 14&
F  *) &0" ,�+3 *+87 & NUn+2+�X:U è�³;+ 2�"  � ,:XyO "@!#/I1#��"��E2�"  � A = {(p ∨ ¬p), (q ⇒ p), p, (q ∧ ¬q)} , !.�! ­ "7!R/;& ) !4/<&-1 +N� " ,�+ 142 + !4"  ! ± .�&-.�� , P ,Q ∈ A , !  *+ !4"7! 3 2�! P , ! ) !4/<&-1 + ��"�&K1#��"
Q ,�+ F , ��/<&0'�!4"  ! ,�+ P ⇐ Q ! , 27"�&  &-2  ��/2��1�é<& N6? ��" ,8 *) 2 F !(!4/p1 ) &�JI�&. +<)�+ 1 + .��& , �S1 + &-.7�T&E! ,� & ) !#/;&-1 +N� " Nt? ��',+ 2  &y/<&T14/<&-2 , 2 ) & ) !/L�! � +87 & 0 /<&T14/<&-2 , 2 ) & ,�+ ' Ó# �)�+ 1�&
F /;&	14/<&-2 , 2 ) &  *) &9" ,�+3 *+C7 &K.7!T/<& ) !4/<&-1 +C� " N
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 �;£ \#¤O¥5¦�¥Ô§W��¨ h6©m�SªfÝ6©��n��h £ ��«4�����X©mh��y\UÉ�h�ª@���½Õ}��h ¬����S«�la�S¬j©m]�õ`p���6��b�
A
A»

�a&[. 2 ) &-1 +N� "&.�!#/a! � &0'�!4"=! , .7!  �) ! , R � ) & ,4N? ��" ,8 &%.�! Ï !���! ) 1 + 1 + � ,4N �a&`+62�"  2�&-1 +C� "9.�!^1�&-.�&%27"��Q.7!(/2� , &-+�& )8 &-.�� , /;&+ " . + 1�&s!4/�!#"S2�" 1 + &�.�� N�a& ,Z) ! , + 27! ,� & ,�,�+ "	�E2 ,8 *+C­ 1�&-1 +N� " , !�1#��" ,�+ .�! ) & ) G "="��,1#� )�) !51  & ,#N® !H+ 2�!/.�!4"`2 , & ) /2� , &-+62�"  ! , +A! ) ��"��,14&0/N1/2�/;&�.�� ) & ,4N

\�¯4���9���n���I] ^�� U ¸ ³`+ 2�"  � ,*X ® !�& Kn = (V,E)
!#/{1 ) &�JI� ,�+ ',+�/2!^1#��',+�/<!  �%.�!

n
74Ó#)� �+ 14! ,4NUn+;X�UnÏ + 27"  � ,�X º�!  ! ) ' + "�& ) |V | 0 !#/�1 ) &-.��a.�!�14&-.�& 74Ó4)8 *+ 1#! F 0 2 , &0" .7�E/;&:J ��) '	2p°/<& 3 2�! ) !4/<&-1 + ��"�&T!#/	1 ) &-.7�	.7!E/2� ,d74Ó#)� *+ 14! , 14��"V!#/	"���'�! ) �	.�!E& )�+<,� & ,50 .�!  ! ) ' + "�& )
|E| N �[� ) .�! ­ " + 1 +C� " V = {1, . . . , n} .�!S'��S.�� 3 2�! |V | = n N�? ��'���14��"  *+ !#"�! �S.�& , /;& , & )�+<,8 & , +A� ,�+C� /<! , !4"  ��"614! , 14&-.�& 74Ó4)8 *+ 14! , !	2�"�!	14�0"  �S.�� , /2� , .�!4' G ,#NO-,8 � 3 2 + ! ) !T.�!51 +<) 3 2�! gr(v) = n− 1

+�& ) &B1�&-.�& v ∈ V NpO "  ��" 14! , Σn
i=1gr(v) =

n(n− 1) = 2|E|. ºD!F'6�S.7� 3 2�!
E =

n(n− 1)

2
.

Un+2+�X=UIÏ + 2�"  � ,*X ºD!#'	2�! ,8 *) &f/;&oJ ��) '	2�/;&.� �7 !4" + .�&9+�& ) & |E| +A� )(+ "6. 2 151 +N� "!#"5!#/�"���'�! ) �%.7! 74Ó#)� �+ 14! ,QUn,�+ "�2 , & ) /;&;J ��) '	2�/<& 3 27! ) !#/;&-1 + ��"�&>!4/�1 ) &-.��`.�!6/2� ,
74Ó#)� �+ 14! , 14�0"=!4/�"��7'6! ) �[.�!T& )�+2,� & ,�XYN�}& ) & n = 1 , !  �+ !#"�! 3 2�! |E| = 0 = 1(1 − 1) 0 +A� )B &0"  ��/<&QJ ��) '	2�/<& , !
7 ! )�+8­ 1�& N® + |V | = n + 1

!4"  ��" 1#! , Kn+1 = (V,E)
! , /;&½2�" +C� "Ö.�!

Kn F G =
({1, . . . , n, n + 1}, {{n + 1, i} : i = 1, . . . , n}) N ºD!q! ,� !q'��S.�� 0 1#��'�� 3 2�!�°
) é;&0'�� , .�!4'�� ,� �) & )/0�, !  *+ !#"�!

|E| = n(n− 1)

2
+ n = n(

n− 1

2
+ 1) =

n(n+ 1)

2
.

Un+2+<+;XPUIÏ +62�"  � ,�X ºD!  ! ) ' + "�& ) +�& ) & 3 2 Ó!7 &0/<� ) ! , .�! n !#/�1 ) &�JI� Kn

! , !527/<! )�+ &9"�� Nut+�& ) &K152 G /<! , ! , R &0' + /  ��" + &0"�� N



L ¹ Û
? ��'��=!4/p1 ) &�JI� Kn

! , 1#��"�! � � 0 !#/  !4� ) !4'6&&.�! O 2�/2! ) 14& ) &�1  ! )�+ ²�&>/<� , 1 ) &�JI� ,!52�/2! )�+ &0"�� , +A� ) /;&!+�& )�+ .�&-.H.�!4/�1 ) &�.��(.7! , 2 ,�74Ó#)� *+ 14! ,4N º�!�! ,� !P'��S.�� ,�+ n ! ,�+ '^+�& )1�&-.�& 74Ó4)8 *+ 1#!  *+ !4"�!:1 ) &-.��$+�& ) F & , é Kn

! , !/2�/<! )�+ &0"�� NEO /}' +<, '6� ) &�²4��"�&0' + !4"  �& , !#142 ) & 3 2�! ,�+ n ! , +�& ) !4/�1 ) &�JI��"7��! , !52�/2! )�+ &0"�� N��� , 1 ) &�JI� , K1 F K2

"�� , ��" R &0' + /  ��" + &0"�� ,4N ® + n > 2
!#"  �0" 14! , !#/�1 +2) 1/2 +2 �

1, . . . , n, 1
"��^+�& , &^.�� ,:7 !51#! , +A� ) !#/�' +<, '6� 74Ó#)� �+ 14! F /2� ,x) !51#� )�) !  �S.�� ,�,�+ !4"6.��& , é�!#/�1 ) &�JI� R &9' + /  �0" + &9"�� N

Un+877XFUnÏ + 2�"  � ,*X º�!  ! ) ' + "�& ) 152 G "  � ,�, 2 � 1 ) &�JI� ,x+2, ��'�� ) JI� , & C3 U !#/h1 + 14/<�[.�! *) ! , !4/2!4'�!4"  � ,�X- �+ !#"�!�!4/	1 ) &�JI� Kn N ��&R' +<, '(&H+ ) !41427"  &#1�&0' ��+ &0" .�� C3 +A� ) C4 N
��& ,8 &  �0'(& ){ �) ! ,@74Ó4)8 *+ 1#! ,RUI) ! , +A!51  �+C7 &0'6!#"  ! Ï�XM0 +A� )� &9"  � (n

3

) Un) ! , +A!51  *+87 &�°'6!#"  ! (n
4

) XYN
Uj77XyUIÏ + 27"  � ,�X ºD!  ! ) ' + "�& )50p­ ��&�.�&K2�"�&�& )�+2,� & e ∈ E 0 1/2 G "  � ,z, 2 � 1 ) &�JI� , .�!

Kn +<, �0'6� ) JI� , & C3 14�0"  *+ !4"�!#"S/<&�& )�+<,8 & e Ne[&0"  � , 14��'��s!#/<!#1 +<) !#/  ! ) 14! )@74Ó#)� *+ 14!E!#"  *) !y/2� , n− 2 74Ó4)8 *+ 14! ,z) ! ,� &0"  ! ,50 +A� ) &0"  � n− 2 N
\�¯4�������%���I]@b�� U ¸ ³K+ 2�"  � ,�XUn+;X:UÏµ + 27"  � ,�X ºD!4'�� ,� �) & ) 3 2�!K+�& ) &  �S.��Q"���'�! ) �V"�&  2 ) &9/ n 0 n2 + 1

"��V! ,. +C7�+<,�+N� /2!U+A� ) è ´7N® + n2 + 1 ≡ 0
'��S.�è ´ !#"  ��" 14! , n2 ≡ −1 ≡ 18

'��S.�è ´�N �[! ) �(� ��, ! )E7 &0'�� ,3 27! 0 ' � . 2�/2�?è ´6±
02 ≡ 0, 12 ≡ 1, 22 ≡ 4, 32 ≡ 9, 42 ≡ 16, 52 ≡ 6, 62 ≡ 17,
72 ≡ 11, 82 ≡ 7 92 ≡ 5 102 ≡ 5 112 ≡ 7 122 ≡ 11
132 ≡ 17, 142 ≡ 6 152 ≡ 16 162 ≡ 9 172 ≡ 4 182 ≡ 1

� , é	"c2�" 1�& n2 ! , 1#��"�1 ) 2�!4"  !U14��"�è µ ' � . 2�/2�«è ´ F !4/A!4"c2�" 1 + &-.��B.�!#/	!���! ) 1 + 1 + �! ,:7 ! ) .�&-.�! ) � N
Un+2+�XxU è ¸ + 2�"  � ,*X ºD!  ! ) ' + "�& ) /<&B+ ) � � & �7+ / + .�&-.O.�! 3 2�!F&0/	!4/<!#1 +<)� �) ! , "���'�! ) � ,"�&  2 ) &0/2! , '6!#"�� ) ! , � + 142�&9/<! , 3 2�!¢è�³4³ U +A� ,�+N� /<!4'�!4"  ! ) !5+A!  *+ .�� ,�XU & X�, !�&9"S/<� ,{ *) ! , 's��/  *+ +�/3� , .7!«èmM 0��� , 's��/  �+ +�/2� , .7!�è�M�'6!#"�� ) ! , 3 2�!�è·³4³ , ��"�èmM 0 L Ï 0�Û è 0 ¹ µ F µ�Û�N �[� )� &9"  �+�& ) & 3 27!�/2� ,- �) ! ,�, !�&9"('s��/  *+ +�/3� , .�!3è�My/2� ,t *) ! , .�! � !4"(!4/2!41 +<)�, !:.�!Z! ,� !a1#��"��E2�"  �
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.7! Û !4/2!4'�!4"  � ,4N � , é�/;&	+ ) � � & ��+ / + .�&�. � 2 , 1�&-.�&�! ,

53

1003
.

UÏ��X &0/�'6!#"�� , 27"��,.�!F/<� ,{ *) ! , !#/<!#1 + .�� ,z, !4&,1#��"�1 ) 2�!4"  !�1#��" Û ' � . 2�/2�?è�M 0��� , '6!#"�� ) ! , .7!{è�³4³ 3 2�! , ��"%14��"71 ) 2�!#"  ! , 1#��" Û ' � . 2�/2��è�M , �0" Ûp0 ¸�¸ 0 L ´60Û ¹ 0 M L F ´ ³ NpO "  ��" 1#! , !4/ , 2 1#! , �[14�0'^+7/<!4'�!4"  & )�+ �:&0/ 3 2�! , !y"7� , + + .�!D! , 3 27!y/2� , �) ! , "���'6! ) � ,T, !6! , 1#����&0"5!#"  *) !(/2� ,#´9Ïq) ! ,8 &0"  ! ,/0 & , ép/;&&+ ) � � & ��+ / + .�&�. � 2 , 1�&�.�&! ,5±
1− 943

1003
.

U 1 X�, !�&9" , �0/N2 1 + ��"�! , .7!4/ ,�+2,� !#'6&K.�!H14��"�1 ) 2�!#" 1 + & ,5±
x ≡ 2

'��S.
3

x ≡ 5
'��S.

7
x ≡ 4

'��S.
2�a& ,B, �0/N2 1 + ��"�! , .7!>! ,� ! ,�+<,8 !#'(& 0 1�&9/N1/2�/;&-.�& , +A� ) !4/  !4� ) !4'6& ? R + "7�l.�!Q/2� ,) ! ,8 � ,50�, ��"_.�!s/<&,JI� ) '6& 26 + 42 × k

14��"
k ∈ Z N �[� )D &0"  � ,�� /2�O.�� , "���'6! ) � ,'�!4"7� ) ! , 3 2�!�è�³-³ , ��" , ��/N2 1 + ��"7! , .�!#/ ,�+<,8 !#'(& N �a&B+ ) � � & ��+ / + .�&-. � 2 , 14&-.�&B! , +A� ) &0"  �

23

1003
.

\�¯4���9���n���I].��� U ¸ ³B+62�"  � ,�X ® !4& G = (V,E)
2�"Q1 ) &�JI� ,�+ ',+�/2! U "��	. +<)�+ 1 + .�� X .�&-.��1#��'�� ±

V = v1, . . . , vn

! , 2�"�&�/ +<,� &	.�!F"��7'6! ) � , !#"  ! ) � , "�� ) !5+A!  �+ .�� , F
E = (e11, e12), . . . , (em1, em2)

! , 2�"�&H/ +2,� &%.�!&+�& ) ! , � ) .�!#"�&-.�� ,SU / +2,� & , .�!.7� , !4/<!#'�!4"  � ,�X .�!F"��7'6! ) � , !4"  ! ) � , .�! V N? �0" ,� �) 2 +2) /<� ,z,�+ 142 + !#"  ! , &0/<10� )�+3 '�� , F ! ,8 2 . + & )z, 2
14��',+�/<!º� + .�&-. ±UnÏ +62�"  � ,�X �-ÎY��À�Á��ÌV5Ð�e + !4"�!�14�0'6��!#"  *) &-.�& G F 2�"q"���'�! ) �6!4"  ! ) � v N º�!  ! ) °' + "�& ,�+ v ! , 2�" 74Ó4)8 *+ 14!H.�! G N�-ÎY��À�Á��ÌV
O "  *) &-.�& ± V = v1, . . . , vn Ù E = (e11, e12), . . . , (em1, em2) Ù v
i := 1k R + /2! v 6= vi

.7�
i := i+ 1+ J i = n+ 1  R !#" r := 0

!4/ , ! r := 1® &0/ + .�& ± r U ³ ,�+ v /∈ V 0 è ,�+ v ∈ V XYN



L ¹�M

� "S&0/21�� )�+3 '��	.�!H14��',+�/2!�� + .�&-.Q/ + "�!4&0/ O(n) N
UnÏ + 2�"  � ,*X W0��ÁNÃMÀÂWXÐse + !#"�!K14��'��Q!4"  *) &-.�& G F 2�"l+�& ) � ) .�!#"�&-.�� e := v1, v2.�!F"���'�! ) ��!#"  ! ) � v N ºD!  ! ) ' + "�& ,�+ e ! , 27"�&�& )�+<,� &K.�! G N
? ��'��z/<� , 1 ) &�JI� ,�, ��"T"��:. +2)�+ 1 + .�� , !#"  ��" 14! , /;& , & )�+<,8 & ,/0 &-2�" 3 2�! , ! + "  �) �S. 2 1#!4"� ) .�!#"�&-.�&9'6!#"  ! 0�, ��"B!#" ) !�&9/ + .�&-. , 2 � 14��"Ô�E2�"  � , .�!@.�� , !4/2!4'�!4"  � ,4N}r !/14! ,�+2 &0'�� ,!4/ ,�+ 142 + !4"  !Q&0/<10� )�+3 '��W&-. + 1 + �0"�&0/ 3 2�!&. + 14! ,�+ .�� , +�& ) ! , � ) .�!4"�&-.�� ,s *+ !4"�!#"_/2� ,' +2, '�� , !#/<!4'�!#"  � , ��"���Ì¿�ÅUÈ6W0�EW$W0��ÁNÃMÀÂW�Ã
O "  �) &-.�& ± e11, e12, f21, f22+ J e11 = f21

&0" .
e12 = f22

� )+ J e11 = f22
&0" .

e12 = f21  R !#"
r := 1

!4/ , ! r := 0® &0/ + .�& ± rW0��ÁNÃMÀ¾W
O "  �) &-.�& ± V = v1, . . . , vn Ù E = (e11, e12), . . . , (em1, em2) Ù e = (e1, e2)
i := 1k R + /<!(�Ì¿�ÅUÈ6W0�EWOW0��ÁNÃMÀ¾W�Ã

(ei1, ei2), e = 0
.��

i := i+ 1+ J i = n+ 1  R !4" r := 0
!#/ , ! r := 1® &0/ + .�& ± r U ³ ,�+ e "���! , & )�+2,� & F è ,�+ /2��! ,�X

� "S&0/21�� )�+3 '��	.�!H14��',+�/2!�� + .�&-.Q/ + "�!4&0/ O(m)

UnÏ + 2�"  � ,*X W�� � W��ÌVY��À�VÌÃ5Ð÷e + !4"�!`14�0'6�@!#"  *) &-.�& G F 2�"Ñ"���'�! ) �f!#"  ! ) � v NºD!  ! ) ' + "�&  �S.�& , /;& , & )�+<,8 & , 3 27! , ��"S&-. F &-14!#"  ! , 14�0" v NW�� � W���VY��ÀºVÌÃO "  �) &-.�& ± V = v1, . . . , vn Ù E = (e11, e12), . . . , (em1, em2) Ù v
j := 0JI� ) i = 1  � m .��

+ J v = ei1

� ) v = ei2  R !4"
j := j + 1 adyacentesj := (ei1, ei2)+ J j = 0  R !#" r := 0

!4/ , ! r := adyacentes® &0/ + .�& ± r U ³ ,�+ v "7�@! , ! �  *) !#'6�o.�!=" + "�1427"�&�& )�+<,� & F /<&H/ +2,� &Q.�!S& )�+<,8 & ,&-. F &-1#!4"  ! , !4"
1�& , �^1#��"  �) & )�+ � NÜX
O-, 2�"S&0/21�� )�+3 '��s/ + "7!�&0/ O(m) N
UnÏ + 27"  � ,�X �0�EW��S¿-ÐRe + !4"7!K14��'��Q!#"  �) &-.�& G F 2�"."���'�! ) �>!#"  ! ) � v N ºD!  ! ) °' + "�&s!4/�1 ) &-.7�,.7!

v N
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O "S!4/�&0/<1�� )�+3 '��B&0"  ! )�+ � ) /;& j 14�0'6� , &0/ + .�&	.�&�!#/�1 ) &-.�� N
UnÏ + 2�"  � ,�X VMÆSÇNVY��ÁÏW0�b¿-ÐTe + !4"7!K1#��'��V!4"  *) &�.�& G U 14��"7! � � X F .�!  ! ) ' + "�& ,�+ G �+ !#"�!F��"��,2�"
14&0' + "��B!527/<! )�+ &9"�� N��W-ÅKÁ��b¿$VMÆSÇNVY��ÁÏW0�b¿
O "  *) &-.�& ± V = v1, . . . , vn Ù E = (e11, e12), . . . , (em1, em2)
j := 0JI� ) i = 1  � n .��

+ J grado(v) '��S. 2 × è  R !#" j := j + 1�¾J
j ≤ 2  R !#" r := 1

!4/ , ! r := 0® &0/ + .�& ± r U è ,�+ R & F  &0/G1�&0' + "�� 0 ³ ,�+ "���/2� R & F X
? ��',+�/<!º� + .�&�. ± O(nm) N

\�¯4���9���n���I]�Àa� U ¸ ³K+ 27"  � ,�XUn+;XTU è�³^+62�"  � ,�X�O "W!#/n14�0"��E2�"  �$.7!:/;& , JI� ) '(& , + ) �4+A� ,�+ 1 + ��"�&9/2! , 3 2�! , !B+ 2�!�°.7!4"$14��" ,8 *) 2 +<) 14�0"V/;& ,I7 & )�+ & � /<! , + ) �4+A� ,�+ 1 + ��"�&9/<! , p, q, r, s .�! ­ " + '�� , /<& ,�+ 142 + !4"  !) !4/<&-1 +C� " ± P , ! ) !4/<&-1 + ��"�&
1#��" Q ,�+ F , ��/;&9'6!#"  ! ,�+ P ∨ Q ! , 2�"�&  &-2  ��/<�01�é<& Nº�!  ! ) ' + "�& ){,�+ ! ,� & ) !#/;&-1 +N� "V! ,z) !/L�! � +C7 & 0�,�+ ' ÓY *)�+ 1�& 0 &9"  *+2,�+ ' Ó# *)�+ 1�& F  �) &0" ,�+2 �+C7 & N
r �@! ,6) !ML�! � +87 & ±= ��'6&0'�� , P := p 0 ! ,� �f! ,50 2�"�& 7 & )�+ & � /<!;+ ) �4+A� ,�+ 1 + ��"�&9/ N? �0'6� p ∨ p "���! , 27"�&  &-2  ��/2��1�é<&:/<& ) !4/;&�1 +N� "Q"���! ,Z) !ML�! � +C7 & NO-,x,�+ ' ÓY *)�+ 1�& ± +A� ) 3 27! P ∨Q ! , / � 1 + 14&0'�!#"  !E! 3 2 +C7 &9/<!4"  !T& Q∨ P Nr �=! , &0"  �+<,�+ ' Ó# *)�+ 14& ± p , ! ) !#/;&�1 + �0"�&$14��" ¬p 0 ¬p , ! ) !#/;&-1 + ��"�&$1#��"

p F , �0"JI� ) '6& , + ) �4+A� ,�+ 1 + ��"�&9/<! , . + JI! ) !4"  ! ,4Nr �q! ,R *) &0" ,�+3 *+87 & ± ® !4& P = p 0 Q = (q ∨ ¬q) F R = r NS? ��'�� Q ! , 2�"�& &-2  ��/<��1@é<& , !  *+ !#"�! 3 2�! P ∨ Q F Q ∨ R , ��"  &-2  ��/<�01�é<& ,#N ºD!Q! ,8 !Q'6�S.7� P, ! ) !4/<&-1 + ��"�&$14��" Q F Q , ! ) !4/<&-1 + ��"�&$14��" R N �[! ) � P "�� , ! ) !4/<&-1 + ��"�&$14�0" R+62�! ,8 � 3 2�! p ∨ r "���! , 2�"�&  &-2  ��/<�01�é<& N
Un+2+�XsU è�³&+62�"  � ,:XyO "@!4/�14�0"��E2�"  � A = {(p ∨ ¬p), (q ⇒ p), p, (q ∧ ¬q)} , !.7! ­ "�!R/<& ) !4/<&-1 +C� " ,�+ 142 + !#"  ! ± .�&-.�� , P ,Q ∈ A , !  *+ !4"�! 3 2�! P , ! ) !#/;&�1 + �0"�&K14�0"

Q ,�+ F , ��/;&9'6!#"  ! ,�+ P ⇐ Q ! , 2�"�&  &-2  ��/<�01�é<& N6? �0" ,� �) 2 F !6!4/p1 ) &�JI�
. +<)�+ 1 + .7�& , �S1 + &-.��F&y! ,� & ) !4/<&-1 +C� " N}? ��',+ 2  &E/;&T1#/;&�2 , 2 ) & ) !ML�! � +87 & 0 /;&U14/<&-2 , 2 ) & ,�+ ' Ó# *)�+ 14&
F /;&K1#/;&�2 , 2 ) &  �) &0" ,�+2 �+C7 &	.�!F/<& ) !#/;&�1 +N� " N

O /�1 ) &�JI�B! , (V,E)
.��0" .�!

V = {v1, v2, v3, v4} F
v1 := (p ∨ ¬p), v2 := (q ⇒ p), v3 := p, v4 := (q ∧ ¬q).



L ¹ ´
? ��'�� P ⇐ P ! , 2�"�&  &-2  ��/<��1@é<&D!4"  ��" 1#! , /;& ) !4/<&-1 +C� "B! ,p) !ML�! � +C7 & 0 .7!x'��S.��3 27! (vi, vi) ∈ E 0 1 ≤ i ≤ 4 N>? �0'6� (q ∧ ¬q) ! , 27"�&`1#��"  �) &-. + 151 +N� "�!#"  ��" 14! ,

(vi, v4) ∈ E 0 1 ≤ i ≤ 4 N=? ��'6� v1, v2 F v3
"7� , ��"914�0"  *) &-. + 151 + ��"�! , !#"  �0" 14! ,

(v4, vi) /∈ E
+�& ) & i = 1, 2, 3 N-? ��'�� v1 ! , 27"�&  &-2  ��/2��1�é<& F v2 0 v3 F v4 "��T/<� , ��"!4"  ��" 1#! , (vi, v1) /∈ E 0 i = 2, 3, 4 N[é ! )�+C­ 1�&0'�� , !4/ ) ! ,� �T.�!@+A� ,�+N� /2! , &�. F &-14!#" 1 + & ,/±

(v1, v2) /∈ E F & 3 2�! (p ∨ ¬p)⇐ (q ⇒ p)
"���! , 2�"�&  &-2  �0/<��1@é<& N

(v1, v3) ∈ E F & 3 2�! (p ∨ ¬p)⇐ p
! , 2�"�&  &-2  ��/<�01�é<& N

(v2, v3) ∈ E F & 3 2�! (q ⇒ p)⇐ p
! , 2�"�&  &-2  ��/<�01�é<& N

(v3, v2) /∈ E F & 3 2�! p⇐ (q ⇒ p)
"7��! , 2�"�&  &�2  �0/<��1�é2& NºD!T! ,� &�'6&0"�! ) &B!4/�1 ) &�JI�B! ,

G = (V {v1, v2, v3, v4}, E = {(v1, v1), (v2, v2), (v3, v3),

(v4, v4), (v1, v4), (v2, v4), (v3, v4), (v1, v3), (v2, v3)}).
? ��'��F/;& ) !4/<&-1 +C� "B! ,�) !/L�! � +C7 &T!#"  ��" 1#! , 1#� + "61 + .7!:1#��" , 2^1#/;&-2 , 2 ) &  *) &9" ,�+3 *+87 & N�a&[1#/;&-2 , 2 ) & ,�+ ' Ó# *)�+ 14&B&@ö�&�.�!F/;& , & )�+2,� & ,

(v4, v1), (v4, v2), (v4, v3), (v3, v1), (v3, v2).

�a& ) !4/<&-1 +C� "Q! ,z *) &9" ,�+3 *+C7 & F +A� )z &0"  �[14� + " 1 + .�!'14�0" , 2`1#/;&-2 , 2 ) &  *) &0" ,�+2 *+87 & N
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6��^�bp��b�
A
A»

�a&[. 2 ) &-1 +N� "&.�!#/a! � &0'�!4"=! , .7!�27"�& R � ) & N? ��" ,8 &,.�!H.�� , !���! ) 1 + 1 + � ,4N �a&[+ 2�"  2�&-1 +N� "`.7!�1�&�.�&[2�"��,.�!T/2� , &-+�& )8 &-.�� , /;&+ " . + 1�&s!4/�!#"S2�" 1 + &�.�� N�a& ,Z) ! , + 27! ,� & ,�,�+ "	�E2 ,8 *+C­ 1�&-1 +N� " , !�1#��" ,�+ .�! ) & ) G "="��,1#� )�) !51  & ,#N® !H+ 2�!/.�!4"`2 , & ) /2� , &-+62�"  ! , +A! ) ��"��,14&0/N1/2�/;&�.�� ) & ,4N

\�¯4���9���n���I]i^�� U L +62�"  � ,�X ® 26+A��"�1�&9'6� , 3 2�!  !#"�!4'�� , 27"_&0/<1�� )�+3 '�� 0 /</<&0'�&-.��
mcd 0 3 2�!,1�&9/N1/2�/;&Q!#/p' G�� + '��;1#��'s��"o. +87�+2, � ) .�!,.�� , "���'�! ) � , "�&  2 ) &0/2! , m,n 0+�& ) &./2� 3 2�! � & ,� &.! , 1 )�+N��+2) mcd(m,n) N ® 2 +A��"�1�&9'6� ,B &9' ��+NÓ " 3 2�!
+A�S.�!4'�� ,& ,�+ 10"�& ) +�& ) ! , .�!:"���'6! ) � , (m,n)

&^27"�& 7 & )�+ & � /2! x +�& ) &6/2� 3 2�! � & ,8 &6! , 1 )�+C��+<)
x := (m,n) NØ��, &9" .��5! ,� � , .�� , &0/21�� )�+3 '�� ,SUn,�+ "o"�!51#! ,�+ .�&-.i.�!`14�0" ,� �) 2 +2) /<� ,�X1#��" ,8 *) 2 +<) 27"V&9/<1�� )�+3 '�� 3 27!  !4"71�&�14�0'6�T!#"  *) &-.�&�2�"�&T/ +<,8 & a1, . . . , an

.7!�"���'6!�°
) � , "�&  2 ) &0/<! , F 14��'�� , &9/ + .�&Q/;&Q/ +2,� &;.�!,+�& ) ! , (ai, aj)

.�!�"���'�! ) � , .�!�/<&>/ +<,� &
a1, . . . , an

3 2�! , ��"
+ )�+ '�� , !4"  *) ! , é NU èB+ 27"  � X � , 2�' + !#" .�� 3 2�!:!4/[&0/<10� )�+3 '�� mcd
! , .�!B1#��'^+7/<!�� + .�&-.
1#��" ,� &0"  !.7!  ! ) ' + "�& ) /<&K1#��'^+7/<!�� + .�&-.$.�!4/a&0/21�� )�+3 '��B&0"  ! )�+ � )4N

\�¯4���9���n���I]qb�� O "^2�"�& ��+C� / + �  !514& R & F .�� , ! ,8 &0"  ! ) é;& ,5±tO-,� &0"  ! ) é<&«è 0�Op,8 &0"  ! ) é;&¸ NSO "5/<& O-,� &9"  ! ) é<&�è R & F è�³S/ +N��) � , .�! R +2,� � )�+ & 0 L .7!('(&  !4' G  �+ 1�& , F ¸0L .�!
­ /<� , �-Jué;& NFO "./;& O-,� &0"  ! ) é<& ¸ R & F è Û / +C��) � , .�! R +2,� � )�+ & 0 ¸ Û .7!B'(&  !4' G  �+ 1�& , FÛ .�! ­ /<� , �-Jué<& NfO �  *) &9!4'�� ,B �) ! , / +N�7) � , .�!>/<& Op,8 &0"  ! ) é;&�è F  *) ! , / +N��) � , .�!>/;&O-,8 &0"  ! ) é;& ¸ N ºD!  ! ) ' + "�& ) /<&K+ ) � � & �7+ / + .�&-.;.7! 3 2�! ±Un+;XyU è�+ 27"  � X ��� ,Z, ! +<, / +N��) � ,�, !4&0"`.�! R +2,� � )�+ & NUn+2+�XDU èH+ 2�"  � X � /�'�!4"�� , 2�"=/ +C��) � , !�&[.�!F'6&  !#' G  �+ 1�& ,4NUn+2+<+;X}U ¸ + 27"  � ,�X §D& F &Z!4/�' +<, '6��"���'�! ) �(.7!�/ +N��) � , .�! ­ /2� , ��Jué;&{!4"T/<� , ! �  *) &FéN.�� ,.7!T/<& O-,� &0"  ! ) é;&?è 3 2�!T!#"S/2� , .�!F/;& O-,� &9"  ! ) é<& ¸ N® + 14�0" ,�+ .�! ) &0'�� , 2�" Ó � +3 � , &-1�& ) &0/�'�!4"�� , 2�">/ +N��) �B.�!y'(&  !4' G  �+ 1�& , !4">/<� ,{ �) ! ,! �  *) &FéN.�� , .�!H1�&-.�& Op,8 &0"  ! ) é;& ±Un+87�XyU è�+62�"  � X ºD!  ! ) ' + "�& ) /<&K+ ) � � & ��+ / + .�&-. p .�! Ó � +3 � F q .�!'J ) &-14& , � NUj77XzU è!+ 2�"  � X ºD!  ! ) ' + "�& ) /;&T+ ) � � & ��+ / + .�&-.B.�! 3 2�!Z&0/ ) !5+A!  *+<) !4/�! � +A! )�+ '6!#"  �¹ 7 !51#! ,�, ! R & F &0"=� �7 !#" + .7��! � &-1  &0'�!4"  ! L J ) &-14& , � ,4N
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�a&[.62 ) &-1 +N� "&.�!#/�! � &0'�!4"=! , .�!H2�"�& R � ) & N? ��" ,8 &,.7!�.�� , !���! ) 1 + 1 + � ,4N �a&[+ 2�"  2�&�1 +C� "
.�!�14&-.�&[2�"��,.�!F/<� , &-+�& )� &�.�� , /<&+ " . + 1�&s!4/�!4"S27" 1 + &-.�� N�a& ,Z) ! , +62�! ,8 & ,�,�+ "	�E2 ,� *+8­ 1�&�1 +C� " , !H14��" ,�+ .7! ) & ) G "="��[14� )�) !/1  & ,4N® !H+ 2�!/.�!4"`2 , & ) /<� , &�+ 2�"  ! , +A! ) ��"��[1�&0/C152�/<&-.�� ) & ,4N

\�¯4�������%���I] ^�� ® !4&0"
a F d

.7� , "���'�! ) � , "�&  2 ) &0/2! , F {xn}
2�"�& , 2614! ,�+N� "�.7!"S2�'�! ) � , "�&  2 ) &0/<! , .�! ­ " + .�&O.�!R/;& ,�+ 142 + !4"  !R'6&0"�! ) & ± x1 = a F xn = xn−1 + d+�& ) &K1�&�.�&�"��7'6! ) ��"�&  2 ) &0/ n > 1 N

Un+;XFU ¸ + 27"  � ,�X ºD!#'6� ,� *) & ) +A� )x+ "6. 2 151 +N� " 3 2�!:/<&KJ ��) '	2�/<&B1�!#"�! ) &0/ xn = a +
(n− 1)d

! ,!7 G / + .�&	+�& ) &K1�&-.�& n "�&  2 ) &0/ N�}& ) & n = 1
/;&
J ��) 'K27/;&&. + 1#! 3 27! x1 = a

/<� 3 27!Q! , 1 + ! )� � N ® + /;&
J �0) '	2�/<&! , 1 + ! )� &�+�& ) & xn

!#"  �0" 14! , xn+1 = xn + d
! ,/0 +A� ) R + + �0 ! ,�+2, .�! + " . 26151 +C� " 0

xn+1 = a+ (n− 1)d+ d = a+ nd 0 /2� 3 2�!T.�!#'K27! ,� �) & 3 27!E/;&�J ��) '	2�/;&F! ,�7 G / + .�& N
Un+2+�XsU L + 27"  � ,�X ºD!#'6� ,� *) & ) 3 2�! Σn

i=1xi = na + n(n−1)
2

d N ���`.�!#'�� ,� �) &0'�� ,+A� ):+ " . 2 1/1 +C� " N �}& ) & n = 1
/;&&J ��) '	2�/<&
. + 14! 3 27! x1 = x1 0 /2�%1/2�&0/P! , 1 + ! )� � N� R � ) & Σn+1

i=1 xi = Σn
i=1xi + xn+1 N � +�/ + 1�&0"6.���/;& R + + �0 ! ,�+2, .7! + "6. 2 151 +N� " F !4/&-+�& )8 &-.�� Un+�X� !#"�!4'�� ,

Σn+1
i=1 xi = na+

n(n− 1)

2
d+ a+ nd = (n+ 1)a+

n(n+ 1)

2
d,

14��'�� 3 2�! ) é;&9'6� , .�!4'�� ,� �) & )#N
\�¯4�������%���I]@b��

U L + 2�"  � ,*XB? �0" ,� �) 2 +2) 2�"¿&0/21�� )�+3 '�� 3 2�!  !4"71�&Q1#��'6�W!#"  �) &-.�&%2�"�"���'�! ) �"�&  2 ) &0/ n F 1#��" ,8 *) 2 F &R/<&y/ +2,� &'.7!x/2� , "���'�! ) � , "�&  2 ) &0/2! , '6!#"�� ) ! , � + 142�&9/<! , 3 2�!
n 3 2�! , �0"S's��/  *+ +�/3� , .�!RM F 152 F � ) ! ,� �,.�!H. +87�+ . +2) +A� ) è�èF! , L N

O "  �) &-.�& ± n
j := 0
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U è_+ 27"  � X º�!  ! ) ' + "�& ) !#/E'«é<" + '�� 7 &9/<� ) .7! n
+�& ) &5!#/T1/2�&0/D/;& , &0/ + .�&9.7!4/&9"  ! )�+ � ) &9/<1�� )�+3 '��s! , 2�"�&�/ +2,� &s"�� 7 &-1Aé<& N�[� ) !#/  !#� ) !#'(&[1 R + "���/;& , ��/C2 1 +C� "=! � +<,� ! F ! , ��" + 14&�' � . 27/<� 77 N � +�/ + 14&0" .��!#/a&0/<10� )�+3 '��	.�!#/  !4� ) !4'6&K1 R + "���� �� !4"7!4'�� , /;& , ��/C2 1 +C� " x = 14 N

U è[+ 2�"  � ,*X ºD!  ! ) ' + "�& ) /;&OJj2�" 1 +N� " T (n) U 14��"�/<&V'(& F � ) + ) !/1 +2,�+N� "l+A� ,�+C� /<! X
F /;&K1#��',+�/<!º� + .�&�.;.�!#/a&0/<1�� )�+3 '�� N

O /  &0'6&@ö��#.�!D/;&T!4"  *) &�.�&:! , n N � )�+ '6! ) �  !#"�!4'�� , 2�"�&s& ,�+ 1�"�&-1 +N� " N ºD! , + 2 Ó4,27" � 2 14/2! 3 2�! , ! ) !/+ +2 ! n 7 !51#! ,4N ºD!#"  �) �Q.�!#/ � 2 14/2! , !  �+ !#"�!4" ± è , 27'(& F 27"�&& ,�+ 10"�&-1 +C� "[.�!#/x1#��"  &-.�� )/0 ¸ 14�S1 + !4"  ! ,50 ¸ 14��',+�& ) &-1 + ��"�! , F ¸ & ,�+ 10"�&-1 + ��"�! , ' G , è, 2�'6& 3 2�! , ! R & ) G "S&0/2142�"�& ,@7 !/14! ,50 .�!#/�� ) .7!4"
.�!
[n/77] N �a&K14��',+�& ) &-1 +N� " ­ "�&0/3 2�!F"�� ,Z, &�1�&[.�!#/ � 2614/2! N �a&�& ,�+ 10"�&-1 +C� "$.�!F/;& , &0/ + .�&:"���/;&	1#��"  &0'�� ,4N-O "  ��"614! ,

T (n) = 3 + 5n+ 3[n/77] 0 /<&K1#��',+�/<!º� + .�&�.Q! , / + "�!�&0/ N
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(

5
4

)

(

15
4

)

(

6
4

)

(

20
4

)
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)
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Un+2+�XDU èH+ 2�"  � X � /�'�!4"�� , 2�"�& � ��/<& , !�& ) ����& N
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1−
(

8
4

)

(

15
4

)

(

6
4

)

(
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4

)

(

47
4

)

(

58
4

) .

Un+2+<+<X�U ¸ +62�"  � ,�X §D& F &B&0/	'6!#"�� , 2�"�& � ��/<&B.�!T14&-.�&	14�0/<� ) !4"Q/;& , ! �  *) &@éN.�& , !#"/;& ��) "�&'è N
O-, 1 )�+N�7+ '�� , ! ,� ! , 2 14! , �	1#��'���2�" +N� "^. +<, �E27"  &H.�!x/<� ,- �) ! ,P, 2614! , � ,{,�+ 142 + !4"  ! ,/±

SV = , &-1�& ) .�� ,�� ��/;& ,n7 ! ) .�! ,50 2�"�& ) ����& F 2�"�&D"�!#1 ) & 0 SR = , &�1�& ) .�� ,�� �0/;& ,[) ����& ,502�"�&�"�!41 ) & F 27"�& 7 ! ) .�! F SN = , &�1�& ) .�� ,:� ��/;& , "�!#1 ) & ,50 27"�& ) ����& F 2�"�& 7 ! ) .�! NO "  ��"614! , /;&	+ ) � � & ��+ / + .�&-. � 2 , 1�&�.�&�! , P (SV ) + P (SR) + P (SN) 0 .���" .7! ±

P (SV ) =

(

5
2

)

× 7× 3
(

15
4

) , P (SR) =

(

7
2

)

× 3× 5
(

15
4

) , P (SN) =

(

3
2

)

× 7× 5
(

15
4

) .

® + 1#��" ,�+ .�! ) &0'�� , 2�" Ó � +2 � , &-1�& ) &0/�'�!#"�� , 2�"�& � ��/;& ) ����&B!4"
1�&�.�&[2 ) "�& ±Un+877XyU èH+ 2�"  � X ºD!  ! ) ' + "�& ) /;&	+ ) � � & ��+ / + .�&-. p .7! Ó � +2 � F q .�!'J ) &�1�& , � N® &-14& ) &0/�'�!4"7� , 27"�& � ��/<& ) ����&y! , !4/ , 2 14! , �#14�0'^+�/2!4'�!4"  & )�+ �T.�! 3 2�!Z" + "7142�"�&
� ��/;& , !4& ) ����& N-O "  �0" 14! ,5±

p = (1−
(

8
4

)

(

15
4

))(1−
(

10
4

)

(

20
4

))(1−
(

47
4

)

(

58
4

))

F q = 1− p

Uj77XzU è:+ 2�"  � X ºD!  ! ) ' + "�& ) /;&U+ ) � � & ��+ / + .�&-.	.�! 3 2�!x&0/ ) !/+A!  *+2) !#/�! � +A! )�+ '�!4"  �
´97 !/14! ,>, ! R & F &0"÷� �7 !#" + .7��! � &�1  &9'6!#"  ! L J ) &-1�& , � ,#N � +�/ + 1�&9" .��5/<&�J �0) '	2�/;&�4+A� )� 2�"�& , !  *+ !#"�! ±

(

9

3

)

p6(1− p)3.
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ôT��]¶Û�¬I�pª@h ^�� U ¸ + 2�"  � ,�X ��� , �S1 R �m+�& )� �+ 1 + +�&0"  ! , !#"¸2�"�&m14�0' +2,�+N� "P.�! � !4"&9/<����& )�, !�!#";2�" R �  !4/ N º + 1 R � R �  !#/g. +<, +A��"�!U.�!U2�"�& R & ��+2 &-1 +C� "  *)�+ +�/2! 0 .�� , R & �7+ ° &-1 + ��"�! , .�� � /<! , F 2�"�& + " . +87�+ . 2�&9/ NU èT+ 2�"  � X ºD!  ! ) ' + "�& ) .�!T1/2 G "  & , '6&0"�! ) & , . +2,� *+ "  & , + 2�!/.�!4" ) !/+�& )8 *+<)�, !D/2� ,1#��' +<,�+ ��"�&�.�� , !#"S/<& , . +2,� *+ "  & , R & ��+2 &-1 + ��"�! ,4NU è"+ 2�"  � X º�!  ! ) ' + "�& ) /;&:+ ) � � & �7+ / + .�&-.�.7! 3 2�!P!4/S1#��' +<,�+ ��"�&-.��Z/</;&9'6&�.��(�[!5+A!! ,� �Ó &0/<����&-.��s!4"=/;& R & ��+3 &-1 +N� " + " . +87�+ . 2�&9/ N
ôT��]¶Û�¬I�pª@h·b�� U è&+ 2�"  � X ºD!4'�� ,� �) & ) +A� )B+ " . 2 1/1 +C� " 3 2�!
+�& ) &_1�&�.�&."���'�! ) �"�&  2 ) &0/ n ≥ 2 , !  *+ !4"�!

22
n ≡ 6 mod 10.ôT��]¶Û�¬I�pª@h ��� U è NÜÛ + 2�"  � ,*X ® !4&¿!#/E1 ) &�JI� ,�+ ',+�/2!

G = (V,E)
.���"6.�!

V =
{1, 2, 3} F E = {{1, 2}, {2, 3}} NU ³ NÜÛ + 2�"  � ,*X�? ��" ,8 *) 2 +<) 2�"�&T'6&  �)�+ ²!.�!�&�. F &-1#!4" 1 + & , .�!#/�1 ) &�JI�H+ ) �S. 2 1  � G×
G N U ³ NÜÛ + 2�"  � ,�X ºD!  ! ) ' + "�& ) !4/�1 ) &-.��[.�!H1�&�.�& 74Ó4)8 *+ 1#!H.�! G×G NU ³ NÜÛ + 27"  � ,�X ºD!  ! ) ' + "�& )x,�+ G ! , 14�0"�! � � 0 .�!  ! ) ' + "�& )Z,�+ G×G

! , 14��"�! � � 0.7!  ! ) ' + "�& )z,�+ G×G
! ,xO 27/<! )�+ &9"�� N

ôT��]¶Û�¬I�pª@hfÀa� U ¸ + 27"  � ,�X ® !�& Z131 = {0, 1, . . . , 129, 130} NE? ��" ,�+ .�! ) &(/;&[Jj2�"p°1 +N� " ,�+ 142 + !4"  ! ±
f : Z131 → Z131

a 7→ 7a+ 9

U ³ NÜÛ + 2�"  � ,�X ºD!  ! ) ' + "�& ) f(81) F f(111) N



L M�M

U ³ N M Û +62�"  � ,�X ºD!  ! ) ' + "�& )z,�+ f ! ,x+ " F !51  *+87 & NU ³ N M Û +62�"  � ,�X ºD!  ! ) ' + "�& )z,�+ f ! ,x, � ��) ! F !51  *+C7 & N
ôR��]¶Û�¬I�Sªfh=`�� U ¸ + 2�"  � ,*X ® 26+	�0"�1�&0'�� , 3 27!  !4"�!#'6� , 2�"(&9/<1�� )�+3 '��'.7!(14�0'^+�/2!M°
� + .�&-.�/ + "�!4&0/ 0 Borrar(L, i) 0 3 2�!  �+ !#"�!:14��'��T!#"  *) &-.�&H2�"�&T/ +<,8 & L F 27"(!#"  ! ) � i F� � )�) &,.�!

L
!#/  �Ó4) ' + "7� i ° Ó#,�+ '6� Li N ® 26+A��"�1�&0'�� ,Z &0' ��+CÓ " 3 2�!B+A�S.�!#'6� , R &�14! )& ,�+ 1�"�&-1 + ��"7! , .�!F/ +<,� & , L := M NU è N Û + 27"  � ,�XZ? ��" ,8 *) 2 +<) 2�"S&0/21�� )�+3 '�� 3 2�!  !4"�1�&[14�0'6�B!4"  *) &�.�&[2�"�&�/ +2,� & L

F 14�0'6� , &0/ + .�&y/<&y/ +<,8 &'.7��" .�! , ! R &0" � � )�) &�.��  �S.�� , /<� , !4/2!4'�!4"  � , .�! L 3 27! , �0"Ü 's��/  �+ +�/2� , .�!T¹ NU ³ N Û + 2�"  � ,*XZO-,8 2 . + & )z, 2`1#��',+�/<!º� + .�&�. N
ôR��]¶Û�¬I�Sªfh=»�� U è N Û +62�"  � ,�X ® !4& A !#/¶14�0"��E2�"  �#.�!x/2� , "���'�! ) � , "�&  2 ) &9/<! , ! , 1 )�+ ° � , !#"=!4/ ,�+2,� !4'6&K.�!y"S27'6! ) &-1 +N� ";.�! � & , ! ¸ F 1�& ) &-1  ! )�+ ²4&-.�� , +A� ) /;&	+ ) �4+ + !5.�&�..�! , ! ) '�!4"�� ) ! , � + 142�&0/<! , 3 27! 1000 0 .���"6.�! 1000 ! ,� G ! , 1 )�+2 �  &9' ��+NÓ "S!#" � & , !¸ N>O " A

.�! ­ " + '6� , /;& ,�+ 142 + !#"  ! ) !#/;&-1 +N� " ± +�& ) & a, b ∈ A , !  *+ !4"7! 3 2�! aRb ,�+
a+ b ∈ A NU ³ N Û + 27"  � ,�XZO-, 1 )�+N�7+<) A F .7!  ! ) ' + "�& )Z,�+ /;& ) !#/;&�1 +N� ">! ,x) !/L�! � +C7 & 0�,�+ ' Ó# �)�+ 1�&
F  *) &0" ,�+3 *+87 & NU ³ N Û + 2�"  � ,*XZO-, 1 )�+C��+<) 2�"�&�'6&  *)�+ ²T.7!T/<& ) !4/<&-1 +C� " NU ³ N Û +62�"  � ,�XVOp, 1 )�+C��+2)Q, 2Ø14/;&�2 , 2 ) & ) !ML�! � +C7 & 0D, 2Ø1#/;&-2 , 2 ) & ,�+ ' Ó# �)�+ 14& F , 214/;&�2 , 2 ) &  �) &0" ,�+2 �+C7 & N



L M µ ���U�I�5�U���d�ðø�� �!�,çK�n¡'�:��þÁÿ�ùrþ�¢Dúy��þ�ç�þÁÿ`¡1þÉÿ��.þI�h���,ÿ
¨ h6©m�SªfÝ6©��n��h £ �Ï«������c©�h��y\UÉ�h ªf���PÕ}�ah�¬{���S«�la�S¬j©m]f
 �;£ \#¤O¥5¦�¥Ô§�õ{^�
9»a�

Ú��SÛ�������]m»a�p¬�b�
A
�ß

O /�! � &0'�!4"=! ,8 G 1#��',+ 2�! ,� �,+A� ) + ) � � /<!#'(& , F , ! 7 &9/<� ) & ) G , � ��) !¢è�³K+ 2�"  � ,#N�a& ) ! , + 2�! ,� &�&B1�&-.�&	2�"��K.�!E/<� , + ) � � /2!4'6& ,{, ! 7 &0/<� ) & ) G , � ��) !E!4/�"���'�! ) �K.�!+62�"  � ,x+ " . + 1�&-.�� N�a& ,Z) ! , + 27! ,� & ,�,�+ "	�E2 ,8 *+C­ 1�&-1 +N� " , !�1#��" ,�+ .�! ) & ) G "
14�0'6��"7�,14�0"  ! ,� &-.�& ,#Nr ��! ,� G +A! ) ' +2 *+ .��s!4/D2 , �,.�!H1�&0/C152�/<&-.�� ) & ,4N��2�!5.�!#"%2 , & )�, !R&-+ 2�"  ! ,#N

ôT��]¶Û�¬I�pª@h ^�� U ¸ + 2�"  � ,�X ��� , �S1 R �m+�& )� �+ 1 + +�&0"  ! , !#"¸2�"�&m14�0' +2,�+N� "P.�! � !4"&9/<����& )�, !�!#";2�" R �  !4/ N º + 1 R � R �  !#/g. +<, +A��"�!U.�!U2�"�& R & ��+2 &-1 +C� "  *)�+ +�/2! 0 .�� , R & �7+ ° &-1 + ��"�! , .�� � /<! , F 2�"�& + " . +87�+ . 2�&9/ NU èT+ 2�"  � X ºD!  ! ) ' + "�& ) .�!T1/2 G "  & , '6&0"�! ) & , . +2,� *+ "  & , + 2�!/.�!4" ) !/+�& )8 *+<)�, !D/2� ,1#��' +<,�+ ��"�&�.�� , !#"S/<& , . +2,� *+ "  & , R & ��+2 &-1 + ��"�! ,4N��& ,8 &>!4/<!#1 +2) /<� ,y *) ! , 3 2�! 7 &0"@&>/;& R & �7+2 &�1 +N� "  �)�+ +7/<! 0 .7!�/<� ,y) ! ,� &0"  ! ,50 /2� ,.7� , 3 2�! 7 &0"¿&W/;&%+ )�+ '�! ) &%.�� � /<! 0 .�!Q/<� ,s) ! ,8 &0"  ! , /<� , 3 2�! 7 &0"¿&W/;& , !4142�"6.�&.7� � /<! F ­ "�&0/<'�!#"  ! 3 27!5.�&,2�"7� 0 3 2�! +2) G &�/<& + " . +C7�+ . 2�&0/ N º�!T! ,8 !T'��S.�� ±
(

8

3

)(

5

2

)(

3

2

)(

2

2

)

.

U è"+ 2�"  � X º�!  ! ) ' + "�& ) /;&:+ ) � � & �7+ / + .�&-.�.7! 3 2�!P!4/S1#��' +<,�+ ��"�&-.��Z/</;&9'6&�.��(�[!5+A!! ,� �Ó &0/<����&-.��s!4"=/;& R & ��+3 &-1 +N� " + " . +87�+ . 2�&9/ N
? ��'�� , ��" µ +A! )�, ��"�& , /<&K+ ) � � & �7+ / + .�&-.Q! , .7! 1/8 N

ôT��]¶Û�¬I�pª@h·b�� U è&+ 2�"  � X ºD!4'�� ,� �) & ) +A� )B+ " . 2 1/1 +C� " 3 2�!
+�& ) &_1�&�.�&."���'�! ) �"�&  2 ) &0/ n ≥ 2 , !  *+ !4"�!
22

n ≡ 6 mod 10.�}& ) & n = 2 , !  �+ !#"�! 222 = 24 = 16 ≡ 6 mod 10 0 3 2�!R! , �E2 ,� &0'�!4"  !T/<� 3 2�!3 2�! ) é<&0'6� , .�!4'�� ,8 *) & )4N? ��'�� 22
n+1

= 22×2
n

= (22
n

)2 0 & R � ) &m+A�S.�!4'�� , &-+�/ + 1�& ) /;& R + + �0 ! ,�+2, .�!
+ " . 2 1/1 +C� "9.�!('��S.�� 3 2�! (22

n

)2 ≡ 62 mod 10 N e�! ) ' + "�&0'�� , /;&
.�!#'6� ,8 *) &-1 +C� "� ��, ! )E7 &0"6.�� 3 2�! 62 = 36 ≡ 6 mod 10 N



L M ´
ôR��]¶Û�¬I�Sªfh ��� U è N Û + 2�"  � ,*X ® !4&�!4/E1 ) &�JI� ,�+ '^+7/<!

G = (V,E)
.7��" .�!

V =
{1, 2, 3} F E = {{1, 2}, {2, 3}} NU ³ N Û + 27"  � ,�X�? ��" ,� *) 2 +<) 2�"�&F'(&  *)�+ ²!.7!�&-. F &-1#!4" 1 + & , .�!#/�1 ) &�JI��+ ) �S. 2 1  � G×
G N C ) .�!#"�&0'�� , /<� ,�74Ó4)� �+ 1#! , .�!F/<& ,�+ 142 + !4"  !y'6&0"�! ) & ±

V = {(1, 1), (1, 2), (1, 3), (2, 1), (2, 2), (2, 3), (3, 1), (3, 2), (3, 3)}.

O "  ��"614! , /;&s'6&  *)�+ ²E! ,5±




























0 1 0 1 0 0 0 0 0
1 0 1 0 1 0 0 0 0
0 1 0 0 0 1 0 0 0
1 0 0 0 1 0 1 0 0
0 1 0 1 0 1 0 1 0
0 0 1 0 1 0 0 0 1
0 0 0 1 0 0 0 1 0
0 0 0 0 1 0 1 0 1
0 0 0 0 0 1 0 1 0





























.

U ³ N Û + 2�"  � ,*X º�!  ! ) ' + "�& ) !4/�1 ) &-.��[.7!�14&-.�& 74Ó#)� *+ 14!H.�! G×G N
? ��"H/<&6� ) .�!#"�&-1 +N� "Q.�!s/2� ,(74Ó4)� �+ 1#! , &0"  ! )�+ � ) '�!#"  !R! ,� & � /<!/1 + .�& , !  *+ !4"�! 3 2�!/;& , 2 1#! ,�+C� "`.�!F/2� , 1 ) &-.�� , ! ,5±

2, 3, 2, 3, 4, 3, 2, 3, 2.

U ³ N Û + 2�"  � ,�X ºD!  ! ) ' + "�& )Z,�+ G ! , 1#��"�! � � 0 .�!  ! ) ' + "�& )z,�+ G×G
! , 14��"7! � � 0.�!  ! ) ' + "�& )z,�+ G×G

! ,�O 2�/<! )�+ &0"�� N
O /	1 ) &�JI� G ! , 1#��"�! � � 0 + 27! ,{ �S.�� , /<� ,d74Ó#)� �+ 1#! , ! ,8 G "$2�" + .�� , !#"  �) ! , ég+A� ) 27"1�&0' + "7� Ne[&0' ��+CÓ "s/2�E! , G×G N ��� ,�74Ó#)� *+ 14! , 3 2�!  *+ !#"�!#" , 2K+ )�+ '�! ) & Un) ! , +A!51  *+87 &0'�!4"  !, 2 , !4142�"6.�& X 1#��� ) .�!#"�&-.�& + 1-2�&0/�! ,� G "`2�" + .�� , +A� ) 2�"
1�&0' + "��B!4" G F +A� )z &9"  �!4"
G × G N ® + &0' � & , 14��� ) .�!4"�&�.�& ,y, ��"_. +<,8 *+ "  & ,/0b� & ,� &V!4/<!#1 +2) 27"l14&0' + "�� 3 2�!2�"�&f!#/ 74Ó4)� �+ 1#!Q+ )�+ '�! ) ��14��"~!#/ 3 2�!  *+ !4"�! , 2i+ )�+ '6! ) &o14��� ) .�!#"�&-.�& + 142�&0/ F /<&, !41-2�" .�& + 142�&0/{&W/<&%.�!4/ 74Ó#)� �+ 14! , !#142�" .�� N�? 2�&9" .��./<& , 1#��� ) .7!4"�&-.�& ,B, !41-2�" .�& ,, ��" + 1-2�&0/2! ,507, !H2 , &�!#/ ) &-²#��"�&0' + !4"  �B! , 1 )�+3 ��&0"  ! )�+ � ) '�!#"  ! N� 27" 3 2�! G × G

! , 14�0"�! � �Q"��  �S.�� ,D, 2 ,U74Ó4)� �+ 1#! ,E, �0"_.�!s1 ) &-.��O+�& )/0 +A� ) /2�3 27!T"���! ,�O 2�/2! )�+ &0"�� N



L µ ³ ���U�I�5�U���d�ðø�� �!�,çK�n¡'�:��þÁÿ�ùrþ�¢Dúy��þ�ç�þÁÿ`¡1þÉÿ��.þI�h���,ÿ
ôT��]¶Û�¬I�pª@hfÀa� U ¸ + 27"  � ,�X ® !�& Z131 = {0, 1, . . . , 129, 130} NE? ��" ,�+ .�! ) &(/;&[Jj2�"p°1 +N� " ,�+ 142 + !4"  ! ±

f : Z131 → Z131
a 7→ 7a+ 9

U ³ NÜÛ + 2�"  � ,�X ºD!  ! ) ' + "�& ) f(81) F f(111) N® + ',+�/2!4'�!#"  !E! 7 &0/C2�&0" .�� , !  *+ !#"�! f(81) = 52 F f(111) = 0 N
U ³ N M Û + 27"  � ,�X ºD!  ! ) ' + "�& )z,�+ f ! ,Z+ " F !51  *+C7 & N® + 7a + 9 ≡ 7b + 9

'��S.
131

!4"  ��"614! , 7(a − b) ≡ 0
'��S.

131 Ná? �0'6�',15.
(7, 131) = 1

!4"  ��" 1#! , '	2�/  �+ +�/ + 1�&0" .7�O+A� ) !#/ + " 7 ! )�, �;.7!
7
' � . 2�/2� 131

� � ° !4"�!#'6� , a − b ≡ 0
'��S.

131
.�!>'��S.�� 3 2�! a = b N �[� )B &0"  �.! ,�+ " F !/1  �+C7 & N

U ³ N M Û + 27"  � ,�X ºD!  ! ) ' + "�& )z,�+ f ! ,Z, � �7) ! F !51  �+C7 & N
? ��'��_'^1/.

(7, 131) = 1
!4"  ��" 1#! , .�&-.��

a ∈ Z131
/;&�14��"�1 ) 2�!#" 1 + &_/ + "�!�&9/

7x+ 9 ≡ a
'��S.

131  �+ !4"7! , ��/N2 1 +N� " 0 .7!T'��S.�� 3 2�! f ! ,x, � ��) ! F !51  *+C7 & N
ôT��]¶Û�¬I�pª@hÚ`�� U ¸ + 2�"  � ,*X ® 2 +A��"�1�&9'6� , 3 2�!  !4"�!#'�� , 2�"5&0/<10� )�+3 '��&.�!^14�0'[°
+7/<!�� + .�&-.6/ + "�!4&0/ 0 Borrar(L, i) 0 3 2�!  �+ !#"�!a14�0'6�R!4"  *) &�.�&B27"�&:/ +<,8 & L F 27"V!4"  ! ) �
i F � � )�) &�.�!

L
!#/  ÄÓ#) ' + "�� Li N ® 2 +A��"71�&0'�� ,V &9' �7+NÓ " 3 2�!l+A�S.�!4'�� , R &-1#! )& ,�+ 10"�&-1 + ��"�! , .�!F/ +2,� & , L := M NU è NÜÛ + 2�"  � ,*XZ? ��" ,8 *) 2 +2) 2�"S&0/21�� )�+3 '�� 3 2�!  !#"�1�&K14��'���!#"  �) &-.�&K2�"�&�/ +<,8 & L

F 14��'�� , &0/ + .�&y/<&F/ +<,� &'.��0" .�! , ! R &0" � � )�) &-.7�  �S.�� , /<� , !4/<!#'�!4"  � , .�! L 3 2�! , ��"Ü 'B�7/  *+ +�/2� , .�!T¹ N
O "  *) &-.�& ± L1, . . . , Ln

i := nk R + /2! i ≥ 1+ J Li

'��S.
6 = 0  R !4" L := Borrar(L, i)

i := i− 1® &0/ + .�& ± LU ³ NÜÛ + 2�"  � ,�XzO-,� 2 . + & )Z, 2`1#��'^+7/<!�� + .�&-. N
? ��'�� Borrar ! , 2�"�&F&0/21�� )�+3 '��T.�!!14��',+�/2!�� + .�&-.s/ + "�!�&9/ U F /<�y' +2, '��y& ,�+ 1�"�& )/ +<,8 & ,*X &9/ 3 2�! , !�/<!p/2/;&0'�& n 7 !51#! ,50 !#"  ��" 14! , /<&:1#��',+�/<!º� + .�&�.H.�!�"S27! ,� �) �D&0/<1�� )�+3 '��! , 1/2�&-. ) G  *+ 1�& N

ôT��]¶Û�¬I�pª@h=»�� U è NÜÛ + 2�"  � ,*X ® !�& A !4/�14��"Ô�E2�"  �#.�!x/<� , "���'6! ) � , "�&  2 ) &0/2! , ! , 1 )�+ ° � , !4"=!#/ ,�+<,8 !#'(&	.�!y"S2�'�! ) &-1 +C� ";.�! � & , ! ¸ F 1�& ) &-1  ! )�+ ²�&�.�� , +A� ) /<&	+ ) �4+ + !/.�&-.



L µ è
.�! , ! ) '�!4"�� ) ! , � + 142�&0/<! , 3 27! 1000 0 .���"6.�! 1000 ! ,� G ! , 1 )�+2 �  &9' ��+NÓ "S!#" � & , !¸ N>O " A

.�! ­ " + '6� , /;& ,�+ 142 + !#"  ! ) !#/;&-1 +N� " ± +�& ) & a, b ∈ A , !  *+ !4"7! 3 2�! aRb ,�+
a+ b ∈ A NU ³ N Û + 27"  � ,�XZO-, 1 )�+N�7+<) A F .7!  ! ) ' + "�& )Z,�+ /;& ) !#/;&�1 +N� ">! ,x) !/L�! � +C7 & 0�,�+ ' Ó# �)�+ 1�&
F  *) &0" ,�+3 *+87 & N

? ��'�� 1000
!4" � & , ! ¸ ! , 8 !4" � & , ! 10 !#"  �0" 14! ,

A = {1, 10, 11, 100, 101, 110, 111, 1000}.
�a& ) !4/<&-1 +C� "Q"���! ,x) !ML�! � +87 & 0 +A� ) !���!4',+�/2�

1000 + 1000 /∈ A N�a& ) !4/<&-1 +C� "Q! ,Z,�+ ' Ó# �)�+ 1�&	+62�! ,8 � 3 2�! a+ b = b+ a N�a& ) !4/;&�1 +N� "W"��Q! ,E *) &0" ,�+2 *+87 & 0 +A� ) !º��!4',+�/2�
110 + 1 = 111 ∈ A 0 1 + 110 =

111 ∈ A F ,�+ "=!4' � & ) 1�� 110 + 110 = 1100 /∈ A

U ³ N Û + 2�"  � ,*XZO-, 1 )�+C��+<) 2�"�&�'6&  *)�+ ²T.7!T/<& ) !4/<&-1 +C� " N
? ��"=!4/�� ) .�!#"S! ,� & � /<!/1 + .�� , !  �+ !#"�! ±





















1 1 1 1 1 1 1 0
1 1 1 1 1 1 0 0
1 1 1 1 1 0 0 0
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